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OO0 oanoii omenke B mpocTpaHcTBe CoboJsieBa, MOPOXK 1aeMoii
BBIPO2K JAIOMINMCH JJINNTHIECKNM OINEePaTOPOM BTOPOTO
MOPsSIKa, ONPeIeJJEHHON B MOJIYILJIOCKOCTHU

© I. A. Cymoaknn '

Annoramus. PaccMmarpuBaercs 3/UTMITHYECKUN OepaTop, KOTOPBI ONPE/IEIeH B MOy TLIIOCKOCTH
U BBIPOYKIAETCST BIOJIH HOPMAJIM K TPAHUIIE TOH MOIYIIIOCKOCTH. Y TOUHEHBI PE3YILTATHI, TTOJY-
YeHHBIE aBTOPOM panee. [TocTpoeHo pazbueHne e UHUIIBI TBONCTBEHHOHN epeMeHHOMH, TO3BOJISIONEe
"3aMOpO3uTh " TPOU3BOIHBIE IO OPTOTOHAJIBHOMY HAIIPABJIEHUIO K MHOYKECTBY BBIPOXKIEHUS U OCY-
IMECTBUTD IJIAKOE MPOI0KeHre GYHKIMK HA BCIO TIOCKOCTL. 110KA3aHO, 9TO 3T0 MPOJOIKEHNE |
"cranmapraoe"ponomkenue, noapobuo uzyuennoe JI.H. Crobomerkum, J0CTATOYHO JJisl Oy 9e-
HEAA HEOOXOMMMOM alpuopHoit oneHKku. IIpu 9T0M HepaBeHCTBA MOKA3BIBAIOTCS IIPH ITOMOIIH IPeod-
pazosanust Oypbe M0 YaCTH MepeMeHHbIX 1 HepaseHncTsa [IBapia. Yeranorsieno, uro CobosneBckas
HOpMa, TTPOU3BOIHBIX BTOPOrO MOPSIKA (DYHKIUH OYIeT KOHEUHON, eC/ii ee Cy:KeHWe Ha TPAHUILY
MONYTLIOCKOCTH U ee 00pa3, MOPOXKIAONINM JefCTBUEeM Ha 3Ty (DYHKIIUIO M3y9IaEMbIM OIEPATO-
pom mpuHaIexkar npoctpancream Cobosea ¢ mokazarenamu 3, 2 cooTBeTcTBeHHO. [lomydentbie
PE3YJIBTATHI MOXKHO PACIPOCTPAHUTD HA GOJIee MIUPOKUIT KJIACC OEPATOPOB, MOTYT OBITH IIPUMEHE-
HBI TIPU U3YYEHUN KPAEBBIX 38724 JIJIsl BHIPOYKIAIONINXCS SJUIUITTUYECKUX W KBA3UIJIIHTITHIECKUX
OTIEPATOPOB, 33JAHHBIX B MOJYIPOCTPAHCTBAX.

KaroueBbie cjoBa: BbIPOXKIAIOMIUNC JIUITHIECKUN oreparop, mpeobpaszosanne OPyphe, mpo-
crpatuctBa CoboseBa, anpUOPHBIE OIEHKH.

1. Bseaenue

B crarbe ucnosib30BaHbl 3JIEMEHTBHI Teopuu IceBoauddepenuaibHbiX OLEePATOPOB,
pa3IMYHBIe KJIACCH KOTOPBLIX HoApobHo omucansl B kuurax [1], [2]. Kak u B [3] ncnoassyorca
creytone 0603HaYeHN S

T = (I1,€E2), Yy = (ylayz), §= (51752) — TOYKHN NJIOCKOCTH Rz; € = 11§ + 2260,

N i .
At) = (1+[t7)77, %:Wﬂ =1, Dy=i7—, k=12 j=12,..;
T, Oz,

w() = /e_”fw(a:)d@ w(&y, xe) = /e‘mglw(aj)dzl, w(zy, &) = /e‘i”&w(x)d@—

npeobpazosarust Pypbe GyHKIME w(T) 0O MEePEMEHHBIM T, T1, Ty COOTBETCTBeHHO. [Ipu
3TOM

wla) = (2) [ E<T(Ode, ecan [ [7(€)1d€ < oo
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Ckansiproe ipoussenenne (w(x), W(x)), byuknun A(z, D)w, A(z,Di)w A(x,Ds)w n
HopMbl ||w ()|, ||w(x)|lzy>0 OUpemensoTes: paBeHCTBAMI

(w(z), W(z)) = /w(x )dr — // w(ar, 22) T (21, 22)dayds,
Az, Dy / e A, €)

Az, Dy)w = (27)~ / Az, €)W (&L, 1) dE,

Az, Do)w = (27)~ / €22 A(z, &)W (w1, &) dE,
[w(@)]* = (w(z),w(z)), [[w@)]?,50 = /:(:2>0 |w(z)*dz.

COOTBETCTBEHHO.

[TocTosinHBIE, BOBHHUKAIOIINE B HEPpABEHCTBAX B KadecTBe KoddduimeHTon, Oyjaem 00603Ha-
garh 6ykBoil C', O6BITH MOKeT ¢ uHAekcamu. Beony Huke u(zr) € C°(K), K - KoMmMmakT u3
R? . Onpenennm

P(.Z',D):D2—|—l‘1D§, f() P('T?D)u?
f(z), ecnmu zg > 0

f(z1, —x2), ecom xo < 0,

u(z), ecnm xg >0

u(xy, —9), ecau xo < 0,

h(t) € C3°(R), 0 < h(t) <1; h(t) =1, ecau |t| < 1; h(t) =0, ecanl|t| > 2.

Brenem paszbuenne eInHHAIBI IBOWCTBeHHON mepeMmentoit & . [lycTh
gi(t) = h(t = k)/ Y h(t = j),
§=0

Ui(&) = gr(In((1 4+ &)Y, k=0,1,... .

OdeBUIHO, 9TO B KaxKA0i Touke & € R nepecekaeTcss KOHEUHOE YUCI0 HoCHTe el (pyHKImit

W (61)

k
6_2(1+ ’§1|2)1/2 S ek S 62(1+ |€1|2)1/27 (11)

eciu € € supp Vi (§).
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2. AnpuopHble OIlEHKU
[Iyctn

u(z), eciu x5 > 0

v = v1(7) (2.1)

2> o0 o hM(2e®) Uk (Dy)u(xy,0) — ulzy, —22), ecm 2 < 0.

Jlemma 2.1 Jlas moboti nocmoaunot € > 0 cywecmsyem KOHCMAHMaA, He 3a68UCH-
was om U U MmakKas, 4mo Cnpasediueo HEPABEHCMBO

1h(21eAY2(Da)) D3vs ()| <

(2.2)
< CE)IN(D1) + MD2)) f(@)llas0 + [IX(Dr)u(z, 0)]| + [u(z)lay>0)
npu 9Mom
lin(l] C(e) = o0.
Joxaszareuasncrtso. U3 pabor 3], [4] caeayer
1Az (£2)) N (€2)01 (21, &)1 < C(e™ o + &7y + e ot
(2.3)
How(@) 12 + el|X2(D2) Diva(@)||* + 2| A2 (D) s (2)[[?),
rie
= [ NREIF0. 6P,
Ji = /)‘1/2(52)|D1ﬁ1(07§2|2d§27
Jo= [ [ e 6 203 o, ) Pdnidea
ﬁl(‘rth) = (D% + x%ﬁ%)il(m17£2>
Onennm waTerpaan Jy, Ji, Jo. VI3 paBencrsa
DiFi(0,25) = D{F(0,22) + D{Fy(0,33), j=0,1,
e
: 0, ecim zg > 0
D{FO(O,@) = ) .
2 7 o h(x2€**) DI W (D1)U(0) — 2D{F (0, 22), ecam x2 < 0
cJIeryer
5 <C [ ¥PEE)DIFO.)F + DIF0.6) P 2.
HerpynHo nokazars (cMm. [3|) HepasencTso:
//\3/2_j(§2)|D{f(0,52)|2d§2 < CI(DT + MD2)) f ()17, 50- (2:5)
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Hasee, cormacuo pabore |5, nmeem

[ (@)DiF0.6)Pde <
= C(/ / | D] Fy(0, 39) — DI Fy(0,2) |2/ |0 — ol /T3 2 daadys +
z2<0 Jy2<0

n / DI (0, 22) 2/ ||+ 2ds) < C(Iy + I + I), (2.6)
x9<0

rje

= [ WD) Y ) DR 0
k=0

I= / X273 (&) | DIF(0, &) P,

1 = / [D{F(0,25) = Y h(w2e™) DI (D1)U(0) /|2 |** divy.

k=0

Ounenum unrerpanns I1, I3. V3 coorHomenmii

L<c / N3 (&) / ine / S h(wae® ) 2T (6, 0)dérdas s =
k=0

_ C«/)\3/2—]'(52)‘/e—ixzfzZh<x2€2k)dx2|2d€2|/€{+2m<£1,0)d§1‘27
k=0

//\3/2—]'(52)’ /e—ix2§2 Z h(iCQ@Qk)d.’BQ‘zdfg _
k=0
= /)\3/2_j(§2)/€_ix2§2Zh(.lfg@?k)difg/eiyz&Zh(y262k)dy2d€2 <
k=0 k=0
< 2/)\3/2_j(52)| /6_“0252 Zh@z@%)d?%/em& Zh(?/2€2l)d?/2|d52 <
k=0 =k

<C / A3/273 (g, / e N " h(wae™ ) dwo|déy » e <
k=0 k

=

< [| [y naaetdnldn e <
k=0 =k

o o0
< CZ o3k —2kj Ze—zz
k=0 1=k

oJIy 9aeM

Lo < O3 RIS EDR ) DR (0| DU (1, 0)] <

k=0 l=k

< CIN(D1)U (21, 0)[7) (2.7)
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OueBnHO
I3 < I3y + I3,

riie
i = [ WG das,
Wi(za) = > hlaze®™)(D]ULF(0, 25) — U, DI2U(0)),
k=0
Ly — /\Z(l—h(mze%))D{\PkF(O,x2)|2/|x2\3/2jdxgg
k=0

< C|N(Dh)F ()]

YuaursiBas pasenctso W (0) = 0, moryuaem

/ W (o) 2/ ol Py < © / W (102) DaW (2)| /2] > ey <

< o / W (2)|2 Lol ) 2 / | DaW () Pl [/2H ) 2,
[TosTomy

/|W($2)|2/|I2|3/2_jd$2 < C/ |$2|1/2+j|D2W(902)|2d$2 <
el / || /#9| Dy / S h(@ae™)E U F (€1, w5)déy [Pdas +
k=0

Jr/ o[ "/*| Dy / S o™ LU (€1, 0)d6 Pders) < C(Zy + Za + Zy).
k=0

3mech
z = [l |3 s DT @ )i P, <
k=0
< CIMD)F (@)%,
Zy = /|5L“2|1/2+j|/iffﬁ(&,$2)d§1D2h($262k)|2d$2 <
k=0
< CIN(Dy)F(2)|?,
Zs = / [ /2*| Dy / ih(xae%)s{“@ﬁ(&,0>d51|2d:c2s
k=0
< CIN(Dy)ulz, 0)]*.
OueBuHO

I < O / / h(21eNY2(6)/2) D2F (01, &) Pdardés + | D2 F(@)[12,00),
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rie
0, ectmzg >0
Fi(x) =
2P(z, D) > 02 h(2€®*) Uk (Dy)u(zy,0), ecim z2 < 0,

Herpyano jgoka3arh HEPABEHCTBO

[ [ eiexi) 2D, e Pdndgs < CINDuten )
Orcroma u u3 (2.3) - (2.8) caeayer JOKA3aTENILCTBO JIEMMBI.

Teopewma 2.1 Cywecnsyem nocmosannas C, ne sasucawan om u(z) € CP(K) u
MaKas, 4mo

ID3u(@)llep>0 < CUIDE + AN(D2)) P, Dyu(®)|sy0 +
A (Dr)u(e, 0] + [[w(@)llay>0 + [ D2w(@) [lay>0)-
Jloka3zaTeJsbcTBO. 3aMeTHM, 4TO
IDivi(@)* < (Divi(@), Divi(w)) + (21D Davi(x), 21D} Dyvy (x)) <
< (DY(D} + 21 D3)vi(w), Dyvi (@) + C|| DiDavr (@)% (2.9)
CupaseqymmBo Takxke (cM. [3]) nHepaBemcTBO
IX*(D2)u(z)[laz>0 < CUIMD2)P(x, D)u(z)lay>0 + [[u(@)l|zz50 + | D2 Diu(z) [lap>0)-  (2.10)

s onenku || Dy D?u(z)]|zy>0 10I02KEM

w(x), ecanm xo > 0
Uo(x):{ (x)

—u(xy, —x3), ecan x5 < 0,

Dyu(x), ecnu x9 > 0
v(z) =

—Dou(z1, —x3), ecm x9 < 0,

() 0, ectmzy >0
20(z) =
0 2> 07 o h(x2€®*) Uy (D1)u(z1,0), ecam x5 < 0,

—f(x1, —x2), ecou x5 < 0,

x), ecau xo > 0
Fl(x):{ f(x)

0, ectm 9 > 0
z(z) =

2D, Y 77 o h(w2e?) Uy (D )u(s,0), ecam o < 0.
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flcro, aTo
| D2 Diu(z)[lay>0 < ClIDYv(2)] <
< C([[1(a1eA (Do) Div(@)|| + [[(L — h(z1eA?(Dy))) Div(2)),
U3 pasencra vy(x) = Dovy () — z(z) ciemyer
1h(21eAY2(Dy)) Div(2)|| < || Divi(a)| + Crel| Dyvi ()] +
+e ! ||h(21eAY? (Do) D3vr () || + Col| A*(Dy)u(z1, 0)]].

OueBuaHO
(1 = h(z1eA2(Dy))) Div()|| <
< [(1 = h(z1eAY2(D2))) DED2A™ (D)o (@)[| + | DI (Da2)o()].
Tockosbiy
1= h(z1eA?(&)) < Ce(1 — h(z12A2(&))z A (&),
TO

(1 = h(z1eAY*(D5))) DI DoA™ (Da)u() || <
< O (ML) Digatn (21, &), A2 (&) Digatn (1, &) +
H( AT () Di&aD(a1, &), A2 (6) DYET (1, &)
Orciona, 3 (2.9)-(2.13) 1 pasercts
vi(21,&2) = o(w1,&) + Z0(21, &),
Fi(z) = Div(z)+ 27 Dov(x)
0Ty 9aeM
IA*(D2)u()||az>0 < C(I(D] + A(D2)) P, D)u()|p50 + [[u(z)[le;50 +
+e Y |h(1eAY2(Dy)) Divr ()| + |N*(Dy)ul@y, 0)])-

(2.11)

(2.12)

(2.13)

Takum obpasom, BeIOUpasdg € JOCTATOYHO MAaJbIM M UCIOJIb3Ys BBIIIEHPUBEAEHHYIO JIEMMY,

IIoJIiy4aeM JOKa3aTeJbCTBO T€OPEMDI.
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On an estimate in the Sobolev space generated by the
second order degenerate elliptic operator defined in the
half-plane

© G. A. Smolkin !

Abstract. The article considers an elliptic operator that is defined in the half-plane and
degenerates along the normal to the boundary of the half-plane. The results obtained by the
author earlier are made more precise. A partition of unity of a dual variable is constructed that
allows to «freeze» the derivatives along the orthogonal direction to the degeneracy set and to
carry out a smooth continuation of the function to the whole plane. It is shown that this and
the «standard» continuations examined in detail by L.N. Slobodetsky, is sufficient for obtaining
the necessary a priori estimate. Moreover, the inequalities are proved by the Fourier transform
with respect to the part of variables and by the use of Schwartz inequality. It is established that
the Sobolev norm of the function’s second order derivatives will be finite if its restriction to the
boundary of the half-plane and function’s image both belong to the Sobolev spaces with indicators
3, 2, respectively. The results obtained can be spread to a wider class of operators; also they may
be used in the research of boundary value problems for the degenerate elliptic and quasi-elliptic
operators defined in half-spaces.

Key Words: degenerate elliptic operator, Fourier transform, Sobolev space, a priori estimates.
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