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Íåäèññèïàòèâíîå êèíåìàòè÷åñêîå äèíàìî íà ëèíçàõ
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Àííîòàöèÿ. Â ñòàòüå ñòðîèòñÿ ãëàäêèé (áåñêîíå÷íî äèôôåðåíöèðóåìûé) äèôôåîìîðôèçì
ïðîèçâîëüíîé òðåõìåðíîé ëèíçû (çàìêíóòîãî òðåõìåðíîãî ìíîãîîáðàçèÿ, êîòîðîå êîíå÷íî-
ëèñòíî íàêðûâàåòñÿ òðåõìåðíîé ñôåðîé), êîòîðûé èìååò ïîëîæèòåëüíóþ ýíòðîïèþ è ñîõðà-
íÿåò îáúåì â íåêîòîðîé îêðåñòíîñòè ñâîåãî íåáëóæäàþùåãî ìíîæåñòâà (îòìåòèì, ÷òî â ñïèñîê
òðåõìåðíûõ ëèíç ìû âêëþ÷àåì òðåõìåðíóþ ñôåðó). Ïðè ýòîì â ïðîñòðàíñòâå äèôôåîìîð-
ôèçìîâ, êîíñåðâàòèâíûõ â íåêîòîðûõ îêðåñòíîñòÿõ ñâîèõ íåáëóæäàþùèõ ìíîæåñòâ, èìååòñÿ
îêðåñòíîñòü, â êîòîðîé äèôôåîìîðôèçìû èìåþò ïîëîæèòåëüíóþ òîïîëîãè÷åñêóþ ýíòðîïèþ
(òî åñòü ïîñòðîåííûé äèôôåîìîðôèçì ÿâëÿåòñÿ îòíîñèòåëüíî óñòîé÷èâûì â äàííîì êëàñ-
ñå äèôôåîìîðôèçìîâ). Â ñèëó ñâîèõ ñâîéñòâ, ïîñòðîåííûé äèôôåîìîðôèçì ìîæåò ñëóæèòü
ìîäåëüþ íåäèññèïàòèâíîãî êèíåìàòè÷åñêîãî áûñòðîãî äèíàìî (îñòàåòñÿ îòêðûòûì âîïðîñ î
òîì, ÿâëÿåòñÿ ëè ïîñòðîåííûé äèôôåîìîðôèçì ìîäåëüþ ñðåäíåãî èëè äèññèïàòèâíîãî áûñò-
ðîãî äèíàìî).

Êëþ÷åâûå ñëîâà: äèôôåîìîðôèçì ïîëíîòîðèÿ, ñîëåíîèä, íåäèññèïàòèâíîå äèíàìî.

Òåîðèÿ êèíåìàòè÷åñêîãî äèíàìî èçó÷àåò ïðîèñõîæäåíèå è ýâîëþöèþ ìàãíèòíûõ ïî-
ëåé â ýëåêòðîïðîâîäÿùèõ ñðåäàõ (ïëàçìå), ïîñêîëüêó òàêèå ïîëÿ èãðàþò áîëüøóþ ðîëü â
äèíàìèêå àñòðîôèçè÷åñêèõ ïðîöåññîâ. Îäíèì èç àñïåêòîâ áûñòðîãî êèíåìàòè÷åñêîãî äè-
íàìî ÿâëÿåòñÿ èçó÷åíèå äâèæåíèé ïëàçìû, êîòîðûå âûçûâàþò ýêñïîíåíöèàëüíûé ðîñò
ìàãíèòíîãî ïîëÿ ïðè ìàëîé ìàãíèòíîé äèôôóçèè [1]. Ðàññìàòðèâàþòñÿ, êàê ïðàâèëî,
íåïðåðûâíàÿ è äèñêðåòíàÿ ìîäåëè êèíåìàòè÷åñêîãî äèíàìî. Ñîãëàñíî [1], ãë. 5, ï.1.1, â
ñëó÷àå íåïðåðûâíîé ìîäåëè ñèñòåìà óðàâíåíèé êèíåìàòè÷åñêîãî äèíàìî ñîñòîèò èç óðàâ-
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Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî ìàãíèòíàÿ âÿçêîñòü, âõîäÿùàÿ â ñîîòâåòñòâóþùåå óðàâ-
íåíèå äèôôóçèè, äîñòàòî÷íî áëèçêà ê íóëþ, è ìû òàêæå äîëæíû ó÷èòûâàòü ïðîöåññ ðàñ-
ñåèâàíèÿ ìàãíèòíîãî ïîëÿ, êîòîðîå ôîðìàëüíî ïðåäñòàâëÿåòñÿ êàê ðåøåíèå óðàâíåíèÿ
äèôôóçèè. Åñëè ñðàçó ïîëîæèòü ν = 0 , òî ãîâîðÿò î íåäèññèïàòèâíîì äèíàìî.
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Â 70-ûõ ãîäàõ 20-îãî âåêà ß.Á. Çåëüäîâè÷ è À.Ä. Ñàõàðîâ ïðåäëîæèëè êîíñòðóêöèþ
òàê íàçûâàåìîãî âåðåâî÷íîãî äèíàìî, êîòîðàÿ â èäåéíîì ïëàíå ëåãëà â îñíîâó ñîâðåìåí-
íûõ êîíñòðóêöèé òðåõìåðíûõ ìîäåëåé áûñòðîãî äèíàìî [1]. Ñîãëàñíî îáñóæäåíèþ ýòîé
êîíñòðóêöèè â êíèãå [1], ãë. V, ñ òî÷êè çðåíèÿ òåîðèè áûñòðîãî êèíåìàòè÷åñêîãî íåäèñ-
ñèïàòèâíîãî äèíàìî êîíñòðóêöèÿ Çåëüäîâè÷à-Ñàõàðîâà èìååò îïðåäåëåííûé íåäîñòàòîê,
ñîñòîÿùèé â òîì, ÷òî ïðåäëîæåííîå îòîáðàæåíèå íå ÿâëÿåòñÿ êîíñåðâàòèâíûì â îêðåñò-
íîñòè íåáëóæäàþùåãî ìíîæåñòâà, ïîñêîëüêó íåòðèâèàëüíîå íåáëóæäàþùåå ìíîæåñòâî, â
ñèëó ïîñòðîåíèÿ, ÿâëÿåòñÿ àòòðàêòîðîì. Â íàñòîÿùåé ñòàòüå ìû ïðåäëàãàåì ìîäèôèêàöèþ
êîíñòðóêöèè Ñàõàðîâà-Çåëüäîâè÷à, ëèøåííóþ ýòîãî íåäîñòàòêà â îêðåñòíîñòè íåáëóæäà-
þùåãî ìíîæåñòâà.

Â ñòàòüå ñòðîèòñÿ äèñêðåòíàÿ ìîäåëü áûñòðîãî êèíåìàòè÷åñêîãî íåäèññèïàòèâíîãî äè-
íàìî íà ïðîèçâîëüíîé òðåõìåðíîé ëèíçå Lp,q (ñì. îïðåäåëåíèå íèæå). Îòìåòèì. ÷òî â
ñïèñîê ëèíç ìû âêëþ÷àåì òðåõìåðíóþ ñôåðó. Îòìåòèì, ÷òî îäíîâðåìåííî ñ ìîäåëüþ
áûñòðîãî íåäèññèïàòèâíîãî êèíåìàòè÷åñêîãî äèíàìî â ñòàòüå ñòðîèòñÿ ïðèìåð äèôôåî-
ìîðôèçìà ñ ñîëåíîèäàëüíûì áàçèñíûì ìíîæåñòâîì ñåäëîâîãî òèïà.

Îäíèì èç îáùåïðèíÿòûõ è íàãëÿäíûõ îïðåäåëåíèé ñîëåíîèäà ÿâëÿåòñÿ åãî ïðåäñòàâ-
ëåíèå â âèäå ïåðåñå÷åíèÿ ïîñëåäîâàòåëüíîñòè âëîæåííûõ äðóã â äðóãà ïîëíîòîðèåâ, êîãäà
îñü ïîñëåäóþùåãî ïîëíîòîðèÿ ìîíîòîííî ïðîêðó÷èâàåòñÿ íåñêîëüêî ðàç âäîëü îñè ïðåäû-
äóùåãî ïîëíîòîðèÿ [2]. Èçâåñòíî, ÷òî ñ òîïîëîãè÷åñêîé òî÷êè çðåíèÿ ñîëåíîèä ïðåäñòàâ-
ëÿåò ñîáîé íåðàçëîæèìûé êîíòèíóóì, êîòîðûé íå âêëàäûâàåòñÿ íè â êàêóþ äâóìåðíóþ
ïîâåðõíîñòü [3], [4]. Âèäèìî, â òåîðèè äèíàìè÷åñêèõ ñèñòåì ñîëåíîèä âïåðâûå ïîÿâèëñÿ
â êíèãå citeNemitskyStepanov-book1947 (ãë.4, ï.8) äëÿ ïîñòðîåíèÿ ïîòîêà ñ ìèíèìàëü-
íûì ëîêàëüíî-íåñâÿçíûì ìíîæåñòâîì, ñîñòîÿùèì èç ïî÷òè ïåðèîäè÷åñêèõ (ñëåäîâàòåëü-
íî, íåòðèâèàëüíî ðåêóððåíòíûõ) òðàåêòîðèé. Â ãèïåðáîëè÷åñêóþ òåîðèþ äèíàìè÷åñêèõ
ñèñòåì ñîëåíîèäû ââåë Ñìåéë [6], êîòîðûé ïîñòðîèë äèôôåîìîðôèçì ïîëíîòîðèÿ â ñåáÿ
ñ îäíîìåðíûì ðàñòÿãèâàþùèìñÿ àòòðàêòîðîì, ÿâëÿþùèìñÿ ñîëåíîèäîì (îñíîâíûå ïîíÿ-
òèÿ è ôàêòû òåîðèè äèíàìè÷åñêèõ ñèñòåì ñì. â [7], [8], [9], [10], [11]). Ñõåìàòè÷íî ïðèìåð
Ñìåéëà ìîæíî ïðåäñòàâèòü ñíà÷àëà êàê ðàñòÿæåíèå ïîëíîòîðèÿ âäîëü åãî îñè, ëåæàùåé
âíóòðè ïîëíîòîðèÿ, è ñæàòèå â íàïðàâëåíèè, ïåðïåíäèêóëÿðíîì îñè. Çàòåì ïîëó÷åííûé
(ïðîìåæóòî÷íûé) ïîëíîòîðèé âêëàäûâàåòñÿ â èñõîäíûé òàê, ÷òîáû îñü ïðîìåæóòî÷íîãî
ïîëíîòîðèÿ ïðîêðó÷èâàëàñü íå ìåíåå äâóõ ðàç âäîëü îñè èñõîäíîãî ïîëíîòîðèÿ è ïðè ýòîì
ñîõðàíÿëàñü äèñêîâàÿ ñòðóêòóðà. Îòìåòèì òàêæå, ÷òî àíàëîãè÷íûå îòîáðàæåíèÿ âîçíè-
êàþò ïðè èçó÷åíèè áèôóðêàöèé ñåäëî-óçëîâûõ öèêëîâ [9], [12]. Â ñèëó [13] (ñì. òàêæå [14],
[15]), äèôôåîìîðôèçì Ñìåéëà ïîëíîòîðèÿ â ñåáÿ ìîæåò áûòü ïðîäîëæåí äî äèôôåîìîð-
ôèçìà, óäîâëåòâîðÿþùåãî àêñèîìå À Ñìåéëà, íåêîòîðîãî çàìêíóòîãî 3-ìíîãîîáðàçèÿ ñ
äâóìÿ áàçèñíûìè ìíîæåñòâàìè, ÿâëÿþùèìèñÿ ñîëåíîèäàìè, è ïðè ýòîì, îäíî áàçèñíîå
ìíîæåñòâî ÿâëÿåòñÿ àòòðàêòîðîì, à âòîðîå � ðåïåëëåðîì, ïðè÷åì 3-ìíîãîîáðàçèå íåîá-
õîäèìî ïðåäñòàâëÿåò ñîáîé ñâÿçíóþ ñóììó, îäíèì èç ñëàãàåìûõ êîòîðîé ÿâëÿåòñÿ ëèíçà.
Ñôîðìóëèðóåì òåïåðü îñíîâíîé ðåçóëüòàò íàñòîÿùåé ñòàòüè.

Ò å î ð å ì à 1.2. Ñóùåñòâóåò äèôôåîìîðôèçì f0 : Lp,q → Lp,q , êîíñåðâàòèâíûé
â íåêîòîðîé îêðåñòíîñòè ñâîåãî ñîëåíîèäàëüíîãî èíâàðèàíòíîãî ìíîæåñòâà, êîòîðûé
ÿâëÿåòñÿ áûñòðûì íåäèññèïàòèâíûì êèíåìàòè÷åñêèì äèíàìî.

Öåíòðàëüíîå ìåñòî çàíèìàåò ïîñòðîåíèå õàîòè÷åñêîãî ñïåöèàëüíîãî äèôôåîìîðôèç-
ìà ïîëíîòîðèÿ. Ñïåðâà ðàññìîòðèì íà äåêàðòîâîé ïëîñêîñòè R2 êðóã D2 = {(x, y) ∈
R2 | x2+y2 ≤ 1} , è îòîáðàæåíèå w : D2 → R2 , èçâåñòíîå êàê ïîäêîâà Ñìåéëà [16], [6]. Íà-
ïîìíèì, ÷òî îòîáðàæåíèå w åñòü êîìïîçèöèÿ ñæàòèÿ âäîëü îñè Ox , ðàñòÿæåíèÿ âäîëü
îñè Oy , ñãèáàíèÿ (íåïðèíöèïèàëüíî, â êàêóþ ñòîðîíó) ïîëó÷åííîãî ýëëèïñà è ñäâèãà
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âäîëü îñè Ox òàê, ÷òîáû ïåðåñå÷åíèå D2 ∩ w(D2) ïðåäñòàâëÿëî ñîáîé îáúåäèíåíèå äâóõ
íåïåðåñåêàþùèõñÿ ïîëîñ, ñèììåòðè÷íûõ îòíîñèòåëüíî îñè Oy . Ïîñêîëüêó îòîáðàæåíèå
w èçîòîïíî òîæäåñòâåííîìó, òî w ìîæíî ïðîäîëæèòü äî îòîáðàæåíèÿ âñåé ïëîñêîñòè
R2 òàê, ÷òîáû ýòî ïðîäîëæåíèå áûëî òîæäåñòâåííûì âíå íåêîòîðîé îêðåñòíîñòè êðóãà
D2 (ñì. òàêæå [8], [16]). Çà ñ÷åò ñæàòèÿ è ðàñòÿæåíèÿ ìîæíî äîáèòüñÿ òîãî, ÷òîáû ÿêîáè-
àí J(w) îòîáðàæåíèÿ w íà D2 ðàâíÿëñÿ 1

2
. Äàëåå ìû áóäåì ïðåäïîëàãàòü ýòè óñëîâèÿ

âûïîëíåííûìè.
Îáîçíà÷èì ÷åðåç sh0 : R2 → R2 ñäâèã (x; y) −→ (x + 1

2
; y) âäîëü îñè Ox , è ÷åðåç

S0 : R2 → R2 � öåíòðàëüíóþ ñèììåòðèþ îòíîñèòåëüíî íà÷àëà êîîðäèíàò (0; 0) , S0(x; y) =
(−x;−y) . Ïîíÿòíî, ÷òî çà ñ÷åò ñæàòèÿ-ðàñòÿæåíèÿ è ñãèáà ìîæíî äîáèòüñÿ âûïîëíåíèÿ
ñëåäóþùèõ óñëîâèé:

1. ïåðåñå÷åíèå D2 ∩ sh0 ◦ w(D2) ñîñòîèò èç äâóõ íåïåðåñåêàþùèõñÿ ïîëîñ;

2. w(D2) ∩ (S0 ◦ w(D2)) = ∅ .

Ïåðâîå óñëîâèå îçíà÷àåò, ÷òî îòîáðàæåíèå sh0◦w = w0 îáðàçóåò ïîäêîâó Ñìåéëà. Âòî-
ðîå óñëîâèå îçíà÷àåò, ÷òî ïîäêîâà w(D2) íå ïåðåñåêàåòñÿ ñî ñâîèì îáðàçîì îòíîñèòåëüíî
öåíòðàëüíîé ñèììåòðèè S0 . Îòìåòèì, ÷òî S0 ◦w(D2) òàêæå îáðàçóåò êîíôèãóðàöèþ ïîä-
êîâû.

Îáîçíà÷èì ÷åðåç Rt : R2 → R2 âðàùåíèå{
x̄ = x cos πt− y sinπt
ȳ = x sin πt+ y cos πt

ïëîñêîñòè R2 íà óãîë πt ïðîòèâ ÷àñîâîé ñòðåëêè. Ïîëîæèì

wt = R2t ◦ w0 ◦R−t : D
2 → R2.

Ýòî îòîáðàæåíèå ìîæíî èíòåðïðåòèðîâàòü êàê îáðàçîâàíèå ïîäêîâû â íàïðàâëåíèè,
ïåðïåíäèêóëÿðíîì ïðÿìîé y = tan πt·x , ñ ïîñëåäóþùèì ïîâîðîòîì Rt íà óãîë πt ïðîòèâ
÷àñîâîé ñòðåëêè.

Ïóñòü S1 = [0; 1]/(0 ∼ 1) � îêðóæíîñòü, íàäåëåííàÿ åñòåñòâåííîé ïàðàìåòðèçàöèåé
[0; 1] → [0; 1]/(0 ∼ 1) = S1 . Îòîáðàæåíèå E2 : S

1 → S1 âèäà t → 2t mod, 1 ÿâëÿåòñÿ ðàñ-
òÿãèâàþùèìñÿ ýíäîìîðôèçìîì îêðóæíîñòè ñòåïåíè äâà [??]. Ðàññìîòðèì â ïðîñòðàíñòâå
R3 âëîæåííûé ïîëíîòîðèé S1 ×D2 ⊂ R3 , è îòîáðàæåíèå F : S1 ×D2 → R3 âèäà

(t; (x; y)) 7−→ (E2(t);wt(x; y)) , t ∈ S1, (x; y) ∈ D2.

Ïîëîæèì Dt = {t} ×D2 ⊂ S1 ×D2 , R2
t = {t} × R2 . Â ñèëó îïðåäåëåíèÿ îòîáðàæåíèÿ

F ,
F (Dt) ⊂ R2

E2(t)
= R2

2tmod 1.

Ë å ì ì à 1.1. Îòîáðàæåíèå F : S1×D2 → F (S1×D2) ÿâëÿåòñÿ êîíñåðâàòèâíûì
äèôôåîìîðôèçìîì íà ñâîé îáðàç.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåäïîëîæèì, ÷òî F (t1; z1) ∩ F (t2; z2) ̸= ∅ . Òîãäà F (Dt1) ∩
F (Dt2) ̸= ∅ . Èç îïðåäåëåíèÿ F âûòåêàåò ðàâåíñòâî E2(t2) = E2(t1) , òî åñòü, 2t1 mod 1 =
2t2 . Òàê êàê îòîáðàæåíèå wt ÿâëÿåòñÿ äèôôåîìîðôèçìîì íà ñâîé îáðàç, òî t1 ̸= t2 .
Ïîýòîìó äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé, êîãäà t2 = t1 +

1
2
. Èìååì, F (Dt1) = R2t1 ◦ w0 ◦

R−t1(Dt1) ,
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F (Dt2) = F (Dt1+
1
2
) = R2t1+1 ◦ w0 ◦R−t1− 1

2
(Dt1) = R1 ◦R2t1 ◦ w0 ◦R−t1− 1

2
(Dt1).

Ïîñêîëüêó R1 åñòü ïîâîðîò íà óãîë π , òî ïîäêîâû F (Dt1) è S0 ◦ F (Dt1) äîëæíû
ïåðåñåêàòüñÿ, ÷òî ïðîòèâîðå÷èò óñëîâèþ 2.

Îòìåòèì, ÷òî ïîñêîëüêó ÿêîáèàí J(w) îòîáðàæåíèÿì w íà D2 ðàâåí 1
2
, òî ÿêîáèàí

îòîáðàæåíèÿ F ðàâåí J(F ) = J(w)·DE2 =
1
2
·2 = 1 . Ïîýòîìó F ÿâëÿåòñÿ êîíñåðâàòèâíûì

äèôôåîìîðôèçìîì íà ñâîé îáðàç.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ïî ïîñòðîåíèþ îêðóæíîñòü S1
0 ÿâëÿåòñÿ îñüþ ïîëíîòîðèÿ S1 × B2 , à òåëà B è ïîë-

íîòîðèé S1 ×B2 ÿâëÿþòñÿ åå òðóá÷àòûìè îêðåñòíîñòÿìè. Èç òîãî, ÷òî äèôôåîìîðôèçì
êâàäðàòà â ïîäêîâå Ñìåéëà ïðîäîëæàåòñÿ äî íåêîòîðîãî äèôôåîìîðôèçìà äîñòàòî÷íî
áîëüøîãî êðóãà, âûòåêàåò, ÷òî F ïðîäîëæàåòñÿ äî íåêîòîðîãî äèôôåîìîðôèçìà (îáîçíà-
÷èì åãî ñíîâà ÷åðåç F ) ïîëíîòîðèÿ S1×B2 , êîòîðûé ñîõðàíÿåò äèñêîâóþ ñòðóêòóðó, ò.å.
F (Dt) ∩B ⊂ DE2(t) .

Ïóñòü Lp,q � ïðîèçâîëüíàÿ ëèíçà. Íàïîìíèì, ÷òî äëÿ âçàèìíî ïðîñòûõ öåëûõ ÷èñåë
p , q ( p ≥ 3 , 1 ≤ q < p ) ëèíçîé Lp,q íàçûâàåòñÿ òðåõìåðíîå ìíîãîîáðàçèå, êîòîðîå
ïîëó÷àåòñÿ ôàêòîðèçàöèåé ñòàíäàðòíîé ñôåðû S3 = {(z, w) ∈ C2| |z|2 + |w|2 = 1} ïî
äåéñòâèþ, çàäàâàåìîìó ôîðìóëîé

(z, w) → (z exp
2πi

p
, w exp

2πiq

p
).

Ëèíçà Lp,q ìîæåò áûòü òàêæå ïîëó÷åíà â ðåçóëüòàòå ñêëåèâàíèÿ äâóõ ïîëíîòîðèåâ
âäîëü èõ ãðàíèö (äâóìåðíûõ òîðîâ) ñ ïîìîùüþ ëèíåéíîãî àâòîìîðôèçìà òîðà âèäà{

x = rx+ py
y = sx+ qy

,

ãäå öåëûå ÷èñëà r , s óäîâëåòâîðÿþò ñîîòíîøåíèþ ps− qr = ±1 .
Â ðàáîòå [13] áûëî ïîêàçàíî, ÷òî íà êàæäîé ëèíçå Lp,q ìîæíî ïîñòðîèòü äèôôåî-

ìîðôèçì ñ äâóìÿ ñîëåíîèäàëüíûìè áàçèñíûìè ìíîæåñòâàìè, îäèí èç êîòîðûõ ÿâëÿåòñÿ
àòòðàêòîðîì, à âòîðîé � ðåïåëëåðîì. Ïîñòðîåíèå íà÷èíàëîñü íà ïîëíîòîðèè (òàê íàçû-
âàåìûé áàçîâûé ïîëíîòîðèé) ñ îïðåäåëåíèÿ äèôôåîìîðôèçìà, ñîõðàíÿþùåãî äèñêîâóþ
ñòðóêòóðó òàêèì, ÷òî îáðàç îñè ïîëíîòîðèÿ äåëàë p′ îáîðîòîâ âäîëü îñè ïîëíîòîðèÿ è
q′′ îáîðîòîâ âîêðóã îñè ïîëíîòîðèÿ (òî÷íûå ôîðìóëû, ñâÿçûâàþùèå p′ , q′ ñ p , q ìîæíî
òàêæå íàéòè â [14], [15] (ñì. òàêæå [18]). Åñëè íà äèñêàõ, ïåðïåíäèêóëÿðíûõ îñè ïîëíîòî-
ðèÿ çàäàòü ñæàòèå, òî ïîëó÷åííûé äèôôåîìîðôèçì áóäåò èìåòü ñîëåíîèäàëüíîå áàçèñíîå
ìíîæåñòâî, ÿâëÿþùååñÿ àòòðàêòîðîì. Äàëåå, íóæíî âçÿòü âòîðîé ïîëíîòîðèé è îïðåäå-
ëèòü íà íåì ñèììåòðè÷íûé äèôôåîìîðôèçì ñîëåíîèäàëüíûì áàçèñíûì ìíîæåñòâîì, ÿâ-
ëÿþùèìñÿ ðåïåëëåðîì. Òåïåðü äâà ýêçåìïëÿðà ïîëíîòîðèåâ ñêëåèâàþòñÿ âäîëü ãðàíèöå
(äâóìåðíûé òîð) äëÿ ïîëó÷åíèÿ òðåáóåìîãî äèôôåîìîðôèçìà Lp,q → Lp,q ëèíçû. Ïîíÿò-
íûì îáðàçîì ìîæíî ìîäèôèöèðîâàòü F òàê, ÷òîáû îáðàç îñè ïîëíîòîðèÿ S1 ×B2 äåëàë
p′ îáîðîòîâ âäîëü îñè ïîëíîòîðèÿ è q′′ îáîðîòîâ âîêðóã îñè ýòîãî ïîëíîòîðèÿ S1 × B2 .
Äàëåå, ïîâòîðÿÿ òåõíèêó ðàáîò [13, 14, 15], ìîæíî ïîëó÷èòü ïðîäîëæåíèå îòîáðàæåíèÿ
F : B → F (B) ⊂ S1 × B2 äî äèôôåîìîðôèçìà f : Lp,q → Lp,q . ßñíî, ÷òî f êîíñåðâàòèâ-
íûé â íåêîòîðîé îêðåñòíîñòè òåëà B .

Ïîëíîòîðèé S1 ×D2 , âëîæåííûé â Lp,q , áóäåì íàçûâàòü áàçîâûì, è îáîçíà÷èì ÷åðåç
B . Ïîëîæèì

Ω =
∞∩

n=−∞

f(B).
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Ìíîæåñòâî Ω èíâàðèàíòíî îòíîñèòåëüíî f [8] è íå ïóñòî, ïîñêîëüêó ñîäåðæèò â D0 =
{0} ×D2 ⊂ B èíâàðèàíòíîå íåòðèâèàëüíîå (íóëüìåðíîå) ìíîæåñòâî Ω0 ïîäêîâû Ñìåéëà
[8], [16], [6]. Îáîçíà÷èì ÷åðåç Diff 1(Lp,q) ïðîñòðàíñòâî äèôôåîìîðôèçìîâ ëèíçû Lp,q ,
íàäåëåííîå C1 òîïîëîãèåé.

Ë å ì ì à 1.2. Ìíîæåñòâî Ω ãèïåðáîëè÷åñêîå, è îãðàíè÷åíèå f |Ω äèôôåîìîðôèç-
ìà f íà Ω èìååò ïîëîæèòåëüíóþ (òîïîëîãè÷åñêóþ) ýíòðîïèþ. Áîëåå òîãî, â ïðî-
ñòðàíñòâå Diff 1(Lp,q) èìååòñÿ îêðåñòíîñòü U(f) äèôôåîìîðôèçìà f òàêàÿ, ÷òî ëþ-
áîé äèôôåîìîðôèçì g ∈ U(f) èìååò ãèïåðáîëè÷åñêîå èíâàðèàíòíîå ìíîæåñòâî Ωg ⊂ B ,
ïðè÷åì äèôôåîìîðôèçìû f |Ω , g|Ωg ñîïðÿæåíû è îãðàíè÷åíèå g|Ωg èìååò ïîëîæèòåëü-
íóþ ýíòðîïèþ.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïî ïîñòðîåíèþ ÿêîáèàí îòîáðàæåíèÿ f |B : S1 ×D2 → R3

ðàâåí J(f) =

(
1
2

0
0 2

)
. Ïîýòîìó f èìååò ãèïåðáîëè÷åñêóþ ñòðóêòóðó íà B . Îòñþäà ñëå-

äóåò, ÷òî ìíîæåñòâî Ω ãèïåðáîëè÷åñêîå. Èçâåñòíî, ÷òî îãðàíè÷åíèå f |Ω0 : Ω0 → Ω0 èìååò
ïîëîæèòåëüíóþ ýíòðîïèþ [8]. Îòñþäà è [19] âûòåêàåò, ÷òî îãðàíè÷åíèå f |Ω òàêæå èìååò
ïîëîæèòåëüíóþ ýíòðîïèþ. Ïîñêîëüêó ãèïåðáîëè÷åñêèå ìíîæåñòâà îáëàäàþò óñòîé÷èâî-
ñòüþ îòíîñèòåëüíî ìàëûõ C1 âîçìóùåíèé, òî ñóùåñòâóåò îêðåñòíîñòü U(f) ñ òðåáóåìûìè
ñâîéñòâàìè, òàê êàê ýíòðîïèÿ ÿâëÿåòñÿ èíâàðèàíòîì ñîïðÿæåííîñòè.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ë å ì ì à 1.3. Ñóùåñòâóåò äèôôåîìîðôèçì f0 : Lp,q → Lp,q , ñîâïàäàþùèé ñ
f : Lp,q → Lp,q íà ïîëíîòîðèè B ⊂ Lp,q (ñëåäîâàòåëüíî, f0 èìååò ñîëåíîèäàëüíîå èíâà-
ðèàíòíîå ìíîæåñòâî Ω ⊂ B ), êîòîðîå ÿâëÿåòñÿ áûñòðûì íåäèññèïàòèâíûì êèíåìà-
òè÷åñêèì äèíàìî.

Ä î ê à ç à ò å ë ü ñ ò â î. Âîçüìåì áëóæäàþùóþ òî÷êó z0 ∈ Lp,q \B äèôôåîìîðôèçìà
f òàêóþ, ÷òî f(z0) ∈ Lp,q \ B è ñóùåñòâóåò ïóòü p ∈ Lp,q \ NW (f) , ñîåäèíÿþùèé òî÷êè
z0 , f(z0) . Ñòàíäàðòíîé îïåðàöèåé ìîæíî ïîëó÷èòü äèôôåîìîðôèçì f0 : Lp,q → Lp,q ,
ñîâïàäàþùèé ñ f : Lp,q → Lp,q âíå ñêîëü óãîäíî ìàëîé îêðåñòíîñòè ïóòè p , è òàêîé,
÷òî f(z0) = z0 . Òåïåðü ìû ìîæåì ðàññìàòðèâàòü f0 êàê äèôôåîìîðôèçì ïðîñòðàíñòâà
R3 , òîæäåñòâåííûé âíå íåêîòîðîé îòêðûòîé îáëàñòè. ßñíî, ÷òî f0 èìååò ñîëåíîèäàëüíîå
èíâàðèàíòíîå ìíîæåñòâî Ω è íåíóëåâóþ òîïîëîãè÷åñêóþ ýíòðîïèþ. Â ñèëó òåîðåìû 2 [20]
(ìû ïðèìåíÿåì ýòó òåîðåìó äëÿ d = 3 è q = 2 ), f0 ÿâëÿåòñÿ áûñòðûì íåäèññèïàòèâíûì
êèíåìàòè÷åñêèì äèíàìî îòíîñèòåëüíî íåêîòîðîãî áåçäèâåðãåíòíîãî ìàãíèòíîãî ïîëÿ.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Â çàêëþ÷åíèå ñõåìàòè÷íî ïðèâåäåì êîíêðåòíîå ìàãíèòíîå ïîëå, îòíîñèòåëüíî êîòîðîãî
f ÿâëÿåòñÿ áûñòðûì íåäèññèïàòèâíûì êèíåìàòè÷åñêèì äèíàìî. Ðàññìîòðèì íà S1 ×D2

ìàãíèòíîå ïîëå B⃗ , îáðàçîâàííîå åäèíè÷íûìè âåêòîðàìè, êîòîðûå ÿâëÿþòñÿ êàñàòåëüíû-
ìè âåêòîðàìè ê êðèâûì S1×{z} , z ∈ D2 . Êðèâûå S1×{z} ñ÷èòàþòñÿ îðèåíòèðîâàííûìè

â íàïðàâëåíèè âîçðàñòàíèÿ ïàðàìåòðà. ßñíî, ÷òî B⃗ ìîæíî ïðîäîëæèòü íà Lp,q äî åäè-

íè÷íîãî (è, ñëåäîâàòåëüíî, áåçäèâåðãåíòíîãî) âåêòîðíîãî ïîëÿ. Ìû ïðåäïîëàãàåì, ÷òî B⃗
èìååò íóëåâóþ äèôôóçèþ (òî åñòü, ðàññåèâàíèå ìàãíèòíîé ýíåðãèè íå ïðîèñõîäèò). Òàê
êàê ýòè êðèâûå S1×{z} ïîä äåéñòâèåì f ðàñòÿãèâàþòñÿ íå ìåíåå, ÷åì â äâà ðàçà, òî ïîä

äåéñòâèåì f ïîëå B⃗ ïåðåõîäèò â ïîëå f∗(B⃗) ñî ñëåäóþùèì ñâîéñòâîì: ñóùåñòâóåò ïîñòî-

ÿííàÿ λ > 1 òàêàÿ, ÷òî âåêòîðû ïîëÿ f∗(B⃗) èìåþò äëèíó íå ìåíåå, ÷åì â λ ðàç áîëüøóþ

íåæåëè äëèíà âåêòîðîâ ïîëÿ B⃗ . Àíàëîãè÷íîå ñâîéñòâî èìååò ìåñòî äëÿ äëèí âåêòîðîâ
ïîëÿ fn+1

∗ (B⃗) îòíîñèòåëüíî ïîëÿ fn∗ (B⃗) . Òàêèì îáðàçîì, äèôôåîìîðôèçì f : S3 → S3
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ÿâëÿåòñÿ áûñòðûì íåäèññèïàòèâíûì êèíåìàòè÷åñêèì äèíàìî îòíîñèòåëüíî ìàãíèòíîãî
ïîëÿ B⃗ .
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Nondissipativ kinematic dynamics on lenses

c⃝ E. V. Zhuzhoma3, V. S. Medvedev4

Abstract. In the paper we construct smooth (in�nitely di�erentiable) di�eomorphism of three
dimensional lens (that is a closed three-manifold that is sheet-�nitely covered by three-dimensional
sphere). We include a three-dimensional sphere in the list of lens. This mapping has a positive
entropy and preserves the volume in some neighborhood of its non-wandering set. We examine the
space of di�eomorphisms that are conservative in some neighborhood of their non-wandering sets.
In this space there is a neighbourhood consisting of mappings with positive topological entropy
(i.e., the di�eomorphism constructed is relatively stable in the class of di�eomorphisms). Due to
its properties, the di�eomorphism constructed can act like a model of non-dissipative kinematic
fast dynamo. The question is open either the di�eomorphism constructed is the model of a middle
or dissipative fast dynamo.

Key Words: di�eomorphism of a solid torus, solenoid, nondissipative dynamo.

References

1. V.I. Arnold, B.A. Hesin, Tologicheskie metody v gidrodinamike [Topological Methods in
Hydrodynamics], ÌCNMO publ, M., 2007 (In Russ).

2. J.M. Aarts, R.J. Fokkink, “The classification of solenoids”, Proc. of Amer. Math. Soc.,
111 (1991), 1161–1163.

3. R.H. Bing, “A simple closed curve is the only homogeneous bounded plane continuum
that contains an arc”, Canadian Journ. Math., 12 (1960), 209–230.

4. R.H. Bing, “Embedding circle-line continua in the plane”, Canadian Journ. Math., 14
(1962), 113–128.

5. V.V. Nemitsky, V.V. Stepanov, Kachestvennaya teoriya di�erentsialnyh uravneniy
[Qualitative theory of di�erential equations], ÎGIZ, Ì.-L., 1947 (In Russ).

6. S. Smale, “Differentiable dynamical systems”, Bull. Amer. Math. Soc., 73 (1967), 741–
817.

7. D.V. Anosov, �Ishodnye ponyatiya. Elementarnaya teoriya [Initial concepts. Elemetary
theory]�, Sovremennye problemy matematiki, Fundamentalnye napravleniya (Itogi nauki
i tehniki), 1 (1985), 156�204 (In Russ).

8. D.V. Anosov, V.V. Solodov, �Giperbolicheskie mnozhestva [Hyperbolic sets]�,
Sovremennye problemy matematiki, Fundamentalnye napravleniya (Itogi nauki i techniki),
66 (1991), 12�99 (In Russ).

9. Uy.S. Ilyashenko, Li Weigu, Nelocalnye bifurkatsii [Nonlocal bifurcations], ÌCNÌÎ-
CheRî, M., 1999 (In Russ).

3 Evgeny V. Zhuzhoma, Professor of the Department of Fundamental Mathematics, Research Institute
of Higher School of Economics (603155, Russia, Nizhny Novgorod, zhuzhomazhul. Bolshaya Pecherskaya, 25),
Dr. Sci. (Physics and Mathematics), ORCID:http://orcid.org/0000-0001-8682-7591, zhuzhoma@mail.ru

4Vladislav S. Medvedev, researcher TAPRADESS laboratory, NIU Higher School of Economics
(603155, Russia, Nizhny Novgorod, Ul. Bolshaya Pecherskaya, 25), PhD (Physics and Mathematics),
ORCID:http://orcid.org/0000-0001-6369-0000, vmedvedev@hse.ru

E. V. Zhuzhoma, V. S. Medvedev. Nondissipativ kinematic dynamics on lenses



Zhurnal SVMO. 2017. Vol. 19, No. 2 61

10. S. Aranson, G. Belitsky, E. Zhuzhoma, Introduction to Qualitative Theory of Dynamical
Systems on Closed Surfaces. Translations of Math. Monographs. 196, Amer. Math. Soc.,
N.Y., 1996.

11. C. Robinson, Dynamical Systems: stability, symbolic dynamics, and chaos. Studies in Adv.
Math., CRC Press, Boca Raton, 1999.

12. D. Turaev, L.P. Shilnikov, �[About the blue sky catasrophe]�, Doklady RAN, 342:5 (1995),
596�599 (In Russ).

13. H. Bothe, “The ambient structure of expanding attractors, II. Solenoids in 3-manifolds”,
Math. Nachr., 112 (1983), 69–102.

14. B. Jiang, Y. Ni, Ch. Wang, “3-manifolds that admit knotted solenoids as attractors”,
Trans. Amer. Math. Soc., 356 (2004), 4371–4382.

15. Jiming Ma, Bin Yu, “The realization of Smale solenoid type attractors in 3-manifolds”,
Topology and Appl., 154 (2007), 3021–3031.

16. S. Smale, “Diffeomorphisms with many periodic points”, Differential and Combinatorial
Topology, 1965, 63–80.

17. M. Shub, �Endomorphisms of compact di�erentiable manifolds�, Amer. Journ. Math., 91
(1969), 175�199.

18. Å.V. Zhuzhoma, N.V. Isaenkova, �[On zero-dimensional solenoidal basis sets]�, Ìatem.
sbornik, 202:3 (2011), 47�68 (In Russ).

19. R. Bowen, “Topological entropy and Axiom A.”, Global Analysis, Proc. Sympos. Pure
Math. Amer. Math. Soc., 14 (1970), 23–42.

20. I. Klapper, L.-S. Young, “Rigorous bounds of the fast dynamo growth rate involving
topological entropy”, Comm. Math. Phys., 173 (1995), 623–646.

Submitted 25.03.2017

E. V. Zhuzhoma, V. S. Medvedev. Nondissipativ kinematic dynamics on lenses


