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Î ìåòîäå ôóíêöèîíàëîâ Ëÿïóíîâà â çàäà÷å îá
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Àííîòàöèÿ. Â ñòàòüå ðàññìîòðåíà çàäà÷à î ïðèìåíåíèè ìåòîäà ôóíêöèîíàëîâ Ëÿïóíîâà
â èññëåäîâàíèè óñòîé÷èâîñòè íåëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðàâàÿ
÷àñòü êîòîðûõ ïðåäñòàâëÿåò ñîáîé ñóììó ñîñòàâëÿþùèõ ìãíîâåííîãî äåéñòâèÿ, à òàêæå ñ
êîíå÷íûì è áåñêîíå÷íûì çàïàçäûâàíèåì. Àêòóàëüíîñòü çàäà÷è ñîñòîèò â øèðîêîì ïðèìåíå-
íèè òàêèõ ñëîæíûõ ïî ñâîåé ñòðóêòóðå óðàâíåíèé â ìîäåëèðîâàíèè ñèñòåì óïðàâëåíèÿ ìåõà-
íè÷åñêèìè ñèñòåìàìè ïðè ïîìîùè èíòåãðàëüíûõ ðåãóëÿòîðîâ, áèîëîãè÷åñêèõ, ôèçè÷åñêèõ è
äðóãèõ ïðîöåññîâ. Ïðîâåäåíî ðàçâèòèå ìåòîäà â íàïðàâëåíèè âûÿâëåíèÿ ïðåäåëüíûõ ñâîéñòâ
ðåøåíèé ïîñðåäñòâîì ôóíêöèîíàëîâ Ëÿïóíîâà ñî çíàêîïîñòîÿííîé ïðîèçâîäíîé. Äîêàçàíû
òåîðåìû î êâàçèèíâàðèàíòíîñòè ïîëîæèòåëüíîãî ïðåäåëüíîãî ìíîæåñòâà îãðàíè÷åííîãî ðå-
øåíèÿ, îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè (â òîì ÷èñëå, ðàâíîìåðíîé) íóëåâîãî ðåøåíèÿ. Ðå-
çóëüòàòû îñíîâàíû íà ïîñòðîåíèè íîâîé ñòðóêòóðû òîïîëîãè÷åñêîé äèíàìèêè èññëåäóåìûõ
óðàâíåíèé. Äîêàçàííûå òåîðåìû ïðèìåíÿþòñÿ â ðåøåíèè çàäà÷è îá óñòîé÷èâîñòè äâóõ ìî-
äåëüíûõ ñèñòåì, ïðåäñòàâëÿþùèõ ñîáîé îáîáùåíèÿ ðÿäà èçâåñòíûõ ìîäåëåé åñòåñòâîçíàíèÿ
è òåõíèêè.
Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ôóíêöèî-
íàë Ëÿïóíîâà, óñòîé÷èâîñòü, òîïîëîãè÷åñêàÿ äèíàìèêà, ïðåäåëüíîå óðàâíåíèå.

1. Ââåäåíèå

Ðàáîòû Â. Âîëüòåððà ïî èíòåãðî-äèôôåðåíöèàëüíûì óðàâíåíèÿì [1] ïîëîæèëè
îñíîâó äëÿ áîëüøîãî ñîâðåìåííîãî ðàçäåëà òåîðåòè÷åñêîé è ïðèêëàäíîé ìàòåìàòèêè �
òåîðèè ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé è åå ïðèëîæåíèé â åñòåñòâîçíà-
íèè è òåõíèêè. Îñíîâíûì ìåòîäîì èññëåäîâàíèÿ çàäà÷ îá óñòîé÷èâîñòè ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ ìåòîä ôóíêöèîíàëîâ Ëÿïóíîâà, âïåðâûå ïðåä-
ñòàâëåííûé â êîíöå 50-õ ãîäîâ XX âåêà â ðàáîòàõ Í.Í. Êðàñîâñêîãî [2]. Ñ òåõ ïîð òåîðå-
òè÷åñêîìó è ïðèêëàäíîìó ðàçâèòèþ ýòîãî ìåòîäà áûëî ïîñâÿùåíî îãðîìíîå êîëè÷åñòâî
ðàáîò. Àêòèâíûå èññëåäîâàíèÿ â ýòîì íàïðàâëåíèè ïðîäîëæàþòñÿ è â íàñòîÿùåå âðåìÿ
(ñì., íàïðèìåð, [3]).

1Àíäðååâ Àëåêñàíäð Ñåðãååâè÷, çàâåäóþùèé êàôåäðîé èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè
óïðàâëåíèÿ, ÔÃÁÎÓ ÂÎ ¾Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò¿ (432017, Ðîññèÿ, ã. Óëüÿíîâñê, óë.
Ë. Òîëñòîãî, ä. 42.), äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: https://orcid.org/0000-0002-9408-0392,
asa5208@mail.ru

2Ïåðåãóäîâà Îëüãà Àëåêñååâíà, ïðîôåññîð êàôåäðû èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè
óïðàâëåíèÿ, ÔÃÁÎÓ ÂÎ ¾Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò¿ (432017, Ðîññèÿ, ã. Óëüÿíîâñê,
óë. Ë. Òîëñòîãî, ä. 42.), äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: https://orcid.org/0000-0003-2701-
9054, peregudovaoa@gmail.com
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Îòñóòñòâèå óíèâåðñàëüíîãî àëãîðèòìà ïîñòðîåíèÿ ôóíêöèîíàëà Ëÿïóíîâà äëÿ ðàç-
ëè÷íûõ êëàññîâ çàäà÷ ñòèìóëèðóåò èññëåäîâàíèÿ ïî ìîäèôèêàöèè è îáîáùåíèþ øèðîêî
èçâåñòíûõ, ñòàâøèõ êëàññè÷åñêèìè, òåîðåì [4], [5], [6]. Ýôôåêòèâíûìè â ïðèëîæåíèÿõ
ïðåäñòàâëÿþòñÿ îáîáùåíèÿ, çàêëþ÷àþùèåñÿ â âûâîäå äîñòàòî÷íûõ óñëîâèé àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè ïîñðåäñòâîì ôóíêöèîíàëà Ëÿïóíîâà ñî çíàêîïîñòîÿííîé ïðîèçâîäíîé.
Äëÿ àâòîíîìíûõ è ïåðèîäè÷åñêèõ ïî âðåìåíè, íåàâòîíîìíûõ óðàâíåíèé ñ êîíå÷íûì çà-
ïàçäûâàíèåì òàêèå óñëîâèÿ âûâåäåíû â [2]�[7]. Âàæíîé îñîáåííîñòüþ äîêàçàííûõ òåîðåì
ÿâëÿåòñÿ èñïîëüçîâàíèå äèíàìè÷åñêèõ ñâîéñòâ ðåøåíèé ýòèõ óðàâíåíèé. Ñëîæíîñòü âû-
âîäà ïîäîáíûõ ðåçóëüòàòîâ äëÿ óðàâíåíèé ñ áåñêîíå÷íûì è ñ íåîãðàíè÷åííûì çàïàçäû-
âàíèåì ñîñòîèò, ïðåæäå âñåãî, â ïîñòðîåíèè ôóíêöèîíàëüíûõ ïðîñòðàíñòâ ðåøåíèé ýòèõ
óðàâíåíèé.

Ïðîáëåìà àêñèîìàòè÷åñêîãî ïîñòðîåíèÿ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ áåñêîíå÷íûì çàïàçäûâàíèåì âî ìíîãîì
ðåøåíà [8], [9]). Ýòî ðåøåíèå ïîçâîëèëî âûÿâèòü îñîáåííîñòè îïðåäåëåíèé óñòîé÷èâî-
ñòè äëÿ òàêèõ óðàâíåíèé, ïðîâåñòè ñîîòâåòñòâóþùåå ðàçâèòèå ìåòîäà ôóíêöèîíàëîâ
Ëÿïóíîâà [8], [10], [11].

Èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ òèïà Â. Âîëüòåððà ñîñòàâëÿþò îïðåäåëåííûé
êëàññ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé îáùåãî òèïà. Ïîýòîìó ê íèì øèðîêî
ïðèìåíèìû ñîîòâåòñòâóþùèå îáùèå ìåòîäû èññëåäîâàíèÿ óñòîé÷èâîñòè. Îäíàêî ðåøåíèÿ
ýòèõ óðàâíåíèé èìåþò îïðåäåëåííûå êà÷åñòâåííûå ñâîéñòâà [12], ïîçâîëÿþùèå ñóùåñòâåí-
íî ðàñøèðèòü ïðèìåíåíèå ôóíêöèîíàëîâ Ëÿïóíîâà [13]�[16].

Â íàñòîÿùåé ñòàòüå ïðåäñòàâëåíî ðàçâèòèå ìåòîäà ôóíêöèîíàëîâ Ëÿïóíîâà â çàäà÷å
îá óñòîé÷èâîñòè èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèé, âêëþ÷àþùèõ ÷ëåíû ñ êîíå÷íûì
è áåñêîíå÷íûì çàïàçäûâàíèåì. Ïðåäñòàâëåíû òåîðåìû î ïðåäåëüíîì ïîâåäåíèè, àñèìïòî-
òè÷åñêîé óñòîé÷èâîñòè, â òîì ÷èñëå, ðàâíîìåðíîé. Îñíîâó äëÿ òàêîãî ðàçâèòèÿ ñîñòàâèëî
ïîñòðîåíèå òîïîëîãè÷åñêîé äèíàìèêè óðàâíåíèé (ïàðàãðàô 2). Â ïàðàãðàôå 4 ïîëó÷å-
íû óñëîâèÿ ðàâíîìåðíîé àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñèñòåì óðàâíåíèé, ÿâëÿþùèõñÿ
îáîáùåíèåì öåëîãî ðÿäà ìîäåëåé åñòåñòâîçíàíèÿ è òåõíèêè.

2. Òîïîëîãè÷åñêàÿ äèíàìèêà óðàâíåíèé

Ðàññìîòðèì íåëèíåéíîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå òèïà Âîëüòåððà, âêëþ-
÷àþùåå â ñåáÿ ñîñòàâëÿþùèå ñ êîíå÷íûì è íåîãðàíè÷åííûì çàïàçäûâàíèåì

ẋ(t) = f (1)(t, x(t))+f (2)(t, x(t−µ(1)(t))+

t∫
t−µ(2)(t)

g(1)(t, s, x(t), x(s))ds+

t∫
t0

g(2)(t, s, x(t), x(s))ds,

(2.1)
ãäå x ∈ Rn , Rn � n−ìåðíîå ëèíåéíîå äåéñòâèòåëüíîå ïðîñòðàíñòâî ñ íåêîòîðîé íîðìîé
|x| , ôóíêöèè µ(j)(t) , f (j)(t, x) è g(j)(t, s, x, y) ( j = 1, 2 ) òàêîâû, ÷òî µ(j) ∈ C1(R+ →
[0, µ0], µ0 = const > 0) , f (j) ∈ C(R+ ×D → Rn) , g(1) ∈ C(R+ × [−µ0,∞)×D ×D → Rn) ,
g(2) ∈ C(S+×D×D → Rn) , ãäå D ⊂ Rn åñòü íåêîòîðàÿ îáëàñòü, S+ = {(t, s) : t ∈ R+, 0 ≤
s ≤ t} .

Ïîëàãàåì, ÷òî äëÿ ïðîèçâîäíûõ ôóíêöèé µ(j)(t) ( j = 1, 2 ) ïðè âñåõ t ∈ R+ èìåþò
ìåñòî íåðàâåíñòâà

µ2 ≤
dµ(j)(t)

dt
≤ 1− µ1, µ2 = const, 0 < µ1 < 1, µ1 = const, (j = 1, 2).
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Îñòàëüíûå ôóíêöèè îãðàíè÷åíû è óäîâëåòâîðÿþò îòíîñèòåëüíî êàæäîãî êîìïàêòíîãî
ìíîæåñòâà K ⊂ D óñëîâèÿì Ëèïøèöà ñëåäóþùåãî âèäà

|f (j)(t, x)| ≤ m1, |f (j)(t, x(2))− f (j)(t, x(1))| ≤ L1|x(2) − x(1)|

∀(t, x), (t, x(1)), (t, x(2)) ∈ R+ ×K,

|g(t, s, x, y)| ≤ m1, |g(t2, s2, x(2), y(2))− g(t1, s1, x
(1), y(1))| ≤

≤ L2(|x(2) − x(1)|+ |y(2) − y(1)|+ |t2 − t1|+ |s2 − s1|)

∀(t, τ, x, y), (t1, τ1, x(1), y(1)), (t2, τ2, x(2), y(2)) ∈ S+ ×K ×K

mj = mj(K), Lj = Lj(K) (j = 1, 2).

(2.2)

Ïîëîæèì òàêæå, ÷òî ôóíêöèÿ g(2)(t, s, x, y) íà êàæäîì êîìïàêòíîì ìíîæåñòâå K ⊂
D ×D óäîâëåòâîðÿåò íåðàâåíñòâàì

|g(2)(t, s, x, y)| ≤ g0(s− t,K) ∀(t, s, x, y) ∈ S+ ×K,
0∫

−∞
g0(ν,K)dν ≤ m(K) < +∞.

(2.3)

Ââåäåì ôàçîâîå ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé Cµ = {φ : [−µ0, 0] → Rn} ñ
íîðìîé ∥φ∥ = sup(|φ(s)|, −µ0 ≤ s ≤ 0) .

Äëÿ íåïðåðûâíîé ôóíêöèè x : R → Rn îïðåäåëèì ôóíêöèè: xµt ∈ Cµ , xµt = x(t+ s) ,
−µ0 ≤ s ≤ 0 ; xt = x(t+ s) , −∞ < s ≤ 0 .

Èç óñëîâèé (2.2) è (2.3) ñëåäóåò, ÷òî äëÿ êàæäîé íà÷àëüíîé òî÷êè (α, φ) ∈ R+ × Cµ :
φ(0) = x0 ∈ Rn , áóäåò ñóùåñòâîâàòü åäèíñòâåííîå ðåøåíèå x = x(t, α, φ) óðàâíåíèÿ (2.1),

óäîâëåòâîðÿþùåå óñëîâèþ x
(0)
α = x(α + s) = φ(s) , µ(α) ≤ s ≤ 0 .

Äëÿ ðåøåíèÿ óðàâíåíèÿ (2.1), îãðàíè÷åííîãî ïðè âñåõ t ≥ t0 − µ(t0) êîìïàêòîì K ⊂
Rn , áóäåì èìåòü îöåíêó

|x(t2, t0, x0)− x(t1, t0, x0)| ≤ (2m1(K) + 2m2(K))|t2 − t1| ∀t1, t2 ≥ t0 + µ0.

Ïóñòü C∞ åñòü ìíîæåñòâî ôóíêöèé ψ = ψ(t) , îïðåäåëåííûõ è íåïðåðûâíûõ ïî t ∈
(−∞, 0] . Äëÿ íåêîòîðîé ïîñëåäîâàòåëüíîñòè ÷èñåë {rj} , òàêîé, ÷òî 0 < r1 < r2 < . . . <
rk < . . . , rk → ∞ ïðè k → ∞ , âûäåëèì ïîäìíîæåñòâà Kj ⊂ C∞ ôóíêöèé ψ = ψ(τ)
òàêèõ, ÷òî ∀τ, τ1, τ2 ∈ R âûïîëíåíû íåðàâåíñòâà

|ψ(τ)| ≤ rj, |ψ(τ2)− ψ(τ1)| ≤ (2m1(K) +m2(K))|t2 − t1|.

Ìíîæåñòâî Γ =
∞∪
j=1

Kj ñ íîðìîé |||ψ||| = sup(|ψ(s)|, −∞ < s ≤ 0) áóäåò ÿâëÿòüñÿ

ïîëíûì ñåïàðàáåëüíûì áàíàõîâûì ïðîñòðàíñòâîì.
Â ñèëó óñëîâèé (2.2) ñåìåéñòâà ñäâèãîâ

F (j) = {f (j)
τ (t, x) = f(τ + t, x), τ ∈ R}, j = 1, 2,

G(j) = {g(j)τ (t, s, x, y) = g(j)(τ + t, τ + s, x, y), τ ∈ R}, j = 1, 2,

M(j) = {µ(j)
τ (t) = µ(j)(t+ τ), τ ∈ R}, j = 1, 2

ÿâëÿþòñÿ ïðåäêîìïàêòíûìè â íåêîòîðûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ [4], [17]: F =
{f : R×D → Rn} , G = {g : S ×D ×D → Rn} , M = {µ : R → [0, µ0]} .
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Íàçîâåì (f
(j)
∗ , g

(j)
∗ , µ

(j)
∗ ) , j = 1, 2, ïðåäåëüíîé ñîâîêóïíîñòüþ, åñëè ôóíêöèè f

(j)
∗ , g

(j)
∗ ,

µ
(j)
∗ , j = 1, 2 ÿâëÿþòñÿ ïðåäåëüíûìè äëÿ îäíîé è òîé æå ïîñëåäîâàòåëüíîñòè tk → ∞ ,

ñîãëàñíî [4], [17], ñîîòâåòñòâåííî

f (j)
∗ (t, x) =

d

dt
lim

tk→+∞

t∫
0

f (j)(tk + τ, x)dτ,

g(j)∗ (t, s, x, y) = lim
tk→+∞

g(j)(tk + τ, tk + s, x, y),

µ(j)
∗ (t) = lim

tk→+∞
µ(j)(tk + t).

Ìíîæåñòâî òàêèõ ñîâîêóïíîñòåé îïðåäåëèì êàê îáîëî÷êó H+(f, g, µ) .

Äëÿ êàæäîé ïðåäåëüíîé ñîâîêóïíîñòè (f
(j)
∗ , g

(j)
∗ , µ

(j)
∗ ) ∈ H+(f, g, µ) , j = 1, 2 ìîæíî

ââåñòè ïðåäåëüíîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

ẋ(t) = f
(1)
∗ (t, x(t)) + f

(2)
∗ (t, x(t− µ

(1)
∗ (t)))+

+
t∫

t−µ
(2)
∗

g
(1)
∗ (t, τ, x(t), x(τ))dτ +

t∫
−∞

g
(2)
∗ (t, τ, x(t), x(τ))dτ (2.4)

ñ îáëàñòüþ îïðåäåëåíèÿ R× Γ .
Èç ýòîãî ïîñòðîåíèÿ ñëåäóåò, ÷òî äëÿ êàæäîé íà÷àëüíîé òî÷êè (α, ψ) ∈ R × Γ ðå-

øåíèå x = x∗(t, α, ψ) óðàâíåíèÿ (2.4), óäîâëåòâîðÿþùåå óñëîâèþ x∗α(α, ψ) = ψ , áóäåò
åäèíñòâåííûì ( x∗α(α, ψ) = x∗(α + s, α, ψ) , −∞ < s ≤ 0 ).

Î ï ð å ä å ë å í è å 2.1 Ïóñòü x = x(t, α, φ) åñòü íåêîòîðîå ðåøåíèå óðàâíåíèÿ
(2.1), îïðåäåëåííîå äëÿ âñåõ t ≥ α − h . Ôóíêöèÿ ψ ∈ Γ íàçûâàåòñÿ ïîëîæèòåëüíîé
ïðåäåëüíîé òî÷êîé ýòîãî ðåøåíèÿ, åñëè ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè tm → ∞ è
Tm → ∞ , òàêèå ÷òî x(tm + s, t0, φ) → ψ(s) ðàâíîìåðíî ïî s ∈ [−Tm, 0] ïðè m → ∞ .
Ìíîæåñòâî âñåõ òàêèõ òî÷åê îáðàçóåò â Γ ïîëîæèòåëüíîå ïðåäåëüíîå ìíîæåñòâî
Ω+(α, φ) .

Ñëåäóÿ [15], [16], ìîæíî äîêàçàòü ñëåäóþùóþ òåîðåìó.

Ò å î ð å ì à 2.1 Ïóñòü x = x(t, t0, x0) åñòü ðåøåíèå óðàâíåíèÿ (2.1), îãðàíè÷åí-
íîå êîìïàêòîì K ⊂ D ïðè âñåõ t ≥ t0 . Òîãäà äëÿ êàæäîé ïðåäåëüíîé òî÷êè ψ ∈ Ω+

ñóùåñòâóåò ñîâîêóïíîñòü (f
(j)
∗ , g

(j)
∗ , µ

(j)
∗ ) ∈ H+(f, g, µ) , j = 1, 2 , òàêàÿ, ÷òî ðåøåíèå

x = x∗(t, 0, ψ) óðàâíåíèÿ (2.4) ñîäåðæèòñÿ â Ω+ , ò.å. x∗t (0, ψ) ∈ Ω+ ïðè t ∈ R .

3. Òåîðåìû îá óñòîé÷èâîñòè

Ââåäåì ôóíêöèîíàë Ëÿïóíîâà, îïðåäåëÿåìûé âäîëü ïðîèçâîëüíîé ôóíêöèè x ∈
C1([t0 − µ0,+∞) → D) ðàâåíñòâîì

V (t) = V (0)(t, x(t)) +
2∑

j=1

t∫
t−µ(j)(t)

V (j)(t, s, x(t), x(s))ds+

+
t∫

t−µ0

t∫
s

V (3)(t, s, ν, x(t), x(s), x(ν))dνds+
t∫

t0

V (4)(t, s, x(t), x(s))ds+

+
t∫

t0

t∫
s

V (5)(t, s, ν, x(t), x(s), x(ν))dνds,

(3.1)
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ãäå V (j) (j = 0, 1, . . . , 5) � ñêàëÿðíûå ôóíêöèè, îïðåäåëåííûå è íåïðåðûâíî äèôôåðåí-
öèðóåìûå â îáëàñòÿõ çàäàíèÿ ñâîèõ ïåðåìåííûõ â ñîîòâåòñòâèè ñ óðàâíåíèåì (2.1). Ïðè
ýòîì ôóíêöèè V (4) è V (5) òàêîâû, ÷òî ôóíêöèîíàë V (t) ñóùåñòâóåò.

Äîïóñòèì, ÷òî ïðîèçâîäíàÿ ôóíêöèîíàëà (3.1) âäîëü ðåøåíèÿ x = x(t, α, φ) óðàâíåíèÿ
(2.1) óäîâëåòâîðÿåò ïðè t > α + µ0 íåðàâåíñòâó

V̇ (t) ≤ −W (0)(t, x(t))−
2∑

j=1

W (j)(t, x(t− µ(j)(t)))−

−
t∫

t−µ0

W (3)(t, s, x(t), x(s))ds−
t∫

t0

W (4)(t, s, x(t), x(s))ds−

−
t∫

t0

t∫
s

W (5)(t, s, ν, x(t), x(s), x(ν))dνds,

(3.2)

ãäå W (j) (j = 0, 1, . . . , 5) � ñêàëÿðíûå íåîòðèöàòåëüíûå ôóíêöèè ñî ñâîéñòâàìè òèïà
(2.2), ïðåäïîëàãàþùèìè ïðåäêîìïàêòíîñòü ñåìåéñòâ èõ ñäâèãîâ ïî t , (t, s) , (t, s, ν) è
ñóùåñòâîâàíèå äëÿ W (4) è W (5) îöåíêè òèïà (2.3).

Òåì ñàìûì ìîãóò áûòü ïîñòðîåíû ïðåäåëüíûå ñåìåéñòâà {µ(j)
∗ , f

(j)
∗ , g

(j)
∗ ,W

(k)
∗ } , j = 1, 2 ,

k = 0, 1, . . . , 6 . Äëÿ ôóíêöèîíàëîâ W
(4)
∗ è W

(5)
∗ èìååò ìåñòî ñóùåñòâîâàíèå èíòåãðàëîâ

âèäà
t∫

−∞

W (4)
∗ (t, s, x(t), x(s))ds,

t∫
−∞

t∫
s

W (5)
∗ (t, s, ν, x(t), x(s), x(ν))dνds,

åñëè x(t) ∈ K ⊂ D , ∀t ∈ R .
Ìîæåò áûòü äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 3.1 Ïðåäïîëîæèì, ÷òî:
1) ñóùåñòâóåò ôóíêöèîíàë V = V (t, xt) ≥ 0 âèäà (3.1), ïðîèçâîäíàÿ êîòîðîãî âäîëü

êàæäîãî ðåøåíèÿ óðàâíåíèÿ (2.1) óäîâëåòâîðÿåò íåðàâåíñòâó (3.2);
2) ðåøåíèå x = x(t, α, φ) óðàâíåíèÿ (2.1) îãðàíè÷åíî íåêîòîðûì êîìïàêòîì K ⊂ Rn

ïðè âñåõ t ≥ t0 .
Òîãäà ïîëîæèòåëüíîå ïðåäåëüíîå ìíîæåñòâî Ω+(α, φ) ìîæåò áûòü ïðåäñòàâëåíî

â âèäå îáúåäèíåíèÿ ïî âñåì ïðåäåëüíûì ñîâîêóïíîñòÿì (f
(j)
∗ , g

(j)
∗ ,W

(k)
∗ ) , j = 1, 2 , k =

0, 1, . . . , 5, ðåøåíèé x = x∗(t, 0, ψ) ïðåäåëüíûõ óðàâíåíèé (2.4), òàêèõ ÷òî

W
(0)
∗ (t, x∗(t, 0, ψ)) ≡ 0, t ∈ R;

W
(j)
∗ (t, x∗(t− µ

(j)
∗ (t), 0, ψ)) ≡ 0, t ∈ R j = 1, 2;

W
(3)
∗ (t, s, x∗(t, 0, ψ), x∗(s, 0, ψ)) ≡ 0, t ∈ R, t− µ0 ≤ s ≤ t;

W
(4)
∗ (t, s, x∗(t, 0, ψ), x∗(s, 0, ψ)) ≡ 0, t ∈ R, −∞ < s ≤ t;

W
(5)
∗ (t, s, ν, x∗(t, 0, ψ), x∗(s, 0, ψ), x∗(ν, 0, ψ)) ≡ 0, t ∈ R, −∞ < s ≤ ν ≤ t.

(3.3)

Ç à ì å ÷ à í è å 3.1 Òåîðåìà 3.1 ïðåäñòàâëÿåò ñîáîé òåîðåìó òèïà ïðèíöèïà
êâàçèèíâàðèàíòíîñòè äëÿ óðàâíåíèÿ (2.1) [4], [18].

Èññëåäóåì çàäà÷ó îá óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ óðàâíåíèÿ (2.1), ïîëàãàÿ, ÷òî
f (1)(t, 0) ≡ 0 , f (2)(t, τ, 0, 0) = 0 , g(j)(t, τ, 0, 0) ≡ 0 , j = 1, 2 . Äëÿ ýòîãî ââåäåì îáîçíà÷åíèå
÷åðåç ai : R+ → R+ äëÿ ôóíêöèè òèïà Õàíà, i = 1, 2, 3 [19].
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Ò å î ð å ì à 3.2 Ïðåäïîëîæèì, ÷òî ìîæíî íàéòè ôóíêöèîíàë âèäà (3.1), òàêîé
÷òî V1(t, x) ≥ a1(||x||) ∀(t, x) ∈ R+ × D , à åãî ïðîèçâîäíàÿ âäîëü ðåøåíèÿ óðàâíåíèÿ
(2.1) óäîâëåòâîðÿåò íåðàâåíñòâó (3.2). Ïðè ýòîì äëÿ ëþáîé ïðåäåëüíîé ñîâîêóïíîñòè

(f
(j)
∗ , g

(j)
∗ ,W

(k)
∗ ) , j = 1, 2 , k = 0, 1, . . . , 5, íå ñóùåñòâóåò ðåøåíèé ïðåäåëüíîãî óðàâíåíèÿ

(2.4), òàêèõ ÷òî èìåþò ìåñòî òîæäåñòâà (3.3), êðîìå íóëåâîãî x = 0 .
Òîãäà ðåøåíèå x = 0 óðàâíåíèÿ (2.1) àñèìïòîòè÷åñêè óñòîé÷èâî.

Ò å î ð å ì à 3.3 Ïðè äîáàâëåíèè â óñëîâèÿ òåîðåìû 3.2 óñëîâèÿ V (0)(t, x) ≤
a2(|x|), |V (j)(t, τ, x, y)| ≤ a2(|x| + |y|) , j = 1, 2, ïîëó÷èì ðàâíîìåðíóþ àñèìïòîòè÷åñêóþ
óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ x = 0 óðàâíåíèÿ (2.1).

Ñîîòâåòñòâóþùèìè âèäîèçìåíåíèÿìè ìîãóò áûòü äîêàçàíû òåîðåìû îá àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè, ðàâíîìåðíîé ïî x0 , î íåóñòîé÷èâîñòè.

4. Ïðèìåðû

Ï ð è ì å ð 4.1
Ïóñòü x′ = (y′, z′)′ , y ∈ Rl , z ∈ Rm , l +m = n , m ≥ l , (·)′ � îïåðàöèÿ òðàíñïîíè-

ðîâàíèÿ. Ðàññìîòðèì ñèñòåìó óðàâíåíèé âèäà

ẏ(t) = A(11)(t, x(t))
∂Π(x(t))

∂y
+ A(12)(t, x(t))

∂Π(x(t))

∂z
,

ż(t) = A(21)(t, x(t))
∂Π(x(t))

∂y
+ A(22)(t, x(t))

∂Π(x(t))

∂z
+

+B(t, x(t))
∂Π(x(t− µ(2)(t)))

∂z
+

t∫
t−µ(2)(t)

G(1)(t, s)
∂Π(x(s))

∂z
ds+

t∫
t0

G(2)(t, s)
∂Π(x(s))

∂z
ds,

(4.1)
ãäå Π ∈ C2(Rn → R) åñòü íåêîòîðàÿ ñêàëÿðíàÿ ôóíêöèÿ, òàêàÿ, ÷òî

∂Π(x(0))

∂x
= 0;

∣∣∣∣∂Π(x)∂y

∣∣∣∣ ≥ a1(|y|),

a2(|z|) ≤
∣∣∣∣∂Π(x)∂z

∣∣∣∣ ≤ a3(|z|) ∀x ∈ Rn,
(4.2)

ôóíêöèè µ(j) ∈ M , ìàòðèöû A(ij) , B , G(j) äëÿ âñåõ (t, x, y) ∈ R+×R2n óäîâëåòâîðÿþò
óñëîâèÿì òèïà (2.2) è (2.3), à òàêæå èìåþò ìåñòî íåðàâåíñòâà

y′(A(11)(t, x) + (A(11)(t, x))′)y ≤ 0, |D(t, x)| ≥ d0 = const > 0 ∀(t, x) ∈ R+ × Rn, (4.3)

ãäå D(t, x) � êàêîé-ëèáî ìèíîð ïîðÿäêà m ìàòðèöû A(21) = −(A(12))′ .
Äëÿ ðàññìàòðèâàåìîé ñèñòåìû (4.1) â ñîîòâåòñòâèè ñ ï. 2 âûïîëíåíû âñå óñëîâèÿ

åå ïðåäêîìïàêòíîñòè, ïðåäåëüíûå ñèñòåìû èìåþò ñëåäóþùèé âèä

ẏ(t) = A(11)
∗ (t, x(t))

∂Π(x(t))

∂y
+ A(12)

∗ (t, x(t))
∂Π(x(t))

∂z
,

ż(t) = A(21)
∗ (t, x(t))

∂Π(x(t))

∂y
+ A(22)

∗ (t, x(t))
∂Π(x(t))

∂z
+

+B∗(t, x(t))
∂Π(x(t− µ

(2)
∗ (t)))

∂z
+

t∫
t−µ

(2)
∗ (t)

G(1)
∗ (t, s)

∂Π(x(s))

∂z
ds+

t∫
−∞

G(2)
∗ (t, s)

∂Π(x(s))

∂z
ds,

(4.4)
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ãäå ìàòðèöû A
(ij)
∗ , B∗ , G

(i)
∗ ( i, j = 1, 2 ) ÿâëÿþòñÿ ïðåäåëüíûìè äëÿ ñîîòâåòñòâóþùèõ

ìàòðèö èç (4.1) ñîãëàñíî ïðåäñòàâëåííîìó äëÿ óðàâíåíèÿ (2.1) ïîñòðîåíèþ. Â ÷àñòíî-
ñòè,

A(ij)
∗ (t, x) =

d

dt
lim

tk→∞

t∫
0

A(ij)(tk + τ)dτ,

G(j)
∗ (t, s) = lim

tk→∞
G(j)(tk + t, tk + s),

ìèíîð D∗(t, x) ìàòðèöû A
(21)
∗ (t, x) , ñîîòâåòñòâóþùèé D(t, x) , óäîâëåòâîðÿåò óñëîâèþ

|D∗(t, x)| ≥ d0 = const > 0. (4.5)

Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ x = 0 ñèñòåìû âûáåðåì ôóíêöè-
îíàë Ëÿïóíîâà ñëåäóþùèì îáðàçîì: âäîëü x ∈ C1([t0,+∞) → Rn)

V (x(t)) = Π(x(t)) +

t∫
t−µ(1)(t)

(
∂Π(x(s))

∂z

)′

P (1)∂Π(x(s))

∂z
ds+

+

t∫
t−µ(2)(t)

t∫
s

(
∂Π(x(ν))

∂z

)′

P (2)∂Π(x(ν))

∂z
dνds+

t∫
t0

(
∂Π(x(s))

∂z

)′

P (3)(t, s)
∂Π(x(s))

∂z
ds,

(4.6)

ãäå P (j) ∈ Rm×m , (P (j))′ = P (j) , z′P (j)z ≥ 0 ∀z ∈ Rm , j = 1, 2, 3 ; z′(∂P (3)(t, s)/∂t)z ≤ 0
(= 0 ⇔ z = 0) .

Äîïóñòèì, ÷òî ìàòðèöû P (j) , j = 1, 2, 3, ôóíêöèîíàëà (4.6) ìîãóò áûòü ïîäîáðàíû
òàêèìè, ÷òî

z′
(
1

2

(
A(22)(t, x) + (A(22)(t, x))′

)
+ P (1) +

1

4µ1

B(t, x)(P (1))−1B′(t, x) + µ(2)P (2)+

+
1

4µ1

t∫
t−µ(2)(t)

G(1)(t, s)(P (2))−1(G(1)(t, s))′ds+ P (3)(t, t)+

+
1

4

t∫
t0

G(2)(t, s)(P
(3)
t (t, s))−1(G(2)(t, s))′ds

 z ≤ −γ1|z|2 ∀z ∈ Rm,

(4.7)

ãäå γ1 = const > 0 .
Ïðè âûïîëíåíèè óñëîâèé (4.7) äëÿ ïðîèçâîäíîé ôóíêöèîíàëà (4.6) áóäåì èìåòü îöåíêó

V̇ (t, x(t)) ≤ −W0(x(t)) ≡ −γ1
∣∣∣∣∂Π∂z (x(t))

∣∣∣∣2 ≤ 0. (4.8)

Ìíîæåñòâî {∂Π(x(t))/∂z = 0} = {z(t) = 0} ìîæåò ñîäåðæàòü ëèøü òå ðåøåíèÿ
(y(t), z(t)) = (y(t), 0) ñèñòåìû (4.4), äëÿ êîòîðûõ

A(21)
∗ (t, x(t))

∂Π(x(t))

∂y
≡ 0,

÷òî âîçìîæíî â ñîîòâåòñòâèè ñ íåðàâåíñòâîì (4.5), åñëè òîëüêî ∂Π(x(t))/∂y ≡ 0 èëè
y(t) ≡ 0 .

Èç òåîðåìû 3.3 ñëåäóåò, ÷òî ïðè óñëîâèÿõ (4.2) è (4.3) ðåøåíèå x(t) = 0 ñèñòåìû
(4.1) ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî.
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Ï ð è ì å ð 4.2
Ðàññìîòðèì ñèñòåìó óðàâíåíèé

dx(t)
dt

= D(x(t))(C(t) + A(t)F (x(t)) + B(t)F (x(t− µ(1)(t)))+

+
t∫

t−µ(2)(t)

G(1)(t, s)F (x(s))ds+
t∫

t0

G(2)(t, s)F (x(s))ds),
(4.9)

ãäå x ∈ Rn ; µ(j) ∈ M ; âåêòîð-ôóíêöèÿ F : Rn → Rn , ìàòðè÷íûå ôóíêöèè D =
diag(d1(x1), d2(x2), . . . , dn(xn)) , C,B : R+ → Rn×n , G(j) : R+ × R+ → Rn×n óäîâëåòâî-
ðÿþò óñëîâèÿì (2.2) è (2.3).

Äîïóñòèì, ÷òî äëÿ íåêîòîðîãî âåêòîðà x(0) ∈ Rn
+ , Rn

+ = {x ∈ Rn : xk > 0, k =
1, 2, . . . , n} èìåþò ìåñòî òîæäåñòâà

C(t) + (A(t) +B(t) +

t∫
t−µ(2)(t)

G(1)(t, s)ds+

t∫
t0

G(2)(t, s)ds)F (x(0)) ≡ 0,

òàê ÷òî ñèñòåìà (4.9) èìååò ïîëîæåíèå ðàâíîâåñèÿ x = x(0) .
Ðàññìîòðèì çàäà÷ó îá óñòîé÷èâîñòè ýòîãî ïîëîæåíèÿ îòíîñèòåëüíî íà÷àëüíûõ âîç-

ìóùåíèé (α, φ) ∈ R+ × C+
µ , C+

µ = {φ ∈ Cµ : φ(s) > 0, −µ0 ≤ s ≤ 0} .
Ïîëîæèì y = x− x(0) è ââåäåì óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ

dy(t)

dt
= D̃(y(t))(A(t)F̃ (y(t)) +B(t)F̃ (y(t− µ(1)(t)))+

+

t∫
t−µ(2)(t)

G(1)(t, s)F̃ (y(s))ds+

t∫
t0

G(2)(t, s)F̃ (y(s))ds),
(4.10)

ãäå D̃(y) = diag(d1(x
(0)
1 + y1), . . . , dn(x

(0)
n + yn)) , F̃ (y) = F (x(0) + y) .

Ïîëîæèì

F (0) = 0, |F (y)| ≥ a(|y|), dk(0) = 0, dk(xk) > 0 ïðè xk > 0,

0∫
1

dν

dk(ν)
= ∞,

ñóùåñòâóåò ñêàëÿðíàÿ ôóíêöèÿ Π = Π(y) , òàêàÿ ÷òî

Π(0) = 0,
∂Π(y)

∂y
= (D̃(y))−1F̃ (y), Π(y) → ∞ ïðè |y| → ∞.

Èç ýòèõ óñëîâèé ñëåäóåò ïîëîæèòåëüíàÿ ïîëóèíâàðèàíòíîñòü îáëàñòè Rn
+ è åäèí-

ñòâåííîñòü ïîëîæåíèÿ ðàâíîâåñèÿ y = 0 .
Ñèñòåìû, ïðåäåëüíûå äëÿ (4.10), èìåþò âèä

dy(t)

dt
= D̃(y(t))(A∗(t)F̃ (y(t)) +B∗(t)F̃ (y(t− µ(1)

∗ (t)))+

+

t∫
t−µ

(2)
∗ (t)

G(1)
∗ (t, s)F̃ (y(s))ds+

t∫
t0

G(2)
∗ (t, s)F̃ (y(s))ds).

(4.11)
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Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè x = x(0) ñèñòåìû (4.9) èëè y = 0 ñèñòåìû (4.10)
âûáåðåì ôóíêöèîíàë Ëÿïóíîâà â âèäå

V (x(t)) = Π(x(t)) +
t∫

t−µ(1)(t)

(F̃ (y(s)))′P (1)F̃ (y(s))ds+

+
t∫

t−µ(2)(t)

t∫
s

(F̃ (y(ν)))′P (2)F̃ (y(ν))dνds+

+
t∫

t0

(F̃ (y(s)))′P (3)(t, s)F̃ (y(s))ds.

(4.12)

Äîïóñòèì, ÷òî ìàòðèöû P (j) ∈ Rm×m , j = 1, 2, 3, èìåþò òàêèå æå ñâîéñòâà, ÷òî
è â (4.6), è ìîãóò áûòü ïîäîáðàíû òàê, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

y′(
1

2
(A(t) + A′(t)) + P (1) +

1

4µ
B(t)(P (1))−1B′(t) + µ(2)P (2)+

+
1

4µ1

t∫
t−µ(2)(t)

G(1)(t, s)(P (2))−1(G(1)(t, s))′ds+ P (3)(t, t)+

+
1

4

∞∫
t0

G(2)(t, s)(P
(3)
t (t, s))−1(G(2)(t, s))′ds)y ≤ −y′Ly ≤ 0,

ãäå L ∈ Rm×m , L′ = L = const .
Òîãäà äëÿ ïðîèçâîäíîé ôóíêöèîíàëà (4.12) áóäåì èìåòü îöåíêó

V̇ (t) ≤ −(F̃ (y(t)))′LF̃ (y(t)) ≤ 0.

Ïî òåîðåìå 3.2 êàæäîå ðåøåíèå ñèñòåìû (4.10) áóäåò íåîãðàíè÷åííî ïðèáëèæàòüñÿ
ïðè t → +∞ ê ìàêñèìàëüíî êâàçèèíâàðèàíòíîìó ïî îòíîøåíèþ ê ñåìåéñòâó ïðåäåëü-
íûõ ñèñòåì (4.11) ïîäìíîæåñòâó ìíîæåñòâà {LF̃ (y) = 0} .

Åñëè ìíîæåñòâî {LF̃ (y) = 0} íå ñîäåðæèò äðóãèõ ðåøåíèé ñèñòåìû (4.11), êðî-
ìå y = 0 , òîãäà ñîãëàñíî òåîðåìå 3.3 ðåøåíèå y = 0 ñèñòåìû (4.10) èëè ïîëîæåíèå
ðàâíîâåñèÿ x = x(0) ñèñòåìû (4.9) ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî.

5. Çàêëþ÷åíèå

Ðåçóëüòàòû ðàáîòû ïðåäñòàâëÿþò ñîáîé ðàçâèòèå ìåòîäèêè âûâîäà ïðåäåëüíûõ ñâîéñòâ
ðåøåíèé äèôôåðåíöèàëüíûõ è ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé â ïðåäïî-
ëîæåíèè ñóùåñòâîâàíèÿ ôóíêöèè è ôóíêöèîíàëà Ëÿïóíîâà ñî çíàêîïîñòîÿííîé ïðîèçâîä-
íîé. Îñíîâíîå ñîäåðæàíèå ìåòîäèêè ïðåäñòàâëåíî â ðàáîòàõ [4], [6], [18]. Ïðîâåäåííîå â
ðàçäåëå 1 ïîñòðîåíèå òîïîëîãè÷åñêîé äèíàìèêè äîïîëíÿåò ñîîòâåòñòâóþùèå ïîñòðîåíèÿ,
ïðåäñòàâëåííûå â ðàáîòàõ [8]�[10]. Òåîðåìû 3.1 �3.3 îáîáùàþò òåîðåìû êëàññè÷åñêîãî òè-
ïà èç [8], [11]. Ïðèìåðû, ïðåäñòàâëåííûå â ðàçäåëå 4, ÿâëÿþòñÿ îáîáùåííûìè ìîäåëÿìè
ôèçè÷åñêèõ è ýêîíîìè÷åñêèõ ïðîöåññîâ, áèîëîãè÷åñêîãî âçàèìîäåéñòâèÿ ïîïóëÿöèé [20].

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðà-
çîâàíèÿ è íàóêè ÐÔ â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ïî ÍÈÐ [9.5994.2017/Á×] è ÐÔÔÈ
[18-41-730022].
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On the Lyapunov functionals method in the stability

problem of Volterra integro-di�erential equations

c⃝ A. S. Andreev1, O.A. Peregudova 2

Abstract. In this paper, we consider the problem of applying the method of Lyapunov functionals
to investigate the stability of non-linear integro-di�erential equations, the right-hand side of which
is the sum of the components of the instantaneous action and also ones with a �nite and in�nite
delay. The relevance of the problem is the widespread use of such complicated in structure equations
in modeling the controllers using integral regulators for mechanical systems, as well as biological,
physical and other processes. We develop the Lyapunov functionals method in the direction of
revealing the limiting properties of solutions by means of Lyapunov functionals with a semi-de�nite
derivative. We proved the theorems on the quasi-invariance of a positive limit set of bounded
solution as well as ones on the asymptotic stability of the zero solution including a uniform one. The
results are achieved by constructing a new structure of the topological dynamics of the equations
under study. The theorems proved are applied in solving the stability problem of two model systems
which are generalizations of a number of known models of natural science and technology.

Key Words: nonlinear systems of integro-di�erential equations, Lyapounov functional, stability,
topological dynamics, limiting equation
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