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Îá îäíîé îöåíêå â ïðîñòðàíñòâå Ñîáîëåâà, ïîðîæäàåìîé

âûðîæäàþùèìñÿ ýëëèïòè÷åñêèì îïåðàòîðîì âòîðîãî

ïîðÿäêà, îïðåäåë¼ííîé â ïîëóïëîñêîñòè

c⃝ Ã. À. Ñìîëêèí 1

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ýëëèïòè÷åñêèé îïåðàòîð, êîòîðûé îïðåäåëåí â ïîëóïëîñêîñòè
è âûðîæäàåòñÿ âäîëü íîðìàëè ê ãðàíèöå ýòîé ïîëóïëîñêîñòè. Óòî÷íåíû ðåçóëüòàòû, ïîëó-
÷åííûå àâòîðîì ðàíåå. Ïîñòðîåíî ðàçáèåíèå åäèíèöû äâîéñòâåííîé ïåðåìåííîé, ïîçâîëÿþùåå
"çàìîðîçèòü"ïðîèçâîäíûå ïî îðòîãîíàëüíîìó íàïðàâëåíèþ ê ìíîæåñòâó âûðîæäåíèÿ è îñó-
ùåñòâèòü ãëàäêîå ïðîäîëæåíèå ôóíêöèè íà âñþ ïëîñêîñòü. Ïîêàçàíî, ÷òî ýòî ïðîäîëæåíèå è
"ñòàíäàðòíîå"ïðîäîëæåíèå, ïîäðîáíî èçó÷åííîå Ë.Í. Ñëîáîäåöêèì, äîñòàòî÷íî äëÿ ïîëó÷å-
íèÿ íåîáõîäèìîé àïðèîðíîé îöåíêè. Ïðè ýòîì íåðàâåíñòâà äîêàçûâàþòñÿ ïðè ïîìîùè ïðåîá-
ðàçîâàíèÿ Ôóðüå ïî ÷àñòè ïåðåìåííûõ è íåðàâåíñòâà Øâàðöà. Óñòàíîâëåíî, ÷òî Ñîáîëåâñêàÿ
íîðìà ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ôóíêöèè áóäåò êîíå÷íîé, åñëè åå ñóæåíèå íà ãðàíèöó
ïîëóïëîñêîñòè è åå îáðàç, ïîðîæäàþùèì äåéñòâèåì íà ýòó ôóíêöèþ èçó÷àåìûì îïåðàòî-
ðîì ïðèíàäëåæàò ïðîñòðàíñòâàì Ñîáîëåâà ñ ïîêàçàòåëÿìè 3, 2 ñîîòâåòñòâåííî. Ïîëó÷åííûå
ðåçóëüòàòû ìîæíî ðàñïðîñòðàíèòü íà áîëåå øèðîêèé êëàññ îïåðàòîðîâ, ìîãóò áûòü ïðèìåíå-
íû ïðè èçó÷åíèè êðàåâûõ çàäà÷ äëÿ âûðîæäàþùèõñÿ ýëëèïòè÷åñêèõ è êâàçèýëëèïòè÷åñêèõ
îïåðàòîðîâ, çàäàííûõ â ïîëóïðîñòðàíñòâàõ.

Êëþ÷åâûå ñëîâà: âûðîæäàþùèéñÿ ýëëèïòè÷åñêèé îïåðàòîð, ïðåîáðàçîâàíèå Ôóðüå, ïðî-
ñòðàíñòâà Ñîáîëåâà, àïðèîðíûå îöåíêè.

1. Ââåäåíèå

Â ñòàòüå èñïîëüçîâàíû ýëåìåíòû òåîðèè ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ,
ðàçëè÷íûå êëàññû êîòîðûõ ïîäðîáíî îïèñàíû â êíèãàõ [1], [2]. Êàê è â [3] èñïîëüçóþòñÿ
ñëåäóþùèå îáîçíà÷åíèÿ

x = (x1, x2), y = (y1, y2), ξ = (ξ1, ξ2)− òî÷êè ïëîñêîñòè R2; xξ = x1ξ1 + x2ξ2,

λ(t) = (1 + |t|2)1/2, ∂jk =
∂j

∂xjk
, i2 = −1, Dj

k = i−j
∂j

∂xjk
, k = 1, 2; j = 1, 2, . . . ;

w̃(ξ) =

∫
e−ixξw(x)dx, w̃(ξ1, x2) =

∫
e−ix1ξ1w(x)dx1, w̃(x1, ξ2) =

∫
e−ix2ξ2w(x)dx2−

ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè w(x) ïî ïåðåìåííûì x , x1, x2 ñîîòâåòñòâåííî. Ïðè
ýòîì

w(x) = (2π)−2

∫
eixξw̃(ξ)dξ, åñëè

∫
|w̃(ξ)|dξ <∞;
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Cêàëÿðíîå ïðîèçâåäåíèå (w(x),W (x)) , ôóíêöèè A(x,D)w , A(x,D1)w A(x,D2)w è
íîðìû ∥w(x)∥ , ∥w(x)∥x2>0 îïðåäåëÿþòñÿ ðàâåíñòâàìè

(w(x),W (x)) =

∫
w(x)W (x)dx =

∫ ∫
w(x1, x2)W (x1, x2)dx1dx2,

A(x,D)w = (2π)−2

∫
eixξA(x, ξ)w̃(ξ)dξ,

A(x,D1)w = (2π)−1

∫
eix1ξ1A(x, ξ1)w̃(ξ1, x2)dξ,

A(x,D2)w = (2π)−1

∫
eix2ξ2A(x, ξ2)w̃(x1, ξ2)dξ,

∥w(x)∥2 = (w(x), w(x)), ∥w(x)∥2x2>0 =

∫
x2>0

|w(x)|2dx.

ñîîòâåòñòâåííî.
Ïîñòîÿííûå, âîçíèêàþùèå â íåðàâåíñòâàõ â êà÷åñòâå êîýôôèöèåíòîâ, áóäåì îáîçíà-

÷àòü áóêâîé C , áûòü ìîæåò ñ èíäåêñàìè. Âñþäó íèæå u(x) ∈ C∞
0 (K) , K - êîìïàêò èç

R2 . Îïðåäåëèì

P (x,D) = D2
1 + x21D

2
2, f(x) = P (x,D)u,

F (x) =


f(x), åñëè x2 ≥ 0

f(x1,−x2), åñëè x2 < 0,

U(x) =


u(x), åñëè x2 ≥ 0

u(x1,−x2), åñëè x2 < 0,

h(t) ∈ C∞
0 (R), 0 ≤ h(t) ≤ 1; h(t) = 1, åñëè |t| ≤ 1; h(t) = 0, åñëè|t| ≥ 2.

Ââåäåì ðàçáèåíèå åäèíèöû äâîéñòâåííîé ïåðåìåííîé ξ1 . Ïóñòü

gk(t) = h(t− k)/
∞∑
j=0

h(t− j),

Ψk(ξ1) = gk(ln((1 + |ξ1|2)1/2), k = 0, 1, . . . .

Î÷åâèäíî, ÷òî â êàæäîé òî÷êå ξ1 ∈ R ïåðåñåêàåòñÿ êîíå÷íîå ÷èñëî íîñèòåëåé ôóíêöèé
Ψk(ξ1)

∞∑
k=0

Ψk(ξ1) = 1,

e−2(1 + |ξ1|2)1/2 ≤ ek ≤ e2(1 + |ξ1|2)1/2, (1.1)

åñëè ξ ∈ supp Ψk(ξ).
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2. Àïðèîðíûå îöåíêè

Ïóñòü

v1 = v1(x) ≡


u(x), åñëè x2 ≥ 0

2
∑∞

k=0 h(x2e
2k)Ψk(D1)u(x1, 0)− u(x1,−x2), åñëè x2 < 0.

(2.1)

Ë å ì ì à 2.1 Äëÿ ëþáîé ïîñòîÿííîé ε > 0 ñóùåñòâóåò êîíñòàíòà, íå çàâèñÿ-
ùàÿ îò u è òàêàÿ, ÷òî ñïðàâåäëèâî íåðàâåíñòâî

∥h(x1ελ1/2(D2))D
2
2v1(x)∥ ≤

≤ C(ε)(∥(λ2(D1) + λ(D2))f(x)∥x2>0 + ∥λ3(D1)u(x1, 0)∥+ ∥u(x)∥x2>0)
(2.2)

ïðè ýòîì

lim
ε→0

C(ε) = ∞.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç ðàáîò [3], [4] ñëåäóåò

∥h(x1ελ1/2(ξ2))λ2(ξ2)ṽ1(x1, ξ2)∥2 ≤ C(ε−1J0 + ε−3J1 + ε−4J2+

+∥v1(x)∥2 + ε∥λ3/2(D2)D1v1(x)∥2 + ε2∥λ2(D2)v1(x)∥2),
(2.3)

ãäå

J0 =

∫
λ3/2(ξ2)|F̃1(0, ξ2|2dξ2,

J1 =

∫
λ1/2(ξ2)|D1F̃1(0, ξ2|2dξ2,

J2 =

∫ ∫
h2(x1ελ

1/2(ξ2)/2)|D2
1F̃1(x1, ξ2)|2dx1dξ2,

F̃1(x1, ξ2) = (D2
1 + x21ξ

2
2)ṽ1(x1, ξ2).

Îöåíèì èíòåãðàëû J0, J1, J2. Èç ðàâåíñòâà

Dj
1F1(0, x2) = Dj

1F (0, x2) +Dj
1F0(0, x2), j = 0, 1,

ãäå

Dj
1F0(0, x2) =

{
0, åñëè x2 ≥ 0

2
∑∞

k=0 h(x2e
2k)Dj+2

1 Ψk(D1)U(0)− 2Dj
1F (0, x2), åñëè x2 < 0

ñëåäóåò

Jj ≤ C

∫
λ3/2−j(ξ2)(|Dj

1F̃ (0, ξ2)|2 + |Dj
1F̃0(0, ξ2)|2)dξ2. (2.4)

Íåòðóäíî äîêàçàòü (ñì. [3]) íåðàâåíñòâî:∫
λ3/2−j(ξ2)|Dj

1F̃ (0, ξ2)|2dξ2 ≤ C∥(D2
1 + λ(D2))f(x)∥2x2>0. (2.5)
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Äàëåå, ñîãëàñíî ðàáîòå [5], èìååì∫
λ3/2−j(ξ2)|Dj

1F̃0(0, ξ2)|2dξ2 ≤

≤ C(

∫
x2<0

∫
y2<0

|Dj
1F0(0, x2)−Dj

1F0(0, y2)|2/|x2 − y2|1−j+3/2dx2dy2 +

+

∫
x2<0

|Dj
1F0(0, x2)|2/|x2|−j+3/2dx2) ≤ C(I1 + I2 + I3), (2.6)

ãäå

I1 =

∫
|λ3/4−j/2(D2)

∞∑
k=0

h(x2e
2k)Dj+2

1 ΨkU(0)|2dx2,

I2 =

∫
λ3/2−j(ξ2)|Dj

1F̃ (0, ξ2)|2dξ2,

I3 =

∫
|Dj

1F (0, x2)−
∞∑
k=0

h(x2e
2k)Dj+2

1 Ψk(D1)U(0)|2/|x2|3/2−jdx2.

Îöåíèì èíòåãðàëû I1, I3. Èç ñîîòíîøåíèé

I1 ≤ C

∫
λ3/2−j(ξ2)|

∫
e−ix2ξ2

∫ ∞∑
k=0

h(x2e
2k)ξj+2

1 Ψ̃kU(ξ1, 0)dξ1dx2|2dξ2 =

= C

∫
λ3/2−j(ξ2)|

∫
e−ix2ξ2

∞∑
k=0

h(x2e
2k)dx2|2dξ2|

∫
ξj+2
1 Ψ̃kU(ξ1, 0)dξ1|2,

∫
λ3/2−j(ξ2)|

∫
e−ix2ξ2

∞∑
k=0

h(x2e
2k)dx2|2dξ2 =

=

∫
λ3/2−j(ξ2)

∫
e−ix2ξ2

∞∑
k=0

h(x2e
2k)dx2

∫
eiy2ξ2

∞∑
k=0

h(y2e
2k)dy2dξ2 ≤

≤ 2

∫
λ3/2−j(ξ2)|

∫
e−ix2ξ2

∞∑
k=0

h(x2e
2k)dx2

∫
eiy2ξ2

∞∑
l=k

h(y2e
2l)dy2|dξ2 ≤

≤ C

∫
λ3/2−j(ξ2)|

∫
e−ix2ξ2

∞∑
k=0

h(x2e
2k)dx2|dξ2

∞∑
l=k

e−2l ≤

≤ C

∫
|
∫
e−ix2ξ2

∞∑
k=0

h(x2)λ
3/2−j(ξ2e

2k)dx2|dξ2
∞∑
l=k

e−2l ≤

≤ C
∞∑
k=0

e3k−2kj

∞∑
l=k

e−2l

ïîëó÷àåì

I1 ≤ C
∞∑
k=0

∞∑
l=k

e(l−k)j+5(k−l)/2∥D3
1ΨkU(x1, 0)∥∥D3

1ΨlU(x1, 0)∥ ≤

≤ C∥λ3(D1)U(x1, 0)∥2) (2.7)
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Î÷åâèäíî

I3 ≤ I31 + I32,

ãäå

I31 =

∫
|W (x2)|2/|x2|3/2−jdx2,

W (x2) =
∞∑
k=0

h(x2e
2k)(Dj

1ΨkF (0, x2)−ΨkD
j+2
1 U(0)),

I32 =

∫
|

∞∑
k=0

(1− h(x2e
2k))Dj

1ΨkF (0, x2)|2/|x2|3/2−jdx2 ≤

≤ C∥λ2(D1)F (x)∥2.

Ó÷èòûâàÿ ðàâåíñòâî W (0) = 0 , ïîëó÷àåì∫
|W (x2)|2/|x2|3/2−jdx2 ≤ C

∫
|W (x2)D2W (x2)|/|x2|1/2−jdx2 ≤

≤ C(

∫
|W (x2)|2/|x2|3/2−jdx2)1/2(

∫
|D2W (x2)|2|x2|1/2+jdx2)1/2.

Ïîýòîìó∫
|W (x2)|2/|x2|3/2−jdx2 ≤ C

∫
|x2|1/2+j|D2W (x2)|2dx2 ≤

≤ C(

∫
|x2|1/2+j|D2

∫ ∞∑
k=0

h(x2e
2k)ξj1Ψ̃kF (ξ1, x2)dξ1|2dx2 +

+

∫
|x2|1/2+j|D2

∫ ∞∑
k=0

h(x2e
2k)ξj+2

1 Ψ̃kU(ξ1, 0)dξ1|2dx2) ≤ C(Z1 + Z2 + Z3).

Çäåñü

Z1 =

∫
|x2|1/2+j|

∫ ∞∑
k=0

h(x2e
2k)ξj1D2Ψ̃kF (ξ1, x2)dξ1|2dx2 ≤

≤ C∥λ(D2)F (x)∥2,

Z2 =

∫
|x2|1/2+j|

∫ ∞∑
k=0

ξj1Ψ̃kF (ξ1, x2)dξ1D2h(x2e
2k)|2dx2 ≤

≤ C∥λ2(D1)F (x)∥2,

Z3 =

∫
|x2|1/2+j|D2

∫ ∞∑
k=0

h(x2e
2k)ξj+2

1 Ψ̃kU(ξ1, 0)dξ1|2dx2 ≤

≤ C∥λ3(D1)u(x1, 0)∥2.

Î÷åâèäíî

J2 ≤ C(

∫ ∫
|h(x1ελ1/2(ξ2)/2)D2

1F̃1(x1, ξ2)|2dx1dξ2 + ∥D2
1f(x)∥2x2>0), (2.8)

Ã. À. Ñìîëêèí. Îá îäíîé îöåíêå â ïðîñòðàíñòâå Ñîáîëåâà, ïîðîæäàåìîé . . .
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ãäå

F1(x) =

 0, åñëè x2 ≥ 0

2P (x,D)
∑∞

k=0 h(x2e
2k)Ψk(D1)u(x1, 0), åñëè x2 < 0,

Íåòðóäíî äîêàçàòü íåðàâåíñòâî∫ ∫
|h(x1ελ1/2(ξ2)/2)D2

1F̃1(x1, ξ2)|2dx1dξ2 ≤ C∥λ3(D1)u(x1, 0)∥2.

Îòñþäà è èç (2.3) - (2.8) ñëåäóåò äîêàçàòåëüñòâî ëåììû.

Ò å î ð å ì à 2.1 Ñóùåñòâóåò ïîñòîÿííàÿ C, íå çàâèñÿùàÿ îò u(x) ∈ C∞
0 (K) è

òàêàÿ, ÷òî

∥D2
2u(x)∥x2>0 ≤ C(∥(D2

1 + λ(D2))P (x,D)u(x)∥x2>0 +

+∥λ3(D1)u(x1, 0)∥+ ∥u(x)∥x2>0 + ∥D2u(x)∥x2>0).

Ä î ê à ç à ò å ë ü ñ ò â î. Çàìåòèì, ÷òî

∥D4
1v1(x)∥2 ≤ (D4

1v1(x), D
4
1v1(x)) + (x1D

3
1D2v1(x), x1D

3
1D2v1(x)) ≤

≤ (D2
1(D

2
1 + x21D

2
2)v1(x), D

4
1v1(x)) + C∥D2

1D2v1(x)∥2. (2.9)

Ñïðàâåäëèâî òàêæå (ñì. [3]) íåðàâåíñòâî

∥λ2(D2)u(x)∥x2>0 ≤ C(∥λ(D2)P (x,D)u(x)∥x2>0 + ∥u(x)∥x2>0 + ∥D2D
2
1u(x)∥x2>0). (2.10)

Äëÿ îöåíêè ∥D2D
2
1u(x)∥x2>0 ïîëîæèì

v0(x) =

{
u(x), åñëè x2 ≥ 0

−u(x1,−x2), åñëè x2 < 0,

v(x) =

{
D2u(x), åñëè x2 ≥ 0

−D2u(x1,−x2), åñëè x2 < 0,

z0(x) =

{
0, åñëè x2 ≥ 0

2
∑∞

k=0 h(x2e
2k)Ψk(D1)u(x1, 0), åñëè x2 < 0,

F1(x) =

{
f(x), åñëè x2 ≥ 0

−f(x1,−x2), åñëè x2 < 0,

z(x) =

{
0, åñëè x2 ≥ 0

2D2

∑∞
k=0 h(x2e

2k)Ψk(D1)u(x1, 0), åñëè x2 < 0.

Ã. À. Ñìîëêèí. Îá îäíîé îöåíêå â ïðîñòðàíñòâå Ñîáîëåâà, ïîðîæäàåìîé . . .
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ßñíî, ÷òî

∥D2D
2
1u(x)∥x2>0 ≤ C∥D2

1v(x)∥ ≤

≤ C(∥h(x1ελ1/2(D2))D
2
1v(x)∥+ ∥(1− h(x1ελ

1/2(D2)))D
2
1v(x)∥), (2.11)

Èç ðàâåíñòâà v2(x) = D2v1(x)− z(x) ñëåäóåò

∥h(x1ελ1/2(D2))D
2
1v(x)∥ ≤ ε∥D4

1v1(x)∥+ C1ε∥D2
2v1(x)∥+

+ε−1∥h(x1ελ1/2(D2))D
2
2v1(x)∥+ C2∥λ3(D1)u(x1, 0)∥. (2.12)

Î÷åâèäíî

∥(1− h(x1ελ
1/2(D2)))D

2
1v(x)∥ ≤

≤ ∥(1− h(x1ελ
1/2(D2)))D

2
1D2λ

−1(D2)v(x)∥+ ∥D2
1λ

−1(D2)v(x)∥. (2.13)

Ïîñêîëüêó

1− h(x1ελ
1/2(ξ2)) ≤ Cε(1− h(x1ελ

1/2(ξ2)))x1λ
1/2(ξ2),

òî

∥(1− h(x1ελ
1/2(D2)))D

2
1D2λ

−1(D2)v(x)∥2 ≤

≤ Cε2((λ−1/2(ξ2)D
3
1ξ2ṽ1(x1, ξ2), λ

−1/2(ξ2)D
3
1ξ2ṽ1(x1, ξ2)) +

+(x1λ
−1/2(ξ2)D

2
1ξ2ṽ(x1, ξ2), x1λ

−1/2(ξ2)D
2
1ξ2ṽ(x1, ξ2))).

Îòñþäà, èç (2.9)-(2.13) è ðàâåíñòâ

ṽ1(x1, ξ2) = ṽ0(x1, ξ2) + z̃0(x1, ξ2),

F1(x) = D2
1v0(x) + x21D2v(x)

ïîëó÷àåì

∥λ2(D2)u(x)∥x2>0 ≤ C(∥(D2
1 + λ(D2))P (x,D)u(x)∥x2>0 + ∥u(x)∥x2>0 +

+ε−1∥h(x1ελ1/2(D2))D
2
2v1(x)∥+ ∥λ3(D1)u(x1, 0)∥).

Òàêèì îáðàçîì, âûáèðàÿ ε äîñòàòî÷íî ìàëûì è èñïîëüçóÿ âûøåïðèâåä¼ííóþ ëåììó,
ïîëó÷àåì äîêàçàòåëüñòâî òåîðåìû.
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On an estimate in the Sobolev space generated by the

second order degenerate elliptic operator de�ned in the

half-plane

c⃝ G.A. Smolkin 1

Abstract. The article considers an elliptic operator that is de�ned in the half-plane and
degenerates along the normal to the boundary of the half-plane. The results obtained by the
author earlier are made more precise. A partition of unity of a dual variable is constructed that
allows to ¾freeze¿ the derivatives along the orthogonal direction to the degeneracy set and to
carry out a smooth continuation of the function to the whole plane. It is shown that this and
the ¾standard¿ continuations examined in detail by L.N. Slobodetsky, is su�cient for obtaining
the necessary a priori estimate. Moreover, the inequalities are proved by the Fourier transform
with respect to the part of variables and by the use of Schwartz inequality. It is established that
the Sobolev norm of the function's second order derivatives will be �nite if its restriction to the
boundary of the half-plane and function's image both belong to the Sobolev spaces with indicators
3, 2, respectively. The results obtained can be spread to a wider class of operators; also they may
be used in the research of boundary value problems for the degenerate elliptic and quasi-elliptic
operators de�ned in half-spaces.

Key Words: degenerate elliptic operator, Fourier transform, Sobolev space, a priori estimates.
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