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Î ðîæäåíèè ñèíôàçíîãî ïðåäåëüíîãî öèêëà â àíñàìáëå

âîçáóæäàþùå ñâÿçàííûõ ýëåìåíòîâ ÔèòöÕüþ-Íàãóìî

c⃝ À.Ã. Êîðîòêîâ1, Ò.À. Ëåâàíîâà2

Àííîòàöèÿ. Â ðàáîòå ïðåäëîæåíà è èññëåäîâàíà ýôôåêòèâíàÿ ñ âû÷èñëèòåëüíîé òî÷êè
çðåíèÿ ôåíîìåíîëîãè÷åñêàÿ ìîäåëü àíñàìáëÿ äâóõ íåéðîíîïîäîáíûõ ýëåìåíòîâ ÔèòöÕüþ-
Íàãóìî, ñâÿçàííûõ ñ ïîìîùüþ ñèììåòðè÷íûõ ñèíàïòè÷åñêèõ âîçáóæäàþùèõ ñâÿçåé. Èñïîëü-
çóåìàÿ â ðàáîòå ñâÿçü ìåæäó ýëåìåíòàìè çàäàåòñÿ ôóíêöèåé, çàâèñÿùåé îò ôàçû àêòèâíîãî
ýëåìåíòà è ÿâëÿþùåéñÿ ãëàäêîé àïïðîêñèìàöèåé ïðÿìîóãîëüíîé èìïóëüñíîé ôóíêöèè, ÷à-
ñòî èñïîëüçóåìîé ïðè ìîäåëèðîâàíèè ñâÿçè ìåæäó ýëåìåíòàìè. Äàííàÿ ôóíêöèÿ çàâèñèò
îò òðåõ óïðàâëÿþùèõ ïàðàìåòðîâ, çàäàþùèõ íà÷àëî àêòèâàöèè ýëåìåíòà, äëèòåëüíîñòü åãî
àêòèâàöèè è ñèëó ñâÿçè. Â ðàáîòå ñ èñïîëüçîâàíèåì àíàëèòè÷åñêèõ ìåòîäîâ ïîêàçàíî ñó-
ùåñòâîâàíèå â ôàçîâîì ïðîñòðàíñòâå èññëåäóåìîé ìîäåëè ñèíôàçíîãî ïðåäåëüíîãî öèêëà,
îòâå÷àþùåãî ðåãóëÿðíûì êîëåáàíèÿì, ïðè êîòîðûõ ôàçû è ÷àñòîòû îáîèõ ýëåìåíòîâ ñîâ-
ïàäàþò. Äîêàçàíî, ÷òî äàííûé öèêë âîçíèêàåò â ðåçóëüòàòå ñóïåðêðèòè÷åñêîé áèôóðêàöèè
Àíäðîíîâà-Õîïôà. Íà ïëîñêîñòè ïàðàìåòðîâ ìîäåëè, çàäàþùèõ íà÷àëî àêòèâàöèè ýëåìåí-
òà è äëèòåëüíîñòü àêòèâàöèè, ïîñòðîåíà êàðòà ðåæèìîâ àêòèâíîñòè è îïðåäåëåíû ãðàíèöû
áèôóðêàöèé, ïðèâîäÿùèõ ê ðîæäåíèþ ýòîãî öèêëà.

Êëþ÷åâûå ñëîâà: ñèñòåìà ÔèòöÕüþ-Íàãóìî, íåéðîííûé àíñàìáëü, âîçáóæäàþùàÿ ñâÿçü,
ñèíôàçíàÿ ñïàéêîâàÿ àêòèâíîñòü, áèôóðêàöèÿ Àíäðîíîâà-Õîïôà.

1. Ââåäåíèå

Îäíîé èç çàäà÷ íåéðîäèíàìèêè ÿâëÿåòñÿ èçó÷åíèå ìîäåëåé, îïèñûâàþùèõ ïîâåäå-
íèå êàê îòäåëüíûõ íåéðîíîâ, òàê è áîëüøèõ íåéðîííûõ àíñàìáëåé. Òàêèå ìàòåìàòè÷åñêèå
ìîäåëè ìîãóò áûòü ðàçäåëåíû íà äâà êëàññà: ðåàëèñòè÷íûå áèîëîãè÷åñêèå è ôåíîìåíî-
ëîãè÷åñêèå ìîäåëè. Â ïåðâîì ñëó÷àå ðàçëè÷íûå áèîëîãè÷åñêèå äàííûå è áèîôèçè÷åñêèå
ïðèíöèïû [1]�[2] äîëæíû áûòü ó÷òåíû ìàêñèìàëüíî ïîäðîáíî. Ê òàêèì ìîäåëÿì îòíî-
ñèòñÿ, íàïðèìåð, èçâåñòíàÿ ìîäåëü Õîäæêèíà-Õàêñëè [3] è åå ðàçëè÷íûå ìîäèôèêàöèè.
Â ñëó÷àå ñîçäàíèÿ ôåíîìåíîëîãè÷åñêèõ ìîäåëåé òðåáóåòñÿ âîñïðîèçâåäåíèå êîíêðåòíîãî,
íàáëþäàåìîãî â ýêñïåðèìåíòå áèîëîãè÷åñêîãî ÿâëåíèÿ, è ìîäåëü êîíñòðóèðóåòñÿ ñ ó÷åòîì
ýòîãî áåç ðàññìîòðåíèÿ ëèøíèõ áèîëîãè÷åñêèõ íþàíñîâ. Íåêîòîðûå èç íèõ ïðåäñòàâëÿþò
ñîáîé ðåäóêöèþ èñõîäíûõ ðåàëèñòè÷íûõ áèîëîãè÷åñêèõ ìîäåëåé, êàê, íàïðèìåð, øèðîêî
èñïîëüçóåìàÿ ìîäåëü ÔèòöÕüþ-Íàãóìî [4].

Ïðè ñîñòàâëåíèè ìîäåëè ñ÷èòàåòñÿ, ÷òî ñâÿçü, ñ ïîìîùüþ êîòîðîé ïåðåäàåòñÿ ïîòåíöè-
àë äåéñòâèÿ (èìïóëüñ) îò ïðåñèíàïòè÷åñêîãî íåéðîíà (àêòèâíîãî) ê ïîñòñèíàïòè÷åñêîìó
(àêòèâèðóåìîìó), îïðåäåëÿåòñÿ óðàâíåíèåì âèäà:

Isyn(t) = −g(t) · (V (t)− Vrev),

1Êîðîòêîâ Àëåêñàíäð Ãåííàäüåâè÷, àñïèðàíò, êàôåäðà òåîðèè óïðàâëåíèÿ è äèíàìèêè ñèñòåì,
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. È.
Ëîáà÷åâñêîãî (603950, Í. Íîâãîðîä, ïð. Ãàãàðèíà, ä. 23), ORCID: https://orcid.org/0000-0002-9256-1643,
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2Ëåâàíîâà Òàòüÿíà Àëåêñàíäðîâíà, àññèñòåíò, êàôåäðà òåîðèè óïðàâëåíèÿ è äèíàìèêè ñè-
ñòåì, Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Í. È. Ëîáà÷åâñêîãî (603950, Í. Íîâãîðîä, ïð. Ãàãàðèíà, ä. 23), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ
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ãäå Isyn(t) � ñèíàïòè÷åñêèé òîê; Vrev � ðåâåðñèâíûé ïîòåíöèàë; g(t) � ñèíàïòè÷åñêàÿ
ïðîâîäèìîñòü; V (t) � ìåìáðàííûé ïîòåíöèàë ïîñòñèíàïòè÷åñêîãî íåéðîíà [5]� [6]. Ñóùå-
ñòâóþò ðàçëè÷íûå ñïîñîáû ó÷åòà âëèÿíèÿ ýòèõ ïðîöåññîâ â ìàòåìàòè÷åñêîé ìîäåëè. Ýòî
ìîæíî ñäåëàòü ñ ïîìîùüþ äèôôåðåíöèàëüíîãî óðàâíåíèÿ [7], ñ èñïîëüçîâàíèåì óðàâíå-
íèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì [8]�[9] èëè òàê íàçûâàåìîé α -ôóíêöèè [10], [11]. Ïðè
èñïîëüçîâàíèè α -ôóíêöèè ñèíàïòè÷åñêèé òîê ðàñ÷èòûâàåòñÿ ïî ñëåäóþùåé ôîðìóëå:

Isyn(t) = −g · α(t− t0) · (V (t)− Vrev),

ãäå g � ïèêîâàÿ ñèíàïòè÷åñêàÿ ïðîâîäèìîñòü; t0 � âðåìÿ íà÷àëà âçàèìîäåéñòâèÿ;

α(t) =
t

τ
exp(− t

τ
) � α -ôóíêöèÿ ñ ïàðàìåòðîì τ , îïðåäåëÿþùèì õàðàêòåðèñòè÷åñêîå

âðåìÿ âçàèìîäåéñòâèÿ ìåæäó ïðå- è ïîñòñèíàïòè÷åñêèì íåéðîíàìè.
Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ àíàëèòè÷åñêîå èññëåäîâàíèå âîçìîæíîñòè âîçíèê-

íîâåíèÿ íåéðîíîïîäîáíîé àêòèâíîñòè â ìîäåëè äâóõ âîçáóæäàþùå ñâÿçàííûõ ýëåìåíòîâ
ÔèòöÕüþ-Íàãóìî. Ïðè ýòîì îñîáîå âíèìåíèå áóäåò óäåëåíî àíàëèçó áèôóðêàöèé ðîæ-
äåíèÿ ïðåäåëüíîãî ñèíôàçíîãî öèêëà, íà êîòîðîì îáà ýëåìåíòà ñîâåðøàþò ïåðèîäè÷åñêèå
êîëåáàíèÿ è èìåþò îäèíàêîâóþ ôàçó. Â äàííîé ðàáîòå òàêæå ïðåäëîæåí ïðîñòîé, ñ âû÷èñ-
ëèòåëüíîé òî÷êè çðåíèÿ, ñïîñîá ôåíîìåíîëîãè÷åñêîãî ìîäåëèðîâàíèÿ ñèíàïòè÷åñêîé ñâÿ-
çè ìåæäó ýëåìåíòàìè. Ñ ó÷åòîì ýòîé ñâÿçè äëÿ ìîäåëèðîâàíèÿ àíñàìáëÿ èìïóëüñ îò ïðå-
ñèíàïòè÷åñêîãî ýëåìåíòà ïðèõîäèò íà ïîñòñèíàïòè÷åñêèé ýëåìåíò, êîãäà ïîëÿðíûé óãîë
ïðåñèíàïòè÷åñêîãî ýëåìåíòà ëåæèò â äèàïàçîíå, çàäàâàåìîì äâóìÿ ïàðàìåòðàìè ìîäåëè.

2. Ìîäåëü àíñàìáëÿ

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ àíñàìáëü èç äâóõ âîçáóäèìûõ íåéðîíîïîäîá-
íûõ ýëåìåíòîâ ÔèòöÕüþ-Íàãóìî [4], ñâÿçàííûõ ñèììåòðè÷íûìè âîçáóæäàþùèìè ñâÿçÿ-
ìè, êîòîðûå, â ñîîòâåòñòâèè ñ îáùèìè ïðèíöèïàìè, îïèñàííûìè, íàïðèìåð, â [12], çàäà-
þòñÿ ôóíêöèåé âèäà:

I(ϕ) =
g

1 + ek(α−ϕ) + ek(ϕ−β)
. (2.1)

Çäåñü ïàðàìåòð g õàðàêòåðèçóåò ñèëó ñâÿçè ìåæäó ýëåìåíòàìè. Ïðè äîñòàòî÷íî áîëü-

øîì çíà÷åíèè ïàðàìåòðà k ôóíêöèÿ, çàäàþùàÿ ñâÿçü I(ϕ), ãäå ϕ = arctan
y

x
1, ÿâëÿåòñÿ

ãëàäêîé è õîðîøî àïïðîêñèìèðóåò ïðÿìîóãîëüíóþ èìïóëüñíóþ ôóíêöèþ.
Ïåðåäà÷à àêòèâíîñòè îò îäíîãî ýëåìåíòà äðóãîìó ïðîèñõîäèò ñëåäóþùèì îáðàçîì. Ïðè

äîñòèæåíèè ôàçîé ϕ àêòèâíîãî ïðåñèíàïòè÷åñêîãî ýëåìåíòà çíà÷åíèÿ α íà ïîñòñèíàï-
òè÷åñêèé ýëåìåíò ïîäàåòñÿ òîê ïîñòîÿííîé àìïëèòóäû. Âðåìÿ åãî âîçäåéñòâèÿ çàäàåòñÿ
ðàçíîñòüþ δ = β − α, òî åñòü âîçäåéñòâèå ïðåêðàùàåòñÿ, êàê òîëüêî èçîáðàæàþùàÿ òî÷-
êà ïðåñèíàïòè÷åñêîãî ýëåìåíòà íà ôàçîâîé ïëîñêîñòè (xi, yi) àêòèâíîãî i -ãî ýëåìåíòà
(i = 1, 2) âûéäåò èç ñåêòîðà, çàêëþ÷åííîãî ìåæäó óãëàìè α è β. Åñëè â ìîìåíò íà÷àëà
àêòèâàöèè ïîñòñèíàïòè÷åñêèé ýëåìåíò áóäåò íàõîäèòüñÿ â ñîñòîÿíèè, áëèçêîì ê ñîñòîÿ-
íèþ ïîêîÿ, òî â ñèñòåìå âîçíèêíåò îòêëèê. Îïèñàííûé ìåõàíèçì ñõåìàòè÷íî ïðèâåäåí íà
ðèñ. 1 a. Íà íåì èçîáðàæåíà ïðîåêöèÿ ïðåäåëüíîãî öèêëà íà ôàçîâóþ ïëîñêîñòü ýëåìåíòà.
Êîãäà èçîáðàæàþùàÿ òî÷êà íàõîäèòñÿ â ñåêòîðå, çàêëþ÷åííîì ìåæäó óãëàìè α è α + δ
(÷àñòü ïðîåêöèè ïðåäåëüíîãî öèêëà, ïîïàäàþùàÿ â ýòîò ñåêòîð, èçîáðàæåíà êðàñíûì öâå-
òîì), íà äðóãîé ýëåìåíò ïîäàåòñÿ àêòèâèðóþùèé èìïóëüñ. Íà ðèñ.1 b ïðèâåäåí ãðàôèê
ôóíêöèè I(ϕ).

À.Ã. Êîðîòêîâ, Ò.À. Ëåâàíîâà. Î ðîæäåíèè ñèíôàçíîãî ïðåäåëüíîãî öèêëà â . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 3 275

-3 -2 -1 0 1 2

x
i

-1

-0.5

0

0.5

1

y
i

à)

120 140 160 180 200 220 240
0

0.02

0.04

0.06

0.08

0.1

I

b)

Ðèñ. 1: (a) Ìåõàíèçì ïåðåäà÷è àêòèâíîñòè îò îäíîãî ýëåìåíòà äðóãîìó. (b) Ãðàôèê çàâè-
ñèìîñòè ôóíêöèè àêòèâàöèè I îò ôàçîâîãî óãëà ϕ .

Òàêèì îáðàçîì, àíñàìáëü èç äâóõ ñâÿçàííûõ íåéðîíîïîäîáíûõ ýëåìåíòîâ çàäàåòñÿ ñëå-
äóþùåé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé:

ϵ
·
x1 = x1 − x1

3/3− y1 + I(ϕ2),
·
y1 = x1 − a,

ϵ
·
x2 = x2 − x2

3/3− y2 + I(ϕ1),
·
y2 = x2 − a,

(2.2)

ãäå ϕi = arctan
yi
xi

(i = 1, 2).

Çàìåòèì, ÷òî óêàçàííàÿ ñèñòåìà ÿâëÿåòñÿ èíâàðèàíòíîé îòíîñèòåëüíî çàìåíû
x1 ↔ x2, y1 ↔ y2. Â ðåçóëüòàòå òàêîé ñèììåòðèè äëÿ êàæäîé òðàåêòîðèè ñèñòåìû
(x∗1(t), y

∗
1(t), x

∗
2(t), y

∗
2(t)) ëèáî ñóùåñòâóåò ñèììåòðè÷íàÿ îòíîñèòåëüíî èíâàðèàíòíîé ïëîñ-

êîñòè {P : x1 = x2, y1 = y2} òðàåêòîðèÿ (x∗2(t), y
∗
2(t), x

∗
1(t), y

∗
1(t)), ëèáî ýòà òðàåêòîðèÿ

ñèììåòðè÷íà ñàìîé ñåáå (â ÷àñòíîñòè, ëåæèò â èíâàðèàíòíîé ïëîñêîñòè P ).
Äàëåå çàôèêñèðóåì ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ: a = −1.01 (ýëåìåíòû íàõîäÿòñÿ

â âîçáóäèìîì ðåæèìå), ϵ = 0.01, k = 50, g = 0.1. Èç ôèçè÷åñêîãî ñìûñëà ïàðàìåòðà δ,
çàäàþùåãî äëèòåëüíîñòü àêòèâàöèè ýëåìåíòîâ, ñëåäóåò, ÷òî δ > 0, òî åñòü α < β. Â
ïîñëåäóþùèõ ðàçäåëàõ èññëåäóåì âëèÿíèå ïàðàìåòðîâ ñâÿçè α è δ íà äèíàìèêó àíñàì-
áëÿ (2.2).

3. Àíàëèòè÷åñêèå èññëåäîâàíèÿ ìîäåëè

Â ýòîì ðàçäåëå ìû ïðèâåäåì àíàëèòè÷åñêèå ðåçóëüòàòû èññëåäîâàíèÿ áèôóðêàöèé
ñîñòîÿíèÿ ðàâíîâåñèÿ â èññëåäóåìîé ñèñòåìå è ïîêàæåì, ÷òî ïðè íåêîòîðûõ çíà÷åíèÿõ ïà-
ðàìåòðîâ èç íåãî ðîæäàåòñÿ ñèíôàçíûé ïðåäåëüíûé öèêë â ðåçóëüòàòå ñóïåðêðèòè÷åñêîé
áèôóðêàöèè Àíäðîíîâà-Õîïôà.

Ñîñòîÿíèÿ ðàâíîâåñèÿ â ñèñòåìå îïðåäåëÿþòñÿ èç ñîîòíîøåíèé

1 Â ýòîé ôîðìóëå y ìîæåò áûòü ïðèáëèæåííî âûðàæåíî ÷åðåç x ñëåäóþùèì îáðàçîì: åñëè èçîáðà-

æàþùàÿ òî÷êà íàõîäèòñÿ â îáëàñòè ìåäëåííûõ äâèæåíèé, òî y ≈ x− x3/3 , èíà÷å y = ±2

3
.
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
x1 − x1

3/3− y1 + I(ϕ2) = 0,

x1 − a = 0,

x2 − x2
3/3− y2 + I(ϕ1) = 0,

x2 − a = 0,

Îòñþäà íàéäåì x1 = x2 = a è ïîëó÷èì ñèñòåìó äëÿ íàõîæäåíèÿ y1 è y2 :y1 = a− a3/3 + I(arctan
y2
a
) = Ĩ(y2),

y2 = a− a3/3 + I(arctan
y1
a
) = Ĩ(y1).

(3.1)

Ðåøåíèÿìè ýòîé ñèñòåìû ÿâëÿþòñÿ íåïîäâèæíûå òî÷êè è òî÷êè ïåðèîäà 2 îòîáðàæå-
íèÿ ȳ = Ĩ(y). Êàæäîé íåïîäâèæíîé òî÷êå y0 ñîîòâåòñòâóåò ñîñòîÿíèå ðàâíîâåñèÿ
O(a, y0, a, y0) ñèñòåìû (2.2), à ïàðå òî÷åê ïåðèîäà 2 y10 = Ĩ(y20) è y20 = Ĩ(y10) � ïàðà
ñîñòîÿíèé ðàâíîâåñèÿ O1(a, y10, a, y20) è O2(a, y20, a, y10). Ìàòðèöà ßêîáè ñèñòåìû (2.2)
èìååò âèä 

1− x1
2

ϵ
−1

ϵ

∂I(ϕ2)

ϵ∂x2

∂I(ϕ2)

ϵ∂y2
1 0 0 0

∂I(ϕ1)

ϵ∂x1

∂I(ϕ1)

ϵ∂y1

1− x2
2

ϵ
−1

ϵ
0 0 1 0


Ñëåäîâàòåëüíî, õàðàêòåðèñòè÷åñêîå óðàâíåíèå ìîæåò áûòü çàïèñàíî â âèäå

(
λ

(
λ− 1− x1

2

ϵ

)
+

1

ϵ

)(
λ

(
λ− 1− x2

2

ϵ

)
+

1

ϵ

)
−
(
Ix1

ϵ
λ+

Iy1
ϵ

)(
Ix2

ϵ
λ+

Iy2
ϵ

)
= 0. (3.2)

Â ñîñòîÿíèè ðàâíîâåñèÿ O(a, y0, a, y0) äëÿ ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè ñâÿ-
çè I(ϕ) âûïîëíÿþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ: Ix1(a, y0) = Ix2(a, y0) = Ix,
Iy1(a, y0) = Iy2(a, y0) = Iy. Òîãäà õàðàêòåðèñòè÷åñêîå óðàâíåíèå (3.2) ìîæåò áûòü
ïðåîáðàçîâàíî ê âèäó (

λ

(
λ− 1− a2

ϵ

)
+

1

ϵ

)2

−
(
Ix
ϵ
λ+

Iy
ϵ

)2

= 0.

Íàéäåì êîðíè óêàçàííîãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ:
λ1,2 =

1− a2 + Ix ±
√
(1− a2)2 + 2(1− a2)Ix + Ix

2 − 4ϵ(1− Iy)

2ϵ
,

λ3,4 =
1− a2 − Ix ±

√
(1− a2)2 − 2(1− a2)Ix + Ix

2 − 4ϵ(1− Iy)

2ϵ
.

Òàêèì îáðàçîì, ñîñòîÿíèå ðàâíîâåñèÿ O(a, y0, a, y0) ïðåòåðïåâàåò áèôóðêàöèþ
Àíäðîíîâà-Õîïôà ïðè âûïîëíåíèè îäíîãî èç äâóõ óñëîâèé:{

1− a2 + Ix = 0,

(1− a2)2 + 2(1− a2)Ix + Ix
2 − 4ϵ(1− Iy) < 0

(3.3)

èëè
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{
1− a2 − Ix = 0,

(1− a2)2 − 2(1− a2)Ix + Ix
2 − 4ϵ(1 + Iy) < 0.

(3.4)

Óñëîâèÿ (3.3) è (3.4) ìîæíî ïðèâåñòè ê âèäó{
1− a2 + Ix = 0
Iy < 1

èëè

{
1− a2 − Ix = 0
Iy > −1

(3.5)

Äàëåå îïðåäåëèì ÷àñòíûå ïðîèçâîäíûå Ix è Iy îò ôóíêöèè ñâÿçè, çàäàííîé óðàâíå-
íèåì (2.1): 

∂I

∂x
=

gky
(
ek(arctan

y
x
−β) − ek(α−arctan y

x
)
)

(x2 + y2)
(
1 + ek(α−arctan y

x
) + ek(arctan

y
x
−β)
)2 ,

∂I

∂y
= −

gkx
(
ek(arctan

y
x
−β) − ek(α−arctan y

x
)
)

(x2 + y2)
(
1 + ek(α−arctan y

x
) + ek(arctan

y
x
−β)
)2 = −x

y

∂I

∂x
.

(3.6)

Èñïîëüçóÿ ñîîòíîøåíèå (3.6) è óñëîâèÿ (3.5), ìîæíî ïîëó÷èòü ñëåäóþùèå âûðàæåíèÿ: Ix = a2 − 1
a(1− a2)

y0
< 1

èëè

 Ix = 1− a2

a(1− a2)

y0
< 1

(3.7)

Ïîñêîëüêó 0 < I(ϕ) < g, òî a− a3

3
< Ĩ(y) < a− a3

3
+ g. Òîãäà èç ñèñòåìû (3.1) ñëåäóåò,

÷òî a− a3

3
< y0 < a− a3

3
+ g. Ïðè âûáðàííûõ çíà÷åíèÿõ ïàðàìåòðîâ a è g èç ïîñëåäíåãî

íåðàâåíñòâà ñëåäóåò, ÷òî y0 < 0, à çíà÷èò, íåðàâåíñòâî a(1−a2)
y0

< 1 âûïîëíåíî. Â èòîãå,

â óñëîâèÿõ (3.7) îñòàþòñÿ òîëüêî ðàâåíñòâà. Äîïîëíèâ ýòè ðàâåíñòâà ñîîòíîøåíèåì äëÿ
îïðåäåëåíèÿ êîîðäèíàòû y0 ñîñòîÿíèÿ ðàâíîâåñèÿ O a − a3/3 − y0 + I(arctan y0

a
) = 0,

ïîëó÷èì äâà óñëîâèÿ, îïðåäåëÿþùèõ áèôóðêàöèè Àíäðîíîâà-Õîïôà:{
Ix = a2 − 1,

a− a3/3− y0 + I(arctan y0
a
) = 0

(3.8)

èëè {
Ix = 1− a2,

a− a3/3− y0 + I(arctan y0
a
) = 0.

(3.9)

Äàëåå îïðåäåëèì óñëîâèÿ âîçíèêíîâåíèÿ ñèíôàçíîãî öèêëà êà÷åñòâåííûìè ìåòîäàìè.
Äëÿ ñèíôàçíîãî ïðåäåëüíîãî öèêëà âûïîëíÿþòñÿ óñëîâèÿ x1(t) = x2(t) = x(t) è y1(t) =
y2(t) = y(t). Òîãäà ñèñòåìà (2.2) ïðèíèìàåò âèä{

ϵ
·
x = x− x3/3− y + I(ϕ),

·
y = x− a.

Ïðè äîñòàòî÷íî ìàëîì I(ϕ) íåÿâíàÿ ôóíêöèÿ y(x), çàäàâàåìàÿ ðàâåíñòâîì

F (x, y) = x− x3/3− y + I(ϕ) = 0, (3.10)

èìååò 2 ýêñòðåìóìà. Áèôóðêàöèÿ, â ðåçóëüòàòå êîòîðîé ðîæäàåòñÿ ñèíôàçíûé öèêë, ïðî-
èñõîäèò, êîãäà ôóíêöèÿ y(x) èìååò ýêñòðåìóì ïðè x = a : y′(a) = 0 (ðîæäåíèå ïðåäåëü-
íîãî öèêëà ïðîèñõîäèò ïðè ïåðåõîäå òî÷êè ìèíèìóìà âëåâî îò ïðÿìîé x = a, â ïðîòèâíîì
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ñëó÷àå öèêë ïðîïàäàåò). Íàéäåì ïðîèçâîäíóþ ôóíêöèè, íåÿâíî çàäàííîé ñîîòíîøåíèåì

(3.10):
dy

dx
=

1− x2 + Ix
1− Iy

. Â èòîãå êðèâàÿ áèôóðêàöèè ðîæäåíèÿ öèêëà íàõîäèòñÿ èç óñëî-

âèÿ {
1− a2 + Ix = 0,

a− a3/3− y0 + I(arctan
y0
a
) = 0,

êîòîðîå ñîâïàäàåò ñ óñëîâèåì (3.8) áèôóðêàöèè Àíäðîíîâà-Õîïôà.
×òîáû èç ýòèõ æå ñîîáðàæåíèé ïîëó÷èòü óñëîâèå (3.9), íóæíî çàìåòèòü, ÷òî äëÿ ôóíê-

öèè ñâÿçè I(ϕ;α, β) âûïîëíÿåòñÿ ðàâåíñòâî I(ϕ;α, β) ≈ g−I(ϕ; β, α+2π) (ïðè÷åì âûïîë-
íÿåòñÿ ðàâåíñòâî lim

k→+∞
(I(ϕ;α, β) + I(ϕ; β, α + 2π)) = g). Òîãäà íåÿâíàÿ ôóíêöèÿ y(x) çà-

äàåòñÿ ðàâåíñòâîì x−x3/3−y+g−I(ϕ) = 0, à åå ïðîèçâîäíàÿ èìååò âèä
dy

dx
=

1− x2 − Ix
1 + Iy

.

Òîãäà êðèâàÿ áèôóðêàöèè ðîæäåíèÿ öèêëà áóäåò çàäàâàòüñÿ ñèñòåìîé{
1− a2 − Ix = 0,

a− a3/3− y0 + I(arctan y0
a
) = 0.

Ýòî óñëîâèå ñîâïàäàåò ñ óñëîâèåì (3.9).
Òàêèì îáðàçîì, ïîêàçàíî, ÷òî â ðåçóëüòàòå áèôóðêàöèè Àíäðîíîâà-Õîïôà ðîæäàåòñÿ

óñòîé÷èâûé ïðåäåëüíûé ñèíôàçíûé öèêë. Àíàëèòè÷åñêèì ïóòåì íàéäåíû áèôóðêàöèîí-
íûå êðèâûå, ñì. áèôóðêàöèîííóþ äèàãðàììó íà ðèñ. 2.

0 100 200 300 360
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150 200 250
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E

b)

Ðèñ. 2: Áèôóðêàöèîííàÿ äèàãðàììà è åå óâåëè÷åííûé ôðàãìåíò.

Îòìåòèì, ÷òî íà ïîñòðîåííîé áèôóðêàöèîííîé äèàãðàììå îáëàñòü, îòâå÷àþùàÿ ñóùå-
ñòâîâàíèþ óñòîé÷èâîãî ñèíôàçíîãî öèêëà, çàêëþ÷åíà ìåæäó äâóìÿ ïî÷òè âåðòèêàëüíûìè
ëèíèÿìè (îáëàñòü D íà ðèñ. 2 b). Â îáëàcòÿõ A , C è E àòòðàêòîðîì ÿâëÿåòñÿ ñîñòî-
ÿíèå ðàâíîâåñèÿ. Â îáëàñòè D ñóùåñòâóåò óñòîé÷èâûé ñèíôàçíûé ïðåäåëüíûé öèêë, à
ñîñòîÿíèå ðàâíîâåñèÿ ÿâëÿåòñÿ ñåäëî-ôîêóñîì. Â îáëàñòè B ñîñòîÿíèå ðàâíîâåñèÿ òàêæå
ÿâëÿåòñÿ ñåäëî-ôîêóñíûì, îäíàêî, ìû íå ìîæåì óòâåðæäàòü, ÷òî çäåñü òàê æå êàê è â
îáëàñòè D âîçíèêàåò óñòîé÷èâûé ñèíôàçíûé öèêë. Áèôóðêàöèè â ýòîé îáëàñòè òðåáó-
þò äîïîëíèòåëüíûõ èññëåäîâàíèé. Ïðè ýòîì â îáëàñòè B (òàê æå, êàê â D ) ñîñòîÿíèå
ðàâíîâåñèÿ ñèñòåìû ÿâëÿåòñÿ ñåäëî-ôîêóñíûì. Îäíàêî ìû íå ìîæåì óòâåðæäàòü, ÷òî â
äàííîì ñëó÷àå òàêæå ðîæäàåòñÿ óñòîé÷èâûé ñèíôàçíûé öèêë. Áèôóðêàöèè â ýòîé îáëà-
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ñòè òðåáóþò äîïîëíèòåëüíîãî èçó÷åíèÿ. Ìû ïëàíèðóåì ïðîâåñòè òàêèå èññëåäîâàíèÿ â
ïîñëåäóþùèõ ðàáîòàõ.

4. Çàêëþ÷åíèå

Â ðàáîòå ïðîâåäåíû èññëåäîâàíèÿ ðîæäåíèÿ ðåæèìà êîëåáàòåëüíîé íåéðîíîïîäîá-
íîé àêòèâíîñòè â ìîäåëè äâóõ âîçáóæäàþùå ñâÿçàííûõ ýëåìåíòîâ ÔèòöÕüþ-Íàãóìî. Îñ-
íîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ àíàëèòè÷åñêîå äîêàçàòåëüñòâî âîçíèêíîâåíèÿ ñèí-
ôàçíîãî ïðåäåëüíîãî öèêëà, ïðè äâèæåíèè ïî êîòîðîìó îáà ýëåìåíòà ñîâåðøàþò ïåðèî-
äè÷åñêèå êîëåáàíèÿ, îñòàâàÿñü â îäíîé ôàçå. Íà ïëîñêîñòè ïàðàìåòðîâ, çàäàþùèõ ñâÿçü
ìåæäó ýëåìåíòàìè, ïîñòðîåíû áèôóðêàöèîííûå êðèâûå, îòâå÷àþùèå âîçíèêíîâåíèþ òà-
êîãî ðåæèìà.

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÍÔ �17-72-
10228.
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On born of in-phase limit cycle in ensemble of excitatory

coupled FitzHugh-Nagumo elements

c⃝ A.G. Korotkov1, T.A. Levanova2

Abstract. We proposed and studied numerically e�cient phenomenological model of ensemble of
two FitzHugh-Nagumo neuron-like elements that are coupled by symmetric synaptic excitatory
coupling. This coupling is de�ned by function that depends on phase of active element and that
is smooth approximation of rectangular impulse function. Above-mentioned coupling depends on
three parameters that de�ne the beginning of element activation, the duration of the activation and
the coupling strength. We show analytically that in the phase space of the model there exists stable
in-phase limit cycle that corresponds to regular oscillations with equal phases and frequencies of
elements. It is proved that this limit cycle is a result of supercritical Andronov-Hopf bifurcation.
The chart of activity regimes is depicted on the plane of parameters that de�ne beginning and
duration of activation. The boundaries of bifurcations that lead to birth of this cycle are found.

Key Words: FitzHugh-Nagumo system, neural ensemble, excitatory coupling, in-phase spike
activity, Andronov-Hopf bifurcation.
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