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O metone pyHKIMoHaJJ 0B JIgmyHoBa B 3ajade 00
YCTOMYMBOCTU MHTErpo-andpepeHnnajJbHbIX YpaBHEeH’Id
Tuna BoJsbTeppa

© A.C. Anapees !, O. A. Ileperynosa >

Awnnorammsa. B craree paccmoTpena 3ama4a 0 TPUMEHEHWH METOAa (DYHKIIMOHAJIOB JISTyHOBA
B WCCJIEIOBAHUN YCTONYMBOCTH HEJIUHEHHBIX WHTErpo-audpepeHImasbHbIX ypaBHEHW, MpaBas
9aCTh KOTOPBIX TPECTABIAeT CODOM CYMMY COCTaBJISIIONINX MIHOBEHHOTO IEHCTBUS, a TaK¥Ke C
KOHEYHBIM ¥ OECKOHEUHBIM 3aa3blBaHieM. AKTYAIbHOCTD 33/1a91 COCTOUT B IIHPOKOM TIPUMEHE-
HUU TAKUX CJOXKHBIX IO CBOEH CTPYKTyPE YPaBHEHUIl B MOJEIMPOBAHUN CHCTEM YIIPABICHUS MEXa-
HAYECKUMHU CUCTEMAMU TIPHU TIOMOIIH WHTErPAIBHBIX PETYJISTOPOB, OUOJTOTUYECKUX, (DU3UIECKUX U
apyrux mporieccos. [IpoBenero paspuTre MeTONA B HATPAB/IEHHN BBISBJICHUS MPEIEIbHBIX CBONCTB
pelenuit mocpeacTBOM (DYHKITMOHAJIOB JISAMyHOBa CO 3HAKOMOCTOSTHHONW TPOM3BOAHON. Jloka3anbl
TEOPEMBI O KBA3UMHBAPUAHTHOCTH MOJIOXKUTEILHOTO MPEIETbHOTO MHOXKECTBA OMPAHUYEHHOTO Pe-
nieHus, 06 aCUMITOTUYECKON yCTONUuBOCTH (B TOM 4HUCJIe, DABHOMEDHOI) HyJEBOro peinenus. Pe-
3YJBTATHL OCHOBAHBI HA IOCTPOECHUH HOBOW CTPYKTYPbI TOMOJOIMYECKON JTUHAMUKHA UCCIIELyEeMbIX
ypapHenui. JlokazaHHbIE TEOPEMbI IPUMEHSIIOTCS B PEINeHUH 33Ja9u 00 YCTOWIMBOCTH IBYX MO-
JIeJTBHBIX CHCTEM, MPEICTABJISIONMX cO00i 0000IIeH s PsiIa W3BECTHBIX MOJENe eCTeCTBO3HAHMS
¥ TEXHUKH.

KirodeBble cjioBa: HeIMHEHHbIE CHCTEMBI HHTEIPO-anddepeHITNATbHBIX YPaBHEHNH, (PYHKITHO-
HaJs JIdmynoBa, yCTOWYnBOCTD, TOIIOJIOIUYECKAs IUHAMUKA, IIPEIE/IbHOE YPABHEHHE.

1. Bsenenue

Paborst B. Bosbreppa mo waHTErpo-nuddepennuaibabiM ypapaeruaM [1] momxoxuau
OCHOBY 111 OOJIBIIIOIO COBPEMEHHOI'O Pa3Jiesia TEOPEeTHIECKON M MPUKIAJTHOW MATEeMATUKH —
Teopun PYHKIMOHAJIbHO- U epeHInajibHbIX yPaBHEHUH U ee IPUJIOKEHU B ecTecTBO3HA-
Hun 1 TeXHUKH. OCHOBHBIM METOIOM HCCAEI0BAHUS 33,129 00 yCTONINBOCTH (DYyHKIMOHAIBHO-
JubdepeHnmaabHbBIX ypaBHEHUH sABJsieTcsd MeTo (pyHKIMoHa 0B JIdmyHnoBa, BIepBbe TPe/I-
crasyennbiii B koune 50-x rogos XX Beka B padorax H.H. Kpacosckoro [2]. C tex mop Teope-
THYECKOMY M IPUKJIAIHOMY PA3BHUTUIO TOrO0 METOJa OBLIO IMOCBAIIEHO OI'POMHOE KOJUIECTBO
paboT. AKTUBHBIE HCCICIOBAHUS B 3TOM HAIPABJICHHH HPOMIOJIZKATCI U B HACTOSIILEE BPEMSI
(em., Hanpumep, [3]).

L Aagpees Anekcannap Cepreesud, 3apenyonmil kadeapoit THPOPMAIMOHHON 0E30IIACHOCTH U TEOPHH
yupasyenusi, PLTBOY BO «¥Yabsanosckuii rocygapcrsennbiii yausepcurers (432017, Poccus, 1. YIbsSHOBCK, ViI.
JI. Toscroro, . 42.), nokrop dusnko-maremarndeckux Hayk, ORCID: https://orcid.org/0000-0002-9408-0392,
asab208@mail.ru

2 TIIeperyaosa Oubra AJjekceeBHa, npodeccop kadeapsl nHMOPMANHOHHON 6Ge30MACHOCTH U TEOPHH
yupasienusi, DTBOY BO «YabsHOBCKUi rocymapcrBeHubiii yuusepcurers (432017, Poccus, r. YIbAHOBCK,
ya. JI. Toacroro, . 42.), mokrop dbusuko-maremarndeckux Hayk, ORCID: https://orcid.org/0000-0003-2701-
9054, peregudovaoa@gmail.com
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OTcyTeTBre YHHBEPCATHLHOTO AJTMOPUTMAa TOCTpoeHns (byHKOuoHa a JIgamyHoBa s pas-
JIMIHBIX KJIACCOB 33Ja4 CTUMYJIUPYET UCCIeTOBAHUS 1O MOJMMPUKAIUNA U ODODIIEHHUIO TITUPOKO
M3BECTHBIX, CTABIINX Kjaaccuueckumu, teopeM [4], [5], [6]. Ddbdextusabivu B npumoKeHusx
HPEJCTABISIOTCA 000DIEHNS, 3aK/II0YAIONINECs] B BBIBOJIE JIOCTATOYHBIX YCJAOBUIT aCUMITOTHYIE-
CKOil yCTOWYMBOCTH 1TOCPEACTBOM (DyHKIMOHAA JISyHOBa CO 3HAKOIIOCTOSIHHONH TTPOU3BO/IHOI.
JInst aBTOHOMHBIX W MEPUOIUYECKUX 110 BPEMeHH, HeABTOHOMHBIX YPaBHEHUH ¢ KOHEYHBIM 3a-
a3/IbIBAHIEM TaKHe YCJIOBHs BbIBeJCHBI B [2]-|7]. BaxKmoil 0COGEHHOCTHIO TOKA3AHHBIX TEOPEM
SIBJISIETCS UCIOIB30BAHUE JTUHAMUYECKHX CBOMCTB pelieHuil 3tux ypapHeHuit. CI0)KHOCTH BbI-
BOJa TOJOOHBIX PE3yIbTaTOB s YpaBHEeHHiT ¢ OECKOHEYHBIM U ¢ HEOTPDAHUYEHHBIM 3aIla3/Ibl-
BaHUEM COCTOWT, IPEXKJE BCEro, B MOCTPOEHNH (DYHKIMOHAJIBHBIX MPOCTPAHCTB PEIIEHWH ITHX
YPpaBHEHUIA.

[Ipobiema AKCHOMaTHIECKOI'O [IOCTPOEHUS bYHKIMOHATBHBIX HPOCTPAHCTB
bYHKIMOHAIBHO- UMM EPEHIITATBHBIX YPABHEHHNH ¢ OECKOHEUHBIM 3ala3/IbIBAHKEM BO MHOI'OM
pemena [8], [9]). D10 pemenne MO3BOIUIO BBHIIBUTH OCOGEHHOCTH OMpPEJETCHUil YCTOHINBO-
CTU JIji TAKWX YPaBHEHUHl, MPOBECTH COOTBETCTBYIOIIEE PA3BUTHE METO/a (DYHKIIMOHAJIOB
Jlgnynosa 8], [10], [11].

Nurerpo-puddepeninanbubie ypapuenus tuma B. Boabreppa cocTaBasior onpejieieHHbIT
KJ1acce PyHKIHOHAILHO- ] depeHnaIbHbIX ypaBHennii odmero tumna. [losToMy K HUM IHPOKO
IPUMEHUMBI COOTBETCTBYIOIINE OOIITHE METOAbI HCCAe0BAHUs yeToianBocT. OIHAKO pelleHusT
9TUX YPABHEHHI HMEIOT ONpe/IeJIeHHbIe KadeCTBeHHbIe CBOHCTBA [12], mo3BOJISIIONINE CYIIECTBEeH-
HO pacmupuTh npuMenenne dyHkiponanos Jlsmynosa [13|-[16].

B macrosieit ctarhe mpecTaBIeHO pa3BuTHe MeToja (DYHKIMOHAIOB JIsamyHOBa B 3a/1at1e
00 yCTOHYUBOCTH UHTErpO-1uddepeHnnaabHOro ypaBHeHn, BKIIOYAIONNAX YWICHBI ¢ KOHEUHBIM
1 OeCKOHEYHBIM 3alia3biBanueM. IIpepcTaBieHsl TeOpeMbl O IpeIe/IbHOM MTOBEIeHUH, AaCHMIITO-
TUYEeCKON YCTOWYMBOCTH, B TOM YUC/IEe, paBHOMEPHOiT. OCHOBY J1j1s1 TAKOI'O Pa3BUTHS COCTABUIIO
MOCTPOEHHEe TOIOJOIMYeCKON nTuHaMuKn ypasHeHuil (maparpad 2). B maparpade 4 mosyde-
HbI YCJIOBUA PABHOMEPHON aCUMITOTUYECKOU YCTONYMBOCTU CUCTEM YPABHEHUN, ABJIAIOIIUXCH
0000ITIeHuEM TIEJIOTO Psja Mojeseil ecTeCTBO3HAHUS U TeXHUKH.

2. TomoJsiormyveckass AMHAMUKA ypPaBHEHUI

Paccmorpum neuneitnoe unrerpo-anddepennuaibuoe ypapaenue tuna Boabreppa, BKIO-
qaloiee B cebsi COCTABJISIIONINE C KOHEYHBIM U HEOIPDAHUYEHHbBIM 3al1a3/IblBAHUEM

t t

(6) = O 2l0) + O a5 ale)z(s)ds+ [ gDt sx(0).a(5)ds,
u () io
(2.1)
raie x € R", R" — n— MepHoe JinHeiiHOe /1efICTBUTEIbHOE IIPOCTPAHCTBO ¢ HEKOTOPOl HOPMOIi
lz|, bdynkman gD (), fOt,x) u gV (t,s,2,y) (j = 1,2) rakosw, uro p) € CHRT —
[0, 1], pro = const > 0), fU) € O(R* x D — R"), g € C(R* x [—pg,00) x D x D — R"),
g? e C(STxDxD —R"),me D CR" ects nekoropas obaacrs, ST = {(t,5):t € RT, 0 <
s <t}.
Monaraem, ato s nponwssoaubix dynkmuii 19 (t) (j = 1,2) npn Beex t € RY umeror
MECTO HepaBeHCTBA,

o <1—py, pe=const,0<p <1,u =const, (j=1,2).

o <
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OCTaﬂbeIe beHKL[I/H/I Or'paHUYeHbl U YIOBJICTBOPAIOT OTHOCUTEJIBHO KazKJI0T'0 KOMITAKTHOT'O
MHO)kecTBa K C D ycjoBusaM JIunmuma caeayionero Bua

FOE2)] < my, |FO (L 2@ — FO(E 20)] < Ly |2 — 2]
V(t,x), (t,sW), (t,z?) € R* x K,
l9(t, 5,2, y)| < ma, [g(ta, s2,2®),y?) — g(tr, 51,20,y V)] <
< Ly(|2® = aW] 4 [y® —yD] 4 [ty — t1] 4[5 — 51])
Y(t, 7, 2,y), (t, 7, 2D,y (ty, 7, 2P yP) € St x K x K
my =m;(K), L; = L;y(K) (j=12).

(2.2)

[osoxkum Takzxke, aro dpyuxmusa ¢ (¢, s, 2,y) Ha KaxkI0M KOMIAKTHOM MHOkecTBe K C
D x D ynoBjieTBopsieT HepaBeHCTBaM

|g(2)<t,5,.13,y)’ Sg()(S_taK) V(t,87$,y)€S+XK,

fo go(v, K)dv < m(K) < +o0. (2.3)

Beesem dazosoe npocrpancrso Henpepsiubix dyukuuit C, = {¢ : [—uo,0] — R"} ¢
Hopmoit ||| = sup(|¢(s)], —po < s <0).

st menpepsiBroit dbynkiun @ R — R” onpenenum dbynkmun: z,, € C,, x4 = z(t+5),
—p <s<0; xp=2x(t+s), —00o<s<0.

13 ycaosuit (2.2) u (2.3) caemyer, 9o ais Kaxa0il HauaabHoit Toukn (o, ) € RT x C,:
©(0) = g € R™, Gyzer cyniectBoBaTh eMHCTBeHHOE pentenne @ = x(t, «, @) ypasrenus (2.1),
YII0BJIETBOPAIONICE YCJAOBHIO T&) = r(a+s)=¢(s), pla) <s<0.

st pemmenunst ypasuennust (2.1), orpanudensoro npu Beex t > to — p(ty) xkommakrom K C
R™, 6yaeM uMeTh OIEHKY

]x(tg,to,xo) — l‘(tl,to,l’o)‘ S (le(K) + 2m2(K))|t2 — tll th,tg Z to + Ho-

[Iycts Co ecTb MHOXKeCTBO (byHKIMI 10 = 1)(t), OmpeeJeHHbIX U HEIPEPBIBHBIX M0 ¢ €
(—00,0]. Ias HEKOTOPOH MOCIEA0BATEBHOCTH ducesT {7}, Takoi, aro 0 < 71y <71y < ... <
e < ..., T, = 00 mpH k — 00, BeLIesnM noamuokectBa K; C Co, byukmmit ¢ = (1)
TAKHX, 4TO VT, Ti,To € R BBIIOJIHEHBI HEPABEHCTBA

WD) <715y [9(12) — ¥(1)] < (2ma(K) + ma(K))[ts — .

oo
Muoxecrso I' = (J K; ¢ mopmoit |[|[¢]|] = sup(|e(s)], —oo < s < 0) Gyaer aBasaThCS
j=1
MOJTHBIM cenapadeTbHbIM 0aHAXOBBIM TTPOCTPAHCTBOM.
B cuy yeaosnii (2.2) cemeiicTBa ¢IBUTOB

FO = {f9t,2) = f(r+t,z), TER}, j=12,

GV ={gV(t,s,2,y) =gV (r+t,7+s,2y), TER} j=12
MY = {Dt) = Dt +7), TER}, j=1,2

SBJISIIOTCS TIPEJIKOMIAKTHBIMA B HEKOTOPBIX (DYHKIIMOHAJIBHBIX TpocTpaHcTBax [4], [17]: F =

{f:RxD—=R"}, G={g:SxDxD—=R"} M={p:R—[0,u]}.
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Hasosem (f7, g9 19, j = 1,2, upexenpuoit copoxymmoctbio, ecn dynkmuun £, ¢
p | j = 1,2 aBAfIOTCS TpeeNLHBIME ATA OOl H TOH JKe MOCTeTOBATeTHHOCTH f — 00,

cormacuo |4, [17], coorBercrBento

fY9 z) = — lim /f (tp + 7, 2)d

t tkﬁ+oo

gD (t,s,x,y) = lm ¢W(t, + 7. t, + 5, 2,9),

t——+o00

pI(t) = lim p9(ty +1).

t—400

MHOKecTBO TaKHX COBOKYTHOCTeil ompeseanM Kak obomouxy HT(f, g, u).
1 KazKJI0il IpejiesbHOH COBOKYITHOCTH (ffj), g9, u&”) € H(f,g, 1), 7 = 1,2 moxHO
BBECTH TIpeJIeIbHOe HHTErpo-anuddepeHnaIbHoe ypaBHeHHe BIIA

ﬂ'f(t) = Ot (1) + f2 (t ot — () +
+ f g* th() x(7) d7'+fg (t, 7, x(t), z(T))dT

t— uiz)

(2.4)

¢ obacTwio onpeaenenns R x I,
13 3TOro mOCTpOeHUs CJIENYeT, UTO I KaxKaoil HauaabHO# Toukn (a,?) € R x I' pe-
menne r = z*(t,a,1) ypasrenus (2.4), ymosiaersopsiomee ycioButo zh(a,1) = 1, Gyzer

enuacTBeHEBIM (25 (0, ¢) = 2" (a + s, a, 1), —00 < s < 0).

Onpemenenune 2.1 IMyemo = x(t,a,p) ecms HEKOMOPOE PEUEHUE YPAGHEHUA
(2.1), onpedesernoe dan ecex t > o — h. Pynryusa v € ' nasweaemes nososrcumesvhod
npedesvroti moukoli 5M020 PEUEHUA, eCAU CYULLCTMEYIOM NOCALIOEAMEAHOCTUY Ty — 00 U
Ty — 00, makue wmo x(t, + s,to, ) — ¥(s) pasnomepno no s € [—1,,,0] npu m — 0.
Mnooicecmeo ecexr maxux mouex obpasyem 6 I noaoscumenvroe npedesvbHoe MHOMCECTNEO
O (a, ).

Crenys [15], [16], MokHO J0KA3aTh CICAYIOIIYIO TEOPEMY.

Teopema 2.1 Ilyecmv v = x(t,ty,x9) ecmo pewenue ypasrernus (2.1), oepanuuen-
Hoe komnaxmom K C D npu eceac t > to Tozda 0as kavcdoti npedeavrott mouku 1 € QF
CYULeCmsyem cosoKynHoCmb (f ,g* ,,u* ) € H (f,g,p), 7 = 1,2, maxas, wmo pewenue
x =1x*(t,0,v) ypasnenus (2.4) codepocumea 6 QU+, m.e. x7(0,1) € QT npu t e R.

3. Teopewmbl 06 ycToiitumBocTu

Beesem dyukunonan Jlsmynosa, ompeienseMblii BI0JIb NPOU3BOJIBLHON dyHKIMH X €
C*([to — po, +00) — D) pasencrsom

V() = VOta(t) + 3 f VO, s,2(t), o(s))ds+
I=Le— ) (t)

+ f fV(3)(t,s,V,x(t),x(s),:v(y))dl/ds+ftV( )(t,s,2(t), 2(s))ds+ (3.1)

t—p,o s to

+ffV (t,5,v,2(t), x(s), x(v))dvds,
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rme VU (5 =0,1,...,5) — ckaasprble GyHKINH, ONpeeJeHHbe W HenpephiBHO anddepen-
[UpyeMble B 00JIACTSX 3aJIaHWsi CBOUX TI€PEMEHHBIX B COOTBETCTBUE ¢ ypaBHenueM (2.1). Ilpu
srom dbyukmuun VW u VO rakoswl, uro dbynkumonan V(t) cymecrsyer.

Houycrum, 4ro nupoussoanas Gynkinuonasa (3.1) Baosb pemenust © = x(t, o, ) ypaBHeHust
(2.1) ynoBnersopsier pu t > « + [iy HEPABEHCTBY

V(0) < -WOt.a(0) = X WO = (1)~

— f WO, s, 2(t), 2(s) ds—fW (t,s,z(t), z(s))ds— (3.2)

t—po to

—jftW(E’)(t,s,V,a:(t),x(s),x(u))duds,

to s

e WO (j = 0,1,...,5) — ckaxgpHble HeOTpUIATEJbHbIE (DYHKIMU CO CBOHCTBAMM THIIA
(2.2), mpeamosaraloIuMu TIPEJIKOMIAKTHOCTh ceMelicTs ux casuros no t, (t,s), (t,s,v) m
cymecrsosanue gt W& u WO onenkn tuna (2.3).

Tem cambiM MOTYT ObITH TOCTPOEHbI Hpe)leﬂbele ceMeiicTBa {,u* ,f* ,g( } j=12,
k=0,1,...,6. Jlna ¢pyHKnHOHAIOB W u WP mieer mecto CYIIeCTBOBaHNE WHTETPATIOB
BHIA

/W (t,s,x(t //W (t,s,v,x(t), x(s), x(v))dvds,

ecn z(t) e K C D, VteR.
MozkeT OBITH JIOKa3aHa CJAeIyIoNas TeopeMa.

Teopema 3.1 Ilpednonroscum, wmo:
1) cywecmsyem dynryuonan V =V (t,z,) > 0 suda (3.1), npoussoduas xomopozo 6004w

kaotcdozo pewenus ypasnenus (2.1) ydosaemeopsem nepasencmsy (3.2);
2) pewenue xr = x(t,a,p) ypasnenusn (2.1) ozpanuveno nexomopvim komnaxmom K C R"

npu ecex t >t .
Tozda noaosicumenvroe npedeavnoe muoscecneo QT (o, ) mosicem Gums npedcmasaeho

6 6ude 00BEIUHEHUA NO BCEM NPEICALHBM COBOKYNHOCTILAM (f*(]),g,E ),W(k)) , =12, k=

0,1,...,5, pewenut x = x*(t,0,1) npedesvrux ypasnenud (2.4), maxuz wmo
WO, 2*(t,0,4)) =0, teR;
Dttt — P (),0,4) =0, teR j=1,2
)(tsx*(t, V), x*(s5,0,¢)) =0, teR, t—py<s<t (3.3)
WO (L, s, 2*(t,0,1),2%(s,0,10)) =0, tER, —oo<s<t;
Wf5)(t,s,y,x*(, 0,v),x (SO¢) *(v,0,) =0, teR, —co<s<wv<t.

BamMmeuanmue 3.1 Teopema 3.1 npedcmasasem coboli meopemy muna NPUHUUNG

Keasuunsapuarmmocmuy oaa ypasnenus (2.1) [4], [18].

Uccaenyem 3aady 06 yCTOMYMBOCTH HYJIEBOTO pellleHHsi ypaBHeHus (2.1), mosaras, 9To
fOt0)=0, f@(,7,0,0)=0, g¥(t7,0,0) =0, j=1,2. [Ina sToro BBeeM 0603HAYCHHE
gepe3 a; : RT — RT g dyukunu tuna Xana, ¢ = 1,2,3 [19].
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Teopewma 3.2 [Ipednosostcum, wmo moscno natimu Pynryuonas euda (3.1), maxod
wmo Vi(t,x) > ai(||z]]) V(t,z) € RY x D, a ezo npoussodnas 60046 peuwieHus ypasHeHus
(2.1) ydosaemsopaem nepasencmey (8.2). Ilpu smom das 40607 npedeavroll cosoxynmocmu
(ffj), gij), Wfk)) ,7=12, k=0,1,....5, ne cywecmsyem peweHutl npeidesvrozo ypasHeHus,
(2.4), maxuz wmo umerom mecmo mostcdecmaa (3.3), kpome nyaesozo x = 0.

Tozda pewenue v =0 ypasuenusa (2.1) acumnmomurecky Yycmoluueo.

Teopema 3.3 Illpu do6a6/zeuuu 6 yeaosua meopemnvs 3.2 ycaosus VO (t,x) <
as(|z]), (VO (t, 7, 2,9)] < ax(|z] + |y]), 7= 1,2, noayuum pasromepnyo acumnmomureckyio
Yemotivugocms HYALB020 PEULEHUA T = 0 ypaeHenusa (2.1).

CoOTBETCTBYIONUMHI BHIOU3MEHEHUSIMH MOT'YT OBITH JOKA3aHbI TEOPEeMBbl 00 acCUMITOTUYE-
CKON YCTOMYMBOCTH, PABHOMEPHOH 110 Xy, O HEYCTONYUBOCTH.

4. Ilpumepsnr

IIpumep 4.1
Hycmo o' = (y,2"), yeR, 2eR™, Il+m=mn, m>1, (-) - onepayua mpancnomnu-
posanus. Pacemompum cucmemy ypasrenuti euda

[ () = A2, () 2O 4 g2y ) P

y 0z
2(t) = A(Ql)(t,x(t))%z(t)) + A2 (t, z(t ))an(az< ))+
N B(t,x(t))amx(t 5Zum(t))) N / G(l)(w)% ds + / @ (ts)angz(s))dsj
| o ) (4.1)
2de Il € C3(R™ — R) ecmv nekomopas crasapHaa GyHKUUA, MAKAA, Mo '
w:& ‘ana_(g;) > ay(Jy)),
’ Oll(x) ’ (4.2)
as(|z]) < ' < as(|z|) VzeR",

pyrryuu 1) € M, mampuywe AW | B, GU) das scex (t,z,y) € RT xR ydossemsopsrom
YCAOBUAM TMUNG (22) (2.8), a maxstce umerom mecmo HePaGeHCMEa

Y (AW (¢ 2) + (A (t,2)))y <0, |D(t,x)] >dy=const >0 Y(t,z) € RT x R", (4.3)

2de D(t,x) — waxoti-aubo murop nopadka m mampuys, ACY = — (A2
Jlasa pacemampueaemots cucmemor (4.1) 6 coomsememeuu ¢ n. 2 6uNOAHEHD, 6CE YCAOBUA
ee NPedKoOMNAKMHOCTU, NPEJENLHBIE CUCTNEMDE UMEIOM, cAedYouull 6Ud

(300 = A0t t) 2 e, ) 2,

A(t) = A<21>(t,x(t))—angz(t)) + AP (¢, x(t))—an(az( ))+

(2)
—i—B*(t,x(t))@H(x(t_ / GW(t, s) (3( d8—|—/G ts)wws,

z

\ =@

(4.4)
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2de mampuyot A , B, €S (i, = 1,2 ) asaaromes npedesvrolmu A4 COOMBEMCMBYOULUT
mampuy, us (4.1) coenacrno npedemassennomy oaa ypaswenus (2.1) nocmpoenuro. B wacmmo-

cmu,
t

Agfj)(t, x) = ditlim A(ij)(tk + 7)dT,
Je—>00
0

GU(t,s) = lim GY(t, +t,t; + s),

t—00
munop D*(t,x) mampuyol Agl)(t,x) , coomeememesyrowut D(t, x) , ydosaemeopaem ycaosuio
|D*(t,x)| > dy = const > 0. (4.5)

Jaa uccaedosanus yemotinusocmu nysecoz0 peuterus r = 0 cucmemvt svbepem Pynryu-
onan JIanynosa caedyrouum obpasom: edoav x € C([ty, +00) — R™)

V(x(t)) = (x(t)) + / (—8H($(8))> P<1>—8H(;<S))ds+

0z .

= (1) fo

2de PU) ¢ Rmxm (PUY = pU) | POz >0 Vz e R™, j=1,2,3; 2/(0P®(t,s)/0t)z < 0
(=0 2=0).

Jonyemum, wmo mampuyne PY) | §=1,2.3, dynryuonara (4.6) mozym 6vimob nodobparoi
MAKUMU, MO

4 (1 (AP(,2) + (AP (1, 2))) + PO+ LB 2)(PO) B 1,0) + 4@ PO+
M1

4 / GOt ) (PO (GO (2, 5))ds + POt )+
H1

t u@(t)

(4.7)
+3 / GO (t, )P (t, ) H(GD(t5))ds | 2 < =z ¥z eR™,

2de 1 = const > 0.
ITpu evinoanenuu yeaosud (4.7) 0aa npouseodnot pynkyuonana (4.6) 6ydem umemv oueHKy

oIl 2

@)

V(ta(t) < —Wolz(t)) = —m

<0. (4.8)

Mmnooceemeo {0(x(t))/0z = 0} = {z(t) = 0} wmoosrcem codepocamsv auwos me pewenus
(y(t), z(t)) = (y(t),0) cucmemwv (4.4), dasn Komopoix

A, a0y T <o

YMO BO3MOINHCHO 6 COOMBEMCMEUL € HEPABeHCMBoMm (4.5), ecau moavko Oll(x(t))/0y =0 uau

y(t)=0.
N3 meopemv, 8.3 caedyem, wmo npu yeaosuax (4.2) u (4.3) pewenue x(t) = 0 cucmemo
(4.1) pasromepro acumnmomuvecky ycmotuuso.
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ITIpumep 4.2
Paccmompum cucmemy ypasreruti

T = D) (C(t) + A F((t) + BOF (x(t — nD(#))+

+ ft GO(t, S)F(:Jc(s))ds~|—jG(2)(t, s)F(x(s))ds),

t—p@ (1) to

(4.9)

2de x € R"; ) € M ; sekmop-pyrnryua F : R* — R", mampuunse dynryuu D =
diag(dy(x1),dy(22), ... ,dp(z,)), C,B : Rt — R™"  GU . Rt x RT — R™™ ydosaemeo-
parom yeaosuam (2.2) u (2.3).

Jonyemum, wmo oaa nexomopozo sexmopa 0 € R%, R} = {r e R": z, > 0,k =

1,2,...,n} umerom mecmo mostcdecmesa

C(t) + (A(t) + B(t) + / GU(t, s)ds + / GA(t,s)ds)F(z©) = 0,
t—u(2)(t) to

max 4mo cucmema (49) UMEETN, NOAONHCEHUE PABHOBECUA T = $(O) .

Pacemompum 3adany 00 yemotinusocmu 9mozo NoAAHCEHUS OTVHOCUTNEADHO HAYANLHBLIT G03-
” + + ot — .
mywenud (o, ) € RT x OF, CF={peC,:¢(s) >0, —pp <5 <0},
Honooicum y = x — 10 v 66edem ypasnenus 60zmyuienozo dsuscenus

WD D) AW E WD) + BO Wt~ p® @)+

+ / G(l)(t, s)F(y(s))ds + /G(Q)(t, S)ﬁ’(y(s))ds),

t—u()(t) to

(4.10)

2de l~7(y) = dz‘ag(dl(xgo) + yl), o 7dn($’£10) + yn)> ) F(y) _ F(x(o) + y) _

LHonoocum

r d

1%
F(0) = 0. [F()] = ally). di(0) = 0. dife) >0 mpu > 0. [ 25 =,
k
1
cywecmeyem ckarspras Pynkyus 11 = T(y), maras wmo
oll(y ~ =

110) = 0, 52— (B(y))Fly). 1) — o0 npus ] = .

H3 smuz yeaosut caedyem noaoscumensrad noayuneapuatmmuocms obaascmu RY u edumn-
CNGEHHOCTND NoAodcenus pasrosecusn Yy = 0.
Cucmemwi, npedeavrvie daq (4.10), umerom eud

W) _ Bly(e)(A. O F ((e) + B.OF (e — u® 1)+
(4.11)
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Jas uceaedosanus yemotivueocmu v = 10 cucmemv (4.9) uau y = 0 cucmemw, (4.10)
svibepem pyrryuonan Janynosa 6 sude

V(w(t) = M(x(t) + f)( ) PO Fiy(s)s

b W)Y PORw)dvds+ (41

SICIOR.

¥ j<ﬁ<y<s>>>'P<3><t, B y(s))ds.

Jonyemum, wmo mampuyse PY) € R™™ 5 =12 3, umerom makue sce ce0ticmea, 4mo
u 6 (4.6), u mozym 6vims nodobparv. Mak, 4MOOLL BLINONHALOCH HEPABEHCTNEO

V(AW + A ) + PO+ L BOPY) B0 + P P+

t

1
T / GO (t,5)(PD)H(GW(t, 5))ds + P (t,1)+
llt—u(g)(t)
1
1 / GOt ) (B (,9)) MGt 5)) ds)y < —y'Ly <0,

to

ede L e Rm*™ [/ =L = const.
Tozda dan npouszseoduotll dynkyuonana (4.12) bydem umems ouenky

V() < =(F(y(t)'LE(y(t) <0.

ITo meopeme 3.2 wancdoe pewenue cucmemvs (4.10) bydem neoeparuierto npubAUACAMbCA
npu t — +00 K MAKCUMAADHO KEAZUUHBAPUGHIMHOMY N0 OMHOWEHUI0 K cemelticmsy npedesv-
woux cucmem (4.11) nodmmoocecmsy mroscecmea {LF(y) = 0}.

Eeau mmoocecmeo {LF(y) = 0} ne codeporcum dpyeux pewenud cucmemv, (4.11), xpo-
me y = 0, mozada coeaacto meopeme 3.3 pewenue y = 0 cucmemvr (4.10) uau nosooscenue
pasnosecus v = 10 cucmemol (4.9) pasromepro acumnmomuuecky ycmoliuueo.

5. 3akiwouyeHue

Pesysbrarhl paboThl IPEJICTAB/ISIOT cO00i pa3BUTHE METOMKH BHIBOJIA IIPE/IEIbHBIX CBOMCTB
pemenuit puddepeHuaIbHbIX 1 QYHKIHOHAILHO-IH(DGEpeHIINATBHBIX YPABHEHHH B IIPEIIIO-
JIOZKEHHH CYIMecTBOoBanusA GhyHKIMA 1 pyHKImoHa s JISIyHOBa CO 3HAKOMOCTOAHHON TPOM3BO/I-
Hoii. OCHOBHOE COslepKaHie MeTOJAMKH Ipe/craBieHo B paborax [4], [6], [18]. TIposenenHoe B
paszene 1 mocTpoeHne TONOJOIMIECKONR JUHAMUKHA JIONOJHAET COOTBETCTBYIONIME TIOCTPOCHUSI,
npejcrapiennse B paborax [8]-[10]. Teopempr 3.1 —3.3 0606IAIOT TEOPEMBI KIACCHIECKOTO TH-
na u3 [8|, [11]. [Ipumepsl, nipejcTaBieHHble B pasiese 4, sBISIOTCA 0OOOMEHHBIMEI MOJIEJISAME
busmuecKux 1 SKOHOMUUECKUX MPOIECCOB, GHOJOMMIECKOro B3auMoieiicTus momystiuii [20].

Buaaromapraoctu. Pabora sbinosinena npu gpunancoBoit nojepxkke Munucrepcrsa odbpa-
soBanns u Haykn PP B pamkax rocynapcrsennoro 3aganug no HUP [9.5994.2017/BY| u POOU
[18-41-730022).
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On the Lyapunov functionals method in the stability
problem of Volterra integro-differential equations
© A.S. Andreev!, O. A. Peregudova ?

Abstract. In this paper, we consider the problem of applying the method of Lyapunov functionals
to investigate the stability of non-linear integro-differential equations, the right-hand side of which
is the sum of the components of the instantaneous action and also ones with a finite and infinite
delay. The relevance of the problem is the widespread use of such complicated in structure equations
in modeling the controllers using integral regulators for mechanical systems, as well as biological,
physical and other processes. We develop the Lyapunov functionals method in the direction of
revealing the limiting properties of solutions by means of Lyapunov functionals with a semi-definite
derivative. We proved the theorems on the quasi-invariance of a positive limit set of bounded
solution as well as ones on the asymptotic stability of the zero solution including a uniform one. The
results are achieved by constructing a new structure of the topological dynamics of the equations
under study. The theorems proved are applied in solving the stability problem of two model systems
which are generalizations of a number of known models of natural science and technology.

Key Words: nonlinear systems of integro-differential equations, Lyapounov functional, stability,
topological dynamics, limiting equation
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