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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ìàêðîýêîíîìèêè, ïðåäëîæåííàÿ â ñâîå
âðåìÿ ëàóðåàòîì íîáåëåâñêîé ïðåìèè Ð. Ñîëîó. Êëàññè÷åñêèé åå âàðèàíò èìååò åäèíñòâåííûé
ãëîáàëüíûé àòòðàêòîð � ïîëîæèòåëüíîå ñîñòîÿíèå ðàâíîâåñèÿ. Â ðàáîòå ïðåäëîæåíà ìîäèôè-
êàöèÿ äàííîé ìîäåëè, ó÷èòûâàþùàÿ ýôôåêò çàïàçäûâàíèÿ. Ýòî ïðèâîäèò ê íåîáõîäèìîñòè
èçó÷åíèÿ äèíàìèêè äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îòêëîíÿþùèìñÿ àðãóìåíòîì. Äëÿ ñîîò-
âåòñòâóþùåãî óðàâíåíèÿ â ðàáîòå èçó÷åí âîïðîñ îá óñòîé÷èâîñòè è ëîêàëüíûõ áèôóðêàöèÿõ.
Â ÷àñòíîñòè, ïîêàçàíà âîçìîæíîñòü äîêðèòè÷åñêèõ áèôóðêàöèé öèêëîâ. Äëÿ ñîîòâåòñòâóþ-
ùèõ ïåðèîäè÷åñêèõ ðåøåíèé ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû. Ïðè àíàëèçå ëîêàëüíûõ
áèôóðêàöèé èñïîëüçîâàíû òàêèå ìåòîäû òåîðèè äèíàìè÷åñêèõ ñèñòåì êàê ìåòîä èíâàðèàíò-
íûõ (èíòåãðàëüíûõ) ìíîãîîáðàçèé, àïïàðàò òåîðèè íîðìàëüíûõ ôîðì Ïóàíêàðå-Äþëàêà, à
òàêæå àñèìïòîòè÷åñêèå ìåòîäû àíàëèçà.
Êëþ÷åâûå ñëîâà: ìîäåëü Ñîëîó, óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì, óñòîé÷èâîñòü,
áèôóðêàöèè, öèêëû, àñèìïòîòè÷åñêèå ôîðìóëû.

1. Ââåäåíèå

Â îñíîâîïîëàãàþùèõ ïî äàííîé òåìàòèêå ðàáîòàõ [1�2] áûëà ïðåäëîæåíà îäíà èç èç-
âåñòíûõ ìàòåìàòè÷åñêèõ ìîäåëåé ìàêðîýêîíîìèêè. Â íàñòîÿùåå âðåìÿ îíà èçâåñòíà êàê
ìîäåëü Ñîëîó. Ñîãëàñíî ìîäåëè, äèíàìèêà ôîíäîâîîðóæåííîñòè òðóäà îïðåäåëÿåòñÿ óðàâ-
íåíèåì âèäà (ñì. òàêæå [3�4])

p′ = −αp+ βpk, p = p(τ) > 0, (1.1)

ãäå α, β ∈ R, p(τ) � ñòîèìîñòü ôîíäîâ â ìîìåíò âðåìåíè τ. Ïîñëå çàìåí

τ = γ0t, p = γ1x, γ0α = 1, βγ0γ
k−1
1 = 1, γ0, γ1, β > 0 (γ0 =

1

α
, γ1 =

(α
β
)1/(k−1)

)
óðàâíåíèå (1.1) ïðèîáðåòàåò óæå ñëåäóþùèé âèä

ẋ = −x+ xk. (1.2)

Ïåðâûå ñëàãàåìûå â ïðàâûõ ÷àñòÿõ óðàâíåíèé (1.1), (1.2) îòâå÷àþò çà àìîðòèçàöèþ ôîí-
äîâ, à âòîðûå � ïðîïîðöèîíàëüíû èíâåñòèöèÿì. Äàëåå áóäåì ðàññìàòðèâàòü óðàâíåíèå
(1.1) äëÿ íîðìèðîâàííîé ñòîèìîñòè ôîíäîâ x(t) > 0, ò. å. óðàâíåíèå (1.2).
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Äèôôåðåíöèàëüíîå óðàâíåíèå (ÄÓ) (1.2) èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ñîñòîÿ-
íèå ðàâíîâåñèÿ x(t) = 1, åñëè k ̸= 1. Ïðè k ∈ (0, 1) äàííîå ñîñòîÿíèå ðàâíîâåñèÿ ãëîáàëü-
íî àñèìïòîòè÷åñêè óñòîé÷èâî, ò. å. âñå ðåøåíèÿ ÄÓ (1.2) ñ ïîëîæèòåëüíûìè íà÷àëüíûìè
óñëîâèÿìè ñòðåìÿòñÿ ê äàííîìó ïîëîæåíèþ ðàâíîâåñèÿ. Ïîä÷åðêíåì, ÷òî â ïðèëîæåíè-
ÿõ ê ìàêðîýêîíîìèêå ïðèíÿòî ðàññìàòðèâàòü âàðèàíò, êîãäà k ∈ (0, 1). Òàêîãî âàðèàíòà
âûáîðà ýòîãî ïàðàìåòðà è áóäåì ïðèäåðæèâàòüñÿ â äàííîé ðàáîòå. Äîáàâèì, ÷òî ïðè âñåõ
k : k ∈ (0, 1) èëè äàæå k ∈ (1,∞), ÄÓ (1.2) íå ìîæåò èìåòü ïåðèîäè÷åñêèõ ðåøåíèé, ò. å.
äàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü, îñîáåííî ïðè k ∈ (0, 1) , íå âïîëíå àäåêâàòíî îïèñûâàåò
ðåàëüíûå ýêîíîìè÷åñêèå ïðîöåññû, äëÿ êîòîðûõ, êîíå÷íî, ñâîéñòâåííà ïåðèîäû ïîäúåìîâ
è ñïàäîâ. Õàðàêòåðíîñòü êîëåáàòåëüíîé äèíàìèêè äëÿ ðûíî÷íîé ýêîíîìèêè îòìå÷àëàñü
åùå â ðàáîòàõ ýêîíîìèñòîâ XIX â. Ä. Ðèêàðäî, À. Ñìèòà, Ê. Ìàðêñà è ìíîãèõ äðóãèõ.
Ñëåäîâàòåëüíî, ÄÓ (1.2) íóæäàåòñÿ â ìîäèôèêàöèÿõ. Íàèáîëåå åñòåñòâåííûé ñïîñîá îñ-
íîâàí íà ó÷åòå ôàêòîðà çàïàçäûâàíèÿ, õàðàêòåðíîãî äëÿ ýêîíîìè÷åñêèõ ïðîöåññîâ (ñì.,
íàïðèìåð, [5�8]) â óñëîâèÿõ ðûíî÷íîé ýêîíîìèêè.

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî ó÷åò çàïàçäûâàíèÿ â ìàòåìàòè÷åñêîé ìîäåëè Ñîëîó
ïðèâîäèò ê ñîäåðæàòåëüíîìó èçìåíåíèþ äèíàìèêè ðåøåíèé è, â ÷àñòíîñòè, ïîçâîëÿåò
âûÿâèòü äèàïàçîí îñíîâíûõ ïàðàìåòðîâ çàäà÷è, ïðè êîòîðûõ ñóùåñòâóþò ïåðèîäè÷åñêèå
ðåøåíèÿ. Â ðàáîòå áûëî ðàññìîòðåíî ÄÓ ñ îòêëîíÿþùèìñÿ àðãóìåíòîì (ñ çàïàçäûâàíèåì)

ẋ = −y + xk, k ∈ (0, 1), (1.3)

ãäå x = x(t) > 0, y = y(t) = x(t − h), h > 0, ò. å. çàïàçäûâàíèå ââåäåíî â ñëàãàåìîå,
õàðàêòåðèçóþùåå àìîðòèçàöèþ îñíîâíûõ ôîíäîâ. Òàêîé âàðèàíò ââåäåíèÿ çàïàçäûâàíèÿ
âïîëíå åñòåñòâåíåí, ò. ê. ñêîðîñòü óáûâàíèÿ ñòîèìîñòè îñíîâíûõ ôîíäîâ ñêîðåå çàâèñèò
îò èõ ñòîèìîñòè â ïðåäøåñòâóþùèé ïåðèîä.

Åñëè äîïîëíèòü ÄÓ (1.3) íà÷àëüíûì óñëîâèåì

x(t) = φ(t), (1.4)

ãäå çàäàííàÿ ôóíêöèÿ φ(t) ∈ C[−h, 0], òî çàäà÷à Êîøè (1.3),(1.4) ïîðîæäàåò ïî êðàéíåé
ìåðå ëîêàëüíûé ïîëóïîòîê � äèíàìè÷åñêóþ ñèñòåìó. Ïîýòîìó äëÿ àíàëèçà ïîâåäåíèÿ ðå-
øåíèé óðàâíåíèÿ (1.3) ìîæíî è öåëåñîîáðàçíî èñïîëüçîâàòü ìåòîäû êà÷åñòâåííîé òåîðèè
ÄÓ ñ áåñêîíå÷íîìåðíûì ôàçîâûì ïðîñòðàíñòâîì.

Ïîä÷åðêíåì, ÷òî óðàâíåíèå (1.3) èìååò ñîñòîÿíèå ðàâíîâåñèÿ x(t) = 1. Â ñëåäóþùåì
ðàçäåëå èçó÷èì âîïðîñ î åãî óñòîé÷èâîñòè. Ïåðåïèøåì óðàâíåíèå (1.3) â ñëåäóþùåì âèäå:

u̇ = −v + ku+
k(k − 1)

2
u2 +

k(k − 1)(k − 2)

6
u3 + o(u3), (1.5)

êîòîðûé ïîëó÷àåòñÿ èç ÄÓ (1.3) ïîñëå çàìåíû x = 1 + u, y = 1 + v, u = u(t), v = v(t) =
u(t− h) è èñïîëüçîâàíèÿ ôîðìóëû Òåéëîðà.

Äàëåå â ðàáîòå áóäåò ðàññìîòðåíî óðàâíåíèå (1.5) è ïðåæäå âñåãî îêðåñòíîñòü íóëåâîãî
ñîñòîÿíèÿ ðàâíîâåñèÿ (u = 0, v = 0).

Äîáàâèì, ÷òî çàïàçäûâàíèå ìîæíî ââåñòè è èíûì îáðàçîì. Íàïðèìåð, ðàññìîòðåòü
ñëåäóþùåå óðàâíåíèå

ẋ = −x+ yk, k ∈ (0, 1), (1.6)

ãäå x = x(t), y(t) = x(t − h). Êàê è óðàâíåíèÿ (1.2) è (1.3),îíî èìååò ñîñòîÿíèå ðàâíî-
âåñèÿ x(t) = 1 . Ìîæíî ïîêàçàòü, ÷òî ñîñòîÿíèå ðàâíîâåñèÿ x(t) = 0 óðàâíåíèÿ (1.6)
îñòàåòñÿ óñòîé÷èâûì âíå çàâèñèìîñòè îò âûáîðà âåëè÷èíû îòêëîíåíèÿ h > 0 (ñì. ðàçäåë
2), à ïîýòîìó òàêîé ó÷åò çàïàçäûâàíèÿ íå âëèÿåò ñóùåñòâåííûì îáðàçîì íà ýêîíîìè÷å-
ñêóþ äèíàìèêó à, ñëåäîâàòåëüíî, èçó÷åíèå òàêîé ìàòåìàòè÷åñêîé ìîäåëè ñ ýêîíîìè÷åñêîé
ïðèêëàäíîé òî÷êè çðåíèÿ íåöåëåñîîáðàçíî.
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2. Ëèíåàðèçîâàííîå óðàâíåíèå

Ðàññìîòðèì âîïðîñ îá óñòîé÷èâîñòè íóëåâîãî ñîñòîÿíèÿ ðàâíîâåñèÿ ÄÓ (1.5). Äëÿ ýòîãî
íåîáõîäèìî ðàññìîòðåòü ëèíåàðèçîâàííûé âàðèàíò ÄÓ (1.5):

u̇ = −v + ku. (2.1)

Èçâåñòíî [9�10],÷òî âîïðîñ îá óñòîé÷èâîñòè ðåøåíèé ëèíåéíîãî ÄÓ (2.1) ìîæåò áûòü ñâå-
äåí ê àíàëèçó ñëåäóþùåãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ:

λ = − exp(−λh) + k. (2.2)

Ïðè h = 0 îíî èìååò êîðåíü λ = k− 1 < 0. Íàéäåì minh = H, ïðè êîòîðîì ó óðàâíåíèÿ
(2.2) ïîÿâÿòñÿ êîðíè ñ Reλ = 0. Ïðè ýòîì ñëó÷àé λ = 0 íå ðåàëèçóåì íè ïðè îäíîì
h. Ñëåäîâàòåëüíî, êðèòè÷åñêèé ñëó÷àé â çàäà÷å îá óñòîé÷èâîñòè ìîæåò ðåàëèçîâàòüñÿ
ñëåäóþùèì îáðàçîì: ïðè ñîîòâåòñòâóþùåì çíà÷åíèè h ñïåêòðó óñòîé÷èâîñòè (ìíîæåñòâó)
êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (2.2)) ïðèíàäëåæèò ïàðà ÷èñòî ìíèìûõ êîðíåé
±iσ, ãäå σ > 0. Ñîîòâåòñòâóþùèå ïàðû (h, σ) îïðåäåëÿþòñÿ êàê ðåøåíèÿ ñèñòåìû

0 = k − cos σh, σ = sin σh.

Ïóñòü σh = ω (h ̸= 0). Òîãäà ωm = arccosk + 2πm, hm =
ωm

sinωm
èëè ωp = −arccosk +

2πp, hp =
ωp

sinωp
, ãäå m, p ∈ Z � ìíîæåñòâó öåëûõ ÷èñåë. Ýëåìåíòàðíûé àíàëèç äâóõ

ïîñëåäíèõ ðàâåíñòâ ïîêàçûâàåò, ÷òî íàèìåíüøåå H = h > 0 îïðåäåëÿåòñÿ ðàâåíñòâîì

H =
arccosk√
1− k2

=
a√

1− k2
, a = arccosk.

Ïðè ýòîì ñîîòâåòñòâóþùåå σ =
√
1− k2 > 0. Åñòåñòâåííî, ÷òî ïðè h = H ñóùåñòâóåò

ñîïðÿæåííûé êîðåíü −iσ.
Ïîêàæåì, ÷òî ïðè óâåëè÷åíèè h, ò. å. ïðè h > H êîðíè ±iσ õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ ïåðåõîäÿò â ïðàâóþ ïîëóïëîñêîñòü. Äëÿ ýòîãî ïîëîæèì h = H(1 + ε), ãäå ε
äîñòàòî÷íî ìàëûé ïàðàìåòð. Ïðè òàêèõ h = h(ε) ïîëó÷èì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λ(ε) = k − exp(−λ(ε)(1 + ε)H).

Îòêóäà ñëåäóåò, ÷òî

λ′0 =
dλ(ε)

dε
|ε=0 =

iσH(k − iσ)

(1−Hk) + iHσ

è, ñëåäîâàòåëüíî, Reλ′0 =
Hσ2

(1−Hk)2 +H2σ2
> 0, ò. å. ïðè óâåëè÷åíèè h (h > H) êîðíè

±iσ ïåðåõîäÿò â ïðàâóþ ïîëóïëîñêîñòü: Reλ > 0. Ïîä÷åðêíåì, ÷òî ïðè ìàëûõ ε îñòàëü-
íûå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ëåæàò â ïîëóïëîñêîñòè Reλ ≤ −γ0 < 0, ãäå
âåëè÷èíà γ0 íå çàâèñèò îò ε. Äàííîå óòâåðæäåíèå âûòåêàåò èç ðåçóëüòàòîâ, èçëîæåííûõ
â ðàáîòàõ [10�11].

Ïðè ðàññìîòðåíèè âòîðîé âåðñèè ìîäåëè ñ çàïàçäûâàíèåì, ò. å. óðàâíåíèÿ (1.6), àíà-
ëèç óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ ïðèâîäèò ê àíàëîãè÷íîìó õàðàêòåðèñòè÷åñêîìó
óðàâíåíèþ:

λ = −1 + k exp(−λh), k ∈ (0, 1).
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Ïðè h = 0 îíî èìååò îäèí êîðåíü λ = −1 = k < 0. Íåòðóäíî ïðîâåðèòü, ÷òî ïîñëåäíèé
âàðèàíò õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ íå ìîæåò èìåòü êîðíåé, ïðèíàäëåæàùèõ ìíèìîé
îñè. Äåéñòâèòåëüíî, ïóñòü λ = 0. Òîãäà ïîëó÷èëè áû ðàâåíñòâî 0 = −1 + k. Íàêîíåö,
ïðåäïîëîæåíèå î íàëè÷èè ÷èñòî ìíèìûõ êîðíåé ïðèâîäèò íàñ ê ñèñòåìå

cosσh =
1

k
,

k sinσh = −σ, (1
k
> 1),

íå èìåþùåé ðåøåíèÿ, ò. ê.
1

k
> 1 ïî óñëîâèþ.

3. Ïåðèîäè÷åñêèå ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ

Â ÄÓ (1.5) ïîëîæèì

t =
HΘ

h(ε)
, h(ε) = H(1 + γε), γ ∈ R, ε ∈ (0, ε0), 0 < ε0 << 1,

Ãäå Θ � íîâîå, íîðìèðîâàííîå âðåìÿ. Â ðåçóëüòàòå òàêîé çàìåíû âðåìåíè ïåðåïèøåì ÄÓ
(1.5) â âèäå

u′ = (1 + γε)[−v + ku+
k(k − 1)

2
u2 +

k(k − 1)(k − 2)

6
u3 + o(u3)], (3.1)

ãäå u = u(Θ), v = u(Θ−H), à øòðèõîì îáîçíà÷åíà ïðîèçâîäíàÿ ïî ïåðåìåííîé Θ, ò. å.
íîâîìó íîðìèðîâàííîìó âðåìåíè.

Óðàâíåíèå (3.1) èìååò â îêðåñòíîñòè íóëåâîãî ñîñòîÿíèÿ ðàâíîâåñèÿ äâóìåðíîå ãëàäêîå
èíâàðèàíòíîå ìíîãîîáðàçèå M2(ε) [12�13]. Ïðè ýòîì âñå ðåøåíèÿ óðàâíåíèÿ (3.1) ñ òå÷å-
íèåì âðåìåíè ïðèáëèæàþòñÿ ê íåìó ñî ñêîðîñòüþ ýêñïîíåíòû, åñëè èõ íà÷àëüíûå óñëîâèÿ
ìàëû â ñìûñëå íîðìû ôàçîâîãî ïðîñòðàíñòâà ðåøåíèé. Íàïîìíèì, ÷òî â íàøåì ñëó÷àå
ýòî C[−H, 0] (C[−H, 0] ïðîñòðàíñòâî íåïðåðûâíûõ íà [−H, 0] ôóíêöèé g(Θ) ñ íîðìîé
||g|| = max

Θ∈[−H,0]
|g(Θ)| ), à äèíàìèêà ðåøåíèé ÄÓ (1.5) âîññòàíàâëèâàåòñÿ ïîñëå àíàëèçà ñè-

ñòåìû äâóõ îáûêíîâåííûõ ÄÓ íîðìàëüíîé ôîðìû (ÍÔ). Â ðàññìàòðèâàåìîì çäåñü ñëó÷àå
ÍÔ ìîæåò áûòü çàïèñàíà â êîìïëåêñíîé ôîðìå è èìååò ñëåäóþùóþ ñòðóêòóðó [6,7]

z′ = (α + iβ)z + (d+ ic)z|z|2 + o(ε), (3.2)

ãäå α, β, d, c ∈ R. Äàííûå êîýôôèöèåíòû çàâèñÿò îò ïàðàìåòðîâ óðàâíåíèÿ (3.1), ò. å.
k è h. ìîãóò áûòü âûïèñàíû â ÿâíîì âèäå, ÷òî áóäåò ñäåëàíî íèæå ïîñëå ðåàëèçàöèè
àëãîðèòìà ïîñòðîåíèÿ îïðåäåëÿþùåãî óðàâíåíèÿ (ÍÔ).Äëÿ òàêîé öåëè â íàñòîÿùåå âðåìÿ
ïðèíÿòî èñïîëüçîâàòü àäàïòàöèþ àëãîðèòìà Êðûëîâà-Áîãîëþáîâà äëÿ áåñêîíå÷íîìåðíûõ
äèíàìè÷åñêèõ ñèñòåì [6-8]. Â ÍÔ (3.2) z = z(s) � êîìïëåêñíàÿ ôóíêöèÿ s = εΘ, ε ∈ (0, ε0).
Åñëè ñ÷èòàòü, ÷òî àïðèîðè d ̸= 0, ò. å. îòëè÷íà îò íóëÿ ïåðâàÿ ëÿïóíîâñêàÿ âåëè÷èíà, òî
ðåøåíèå óðàâíåíèÿ (3.1) ñ íà÷àëüíûìè óñëîâèÿìè èç ìàëîé îêðåñòíîñòè íóëåâîãî ðåøåíèÿ
ìîæíî è öåëåñîîáðàçíî èñêàòü â ñëåäóþùåì âèäå:

u(Θ, ε) = ε1/2u1(Θ, z) + εu2(Θ, z) + ε3/2u3(Θ, z) +O(ε2), (3.3)

ãäå u1(Θ, z) = z(s) exp(iσt) + z(s) exp(−iσt); z(s) îäíî èç ðåøåíèé ÍÔ (ñì. ï. 2). Äîñòà-
òî÷íî ãëàäêèå ôóíêöèè u2(Θ, z), u3(Θ, z) ïî ïåðåìåííîé Θ èìåþò ïåðèîä 2π/σ è, êðîìå
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òîãî,

M±(um) =
σ

2π

2π/σ∫
0

um(Θ, z) exp(±iσΘ)dΘ = 0

ïðè m = 2, 3 è ëþáûõ ðàññìàòðèâàåìûõ z(s). Îòìåòèì, ÷òî v(Θ, ε) = u(Θ−H, ε), à ÷åðåç
O(ε2) îáîçíà÷åíà ôóíêöèÿ ψ(z, z, ε), äëÿ êîòîðîé ñïðàâåäëèâà îöåíêà

|ψ(z, z, ε)| ≤Mε2[|z|+ |z|],M > 0.

Ïîäñòàâèì ñóììó (3.3) â ÄÓ (3.1) è ïðèðàâíÿåì êîýôôèöèåíòû ïðè ñòåïåíÿõ ε, ε3/2.
Â ðåçóëüòàòå ïîëó÷èì äâà ëèíåéíûõ íåîäíîðîäíûõ ÄÓ ñ çàïàçäûâàíèåì. Îïðåäåëèì
u2(Θ, z) èç ñëåäóþùåãî óðàâíåíèÿ:

∂u2
∂Θ

+ v2 − ku2 = Φ2(Θ, z), (3.4)

ãäå Φ2(Θ, z) =
k(k − 1)

2
u21, v2 = u2(Θ−H, z).

Ïðè ôîðìèðîâàíèè óðàâíåíèÿ äëÿ u3(Θ, z) ñëåäóåò ó÷åñòü, ÷òî
d

dΘ
ψ(Θ, s) =

∂ψ

∂Θ
+
∂ψ

∂s
ε.

Ïîýòîìó ïîëó÷èì
∂u3
∂Θ

+ v3 − ku3 = Φ3(Θ, z), (3.5)

ãäå

Φ3(Θ, z) = k(k − 1)u1u2 +
k(k − 1)(k − 2)

6
u31 + γ[−v1 + ku1] + z′H exp(−iσH) exp(iσΘ)+

+z′H exp(iσH) exp(−iσΘ)− z′ exp(iσΘ)− z′ exp(−iσΘ), z = z(s), z′ =
dz

ds
.

Ç à ì å ÷ à í è å 3.1 Ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå

du

dΘ
+ u(t−H)− ku = Φ(Θ),

ãäå Φ(Θ) � ïåðèîäè÷åñêàÿ ôóíêöèÿ ïåðåìåííîãî Θ ñ ïåðèîäîì 2π/σ èìååò ïåðèîäè÷åñêîå
ðåøåíèå ñ òåì æå ïåðèîäîì, åñëè

M±(Φ(Θ)) =
σ

2π

2π∫
0

Φ(Θ) exp(±iσΘ)dΘ = 0.

Ðàâåíñòâà M±(Θ) = 0 âûäåëÿþò îäíî òàêîå ðåøåíèå.
Îòìåòèì, ÷òî â íàøåì ñëó÷àå

Φ2(Θ, z) =
k(k − 1)

2
[z2 exp(2iΘ) + 2|z|2 + z2 exp(−2iΘ)].

Ïîýòîìó óðàâíåíèå (2.4) ðàçðåøèìî â êëàññå 2π/σ ïåðèîäè÷åñêèõ ôóíêöèé ïî ïåðåìåííîé
Θ , è ñîîòâåòñòâóþùåå ðåøåíèå ìîæåò áûòü çàïèñàíî â ñëåäóþùåé ôîðìå:

u2(Θ, z) = η2z
2 exp(2iσΘ) + η0|z|2 + η2z

2 exp(−2iσΘ),
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ãäå ïîñëå ïîäñòàíîâêè â ÄÓ (3.4) ñòàíäàðòíûì îáðàçîì ìîæíî íàéòè, ÷òî

η0 = −k, η2 = η21 + iη22, η21 =
k(2k + 1)

2(5 + 4k)
, η22 =

k
√
1− k2

5 + 4k
.

Ïåðåéäåì ê àíàëèçó ÄÓ (3.5). Èç óñëîâèé åãî ðàçðåøèìîñòè â êëàññå 2π/σ ïåðèîäè-
÷åñêèõ ïî ïåðåìåííîé Θ ôóíêöèé ïîëó÷èì, ÷òî äëÿ êîýôôèöèåíòîâ ÍÔ (3.2) âûïîëíåíû
ðàâåíñòâà

α = γ
(1− k2)3/2a

Q
, β =

1− k2

Q
γ(
√
1− k2 − ak), d =

k(1− k2)3/2

(5 + 4k)Q
[(k + 5)

√
1− k2 − 6ak],

c = − k(1− k2)2

(5 + 4k)Q(1 + k)
[k
√
1− k2 + a(6k + 5)], Q = (

√
1− k2 − ak)2 + a2(1− k2) > 0.

Â íàøåì ñëó÷àå a > 0. Ñðàçó îòìåòèì, ÷òî çíàê α ñîâïàäàåò ñî çíàêîì γ, à çíàê ëÿ-
ïóíîâñêîé âåëè÷èíû d îïðåäåëÿåòñÿ çíàêîì ìíîæèòåëÿ φ(k) = (k + 5)

√
1− k2 − 6ak , ò.

ê. îñòàëüíûå ìíîæèòåëè â ôîðìóëå äëÿ d çàâåäîìî ïîëîæèòåëüíû. Íåòðóäíî óáåäèòüñÿ,
÷òî φ(k) > 0 ïðè âñåõ k ∈ (0, 1). Î÷åâèäíî, ÷òî φ(k) = φ(a) = (5 + cos a) sin a − 6a cos a,
ãäå a = arccosk (a ∈ (0, π/2)). Çíàê φ(a) ñîâïàäàåò ñî çíàêîì ôóíêöèè

ψ(a) =
φ(a)

cos a
= 5 tg a+ sin a− 6a.

Ïðè ýòîì ψ(0) = 0, a ψ′(a) =
5

cos2 a
+ cos a− 6 > 0 ïðè âñåõ a ∈ (0, π/2). Òàê

ψ′(a) ≥ 1

cos2 a
(5 + cos4 a− 6 cos2 a) =

1

cos2 a
(5 sin2 a− sin2 a cos2 a) > 0

ïðè a ∈ (0, π/2).
Ïåðåéäåì ê àíàëèçó ÍÔ (3.2). Ñïðàâåäëèâî ñëåäóþùååå óòâåðæäåíèå.

Ë å ì ì à 3.1 ÄÓ (2.2) èìååò àâòîìîäåëüíîå ðåøåíèå z(s) = ρ exp(iωs), åñëè
αd < 0. Äàííîå ðåøåíèå óñòîé÷èâî (îðáèòàëüíî àñèìïòîòè÷åñêè óñòîé÷èâî), åñëè
d < 0 , è íåóñòîé÷èâî ïðè d > 0. Ïðè ýòîì ρ =

√
−α/d, à ω = β − cα/d.

Â íàøåì ñëó÷àå d > 0. Ïîýòîìó ïåðèîäè÷åñêîå ðåøåíèå ñóùåñòâóåò, åñëè γ < 0,
ò. å. ïðè äîêðèòè÷åñêèõ çíà÷åíèÿõ h (h < H). Àíàëèç ÍÔ è ðåçóëüòàòû ðàáîò [6�9;14]
ïîçâîëÿþò ñôîðìóëèðîâàòü îñíîâíóþ òåîðåìó î ñóùåñòâîâàíèè ïåðèîäè÷åñêîãî ðåøåíèÿ
ó óðàâíåíèÿ (3.1) (è, êîíå÷íî, ÄÓ (1.5)) ïðè ñîîòâåòñòâóþùåì âûáîðå ïàðàìåòðîâ â äàííîì
óðàâíåíèè).

Ò å î ð å ì à 3.1 Ïóñòü k ∈ (0, 1 − δ), δ > 0. Ñóùåñòâóåò òàêîå ε0 = ε0(δ) > 0,
÷òî ïðè âñåõ ε ∈ (0, ε0) óðàâíåíèå (3.1) èìååò íåóñòîé÷èâûé ïðåäåëüíûé öèêë ïðè h =
(1− ε)H. Äëÿ ñîîòâåòñòâóþùèõ ïåðèîäè÷åñêèõ ðåøåíèé ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ
ôîðìóëà

u(Θ, ε) = ε1/2ρ[exp(i(σ + εω)Θ + iφ0) + exp(−i(σ + εω)Θ− iφ0)]+
+ερ2[η exp(2i(σ + εω)Θ + 2iφ0)− k + η exp(−2i(σ + εω)Θ− 2iφ0)] + o(ε).

ãäå φ0 ∈ R , ïîñòîÿííûå ρ, η áûëè óêàçàíû ðàíåå.
Óìåñòíî îòìåòèòü, ÷òî ñóùåñòâîâàíèå íåóñòîé÷èâîãî öèêëà ãàðàíòèðóåòñÿ ïðè k ∈

∈ (0, 1− δ). Ïðè k → 1− 0 àìïëèòóäà ρ = ρ(k) → ∞. Ñëåäîâàòåëüíî, ñëó÷àé k → 1− 0
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òðåáóåò äîïîëíèòåëüíîãî èçó÷åíèÿ, òåì áîëåå ïðè òàêèõ k äëÿ σ = σ(k) òàêæå èìååò
ìåñòî ïðåäåëüíîå ðàâåíñòâî lim

k→1−0
σ(k) = 0.

Íàêîíåö, óðàâíåíèå (1.2) èìååò ñëåäóþùèå ïåðèîäè÷åñêèå ðåøåíèÿ

x(t, ε) = 1 + u((1− ε)t, ε).

Îòìåòèì, ÷òî lim
ε→0

u((1 − ε)t, ε) = 0. Ñëåäîâàòåëüíî, ïðè ε → 0 ôóíêöèÿ x(t, ε) áëèçêà

ê 1. Äîáàâèì, ÷òî â íàøåì ñëó÷àå âñå ýòè ðåøåíèÿ íåóñòîé÷èâû â ñìûñëå îïðåäåëåíèÿ
À. Ì. Ëÿïóíîâà â ôîðìå ôàçîâîãî ïðîñòðàíñòâà ðåøåíèé ñîîòâåòñòâóþùèõ óðàâíåíèé ñ
çàïàçäûâàíèåì.

4. Çàêëþ÷åíèå

Â ðàáîòå ïîêàçàíî, ÷òî ó÷åò ôàêòîðà çàïàçäûâàíèÿ ïðèâîäèò ê ïîòåðå óñòîé÷èâîñòè
ñîñòîÿíèÿ ðàâíîâåñèÿ êàê â ìîäåëè ñïðîñ-ïðåäëîæåíèå, òàê è â îñíîâíîé ìîäåëè Ñîëîó
Ïðè çíà÷åíèÿõ áèôóðêàöèîííîãî ïàðàìåòðà h , áëèçêèõ ê êðèòè÷åñêîìó çíà÷åíèþ h = H ,
äëÿ äàííîãî âàðèàíòà ìîäåëè Ñîëîó õàðàêòåðíî æåñòêîå âîçáóæäåíèå êîëåáàíèé èëè, â
èíîé òåðìèíîëîãèè, äîêðèòè÷åñêèå áèôóðêàöèè. Ðàññìîòðåííûé âàðèàíò ìîäåëè Ñîëîó c
òàêèì ñïîñîáîì ó÷åòà ôàêòîðà çàïàçäûâàíèÿ îòëè÷àåòñÿ îò ìîäåëè ñïðîñ-ïðåäëîæåíèå,
ãäå ó÷åò ôàêòîðà çàïàçäûâàíèÿ ïðèâîäèò ê óñòîé÷èâîìó öèêëó, ò. å. ê ïîñëåêðèòè÷åñêèì
áèôóðêàöèÿì. Ìîæíî äîáàâèòü, ÷òî â ðàáîòàõ [5,15] ðàññìàòðèâàëèñü èíûå ìîäèôèêàöèè
ìîäåëè Ñîëîó, â òîì ÷èñëå ñ ó÷åòîì ôàêòîðà çàïàçäûâàíèÿ. Â ýòèõ ðàáîòàõ ðàññìàòðèâà-
ëàñü ìîäåëü Ñîëîó â âèäå ñèñòåìû ÄÓ, â êîòîðîé ó÷èòûâàëñÿ ôàêòîð âçàèìîäåéñòâèÿ ñ
îêðóæàþùåé ñðåäîé ñ ó÷åòîì âëèÿíèÿ èçìåíåíèÿ ÷èñëåííîñòè ðàáîòàþùèõ. Â ýòèõ è äðó-
ãèõ ðàáîòàõ M. Ferrara, L. Guerini è äð. çàïàçäûâàíèå ââîäèëîñü â ôóíêöèþ ÷èñëåííîñòè
ðàáîòàþùèõ è äîáàâëÿëîñü âòîðîå óðàâíåíèå (îáîáùåííîå ëîãèñòè÷åñêîå, ó÷èòûâàþùåå
çàïàçäûâàíèå). Òàêîé ó÷åò çàïàçäûâàíèÿ õàðàêòåðåí äëÿ çàäà÷ ìàòåìàòè÷åñêîé ýêîëîãèè
(ñì. [9;14]) è ïðèâîäèò ê âîçíèêíîâåíèþ êîëåáàíèé â äèíàìè÷åñêîé ñèñòåìå.

Â äàííîé ñòàòüå ïðåäëîæåí äðóãîé âàðèàíò: îñíîâíîå óðàâíåíèå Ñîëîó îñòàâëåíî áåç
èçìåíåíèé, è â ôóíêöèþ, îòâå÷àþùóþ çà àìîðòèçàöèþ îñíîâíûõ ôîíäîâ, ââåäåíî çà-
ïàçäûâàíèå. Ïîä÷åðêíåì, ÷òî êëàññè÷åñêèé âàðèàíò ìîäåëè Ñîëîó òàêæå íå ïîçâîëÿåò
ìîäåëèðîâàòü öèêëû, õîòÿ ìîäåëü Ñîëîó áûëà ïðåäëîæåíà èìåííî äëÿ ðûíî÷íîé ýêîíî-
ìèêè, â ðàìêàõ êîòîðîé íà âåëè÷èíó èíâåñòèöèé âëèÿþò â îñíîâíîì ðûíî÷íûå ôàêòîðû:
öåíà íà îáîðóäîâàíèå, íà èíûå ôîíäû è äð.

Áëàãîäàðíîñòè. Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ
íàó÷íîãî ïðîåêòà � 18-01-00672.
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Stability and local bifurcations of the Solow model with

delay

c⃝ D.A. Kulikov 1

Abstract. A mathematical model of macroeconomics, proposed by the Nobel Prize winner Solow,
is considered. Its classical version has a single global attractor - a positive equilibrium state. In
this paper a modi�cation of this model with the delay e�ect is proposed. This leads to the need
to study the dynamics of a di�erential equation with a deviating argument. For the corresponding
equation in the paper, the question of stability and local bifurcations is studied. In particular, the
possibility of subcritical bifurcations of cycles is shown. Asymptotic formulas are obtained for the
corresponding periodic solutions. In the analysis of local bifurcations, such methods of the theory
of dynamical systems as the method of invariant (integral) manifolds, the apparatus of the theory
of normal forms of Poincare-Dulac, and asymptotic methods of analysis are used.

Key Words: model of Solou, delay di�erential equation, stability, bifurcation, cycle, asymptotic
formula.
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