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Óñëîâèÿ íåëîêàëüíîé ðàçðåøèìîñòè ñèñòåìû ñî

ñâîáîäíûìè ÷ëåíàìè äëÿ ñëó÷àÿ ïîëîæèòåëüíûõ

êîýôôèöèåíòîâ

c⃝ Ì. Â. Äîíöîâà 1

Àííîòàöèÿ. Ðàññìîòðåíà çàäà÷à Êîøè äëÿ ñèñòåìû äâóõ êâàçèëèíåéíûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ñî ñâîáîäíûìè ÷ëåíàìè äëÿ ñëó÷àÿ
ïîëîæèòåëüíûõ êîýôôèöèåíòîâ. Èññëåäîâàíèå ðàçðåøèìîñòè çàäà÷è Êîøè îñíîâàíî íà ìåòî-
äå äîïîëíèòåëüíîãî àðãóìåíòà, êîòîðûé ïîçâîëÿåò îïðåäåëèòü óñëîâèÿ ðàçðåøèìîñòè çàäà÷è
Êîøè â èñõîäíûõ êîîðäèíàòàõ áåç ïðèâëå÷åíèÿ òåîðåìû îá îáðàòíîé ôóíêöèè. Äîêàçàíî ñó-
ùåñòâîâàíèå ëîêàëüíîãî ðåøåíèÿ çàäà÷è Êîøè, ãëàäêîñòü êîòîðîãî íå íèæå, ÷åì ãëàäêîñòè
íà÷àëüíûõ óñëîâèé. Îïðåäåëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ íåëîêàëüíîãî ðåøåíèÿ
çàäà÷è Êîøè, ïðîäîëæåííîãî êîíå÷íûì ÷èñëîì øàãîâ èç ëîêàëüíîãî ðåøåíèÿ. Äîêàçàòåëü-
ñòâî íåëîêàëüíîé ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ ñèñòåìû äâóõ êâàçèëèíåéíûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ñî ñâîáîäíûìè ÷ëåíàìè äëÿ
ñëó÷àÿ ïîëîæèòåëüíûõ êîýôôèöèåíòîâ îïèðàåòñÿ íà îðèãèíàëüíûå ãëîáàëüíûå îöåíêè.

Êëþ÷åâûå ñëîâà: ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà, ãëîáàëüíûå îöåíêè, çàäà÷à Êîøè,
óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà.

1. Ââåäåíèå

Ðàññìîòðèì ñèñòåìó âèäà{
∂tu (t, x) + (a(t)u(t, x) + b(t)v(t, x))∂xu (t, x) = f1(t, x),
∂tv(t, x) + (c(t)u(t, x) + g(t)v(t, x))∂xv(t, x) = f2(t, x),

(1.1)

ãäå u(t, x), v(t, x) � íåèçâåñòíûå ôóíêöèè, f1, f2, a(t), b(t), c(t), g(t) � èçâåñòíûå ôóíê-
öèè, a(t) > 0, b(t) > 0, c(t) > 0, g(t) > 0, t ∈ [0, T ].

Äëÿ ñèñòåìû óðàâíåíèé (1.1) îïðåäåëèì íà÷àëüíûå óñëîâèÿ:

u(0, x) = φ1(x), v(0, x) = φ2(x). (1.2)

Çàäà÷à (1.1), (1.2) îïðåäåëåíà íà

ΩT = {(t, x) |0 ≤ t ≤ T, x ∈ (−∞,+∞), T > 0}.

Ñèñòåìû âèäà (1.1) âñòðå÷àþòñÿ â ñàìûõ ðàçíûõ çàäà÷àõ èç îáëàñòè åñòåñòâåííûõ
íàóê. Äëÿ èññëåäîâàíèÿ ñèñòåì âèäà (1.1) ïðèìåíÿëèñü ñàìûå ðàçíîîáðàçíûå ïîäõîäû. Â
[1] ñîäåðæèòñÿ àíàëèç ðàçðåøèìîñòè ñèñòåì òèïà (1.1) íà îñíîâå êëàññè÷åñêîãî ìåòîäà
õàðàêòåðèñòèê è ñ èñïîëüçîâàíèåì ïîíÿòèÿ îáîáùåííîãî ðåøåíèÿ.
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Â ðàìêàõ êëàññè÷åñêîãî ìåòîäà õàðàêòåðèñòèê èññëåäîâàíèå ñâîäèòñÿ ê èññëåäîâàíèþ
íåëèíåéíîé ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé, ãäå ïðèñóòñòâóåò ñóïåðïîçèöèÿ íåèçâåñò-
íûõ ôóíêöèé. Ïîñëå íàõîæäåíèÿ ðåøåíèÿ â õàðàêòåðèñòè÷åñêèõ ïåðåìåííûõ äëÿ ïîëó-
÷åíèÿ ðåøåíèÿ èñõîäíîé çàäà÷è (1.1), (1.2) òðåáóåòñÿ ïåðåéòè îò õàðàêòåðèñòè÷åñêèõ ïå-
ðåìåííûõ ê ïåðåìåííûì (t, x). Ïîñëåäíÿÿ çàäà÷à âî ìíîãèõ ñëó÷àÿõ òðóäíîðàçðåøèìà,
ïîýòîìó ïðèíèìàþò äîïóñòèìîñòü îáðàòíîãî ïðåîáðàçîâàíèÿ ïåðåìåííûõ â êà÷åñòâå óñëî-
âèÿ [1].

Çàäà÷à îïðåäåëåíèÿ óñëîâèé ðàçðåøèìîñòè â èñõîäíûõ êîîðäèíàòàõ ñèñòåì íåëèíåé-
íûõ è êâàçèëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ýôôåêòèâíî ðå-
øàåòñÿ â ðàìêàõ ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà [2-7]. Â ðàáîòå [2] ñ ïîìîùüþ ìåòîäà
äîïîëíèòåëüíîãî àðãóìåíòà îïðåäåëåíû óñëîâèÿ ëîêàëüíîé ðàçðåøèìîñòè çàäà÷è Êîøè â
èñõîäíûõ êîîðäèíàòàõ äëÿ ñèñòåìû äâóõ êâàçèëèíåéíûõ óðàâíåíèé, ïðè êîòîðûõ ðåøåíèå
èìååò ìåíüøóþ ãëàäêîñòü, ÷åì íà÷àëüíûå ôóíêöèè φ1(x), φ2(x) è óêàçàíû ãðàíèöû èí-
òåðâàëà ðàçðåøèìîñòè. Â äàííîé ðàáîòå îïðåäåëåíû óñëîâèÿ íåëîêàëüíîé ðàçðåøèìîñòè
çàäà÷è Êîøè äëÿ ñèñòåìû (1.1) ñ ïîìîùüþ ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà.

2. Ñóùåñòâîâàíèå ëîêàëüíîãî ðåøåíèÿ

Â ñîîòâåòñòâèè ñ ìåòîäîì äîïîëíèòåëüíîãî àðãóìåíòà çàïèøåì äëÿ çàäà÷è (1.1), (1.2)
ðàñøèðåííóþ õàðàêòåðèñòè÷åñêóþ ñèñòåìó [2-7]:

dη1(s, t, x)

ds
= a(s)w1(s, t, x) + b(s)w3(s, t, x), (2.1)

dη2(s, t, x)

ds
= c(s)w4(s, t, x) + g(s)w2(s, t, x), (2.2)

dw1(s, t, x)

ds
= f1(s, η1), (2.3)

dw2(s, t, x)

ds
= f2(s, η2), (2.4)

w3(s, t, x) = w2(s, s, η1), w4(s, t, x) = w1(s, s, η2), (2.5)

w1(0, t, x) = φ1(η1(0, t, x)), w2(0, t, x) = φ2(η2(0, t, x)). (2.6)

Íåèçâåñòíûå ôóíêöèè ηi, wj, i = 1, 2, j = 1, 4 çàâèñÿò íå òîëüêî t è x , íî åùå
è îò äîïîëíèòåëüíîãî àðãóìåíòà s. Èíòåãðèðóÿ óðàâíåíèÿ (2.1)�(2.4) ïî àðãóìåíòó s è
ó÷èòûâàÿ óñëîâèÿ (2.5), (2.6), ïîëó÷èì ýêâèâàëåíòíóþ ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé

η1(s, t, x) = x−
∫ t

s

(a(ν)w1 + b(ν)w3)dν, (2.7)

η2(s, t, x) = x−
∫ t

s

(c(ν)w4 + g(ν)w2)dν, (2.8)

w1(s, t, x) = φ1(η1(0, t, x)) +

∫ s

0

f1(ν, η1)dν, (2.9)

w2(s, t, x) = φ2(η2(0, t, x)) +

∫ s

0

f2(ν, η2)dν, (2.10)

w3(s, t, x) = w2(s, s, η1), w4(s, t, x) = w1(s, s, η2). (2.11)
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Ñèñòåìà (2.7)�(2.11) ýêâèâàëåíòíà ñëåäóþùåé ñèñòåìå:

w1(s, t, x) = φ1(x−
∫ t

0

(a(ν)w1+b(ν)w3)dν)+

∫ s

0

f1(ν, x−
∫ t

ν

(a(τ)w1 + b(τ)w3)dτ)dν, (2.12)

w2(s, t, x) = φ2(x−
∫ t

0

(c(ν)w4+g(ν)w2)dν)+

∫ s

0

f2(ν, x−
∫ t

ν

(c(τ)w4 + g(τ)w2)dτ)dν, (2.13)

w3(s, t, x) = w2(s, s, x−
∫ t

s

(a(ν)w1 + b(ν)w3)dν), (2.14)

w4(s, t, x) = w1(s, s, x−
∫ t

s

(c(ν)w4 + g(ν)w2)dν). (2.15)

Îáîçíà÷èì ΓT = {(s, t, x)| 0 ≤ s ≤ t ≤ T, x ∈ (−∞,+∞), T > 0},

Cφ = max{sup
R

∣∣∣φ(l)
i

∣∣∣ ∣∣i = 1, 2, l = 0, 2}, Cf = max{sup
ΩT

|f1| , sup
ΩT

|f2| , sup
ΩT

|∂xf1| , sup
ΩT

|∂xf2|},

l = max{sup
[0,T ]

|a|, sup
[0,T ]

|b|, sup
[0,T

|c|, sup
[0,T ]

|g|}, C̄1,2,2(ΩT ) � ïðîñòðàíñòâî ôóíêöèé îäèí ðàç

äèôôåðåíöèðóåìûõ ïî ïåðåìåííîé t , äâàæäû äèôôåðåíöèðóåìûõ ïî ïåðåìåííîé x , èìå-
þùèõ ñìåøàííûå ïðîèçâîäíûå âòîðîãî ïîðÿäêà è îãðàíè÷åííûå âìåñòå ñî ñâîèìè ïðîèç-
âîäíûìè íà ΩT , C̄α1,α2,...αn(Ω∗) � ïðîñòðàíñòâî ôóíêöèé, îïðåäåëåííûõ, íåïðåðûâíûõ
è îãðàíè÷åííûõ âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî ïîðÿäêà αm ïî m -ìó àðãóìåíòó,
m = 1, n, íà íåîãðàíè÷åííîì ïîäìíîæåñòâå Ω∗ ⊂ Rn, n = 1, 2...., C2([0, T ]) � ïðîñòðàí-
ñòâî ôóíêöèé, îïðåäåëåííûõ, íåïðåðûâíûõ âìåñòå ñî ñâîèìè ïðîèçâîäíûìè ïåðâîãî è
âòîðîãî ïîðÿäêà íà îòðåçêå [0, T ].

Äëÿ ïðîèçâîëüíîé ôóíêöèè U ââåäåì íîðìó ∥U∥ = sup
ΓT

|U(s, t, x)| áåç óêàçàíèÿ â

ñèìâîëå ∥·∥ îáëàñòè, ïî êîòîðîé íîðìà âû÷èñëÿåòñÿ, òàê êàê êàæäûé ðàç ýòî áóäåò ïî-
íÿòíî èç êîíòåêñòà.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà, â êîòîðîé ñôîðìóëèðîâàíû óñëîâèÿ ñóùåñòâîâàíèÿ
ëîêàëüíîãî ðåøåíèÿ çàäà÷è Êîøè (1.1), (1.2), êîòîðîå èìååò òàêóþ æå ãëàäêîñòü ïî x ,
êàê è íà÷àëüíûå ôóíêöèè.

Ò å î ð å ì à 2.1. Ïóñòü φ1, φ2 ∈ C̄2(R), f1, f2 ∈ C̄2,2(ΩT ), a, b, c, g ∈ C2([0, T ]),
ãäå T 6 min( Cφ

4Cf
, 3
40Cφl

), è âûïîëíÿþòñÿ óñëîâèÿ

a(t) > 0, b(t) > 0, c(t) > 0, g(t) > 0, t ∈ [0, T ],

φ′
1(x) ≥ 0, φ′

2(x) ≥ 0 íà R, ∂xf1 ≥ 0, ∂xf2 ≥ 0, íà ΩT .

Òîãäà äëÿ ëþáîãî T 6 min( Cφ

4Cf
, 3
40Cφl

) çàäà÷à Êîøè (1.1), (1.2) èìååò åäèíñòâåííîå ðå-

øåíèå u(t, x), v(t, x) ∈ C̄1,2,2(ΩT ), êîòîðîå îïðåäåëÿåòñÿ èç ñèñòåìû èíòåãðàëüíûõ óðàâ-
íåíèé (2.12)�(2.15).

Òåîðåìà ñëåäóåò èç âûïîëíåíèÿ óñëîâèé òðåõ ëåìì.

Ë å ì ì à 2.1. Åñëè ôóíêöèè wj, j = 1, 4, óäîâëåòâîðÿþò ñèñòåìå èíòåãðàëü-
íûõ óðàâíåíèé (2.12)�(2.15) è ÿâëÿþòñÿ íåïðåðûâíî äèôôåðåíöèðóåìûìè è îãðàíè÷åííû-
ìè âìåñòå ñî ñâîèìè ïåðâûìè ïðîèçâîäíûìè, òî ôóíêöèè u(t, x) = w1(t, t, x), v(t, x) =
w2(t, t, x) áóäóò ðåøåíèåì çàäà÷è Êîøè (1.1), (1.2) íà ΩT0 , T0 ≤ T , ãäå T0 � êîíñòàíòà,
îïðåäåëÿåìàÿ ÷åðåç èñõîäíûå äàííûå.

Óòâåðæäåíèå äîêàçûâàåòñÿ àíàëîãè÷íî óòâåðæäåíèþ èç ðàáîò [2-7].
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Ë å ì ì à 2.2. Ïðè âûïîëíåíèè óñëîâèé φ1, φ2 ∈ C̄2(R), f1(t, x), f2(t, x) ∈ C̄2,2(ΩT ),
a, b, c, g ∈ C2([0, T ]), a(t) > 0, b(t) > 0, c(t) > 0, g(t) > 0, t ∈ [0, T ] è

T 6 min(
Cφ
4Cf

,
3

40Cφl
) (2.16)

ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé (2.12)�(2.15) èìååò åäèíñòâåííîå ðåøåíèå wj ∈
C1,1,1(ΓT ).

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàçàòåëüñòâî ýòîé ëåììû ïðîâîäèòñÿ ïî ñõåìå, èçëîæåííîé
â [2]. Íóëåâîå ïðèáëèæåíèå ê ðåøåíèþ ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (2.12)�(2.15)
çàäàäèì ðàâåíñòâàìè w10(s, t, x) = φ1(x), w20(s, t, x) = φ2(x).

Ïåðâîå è ïîñëåäóþùèå ïðèáëèæåíèÿ ñèñòåìû óðàâíåíèé (2.12)�(2.15) îïðåäåëèì ïðè
ïîìîùè ðåêóððåíòíîé ïîñëåäîâàòåëüíîñòè ñèñòåì óðàâíåíèé (n = 1, 2, . . .)

w1n = φ1(x−
t

∫
0
(a(ν)w1n + b(ν)w3n)dν) +

s

∫
0
f1(ν, x−

t

∫
ν
(a(τ)w1n + b(τ)w3n)dτ)dν, (2.17)

w2n = φ2(x−
t

∫
0
(c(ν)w4n + g(ν)w2n)dν) +

s

∫
0
f2(ν, x−

t

∫
ν
(c(τ)w4n + g(τ)w2n)dτ)dν, (2.18)

w3n = w2(n−1)(s, s, x−
t

∫
s
(a(ν)w1n + b(ν)w3n)dν), (2.19)

w4n = w1(n−1)(s, s, x−
t

∫
s
(c(ν)w4n + g(ν)w2n)dν). (2.20)

Òåïåðü ïðè êàæäîì n ñèñòåìó (2.17)�(2.20) ðåøàåì (äîêàçûâàåì ñóùåñòâîâàíèå ðå-
øåíèÿ) ñ ïîìîùüþ ïðîöåññà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Íóëåâîå ïðèáëèæåíèå (ïðè
êàæäîì n ) îïðåäåëèì ðàâåíñòâàìè w0

jn = wj(n−1), j = 1, 4. Äëÿ ñèñòåìû óðàâíåíèé
(2.17)�(2.20) ïåðâîå è âñå ïîñëåäóþùèå ïðèáëèæåíèÿ îïðåäåëèì íà îñíîâå ñîîòíîøåíèé

wk+1
1n = φ1(x−

t

∫
0
(a(ν)wk1n + b(ν)wk3n)dν) +

s

∫
0
f1(ν, x−

t

∫
ν
(a(τ)wk1n + b(τ)wk3n)dτ)dν, (2.21)

wk+1
2n = φ2(x−

t

∫
0
(c(ν)wk4n + g(ν)wk2n)dν) +

s

∫
0
f2(ν, x−

t

∫
ν
(c(τ)wk4n + g(τ)wk2n)dτ)dν, (2.22)

wk+1
3n = w2(n−1)(s, s, x−

t

∫
s
(a(ν)wk1n + b(ν)wk3n)dν), (2.23)

wk+1
4n = w1(n−1)(s, s, x−

t

∫
s
(c(ν)wk4n + g(ν)wk2n)dν). (2.24)

Òàê æå, êàê â [2], óñòàíàâëèâàåòñÿ, ÷òî ïðè âûïîëíåíèè óñëîâèÿ

T 6 min(
Cφ
2Cf

,
1

12Cφl
) (2.25)

ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ (2.21)�(2.24) ñõîäÿòñÿ ê íåïðåðûâíîìó è îãðàíè÷åííîìó
ðåøåíèþ ñèñòåìû (2.17)�(2.20), äëÿ êîòîðîãî ñïðàâåäëèâû îöåíêè ∥wjn∥ ≤ 2Cφ, j = 1, 4.

Ïðè âûïîëíåíèè óñëîâèÿ (2.25) ñïðàâåäëèâû îöåíêè

||wk+1
1nx || ≤ 4Cφ, ||wk+1

2nx || ≤ 4Cφ, ||wk+1
3nx || ≤ 8Cφ, ||wk+1

4nx || ≤ 8Cφ.
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Ïðè âûïîëíåíèè óñëîâèÿ (2.25) ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ wkjnx, j = 1, 4 ñõîäÿò-

ñÿ ïðè k → ∞, à çíà÷èò, ñóùåñòâóþò ïðîèçâîäíûå wjnx, j = 1, 4 è ñïðàâåäëèâû îöåíêè

∥∂xw1n∥ ≤ 4Cφ, ∥∂xw2n∥ ≤ 4Cφ, ∥∂xw3n∥ ≤ 8Cφ, ∥∂xw4n∥ ≤ 8Cφ.

Ïðè âûïîëíåíèè óñëîâèÿ (2.25) ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ, îïðåäåëÿåìûå èç ñè-
ñòåìû (2.17)�(2.20), ñõîäÿòñÿ ê íåïðåðûâíîìó ðåøåíèþ ñèñòåìû (2.12)�(2.15), äëÿ êîòîðî-
ãî ñïðàâåäëèâû îöåíêè ∥wj∥ ≤ 2Cφ, j = 1, 4.

Ïðè âûïîëíåíèè óñëîâèÿ (2.16) wjnx → wjx = ∂xwj, j = 1, 4, ãäå ôóíêöèè ∂xwj
ÿâëÿþòñÿ íåïðåðûâíûìè ïî âñåì ñâîèì àðãóìåíòàì íà ΓT . Ñïðàâåäëèâû îöåíêè

∥∂xwi∥ ≤ 4Cφ, i = 1, 2, ∥∂xw3∥ ≤ 8Cφ, ∥∂xw4∥ ≤ 8Cφ.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî wj, j = 1, 4, èìåþò íåïðåðûâíûå è îãðàíè÷åííûå ïðî-
èçâîäíûå ïî ïåðåìåííîé t íà ΓT . Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ òàê æå, êàê â
ñòàòüå [2].

Â íèæåñëåäóþùåé ëåììå óòâåðæäàåòñÿ, ÷òî ïðè âûïîëíåíèè ñëåäóþùèõ óñëîâèé

a(t) > 0, b(t) > 0, c(t) > 0, g(t) > 0, t ∈ [0, T ],

φ′
1(x) ≥ 0, φ′

2(x) ≥ 0, x ∈ R, ∂xf1 ≥ 0, ∂xf2 ≥ 0, (t, x) ∈ ΩT , (2.26)

ðåøåíèå èìååò òàêóþ æå ãëàäêîñòü ïî x , êàê è íà÷àëüíûå ôóíêöèè. Ýòîò ðåçóëüòàò èìååò
îïðåäåëÿþùåå çíà÷åíèå äëÿ âîçìîæíîñòè ïðîäîëæåíèÿ ðåøåíèÿ.

Ë å ì ì à 2.3. Ïóñòü φ1, φ2 ∈ C̄2(R), f1, f2 ∈ C̄2,2(ΩT ), a, b, c, g ∈ C2([0, T ]), òî-
ãäà ïðè âûïîëíåíèè óñëîâèé (2.16), (2.26) ôóíêöèè wj, j = 1, 4, ïðåäñòàâëÿþùèå ñîáîé
ðåøåíèå ñèñòåìû óðàâíåíèé (2.12)�(2.15), èìåþò íåïðåðûâíûå è îãðàíè÷åííûå ïðîèçâîä-

íûå
∂2wj

∂x2
,

∂2wj

∂x∂t
, j = 1, 4 íà ΓT , ãäå T 6 min( Cφ

4Cf
, 3
40Cφl

).

Ä î ê à ç à ò å ë ü ñ ò â î.
Äâàæäû ïðîäèôôåðåíöèðóåì ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ (2.17)�(2.20) ïî x . Îáî-

çíà÷èì ωnj = wjnxx, j = 1, 4, ïîëó÷èì ñèñòåìó óðàâíåíèé

ωn1 (s, t, x) = −φ′
1(x−

t

∫
0
(a(ν)w1n + b(ν)w3n)dν)

t

∫
0
(a(ν)ωn1 + b(ν)ωn3 )dν −

−
s

∫
0
∂xf1

t

∫
ν
(a(τ)ωn1 + b(τ)ωn3 )dτdν +G1(s, t, x, w1n, w3n, w1nx, w3nx), (2.27)

ωn2 (s, t, x) = −φ′
2(x−

t

∫
0
(c(ν)w4n + g(ν)w2n)dν)

t

∫
0
(c(ν)ωn4 + g(ν)ωn2 )dν −

−
s

∫
0
∂xf2

t

∫
ν
(c(τ)ωn4 + g(τ)ωn2 )dτdν +G2(s, t, x, w2n, w4n, w2nx, w4nx), (2.28)

ωn3 (s, t, x) = ωn−1
2 · (1−

t

∫
s
(a(ν)w1nx + b(ν)w3nx)dν)

2 − w2(n−1)x

t

∫
s
(a(ν)ωn1 + b(ν)ωn3 )dν, (2.29)

ωn4 (s, t, x) = ωn−1
1 · (1−

t

∫
s
(c(ν)w4nx + g(ν)w2nx)dν)

2 − w1(n−1)x

t

∫
s
(c(ν)ωn4 + g(ν)ωn2 )dν, (2.30)

ãäå Gi, i = 1, 2, � èçâåñòíûå ôóíêöèè.
Ïðè âûïîëíåíèè óñëîâèÿ (2.16) ñ ó÷åòîì óñòàíîâëåííûõ âûøå îöåíîê ∥wjn∥ ≤ 2Cφ,

j = 1, 4, ïîëó÷àåì |
t

∫
s
(a(ν)w1n + b(ν)w3n)dν| ≤ 0, 3, |

t

∫
s
(c(ν)w4n + g(ν)w2n)dν| ≤ 0, 3.
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Çàôèêñèðóåì òî÷êó x0 ∈ R1. Ðàññìîòðèì ìíîæåñòâî Ωx0 = {x |x0 − 0.3 ≤ x ≤ x0+0.3}.
Âîçüìåì x1, x2 ∈ Ωx0 .

Ïðè âûïîëíåíèè óñëîâèé (2.16), (2.26) óñòàíîâëåíî, ÷òî ñïðàâåäëèâû íåðàâåíñòâà:
|η1n (s, t, x1) − η1n (s, t, x2) | ≤ |x1 − x2|, |η2n (s, t, x1) − η2n (s, t, x2) | ≤ |x1 − x2|, ãäå
η1n(s, t, x) = x−

∫ t
s
(a(ν)w1n + b(ν)w3n)dν, η2n(s, t, x) = x−

∫ t
s
(c(ν)w4n + g(ν)w2n)dν.

Óñòàíîâëåíà ðàâíîñòåïåííàÿ íåïðåðûâíîñòü ôóíêöèé ωn1 , ω
n
2 ïî x ïðè x ∈ Ωx0 , èç

êîòîðîé ñëåäóåò ðàâíîñòåïåííàÿ íåïðåðûâíîñòü ôóíêöèé ωn1 , ω
n
2 ïî x â âûáðàííîé, ïðî-

èçâîëüíîé òî÷êå x0, ò.å. íà R. Ðàâíîñòåïåííàÿ íåïðåðûâíîñòü ôóíêöèé ωn1 , ω
n
2 ïî x èñ-

ïîëüçóåòñÿ äëÿ äîêàçàòåëüñòâà ñõîäèìîñòè ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ωnj , j = 1, 4.
Ðàññìîòðèì ñèñòåìó óðàâíåíèé

ω̃n1 = −φ′
1(x−

t

∫
0
(a(ν)w1 + b(ν)w3)dν)

t

∫
0
(a(ν)ω̃n1 + b(ν)ω̃n3 )dν −

−
s

∫
0
∂xf1

t

∫
ν
(a(τ)ω̃n1 + b(τ)ω̃n3 )dτdν +G1(s, t, x, w1, w3, w1x, w3x), (2.31)

ω̃n2 = −φ′
2(x−

t

∫
0
(c(ν)w4 + g(ν)w2)dν)

t

∫
0
(c(ν)ω̃n4 + g(ν)ω̃n2 )dν −

−
s

∫
0
∂xf2

t

∫
ν
(c(τ)ω̃n4 + g(τ)ω̃n2 )dτdν +G2(s, t, x, w2, w4, w2x, w4x), (2.32)

ω̃n3 = ω̃n−1
2 · (1−

t

∫
s
(a(ν)w1x + b(ν)w3x)dν)

2 − w2x

t

∫
s
(a(ν)ω̃n1 + b(ν)ω̃n3 )dν, (2.33)

ω̃n4 = ω̃n−1
1 · (1−

t

∫
s
(c(ν)w4x + g(ν)w2x)dν)

2 − w1x

t

∫
s
(c(ν)ω̃n4 + g(ν)ω̃n2 )dν, (2.34)

ãäå Gi, i = 1, 2, � èçâåñòíûå ôóíêöèè. Äîêàçûâàåòñÿ, ÷òî ïðè âûïîëíåíèè óñëîâèé (2.16),
(2.26) ñèñòåìà ðåêóððåíòíûõ óðàâíåíèé (2.31)�(2.34) ïðè êàæäîì n èìååò ðåøåíèå, ïðè-
÷åì ω̃nj → ω̃j, j = 1, 4, ñïðàâåäëèâû îöåíêè

∥ω̃1∥ ≤ 2Cφ, ∥ω̃2∥ ≤ 2Cφ, ∥ω̃3∥ ≤ 4Cφ, ∥ω̃4∥ ≤ 4Cφ.

Äàëåå äîêàçûâàåòñÿ, ÷òî ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ ωnj ñõîäÿòñÿ ê ôóíêöèÿì ω̃j,

j = 1, 4 , ïðè n→ ∞.

Ïîëó÷àåì, ÷òî wjnxx → wjxx = ω̃j , ãäå ôóíêöèè
∂2wj

∂x2
, j = 1, 4, íåïðåðûâíû è îãðàíè-

÷åíû íà ΓT ïðè âûïîëíåíèè óñëîâèé (2.16), (2.26).
Àíàëîãè÷íî óñòàíàâëèâàåì, ÷òî ñóùåñòâóþò íåïðåðûâíûå è îãðàíè÷åííûå ïðîèçâîä-

íûå
∂2wj

∂x∂t
, j = 1, 4 íà ΓT ïðè âûïîëíåíèè óñëîâèé (2.16), (2.26).

3. Ñóùåñòâîâàíèå íåëîêàëüíîãî ðåøåíèÿ

Ò å î ð å ì à 3.1. Ïóñòü φ1, φ2 ∈ C̄2(R), f1, f2 ∈ C̄2,2(ΩT ), a, b, c, g ∈ C2([0, T ])
è âûïîëíÿþòñÿ óñëîâèÿ (2.26). Òîãäà äëÿ ëþáîãî T > 0 çàäà÷à Êîøè (1.1), (1.2) èìå-
åò åäèíñòâåííîå ðåøåíèå u(t, x), v(t, x) ∈ C̄1,2,2(ΩT ), êîòîðîå îïðåäåëÿåòñÿ èç ñèñòåìû
èíòåãðàëüíûõ óðàâíåíèé (2.12)�(2.15).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðîäèôôåðåíöèðóåì ñèñòåìó óðàâíåíèé (1.1) ïî x.
Îáîçíà÷èì p(t, x) = ∂xu(t, x), q(t, x) = ∂xv(t, x), ïîëó÷èì

∂tp+ (a(t)u+ b(t)v)∂xp = −a(t)p2 − b(t)pq + ∂xf1,
∂tq + (c(t)u+ g(t)v)∂xq = −g(t)q2 − c(t)pq + ∂xf2,
p(0, x) = φ′

1(x), q(0, x) = φ′
2(x).

(3.1)
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Äîáàâèì ê ñèñòåìå óðàâíåíèé (2.7)�(2.11) äâà óðàâíåíèÿ{
dγ1(s,t,x)

ds
= −a(s)γ21(s, t, x)− b(s)γ1(s, t, x)γ2(s, s, η1) + ∂xf1(s, η1),

dγ2(s,t,x)
ds

= −g(s)γ22(s, t, x)− c(s)γ1(s, s, η2)γ2(s, t, x) + ∂xf2(s, η2),
(3.2)

ñ íà÷àëüíûìè óñëîâèÿìè

γ1(0, t, x) = φ′
1(η1), γ2(0, t, x) = φ′

2(η2). (3.3)

Ïåðåïèøåì ñèñòåìó óðàâíåíèé (3.2) â ñëåäóþùåì âèäå
γ1 (s, t, x) = φ′

1(η1) +
s

∫
0
[−a(ν)γ21 − b(ν)γ1γ2(ν, ν, η1) + ∂xf1]dν,

γ2(s, t, x) = φ′
2(η2) +

s

∫
0
[−g(ν)γ22 − c(ν)γ2γ1(ν, ν, η2) + ∂xf2]dν.

(3.4)

Àíàëîãè÷íî òîìó, êàê ýòî âûïîëíåíî â [5-7] äîêàçûâàåòñÿ ñóùåñòâîâàíèå íåïðåðûâíî
äèôôåðåíöèðóåìîãî ðåøåíèÿ çàäà÷è (3.4). Ñëåäîâàòåëüíî,

γ1(t, t, x) = p(t, x) =
∂u

∂x
, γ2(t, t, x) = q(t, x) =

∂v

∂x
.

Äëÿ âûâîäà ãëîáàëüíûõ îöåíîê îòìåòèì, ÷òî èç (2.7)�(2.11) ñëåäóþò îöåíêè

∥wi∥ 6 Cφ + TCf , i = 1, 2.

Ñëåäîâàòåëüíî,
∥u∥ 6 Cφ + TCf , ∥v∥ 6 Cφ + TCf . (3.5)

Äàëåå, èç (3.2) èìååì:

γ1 (s, t, x) = φ′
1(η1) exp(−

s

∫
0
(a(ν)γ1 + b(ν)γ2) dν)+

+
s

∫
0
∂xf1 exp(−

s

∫
τ
(a(ν)γ1 + b(ν)γ2) dν)dτ,

γ2(s, t, x) = φ′
2(η2) exp(−

s

∫
0
(c(ν)γ1 + g(ν)γ2) dν)+

+
s

∫
0
∂xf2 exp(−

s

∫
τ
(c(ν)γ1 + g(ν)γ2) dν)dτ.

(3.6)

Èç (3.6) ïðè âûïîëíåíèè óñëîâèé a(t) > 0, b(t) > 0, c(t) > 0, g(t) > 0, t ∈ [0, T ],
φ′
1(x) ≥ 0, φ′

2(x) ≥ 0, x ∈ R, ∂xf1 ≥ 0, ∂xf2 ≥ 0, (t, x) ∈ ΩT ïîëó÷àåì, ÷òî γ1 > 0, γ2 > 0,
íà ΓT , çíà÷èò, ∥γi∥ 6 Cφ + TCf , i = 1, 2. Ñëåäîâàòåëüíî,

∥∂xu∥ 6 Cφ + TCf , ∥∂xv∥ 6 Cφ + TCf . (3.7)

Äàëåå, òàê æå, êàê â [5-7], âûâîäèòñÿ, ÷òî ïðè âñåõ t è x ñïðàâåäëèâû îöåíêè

|∂2x2u| ≤ E11ch
(
t
√
C12C21

)
+
E21C12 + C13√

C12C21

sh
(
t
√
C12C21

)
+ C12C23t

2, (3.8)

|∂2x2v| ≤ E21ch
(
t
√
C12C21

)
+
E11C21 + C23√

C12C21

sh
(
t
√
C12C21

)
+ C21C13t

2, (3.9)

ãäå E11, E21, C12, C13, C21, C23 � ïîñòîÿííûå, êîòîðûå îïðåäåëÿþòñÿ ÷åðåç èñõîäíûå
äàííûå.
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Ïîëó÷åííûå ãëîáàëüíûå îöåíêè äëÿ u, v, ∂xu, ∂xv, ∂
2
x2u, ∂

2
x2v ((3.5), (3.7)�(3.9)) äàþò

âîçìîæíîñòü ïðîäîëæèòü ðåøåíèå íà ëþáîé çàäàííûé ïðîìåæóòîê [0, T ].
Âçÿâ â êà÷åñòâå íà÷àëüíûõ çíà÷åíèé u(T0, x), v(T0, x) , ïðîäëèì ðåøåíèå íà ïðîìåæó-

òîê [T0, T1] , à çàòåì, âûáèðàÿ íà÷àëüíûå çíà÷åíèÿ u(T1, x), v(T1, x), ïðîäëèì ðåøåíèå
íà ïðîìåæóòîê [T1, T2]. Äëèíà ïðîìåæóòêà ðàçðåøèìîñòè íå áóäåò óìåíüøàòüñÿ, òàê êàê
îíà îïðåäåëÿåòñÿ âåëè÷èíàìè ∥∂xu∥ , ∥∂xv∥ , à ýòè âåëè÷èíû â ñèëó ãëîáàëüíûõ îöåíîê
(3.7) îãðàíè÷åíû çíà÷åíèåì Cφ+TCf íà ëþáîì ïðîìåæóòêå ðàçðåøèìîñòè. Â ÷àñòíîñòè,
íà÷àëüíûå çíà÷åíèÿ

u(Tk, x), v(Tk, x) ∈ C̄2(R), |u(Tk, x)| 6 Cφ + TCf , |v(Tk, x)| 6 Cφ + TCf ,

|∂xu(Tk, x)| 6 Cφ + TCf , |∂xv(Tk, x)| 6 Cφ + TCf .

Äëÿ âòîðûõ ïðîèçâîäíûõ ñïðàâåäëèâû îöåíêè (3.8), (3.9), ãäå â êà÷åñòâå t ìîæíî
âçÿòü T. Â ðåçóëüòàòå çà êîíå÷íîå ÷èñëî øàãîâ ðåøåíèå ìîæåò áûòü ïðîäëåíî íà ëþáîé
çàäàííûé ïðîìåæóòîê [0, T ].

Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ ïðèìåíåíèåì àíàëîãè÷íûõ îöåíîê, êîòîðûå
ïîçâîëèëè óñòàíîâèòü ñõîäèìîñòü ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.
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The nonlocal solvability conditions for a system with

absolute terms for the case of positive coe�cients

c⃝ M. V. Dontsova 2

Abstract. The Cauchy problem for a system of two quasilinear �rst order partial di�erential
equations with absolute terms for the case of positive coe�cients is considered. The study of
the Cauchy's problem solvability is based on the method of an additional argument, which
allows to determine the solution in the original coordinates without involving the inverse function
theorem. The existence of the Cauchy's problem local solution with smoothness not lower than
the smoothness of the initial conditions, is proven. Paper determines su�cient conditions for the
existence of the Cauchy's problem nonlocal solution continued by a �nite number of steps from
the local solution. The proof of the nonlocal resolvability of the Cauchy's problem for a system of
two quasilinear �rst order partial di�erential equations with absolute terms for the case of positive
coe�cients relies on global estimates.

Key Words: method of an additional argument, global estimates, Cauchy's problem, �rst-order
partial di�erential equations.
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