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Àííîòàöèÿ. Â ðàìêàõ êèíåòè÷åñêîãî ïîäõîäà íàéäåíî ðåøåíèå çàäà÷ î òåïëî- è ìàññîïå-
ðåíîñå â äëèííîì öèëèíäðè÷åñêîì êàíàëå ñ èñïîëüçîâàíèåì çåðêàëüíî-äèôôóçíîé ìîäåëè
ãðàíè÷íîãî óñëîâèÿ Ìàêñâåëëà. Â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ, îïèñûâàþùåãî êèíåòèêó
ïðîöåññà, èñïîëüçîâàíî óðàâíåíèå Âèëüÿìñà â ïðåäïîëîæåíèè, ÷òî â êàíàëå ïîääåðæèâàåòñÿ
ïîñòîÿííûé ïðîäîëüíûé ãðàäèåíò òåìïåðàòóðû. Óðàâíåíèå Âèëüÿìñà çàïèñàíî â äåêàðòî-
âîé ñèñòåìå êîîðäèíàò. Ðåøåíèå ëèíåàðèçîâàííîé çàäà÷è î íåèçîòåðìè÷åñêîì òå÷åíèè ðàç-
ðåæåííîãî ãàçà ÷åðåç êàíàë ïîëó÷åíî ñ ïðèìåíåíèåì ìåòîäà õàðàêòåðèñòèê. Ïîêàçàíî, ÷òî
âèä ãðàíè÷íîãî óñëîâèÿ ñòàíîâèòñÿ îïðåäåëÿþùèì ïðè ïîñòðîåíèè ýòîãî ðåøåíèÿ. Â øèðî-
êîì äèàïàçîíå èçìåíåíèÿ çíà÷åíèé ÷èñëà Êíóäñåíà âû÷èñëåíû ïðèâåäåííûå ïîòîêè òåïëà è
ìàññû ãàçà ÷åðåç ïîïåðå÷íîå ñå÷åíèå êàíàëà â çàâèñèìîñòè îò êîýôôèöèåíòà àêêîìîäàöèè
òàíãåíöèàëüíîãî èìïóëüñà. Ïîëó÷åíû ïðåäåëüíûå âûðàæåíèÿ ýòèõ ïîòîêîâ äëÿ ñâîáîäíîìî-
ëåêóëÿðíîãî è ãèäðîäèíàìè÷åñêîãî ðåæèìîâ òå÷åíèÿ. Ïðîâåäåíî ñðàâíåíèå ñ àíàëîãè÷íûìè
ðåçóëüòàòàìè, ïðåäñòàâëåííûìè â îòêðûòîé ïå÷àòè. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñ-
ïîëüçîâàíû ïðè ðàçðàáîòêå íîâûõ íàíîòåõíîëîãèé.

Êëþ÷åâûå ñëîâà: êèíåòè÷åñêîå óðàâíåíèå Áîëüöìàíà, óðàâíåíèå Âèëüÿìñà, çåðêàëüíî-
äèôôóçíîå îòðàæåíèå, çåðêàëüíî-äèôôóçííàÿ ìîäåëü, ìîäåëü Ìàêñâåëà, àíàëèòè÷åñêîå ðå-
øåíèå, ÷èñëî Êíóäñåíà.

1. Ââåäåíèå

Èññëåäîâàíèå òå÷åíèé â ìèêðî- è íàíîêàíàëàõ â çàâèñèìîñòè îò ìîäåëè âçàèìîäåé-
ñòâèÿ ìîëåêóë ãàçà ñ îáòåêàåìûìè ïîâåðõíîñòÿìè èìååò áîëüøîå çíà÷åíèå äëÿ ïðèìå-
íåíèÿ íîâûõ òåõíîëîãèé [1]. Íàèáîëåå èçâåñòíîé ìîäåëüþ ãðàíè÷íûõ óñëîâèé ÿâëÿåòñÿ
çåðêàëüíî-äèôôóçíîå ãðàíè÷íîå óñëîâèå Ìàêñâåëëà. Â ìîäåëè Ìàêñâåëëà ôóíêöèÿ ðàñ-
ïðåäåëåíèÿ ìîëåêóë ãàçà, îòðàæåííûõ îò ñòåíîê êàíàëà, èìååò âèä [2]:

f+(r′Γ,v) = (1− α)f−(r′Γ,v − 2n(nv)) + αfΓ(r
′
Γ,v), vn > 0, (1.1)
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′,v) = nΓ(r

′)

(
m

2πkBTΓ(r′)

)3/2
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(
− m
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v2

)
, (1.2)
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ãäå α � êîýôôèöèåíò àêêîìîäàöèè òàíãåíöèàëüíîãî èìïóëüñà ìîëåêóë ãàçà; f−(r′Γ,v) �
ôóíêöèÿ ðàñïðåäåëåíèÿ ïàäàþùèõ ìîëåêóë ãàçà íà îáòåêàåìóþ ïîâåðõíîñòü Γ ; n � âåê-
òîð íîðìàëè ê ïîâåðõíîñòè Γ , íàïðàâëåííûé â ñòîðîíó ãàçà; r′ è v � ðàäèóñ-âåêòîð è
ñêîðîñòü ìîëåêóë ãàçà; m � ìàññà ìîëåêóë ãàçà; kB � ïîñòîÿííàÿ Áîëüöìàíà; TΓ(r

′) ;
nΓ(r

′) � òåìïåðàòóðà è êîíöåíòðàöèÿ ãàçà íà ïîâåðõíîñòè ñîîòâåòñòâåííî. Êîýôôèöè-
åíò àêêîìîäàöèè òàíãåíöèàëüíîãî èìïóëüñà â ìîäåëè çåðêàëüíî-äèôôóçíîãî îòðàæåíèÿ
Ìàêñâåëëà (1.1) îïðåäåëÿåò âåðîÿòíîñòü òîãî, ÷òî ìîëåêóëà îòðàçèòñÿ îò ñòåíêè äèôôóç-
íî. Ïðè α = 1 çåðêàëüíî-äèôôóçíîå ãðàíè÷íîå óñëîâèå ïåðåõîäèò â ìîäåëü äèôôóçíîãî
îòðàæåíèÿ. Â ñëó÷àå çåðêàëüíîãî îòðàæåíèÿ êîýôôèöèåíò àêêîìîäàöèè òàíãåíöèàëüíîãî
èìïóëüñà ïðèíèìàåò íóëåâîå çíà÷åíèå.

Äðóãîé ìîäåëüþ, îïèñûâàþùåé âçàèìîäåéñòâèå ìîëåêóë ãàçà ñ ïîâåðõíîñòüþ, ÿâëÿ-
åòñÿ ìîäåëü ×åð÷èíüÿíè-Ëýìïèñ, â êîòîðîé ó÷èòûâàþòñÿ äâà ïàðàìåòðà: êîýôôèöèåíò
àêêîìîäàöèè òàíãåíöèàëüíîãî èìïóëüñà è êîýôôèöèåíò àêêîìîäàöèè êèíåòè÷åñêîé ýíåð-
ãèè ατ , ñâÿçàííîé ñ êîìïîíåíòîé ñêîðîñòè vn íàïðàâëåííîé ïî íîðìàëè ê ïîâåðõíîñòè.
Â ðàìêàõ ýòîé ìîäåëè ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà, îòðàæåííûõ îò ïîâåðõíîñòè
êàíàëà, èìååò âèä [3]:
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, (1.3)

ãäå R(v′ → v) � ÿäðî ðàññåÿíèÿ; v′ , v � âåêòîðû ñêîðîñòè ïàäàþùèõ è îòðàæåííûõ
ìîëåêóë ãàçà îò ñòåíîê êàíàëà. Ïðè ατ = 0 è αn = 0 îòðàæåíèå ÿâëÿåòñÿ çåðêàëüíûì,
ïðè ατ = 1 è αn = 1 � äèôôóçíûì.

Â ðàìêàõ ìîäåëè çåðêàëüíî-äèôôóçíîãî ãðàíè÷íîãî óñëîâèÿ Ìàêñâåëëà â ðàáîòàõ [1],
[4], [5] ïðîâåäåíî âû÷èñëåíèå ïîòîêîâ òåïëà è ìàññû ãàç â çàâèñèìîñòè îò çíà÷åíèé êîýô-
ôèöèåíòà àêêîìîäàöèè òàíãåíöèàëüíîãî èìïóëüñà â êàíàëå, îáðàçîâàííîì äâóìÿ áåñêî-
íå÷íûìè ïàðàëëåëüíûìè ïëîñêîñòÿìè. Äëÿ öèëèíäðè÷åñêîãî êàíàëà ðåçóëüòàòû âû÷èñëå-
íèé ìàññîâîãî ïîòîêà ñ èñïîëüçîâàíèåì çåðêàëüíî-äèôôóçíîãî ãðàíè÷íîãî óñëîâèÿ Ìàêñ-
âåëëà è S-ìîäåëè êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà ïðèâåäåíû â [6]; â [7] � íà îñíîâå
ÁÃÊ. Äèôôóçíàÿ ìîäåëü îòðàæåíèÿ áûëà èñïîëüçîâàíà â ðàáîòàõ [8]�[11] äëÿ ïîëó÷åíèÿ
çíà÷åíèé ïîòîêîâ òåïëà è ìàññû â ïðÿìîóãîëüíîì êàíàëå, â [12] � â êàíàëå òðåóãîëüíîãî
ñå÷åíèÿ, â [13]�[16] â öèëèíäðè÷åñêîì êàíàëå, â [17]�[18] � â êàíàëå ýëëèïòè÷åñêîãî ñå÷å-
íèÿ. Â ðàáîòàõ [8]�[10], [12]�[15], [17] ðåçóëüòàòû ïîëó÷åíû ñ èñïîëüçîâàíèåì ÷èñëåííîãî
èíòåãðèðîâàíèÿ S-ìîäåëè êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà.

Âìåñòå ñ òåì èíòåðåñ ïðåäñòàâëÿåò ïðèìåíåíèå òî÷íûõ àíàëèòè÷åñêèõ ìåòîäîâ. Àíàëè-
òè÷åñêîå ðåøåíèå óðàâíåíèÿ Âèëüÿìñà â çàäà÷àõ î òåïëîâîì êðèïå â ïðÿìîóãîëüíîì, öè-
ëèíäðè÷åñêîì è ýëëèïòè÷åñêîì êàíàëàõ ïîëó÷åíî â [11], [16]�[18] ñîîòâåòñòâåííî. ×èñëåí-
íîå ìîäåëèðîâàíèå ïðîöåññà ìàññîïåðåíîñà ñ ãðàíè÷íûì óñëîâèåì ×åð÷èíüÿèè-Ëýìïèñ â
ïðÿìîóãîëüíîì êàíàëå îñóùåñòâëåíî â [19]. Â ïðåäñòàâëåííîé ðàáîòå â îòëè÷èå îò [13]�[16]
ïîëó÷åíû âûðàæåíèÿ äëÿ ïîòîêîâ òåïëà è ìàññû â öèëèíäðè÷åñêîì êàíàëå â çàäà÷å î òåï-
ëîâîì êðèïå íà îñíîâå êèíåòè÷åñêîãî óðàâíåíèÿ Âèëüÿìñà ñ èñïîëüçîâàíèåì çåðêàëüíî-
äèôôóçíîé ìîäåëè îòðàæåíèÿ ìîëåêóë ãàçà ïîâåðõíîñòüþ êàíàëà. Ðåøåíèå óðàâíåíèÿ
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Âèëüÿìñà áûëî ïîñòðîåíî ñ ïðèìíåíèåì ìåòîäà õàðàêòåðèñòèê [20]. Â øèðîêîì äèàïà-
çîíå èçìåíåíèÿ ÷èñëà Êíóäñåíà íàéäåíû çíà÷åíèÿ ïîòîêîâ òåïëà è ìàññû â çàâèñèìîñòè
îò êîýôôèöèåíòà àêêîìîäàöèè òàíãåíöèàëüíîãî èìïóëüñà. Ïðîâåäåíî ñðàâíåíèå ïîëó÷åí-
íûõ ðåçóëüòàòîâ ìîäåëèðîâàíèÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè [21]�[22] çíà÷åíèé ïîòîêà
ìàññû ãàçà â êàíàëå.

2. Ïîñòàíîâêà çàäà÷è. Ïîñòðîåíèå ôóíêöèè ðàñïðåäåëåíèÿ

Ðàññìîòðèì óñòàíîâèâøååñÿ òå÷åíèå ãàçà â äëèííîì öèëèíäèðè÷åñêîì êàíàëå ðàäèó-
ñà R′ . Ïðåäïîëîæèì, ÷òî â êàíàëå ïîääåðæèâàåòñÿ ïîñòîÿííûé ãðàäèåíò òåìïåðàòóðû,
íàïðàâëåííûé âäîëü åãî îñè Oz′ . Èçìåíåíèå ñîñòîÿíèÿ ãàçà áóäåì îïèñûâàòü óðàâíåíèåì
Âèëüÿìñà, êîòîðîå äëÿ ñòàíöèîíàðíîãî ðåæèìà òå÷åíèÿ ãàçà â äåêàðòîâîé ïðÿìîóãîëüíîé
ñèñòåìå êîîðäèíàò èìååò âèä [11]:

vx
∂f

∂x′
+ vy

∂f

∂y′
+ vz

∂f

∂z′
=

ω

γlg
(f∗ − f), (2.1)

ãäå ω = |v − u(r′)| ; v � ñêîðîñòü ìîëåêóë ãàçà; u(r′) � ìàññîâàÿ ñêîðîñòü ãàçà; r′ �
ðàçìåðíûé ðàäèóñ-âåêòîð; lg � ñðåäíÿÿ äëèíà ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà; γ = 5/2 ,
T0 � òåìïåðàòóðà ãàçà â íåêîòîðîé òî÷êå, ïðèíÿòîé â êà÷åñòâå íà÷àëà êîîðäèíàò;

f∗ = n∗

(
m

2πkBT∗

)3/2

exp

(
− m

2kBT∗
(v − u∗)

2

)
. (2.2)

Ïàðàìåòðû n∗ , T
∗ è u∗ â ôóíêöèè (2.2) âûáèðàåì èç óñëîâèÿ, ÷òî ìîäåëüíûé èíòåãðàë

ñòîëêíîâåíèé óäîâëåòâîðÿë çàêîíàì ñîõðàíåíèÿ ÷èñëà ÷àñòèö, èìïóëüñà è ýíåðãèè [23].
Â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ íà ñòåíêàõ êàíàëà èñïîëüçóåì ìîäåëü çåðêàëüíî-

äèôôóçíîãî îòðàæåíèÿ Ìàêñâåëëà (1.1). Â êà÷åñòâå ðàçìåðíîãî ìàñøòàáà äëèíû âûáåðåì
ðàäèóñ öèëèíäðà R′ , ïðè ýòîì ñîîòâåòñòâóþùèå áåçðàçìåðíûå âåëè÷èíû äëèíû áóäåì
îáîçíà÷àòü áåç øòðèõà. Áóäåì ïîëàãàòü, ÷òî áåçðàçìåðíûé ãðàäèåíò òåìïåðàòóðû ÿâëÿ-
åòñÿ ìàëûìè ïî àáñîëþòíîé âåëè÷èíå, ò. å.

GT =
1

T0

dT

dz
, |GT | ≪ 1, (2.3)

ãäå z = z′/R′ , R = 1 . Â ëèíåéíîì ïðèáëèæåíèè òåìïåðàòóðà ãàçà èìååò âèä

T (z) = T0(1 +GT z). (2.4)

Ëèíåàðèçóåì ëîêàëüíî-ðàâíîâåñíóþ ôóíêöèþ ðàñïðåäåëåíèÿ (1.2) ñ ïàðàìåò-
ðàìè, çàäàííûìè íà ñòåíêàõ êàíàëà, îòíîñèòåëüíî àáñîëþòíîãî ìàêñâåëëèàíà
f0(C) = n0(β/π)

3/2 exp (−C2) , ãäå β = m/(2kBT0) , C = β1/2v � áåçðàçìåðíàÿ ñêî-
ðîñòü ìîëåêóë ãàçà. Ïðåäïîëîæèì, ÷òî äàâëåíèå, ïîääåðæèâàåìîå â êàíàëå, ÿâëÿåòñÿ
ïîñòîÿííûì. Ó÷èòûâàÿ ïðè ýòîì, ÷òî p = n(z)kBT (z) , ïðèõîäèì ê ñëåäóþùåìó
âûðàæåíèþ äëÿ fΓ(r,C) :

fΓ(z,C) = f0(C)

(
1 +GT

(
C2 − 5

2

)
z

)
. (2.5)

Â ñèëó ìåäëåííîãî òå÷åíèÿ ãàçà è ïîñòîÿííîãî ñîñòîÿíèÿ òåïëîâîãî ðàâíîâåñèÿ ñî
ñòåíêàìè êàíàëà ïðîâåäåì ëèíåàðèçàöèþ ôóíêöèè ðàñïðåäåëåíèÿ f(r,C) îòíîñèòåëüíî
fΓ(z,C) è, ó÷èòûâàÿ âûðàæåíèå (2.5), ïðåäñòàâëÿåì åå êàê

f(r,C) = f0(C)

(
1 +GT

(
C2 − 5

2

)
z + h(x, y,C)

)
. (2.6)
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Ôóíêöèþ f∗(r
′,C) çàïèøåì â ñëåäóþùåì âèäå:

f∗(r,C) = f0(C)(1 + h∗(r,C)), (2.7)

h∗(r,C) =
δn∗

n(z)
+ 2CU∗ +

(
C2 − 3

2

)
δT∗
T (z)

. (2.8)

Ïîäñòàâèâ (2.7) â ìîäåëüíîå êèíåòè÷åñêîå óðàâíåíèå Âèëüÿìñà (2.1), ïîëó÷èì ëèíåà-
ðèçîâàííîå ðåëàêñàöèîííîå óðàâíåíèå äëÿ îïðåäåëåíèÿ ôóíêöèè h(x, y,C) :

(
Cx
∂h

∂x
+ Cy

∂h

∂y
+ CzGT

(
C2 − 5

2

))
γKn+ Ch(x, y,C) =

=
C

2π

∫
C ′ exp(−C ′2)k(C,C′)h(x, y,C′)d3C′, (2.9)

ãäå k(C,C′) = 1 + 3CC′/2 + (C2 − 2) (C ′2 − 2) /2 .
Ïðåäñòàâèì ôóíêöèþ h(x, y,C) â âèäå:

h(x, y,C) = γKnGTCz

(
C − 5

2C

)
Z(x, y, Cx, Cy). (2.10)

Ïîäñòàâèâ (2.10) â (2.9), ïîëó÷èì:(
Cx
∂Z

∂x
+ Cy

∂Z

∂y

)
γKn+ CZ(x, y, Cx, Cy) + C = 0 (2.11)

ñ ãðàíè÷íûì óñëîâèåì

Z(xΓ, yΓ, Cx, Cy) = (1− α)Z(xΓ, yΓ, C
∗
x, C

∗
y ), xΓCx + yΓCy < 0,

C∗ = C− 2n(nC),

ãäå C∗ � áåçðàçìåðíàÿ ìîëåêóëÿðíàÿ ñêîðîñòü äî îòðàæåíèÿ, a x2Γ + y2Γ = 1 . Èçìåíåíèå
ôóíêöèè âäîëü òðàåêòîðèè (õàðàêòåðèñòèêè)

dr⊥ = C⊥dt, (2.12)

îïðåäåëÿåòñÿ óðàâíåíèåì:

∂Z

∂r⊥
C⊥γKn sin θ + C⊥Z(x, y, φ, θ) + C⊥ = 0, (2.13)

C = (C⊥ cosφ,C⊥ sinφ,Cz) , C⊥ = (C⊥ cosφ,C⊥ sinφ) , C⊥ = C sin θ,

ãäå C⊥ � âåêòîð ïðîåêöèè C íà ïëîñêîñòü, ïåðïåíäèêóëÿðíóþ îñè z′ ; Z̃(x, y, φ, θ) ≡
Z(x, y, Cx, Cy) , ãäå óãëû φ è θ îòñ÷èòûâàþòñÿ îò ïîëîæèòåëüíûõ íàïðàâëåíèé îñåé Cx

è Cz ñîîòâåòñòâåííî. Äàëåå çíàê òèëüäû áóäåì îïóñêàòü. Ïåðåïèøåì óðàâíåíèå (2.13) â
âèäå:

dZ = − 1

γKn sin θ
(C⊥Z(x, y, φ, θ) + C⊥) dt. (2.14)

Ðåøåíèåì óðàâíåíèÿ (2.14) ÿâëÿåòñÿ ôóíêöèÿ

Z = A exp

(
− C⊥t

γKn sin θ

)
− 1, (2.15)
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ãäå A � ïîñòîÿííàÿ èíòåãðèðîâàíèÿ; t � âðåìÿ äâèæåíèÿ ìîëåêóëû âäîëü âäîëü òðà-
åêòîðèè îò ãðàíèöû, íà êîòîðîé ïðîèñõîäèò îòðàæåíèå, äî òî÷êè r⊥ ñî ñêîðîñòüþ C⊥ .
Çíà÷åíèå ïàðàìåòðà õàðàêòåðèñòèêè â òî÷êå n -ãî îòðàæåíèÿ îáîçíà÷èì tn : tn > tn−1 .
Ñëåäóÿ [24], ðàññìîòðèì ôóíêöèþ (2.15) íà èíòåðâàëå (tn−1, tn) . Â ýòîì ñëó÷àå 0 ≤ t ≤ Tn .
Òàê êàê òðàåêòîðèè äâèæåíèÿ ïðåäñòàâëÿþò ñîáîé õîðäû îêðóæíîñòè ðàâíûõ äëèí (Ðèñ.
2.1), òî ïàðàìåòð Tn , îïðåäåëÿþùèé âðåìÿ äâèæåíèÿ ìîëåêóëû ñî ñêîðîñòüþ C⊥ îò òî÷-
êè r⊥,Γ,n−1 äî òî÷êè r⊥,Γ,n , íå çàâèñèò îò âûáîðà íîìåðà òî÷êè n : Tn = T . Çàìåòèâ, ÷òî
ðåøåíèåì óðàâíåíèÿ (2.12) íà èíòåðâàëå (tn−1, tn) ÿâëÿåòñÿ âåêòîð-ôóíêöèÿ

r⊥ = r⊥,Γ,n−1 +C⊥t, (2.16)

ïðèõîäèì ê ñëåäóþùåìó óðàâíåíèþ äëÿ îïðåäåëåíèÿ T :

r⊥,Γ,n = r⊥,Γ,n−1 +C⊥T. (2.17)

x
 

y  

1

1-  

1

O
 

G  

1-  

1-nt  

^C  

2-nt  

^r  

1,, -G^ nr

j  

n,,G^r  

nt  

3-nt  

Ð è ñ ó í î ê 2.1

Òðàåêòîðèè äâèæåíèÿ ìîëåêóëû íà ïðîìåæóòêàõ (tn−1, tn) , (tn−2, tn−1) è (tn−3, tn−2)

Â òî÷êå îòðàæåíèÿ t = tn ôóíêöèÿ Z(t) ≡ Z(t(x, y, φ, θ)) èñïûòûâàåò ñêà÷îê:

Z(tn + 0) = (1− α)Z(tn − 0). (2.18)

Çíàê +/− îáîçíà÷àåò ïðåäåë ôóíêöèè Z(t) â òî÷êå îòðàæåíèÿ tn ñïðàâà èëè ñëåâà
ïî âðåìåíè ïðîëåòà. Â ìîìåíò íà÷àëà îòñ÷åòà âðåìåíè ( t = 0 )

Z(tn−1 + 0) = A− 1. (2.19)

Èç (2.19) íàõîäèì ïîñòîÿííóþ èíòåãðèðîâàíèÿ A :

A = Z(tn−1 + 0) + 1. (2.20)

Ó÷èòûâàÿ, ÷òî tn − 0 = tn−1 + T è âûðàæåíèå (2.20), èìååì

Z(tn − 0) = (Z(tn−1 + 0) + 1) exp

(
− C⊥T

γKn sin θ

)
− 1. (2.21)

Î.Â. Ãåðìèäåð, Â.Í. Ïîïîâ. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññîâ ïåðåíîñà . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 1 69

Ïîäñòàâëÿÿ (2.18) â (2.21), ïîëó÷èì ñëåäóþùåå ðåêóððåíòíîå ñîîòíîøåíèå äëÿ íàõîæ-
äåíèÿ Z(tn + 0) :

Z(tn + 0) = (1− α)

(
Z(tn−1 + 0) exp

(
− C⊥T

γKn sin θ

)
+ exp

(
− C⊥T

γKn sin θ

)
− 1

)
. (2.22)

Ñîãëàñíî (2.22) çàïèøåì äëÿ ôóíêöèè Z(tn−1 + 0) ñëåäóþùåå âûðàæåíèå:

Z(tn−1 + 0) = (1 − α)

(
Z(tn−2 + 0) exp

(
− C⊥T

γKn sin θ

)
+ exp

(
− C⊥T

γKn sin θ

)
− 1

)
. (2.23)

Ïîäñòàâèì (2.23) â (2.22). Çàòåì ñ ïîìîùüþ ñîîòíîøåíèÿ (2.22), âûðàæàÿ Z(tn−2 + 0)
÷åðåç Z(tn−3 + 0) è ò. ä., ïîëó÷èì:

Z(tn + 0) = (1− α)

(
exp

(
− C⊥T

γKn sin θ

)
− 1

)
+

+(1− α)2
(
exp

(
− C⊥T

γKn sin θ

)
− 1

)
exp

(
− C⊥T

γKn sin θ

)
+

+(1− α)3
(
exp

(
− C⊥T

γKn sin θ

)
− 1

)
exp

(
− 2C⊥T

γKn sin θ

)
+ . . .

(2.24)

Ó÷èòûâàÿ, ÷òî âûðàæåíèå (2.24) ïðåäñòàâëÿåò ñîáîé ñóììó áåñêîíå÷íî óáûâàþùåé
ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì (1 − α) exp (−C⊥T/(γKn sin θ)) , íàéäåì ïî-
ñòîÿííóþ A èç ðàâåíñòâà (2.20):

A = 1 +

(1− α)

(
exp

(
− C⊥T

γKn sin θ

)
− 1

)
1− (1− α) exp

(
− C⊥T

γKn sin θ

) . (2.25)

Òàêèì îáðàçîì, äëÿ òîãî ÷òîáû ñîîòíîøåíèÿ (2.15) è (2.25) ïîëíîñòüþ îïðåäåëÿëè
ôóíêöèþ Z(x, y, φ, θ) â ñëó÷àå çåðêàëüíî-äèôôóçíîãî îòðàæåíèÿ ìîëåêóë îò âíóòðåííåé
ïîâåðõíîñòè êàíàëà, íåîáõîäèìî ïîëó÷èòü ÿâíûé âèä ïàðàìåòðîâ t è T ÷åðåç x , y , φ .

Äëÿ îïðåäåëåíèÿ ïàðàìåòðà t ðàññìîòðèì óðàâíåíèå (2.16), èç êîòîðîãî ñëåäóåò, ÷òî

r2⊥,Γ,n−1 = r2⊥ − 2C⊥r⊥t+ C2
⊥t

2. (2.26)

Ó÷èòûâàÿ, ÷òî r⊥,Γ,n−1 = R = 1 è C⊥r⊥,Γ,n−1 < 0 , èç óðàâíåíèÿ (2.26) íàéäåì t :

t =
C⊥r⊥t+

√
C2

⊥ (1− r2⊥)− (C⊥r⊥)2

C2
⊥

=

= −
x cosφ+ y sinφ+

√
1− (y cosφ− x sinφ)2

C⊥
.

(2.27)

Ñêàëÿðíî óìíîæàÿ ëåâóþ è ïðàâóþ ÷àñòè âåêòîðíîãî óðàâíåíèÿ (2.16) íà C⊥ , âûðà-
çèì t èç ïîëó÷åííîãî ðàâåíñòâà. Ñðàâíåíèå äàííîãî âûðàæåíèÿ äëÿ t ñ (2.27) ïîçâîëÿåò
ñäåëàòü ñëåäóþùèé âûâîä:

C⊥r⊥,Γ,n−1 = −
√
C2

⊥ (1− r2⊥)− (C⊥r⊥)2 = −C⊥
√

1− (y cosφ− x sinφ)2. (2.28)

Ïàðàìåòð T íàéäåì èç óðàâíåíèÿ (2.17), ó÷èòûâàÿ ïðè ýòîì (2.28):

T = −2C⊥r⊥,Γ,n−1

C2
⊥

=
2
√
1− (y cosφ− x sinφ)2

C⊥
. (2.29)
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Òàêèì îáðàçîì, ïðè ïîäñòàíîâêå ïîëó÷åííûõ âûðàæåíèé (2.25), (2.27) è (2.29) â (2.15)
ôóíêöèÿ Z(x, y, φ, θ) ïðèíèìàåò âèä:

Z(x, y, φ, θ) =

α exp

(
−
x cosφ+ y sinφ+

√
1− (y cosφ− x sinφ)2

γKn sin θ

)

1− (1− α) exp

(
−
2
√
1− (y cosφ− x sinφ)2

γKn sin θ

) − 1. (2.30)

Äëÿ òîãî ÷òîáû ïîëó÷èòü âûðàæåíèå äëÿ ôóíêöèè (2.30), çàïèñàííîå â öèëèíäðè÷å-
ñêèõ ñèñòåìàõ êîîðäèíàò â êîíôèãóðàöèîííîì ïðîñòðàíñòâå è ïðîñòðàíñòâå ñêîðîñòåé,
âûïîëíèì çàìåíó ïåðåìåííûõ â (2.30) ïî ôîðìóëàì x = ρ cosϕ , y = ρ sinϕ , ρ = r⊥ ;
Cρ = C⊥ cosψ , Cξ = C⊥ sinψ . Ó÷èòûâàÿ ïðè ýòîì, ÷òî ψ = φ− ϕ , çàïèøåì:

Z(ρ, ψ, θ) =
α exp(−ξ1(ρ, ψ, θ))

exp(ξ2(ρ, ψ, θ))− (1− α) exp(−ξ2(ρ, ψ, θ))
− 1, (2.31)

ξ1(ρ, ψ, θ) =
ρ cosψ

γKn sin θ
, ξ2(ρ, ψ, θ) =

√
1− ρ2 sin2 ψ

γKn sin θ
. (2.32)

Âûðàæåíèå (2.31) ñîâïàäàåò ñ ðåçóëüòàòîì, ïîëó÷åííûì â ðàáîòå [25] ïðè ìîäåëèðîâà-
íèè òå÷åíèÿ â êàíàëå íà îñíîâàíèè óðàâíåíèÿ Âèëüÿìñà, çàïèñàííîãî â öèëèíäðè÷åñêîé
ñèñòåìå êîîðäèíàò.

3. Âû÷èñëåíèå ïîòîêîâ òåïëà è ìàññû ãàçà â êàíàëå. Àíàëèç ïî-

ëó÷åííûõ ðåçóëüòàòîâ

Ïîñòðîåííàÿ ôóíêöèÿ (2.6) ïîçâîëÿåò âîññòàíîâèòü áåçðàçìåðíûå z -êîìïîíåíòû âåê-
òîðà ïîòîêà òåïëà qz(x, y) è ìàññîâîé ñêîðîñòè ãàçà Uz(x, y) â êàíàëå:

qz(x, y) =
γKnGT

π3/2

∫
exp

(
−C2

) C2
z

C

(
C2 − 5

2

)2

Z(x, y, φ, θ)d3C = −3GTγKn

2
√
π

×

×

1− 3α

2π

π∫
0

cos2 θ sin θdθ

π∫
0

exp

(
−
x cosφ+ y sinφ+

√
1− (y cosφ− x sinφ)2

γKn sin θ

)

1− (1− α) exp

(
−
2
√

1− (y cosφ− x sinφ)2

γKn sin θ

) dφ

 ,

(3.1)

Uz(x, y) =
γKnGT

π3/2

∫
exp

(
−C2

) C2
z

C

(
C2 − 5

2

)
Z(x, y, φ, θ)d3C = −2

9
qz(x, y), (3.2)

ãäå qz(x, y) è Uz(x, y) â (3.1) è (3.2) ñâÿçàíû ñ ðàçìåðíûìè âåëè÷èíàìè ñîîòíîøåíèÿìè [2]:

qz(x, y) =
β1/2

p0
q′z(x, y), q′z(x, y) =

m

2

∫
(vz − uz(r))|v − u(r)|2f(r,v)d3v, (3.3)

Uz(x, y) = β1/2uz(x, y), uz(x, y) =
1

n(z)

∫
vzf(r,v)d

3v. (3.4)
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Ñîãëàñíî [1], îïðåäåëèì ïðèâåäåííûå ïîòîêè òåïëà JQ è ìàññû ãàçà JM â êàíàëå êàê

JQ =
8

π

1∫
0

dy

√
1−y2∫
0

qz(x, y)dx, JM =
8

π

1∫
0

dy

√
1−y2∫
0

Uz(x, y)dx. (3.5)

Â ñëó÷àå ïîëíîé àêêîìîäàöèè ìîëåêóë ãàçà ñòåíêàìè êàíàëà (α = 1 ) âûðàæåíèå (3.1)
ïðèìåò âèä:

qz(x, y) = −3GT γKn
2
√
π

×

×

(
1− 3

2π

π∫
0

cos2 θ sin θdθ
π∫
0

exp

(
−
x cosφ+ y sinφ+

√
1− (y cosφ− x sinφ)2

γKn sin θ

)
dφ

)
.

(3.6)
Â òàáëèöå 1 ïðèâåäåíû çíà÷åíèÿ âåëè÷èíû JT,M/GT , âû÷èñëåííûå ïî ôîðìóëå (3.5)

ñ èñïîëüçîâàíèåì ñèñòåìû êîìïüþòåðíîé àëãåáðû Maple 18, â ñðàâíåíèè ðåçóëüòàòàìè,
ïîëó÷åííûìè â [21]�[22] íà îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ ìàññîâîãî ïîòîêà íåñòàí-
öèîíàðíûì ìåòîäîì äëÿ He , Ne è Ar . Îòíîñèòåëüíàÿ ïîãðåøíîñòü èçìåðåíèé â õîäå
ýêñïåðèìåíòîâ ñîñòàâèëà 2 %. Àíàëèç ðåçóëüòàòîâ, ïðåäñòàâëåííûõ â òàáëèöå 1, ïîêàçàë,
÷òî ïðè Kn = 1/2 è Kn = 1/3 îòëè÷èå çíà÷åíèé JT,M/GT , íàéäåííûõ ïî ôîðìóëå (3.5)
äëÿ α = 0.895 , 0.925 è 0.927 , îò ñîîòâåòñòâóþùèõ çíà÷åíèé ìàññîâîãî ïîòîêà â [22] è
[21] äëÿ He è Ne íå ïðåâûøàåò 7 %, à äëÿ Ar ñîñòàâëÿåò 6 % [21]. Ñ óìåíüøåíèåì
÷èñëà Êíóäñåíà ðàçëè÷èå óâåëè÷èâàåòñÿ, ïîñêîëüêó ïðè ïåðåõîäå ê ãèäðîäèíàìè÷åñêîìó
ïðåäåëó óðàâíåíèå Âèëüÿìñà ïðèâîäèò ê çíà÷åíèþ ÷èñëà Ïðàíäòëÿ, êîòîðîå îòëè÷àåòñÿ
îò ñîîòâåòñòâóþùåãî çíà÷åíèÿ äëÿ îäíîàòîìíîãî ãàçà [26].

Òàáëèöà 1: Çíà÷åíèÿ JT,M/GT â ñðàâíåíèè ñ ýêñïåðèìåíòàëüíûìè äàííûìè [21]�[22]

Kn−1 α = 0.895 He α = 0.925 Ne α = 0.927 Ar
(3.5) [22] [21] (3.5) [22] [21] (3.5) [22]

2 0.2839 0.282 0.2906 0.2801 0.274 0.2859 0.2798 0.283
3 0.2138 0.227 0.2314 0.2118 0.221 0.2304 0.2117 0.225
4 0.1712 0.191 0.1907 0.1700 0.187 0.1899 0.1698 0.188
5 0.1425 0.164 0.1607 0.1417 0.161 0.1605 0.1416 0.162
6 0.1220 0.143 0.1384 0.1214 0.139 0.1382 0.1214 0.142
7 0.1065 0.125 0.1217 0.1061 0.122 0.1210 0.1061 0.120
8 0.0946 0.111 0.1091 0.0942 0.108 0.1076 0.0942 0.113
9 0.0850 0.0995 0.0982 0.0847 0.0972 0.0969 0.0847 0.101
10 0.0772 0.0908 0.0896 0.0770 0.0889 0.0887 0.0769 0.0913
20 0.0401 0.0486 0.0618 0.0401 0.0471 0.0615 0.0400 0.0497
30 0.0271 0.0328 0.0473 0.0270 0.0317 0.0475 0.0270 0.0336

Â òàáëèöå 2 äëÿ ñðàâíåíèÿ ïðèâåäåíû ðåçóëüòàòû ðàáîòû [6] ïðè α = 1 , 0.8 è 0.6 , ïî-
ëó÷åííûå ñ èñïîëüçîâàíèåì S-ìîäåëè ìåòîäîì äèñêðåòíûõ îðäèíàò. Àíàëèç äàííûõ, ïðåä-
ñòàâëåííûõ â òàáëèöå 2, ïîêàçàë, ÷òî óìåíüøåíèå êîýôôèöèåíòà àêêîìîäàöèè òàíãåíöè-
àëüíîãî èìïóëüñà ïðèâîäèò ê óâåëè÷åíèþ ìàññîâîãî ïîòîêà â êàíàëå. Ïðè ýòîì íàáëþäà-
åòñÿ óìåíüøåíèå ðàçëè÷èé çíà÷åíèé JT,M/GT , íàéäåííûõ â ðàìêàõ S-ìîäåëè è óðàâíåíèÿ
Âèëüÿìñà, ïðè Kn < 0.5 . Ïðè ïðèáëèæåíèè ê ñâîáîäíîìîëåêóëÿðíîìó ðåæèìó ïðîèñõî-
äèò â öåëîì óâåëè÷åíèå ðàçëè÷èé, êîòîðîå íå ïðåâîñõîäèò 1 % ïðè Kn = 1000 è 6 % ïðè
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Kn = 100 . Îòëè÷èå ïðèâåäåííûõ çíà÷åíèé ïîòîêà ìàññû ãàçà îò [6] íå ïðåâûøàåò 8 %
ïðè Kn > 10 .

Òàáëèöà 2: Çíà÷åíèÿ JT,M/GT â çàâèñèìîñòè îò α = 1, 0.8 è 0.6

Kn
α

1 0.8 0.6
(3.5) [6] (3.5) [6] (3.5) [6]

0.0001 0.0001 − 0.0001 − 0.0001 −
0.0010 0.0008 − 0.0008 − 0.0008 −
0.0100 0.0083 − 0.0083 − 0.0083 −
0.1000 0.0765 0.1014 0.0778 0.0962 0.0792 0.0908
0.5000 0.2705 0.3016 0.2965 0.3118 0.3238 0.3230
1.0000 0.3881 0.3959 0.4529 0.4372 0.5264 0.4865
2.0000 0.4977 0.4779 0.6209 0.5648 0.7742 0.6769
5.0000 0.6080 0.5675 0.8165 0.7244 1.1066 0.9435
10.000 0.6632 0.6210 0.9266 0.8297 1.3166 1.1341
100.00 0.7376 0.7243 1.0919 1.0530 1.6687 1.5775
1000.0 0.7502 0.7486 1.1230 1.1166 1.7525 1.7237
10000 0.7520 − 1.1267 − 1.7513 −

Äëÿ ðåæèìà òå÷åíèÿ, áëèçêîãî ê ñâîáîäíîìîëåêóëÿðíîìó, âûðàæåíèå (3.5) äëÿ ïðèâå-
äåííîãî ïîòîêà ìàññû ìîæåò áûòü ïðåäñòàâëåíî â âèäå ðÿäà ïî ìàëîìó ïàðàìåòðó Kn−1 .
Â ýòîì ñëó÷àå, îãðàíè÷èâàÿñü ÷ëåíàìè ðàçëîæåíèÿ ïîðÿäêà Kn−1 , ïîëó÷èì:

JT,M
GT

=
4 · (2− α)

3α
√
π

− 2 · (α2 − 6α + 6)

5α2πKn
(ln 2 + 2 lnKn− 2) . (3.7)

Ïåðâîå ñëàãàåìîå â (3.7) îïðåäåëÿåò ïðèâåäåííûé ïîòîê ìàññû ãàçà â ñâîáîäíîìîëå-
êóëÿðíîì ðåæèìå â ðàìêàõ çåðêàëüíî-äèôôóçíîé ìîäåëè îòðàæåíèÿ è ñîâïàäàåò ñ âû-
ðàæåíèåì [1]. Â ñëó÷àå ïîëíîé àêêîìîäàöèè ìîëåêóë ãàçà ñòåíêàìè êàíàëà âûðàæåíèå
(3.7) ñòàíîâèòñÿ ðàâíûì JT,M = 4GT/(3

√
π) . Ïðè Kn ≥ 100 çíà÷åíèÿ, ïîëó÷åííûå íà

îñíîâå àñèìïòîòè÷åñêîé ôîðìóëû (3.7), ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè, ïðåäñòàâëåííûìè â
òàáëèöå 2, äëÿ êàæäîãî èç ïðèâåäåííûõ çíà÷åíèé α . Òàê, äëÿ Kn = 100 è α = 0.6 ,
0.8 ïðèâåäåííûå ïîòîêè ìàññû ãàçà ñîãëàñíî (3.7) ïðèíèìàþò çíà÷åíèÿ JT,M = 1.6781GT ,
1.0994GT , êîòîðûå ïðåâûøàþò àíàëîãè÷íûå çíà÷åíèÿ JT,M = 1.6687GT , 1.0919GT , âû-
÷èñëåííîå ïî (3.5) íå áîëåå ÷åì íà 0.7 % êàê è â ñëó÷àå äèôôóçíîé ìîäåëè îòðàæåíèÿ.

Äëÿ ðåæèìîâ òå÷åíèÿ, áëèçêèõ ê ãèäðîäèíàìè÷åñêîìó, âûðàæåíèå (3.2) ïðèáëèæàåò-
ñÿ ê çíà÷åíèþ UT,z(x, y) = GTγKn/(3

√
π) . Ïðèâåäåííûé ïîòîê ìàññû (3.5) â ýòîì ñëó÷àå

èìååò ïðåäåë JT,M = 5GTKn/6 . Òàêèì îáðàçîì, äëÿ ðåæèìîâ, áëèçêèõ ê ãèäðîäèíàìè÷å-
ñêîìó ðåæèìó, ïðèâåäåííûå ïîòîêè òåïëà è ìàññû íå çàâèñÿò îò êîýôôèöèåíòà àêêîìî-
äàöèè òàíãåíöèàëüíîãî èìïóëüñà.

4. Çàêëþ÷åíèå

Â ðàáîòå â ðàìêàõ êèíåòè÷åñêîãî ïîäõîäà ñ ïðèìåíåíèåì ìåòîäà õàðàêòåðèñòèê ðåøåíà
çàäà÷à î ïåðåíîñå òåïëà è ìàññû ãàçà â öèëèíäðè÷åñêîì êàíàëå ïîä äåéñòâèåì ïîñòîÿí-
íîãî ãðàäèåíòà òåìïåðàòóðû. Ïîëó÷åíû âûðàæåíèÿ äëÿ ïðèâåäåííûõ ïîòîêîâ òåïëà è
ìàññû ãàçà êàê ëèíåéíûå ôóíêöèè îò ãðàäèåíòà òåìïåðàòóðû è âû÷èñëåíû çíà÷åíèÿ ýòèõ
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ïîòîêîâ äëÿ ðåæèìîâ òå÷åíèÿ îò ñâîáîäíîìîëåêóëÿðíîãî äî ãèäðîäèíàìè÷åñêîãî. Ïîêàçà-
íî ñóùåñòâåííîå âëèÿíèå êîýôôèöèåíòà àêêîìîäàöèè òàíãåíöèàëüíîãî èìïóëüñà ìîëåêóë
ãàçà íà âåëè÷èíó ïîòîêà ìàññû ãàçà, ïðè÷åì íàèáîëüøåå îòêëîíåíèå çíà÷åíèé ìàññîâîãî
ïîòîêà ïðè íåïîëíîé àêêîìîäàöèè ìîëåêóë ãàçà íà ñòåíêàõ îò ñîîòâåòñòâóþùèõ çíà÷åíèé
äëÿ äèôôóçíîé ìîäåëè îòðàæåíèÿ, íàáëþäàëîñü ïðè ïðèáëèæåíèè ê ñâîáîäíîìîëåêó-
ëÿðíîìó ðåæèìó. Äëÿ äðóãèõ ðåæèìîâ òå÷åíèÿ çíà÷åíèÿ ïîòîêà ìàññû òàêæå âîçðàñòàþò
ïðè óìåíüøåíèè êîýôôèöèåíòà àêêîìîäàöèè òàíãåíöèàëüíîãî èìïóëüñà, íî áîëåå ìåäëåí-
íî, äîñòèãàÿ àñèìïòîòè÷åñêîãî ïðåäåëà â ãèäðîäèíàìè÷åñêîì ðåæèìå òå÷åíèÿ. Ïðîâåäåí
ñðàâíèòåëüíûé àíàëèç ñ ðåçóëüòàòàìè, ïîëó÷åííûìè â ðàìêàõ S-ìîäåëè êèíåòè÷åñêîãî
óðàâíåíèÿ Áîëüöìàíà ñ ïîñòîÿííîé ÷àñòîòîé ñòîëêíîâåíèÿ, à òàêæå ñ ýêñïåðèìåíòàëü-
íûìè äàííûìè. Ïîëó÷åíû ïðîñòûå ôîðìóëû äëÿ îïðåäåëåíèÿ ïðèâåäåííûõ ïîòîêîâ â
ðåæèìàõ òå÷åíèÿ, áëèçêèõ ê ñâîáîäíîìîëåêóëÿðíîìó. Ðàññìîòðåííûé ìåòîä ïîñòðîåíèÿ
ðåøåíèÿ ìîäåëüíîãî óðàâíåíèÿ Âèëüÿìñà, óäîâëåòâîðÿþùåãî çåðêàëüíî-äèôôóçíîé ìî-
äåëè ìîëåêóë ãàçà ñòåíêàìè êàíàëà, ìîæåò áûòü òàêæå ïðèìåíåí ê êàíàëàì ñ äðóãîé
êîíôèãóðàöèåé ñå÷åíèÿ.
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Mathematical modeling of transport processes in

a cylindrical channel

c⃝ O.V. Germider 3, V.N. Popov 4

Abstract. In the framework of the kinetic approach, a solution of heat and mass transfer problems
in a long cylindrical channel is found using a mirror-di�use model of the Maxwell boundary
condition. The Williams equation is used as the main equation describing the kinetics of the
process, assuming that a constant longitudinal temperature gradient is maintained in the channel.
The Williams equation is written in the Cartesian coordinate system. The solution of the linearized
problem of nonisothermal �ow of the rare�ed gas through the channel is obtained using the method
of characteristics. It is shown that the type of the boundary condition becomes decisive in the
construction of this solution. In a wide range of the Knudsen numbers, the reduced heat and gas
mass �ows through the cross-section of the channel are calculated depending on the accommodation
coe�cient of the tangential pulse. Limiting expressions of these �ows for the free molecular and
hydrodynamic �ow regimes are obtained. The comparison with similar results presented in the open
press is carried out. The obtained results can be used in the development of new nanotechnology.

Key Words: kinetic Boltzmann equation, Williams equation, mirror-di�use re�ection, mirror-
di�use model, Maxwell model, analytic solution, Knudsen number.
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