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Àííîòàöèÿ. Ñòàòüÿ ïîñâÿùåíà ïîëó÷åíèþ ýôôåêòèâíûõ ïðèçíàêîâ ýêñïîíåíöèàëüíîé
óñòîé÷èâîñòè íåêîòîðûõ êëàññîâ àâòîíîìíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿä-
êà ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì. Äàí îáçîð ðàáîò èç ã. Ïåðìè è èç ã. Èâàíîâà ïî ýòîé
òåìå. Ïðèâåäåí êðèòåðèé Ñ.À. Ãóñàðåíêî î íåïðåðûâíîñòè îïåðàòîðà ñ àâòîðåãóëèðóåìûì
çàïàçäûâàíèåì. Ïðèâåäåíî óñëîâèå Â.Ï. Ìàêñèìîâà î ïîëíîé íåïðåðûâíîñòè îïåðàòîðà ñ
àâòîðåãóëèðóåìûì çàïàçäûâàíèåì. Ñôîðìóëèðîâàíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è
ïðîäîëæèìîñòè ðåøåíèé. Ñôîðìóëèðîâàíû òåîðåìû îá óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæå-
íèþ. Ýòè òåîðåìû îñíîâàíû íà òåîðåìàõ èç êíèãè è ñòàòåé Í.Â. Àçáåëåâà è Ï.Ì. Ñèìîíîâà.
Òåîðåìû îá óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ ïî âíåøíåìó âèäó õîòÿ è íàïîìèíàþò
èçâåñòíûå òåîðåìû Ëÿïóíîâà î ïåðâîì ïðèáëèæåíèè, îäíàêî â äåéñòâèòåëüíîñòè ñóùåñòâåí-
íî îòëè÷àþòñÿ îò ïîñëåäíèõ. Òåîðåìû Ëÿïóíîâà äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ èëè
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé äàþò ìåòîäèêó èññëåäîâàíèÿ óñòîé÷èâîñòè:
ñ ïîìîùüþ ëèíåàðèçàöèè íåëèíåéíîé ÷àñòè óðàâíåíèÿ âîïðîñ îá óñòîé÷èâîñòè íåëèíåéíî-
ãî óðàâíåíèÿ ñâîäèòñÿ ê âîïðîñó îá óñòîé÷èâîñòè ëèíåéíîãî óðàâíåíèÿ, äëÿ êîòîðîãî óæå
äîêàçàíû ýôôåêòèâíûå ïðèçíàêè óñòîé÷èâîñòè. Â íàøåì ñëó÷àå íå óäàåòñÿ ëèíåàðèçîâàòü
íåëèíåéíûå ÷àñòè óðàâíåíèé, à ïîòîìó âûøåóïîìÿíóòàÿ ìåòîäèêà çäåñü íå ïðèìåíèìà. Â
ñòàòüå, çàìåíÿÿ ïðîöåññ ëèíåàðèçàöèè óðàâíåíèÿ �ïñåâäîëèíåàðèçàöèåé�, à òàêæå èñïîëüçóÿ
ðåçóëüòàòû ñòàòüè Â.Â. Ìàëûãèíîé, ìû ïîëó÷èëè íåêîòîðûå àíàëîãè òåîðåì î ïåðâîì ïðèáëè-
æåíèè äëÿ ñêàëÿðíûõ, àâòîíîìíûõ óðàâíåíèé ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì. Îñíîâíûå
âûâîäû, ïîëó÷åííûå íà îñíîâàíèè ýòîé èäåè, ìîæíî îôîðìèòü ñëåäóþùåé ôðàçîé: àâòîíîì-
íûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì îáëàäàþò ñâîéñòâàìè
óñòîé÷èâîñòè, ïîäîáíûìè ñâîéñòâàì ñîîòâåòñòâóþùèõ èì óðàâíåíèé ñ ñîñðåäîòî÷åííûì çà-
ïàçäûâàíèåì.
Êëþ÷åâûå ñëîâà: àâòîíîìíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ àâòîðåãóëèðóåìûì çàïàç-
äûâàíèåì, óñòîé÷èâîñòü, íåëèíåéíûé îïåðàòîð âíóòðåííåé ñóïåðïîçèöèè, òåîðåìà Ëÿïóíîâà
îá óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ, îïåðàòîð ñæàòèÿ, íåïîäâèæíàÿ òî÷êà îïåðàòîðà,
äîïóñòèìîñòü ïàð ïðîñòðàíñòâ.

1. Ââåäåíèå

Ìîäåëèðîâàíèå íåêîòîðûõ ïðàêòè÷åñêèõ çàäà÷ ïðèâîäèò ê óðàâíåíèÿì ñ çàïàçäûâàíè-
åì, çàâèñÿùèì ÿâíî èëè íåÿâíî îò íåèçâåñòíîé ôóíêöèè. Â íàñòîÿùåé ðàáîòå ðàññìàòðè-
âàåòñÿ îäèí äîñòàòî÷íî îáùèé êëàññ òàêèõ óðàâíåíèé � óðàâíåíèÿ, ñîäåðæàùèå â êà÷åñòâå

1 Åðìîëàåâ Ìèõàèë Áîðèñîâè÷, è.î. çàâåäóþùåãî êàôåäðîé ýêîíîìèêè è ôèíàíñîâ, ïðîôåññîð
êàôåäðû ýêîíîìèêè è ôèíàíñîâ, ÔÃÁÎÓ ÂÎ "Èâàíîâñêèé ãîñóäàðñòâåííûé õèìèêî-òåõíîëîãè÷åñêèé
óíèâåðñèòåò" (153000, Ðîññèÿ, Èâàíîâñêàÿ îáëàñòü, ã. Èâàíîâî, ïð. Øåðåìåòåâñêèé, ä. 7.), äîêòîð ýêî-
íîìè÷åñêèõ íàóê, ORCID: http://orcid.org/0000-0002-9502-3621, ermol-mb@mail.ru

2 Ñèìîíîâ Ï¼òð Ìèõàéëîâè÷, ïðîôåññîð êàôåäðû èíôîðìàöèîííûõ ñèñòåì è ìàòåìàòè÷åñêèõ ìå-
òîäîâ â ýêîíîìèêå, ÔÃÁÎÓ ÂÎ "Ïåðìñêèé ãîñóäàðñòâåííûé íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåð-
ñèòåò" (614990, Ðîññèÿ, Ïåðìñêèé êðàé, ã. Ïåðìü, óë. Áóêèðåâà, ä. 15.), äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ
íàóê, ORCID: http://orcid.org/0000-0001-6357-662Õ, simpm@mail.ru
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êîìïîíåíòû âûðàæåíèå x[h(t, x(t))], ãäå x(t) � íåèçâåñòíàÿ ôóíêöèÿ. Ïîñëåäíåå óðàâíå-
íèå, ñëåäóÿ ðàáîòàì [1], [2], â äàëüíåéøåì áóäåì íàçûâàòü óðàâíåíèåì ñ àâòîðåãóëèðóåìûì
çàïàçäûâàíèåì.

Â 1963 ãîäó Ð. Äðàéâåð îïóáëèêîâàë ðàáîòó [3], â êîòîðîé îí èññëåäîâàë âîïðîñû
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ óðàâíåíèÿ:

ẋ(t) = f(t, x(t), x[h(t, x(t))]), t ≥ a,
x(ξ) = φ(ξ), åñëè ξ < a.

(1.1)

Ïîçäíåå ïîÿâèëèñü ðàáîòû, ïîñâÿùåííûå óñòîé÷èâîñòè íåêîòîðûõ êëàññîâ òàêèõ óðàâ-
íåíèé [4], [5], [6], [7], [8], à òàêæå ðàáîòû, óòî÷íÿþùèå ðåçóëüòàòû Ð. Äðàéâåðà [9], [10].
Îäíàêî, îáùèì äëÿ âñåõ ýòèõ èññëåäîâàíèé ÿâëÿåòñÿ íàëè÷èå òðåáîâàíèÿ òàê íàçûâàåìîé
�íåïðåðûâíîé ñòûêîâêè": x(a) = φ(a) , ÷òî ñóùåñòâåííî ñóæàåò ïðàêòè÷åñêîå ïðèìåíåíèå
ïîëó÷åííûõ ðåçóëüòàòîâ.

Ñ äðóãîé ñòîðîíû, îòêàç îò ýòîãî òðåáîâàíèÿ ïðèâîäèò ê ðÿäó ïàðàäîêñàëüíûõ ÿâëå-
íèé. Â ÷àñòíîñòè, â ýòîì ñëó÷àå îòñóòñòâóåò íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèé îò èì-
ïóëüñíûõ âîçäåéñòâèé (ïðè ñêîëüêî óãîäíî ìàëîì âîçäåéñòâèè êàðòèíà ðàñïîëîæåíèÿ èí-
òåãðàëüíûõ êðèâûõ ìîæåò ïðèíöèïèàëüíî èçìåíèòüñÿ, âïëîòü äî èñ÷åçíîâåíèÿ ðåøåíèé
(ñì., íàïðèìåð, [11], [12], [13], [14][ñ. 278]).

Ïðè÷èíà òàêèõ ÿâëåíèé ñîñòîèò â òîì, ÷òî îïåðàòîð F : C[0, b] → Lp[0, b] , îïðåäåëÿå-
ìûé ïðàâîé ÷àñòüþ óðàâíåíèÿ (1.1), âîîáùå ãîâîðÿ, íå ÿâëÿåòñÿ íåïðåðûâíûì.

Ýòî îáñòîÿòåëüñòâî çàòðóäíÿåò ïðèìåíåíèå òðàäèöèîííûõ ñõåì èññëåäîâàíèÿ ðàçðå-
øèìîñòè óðàâíåíèÿ (1.1), èñïîëüçóþùèõ êëàññè÷åñêèå ïðèíöèïû íåïîäâèæíîé òî÷êè.

Ïðåîäîëåíèþ ýòèõ òðóäíîñòåé áûëè ïîñâÿùåíû ðàáîòû Ì.Å. Äðàõëèíà [15], [16]; Ì.Å.
Äðàõëèíà è Ò.Ê. Ïëûøåâñêîé [17]; À.È. Áóëãàêîâà è Â.Ï. Ìàêñèìîâà [18]; Â.Ï. Ìàêñèìîâà
[19], [20]; Å.Ñ. Æóêîâñêîãî [21], [22]; Ñ.À. Ãóñàðåíêî [23], [24], [25]; Ñ.À. Ãóñàðåíêî, Å.Ñ.
Æóêîâñêîãî è Â.Ï. Ìàêñèìîâà [26].

Áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ [15], [19], à, ïîçäíåå è êðèòåðèé [26] íåïðåðûâíî-
ñòè îïåðàòîðà Hφ : C[0, b] → Lp[0, b] , 1 ≤ p <∞ :

(Hφx)(t) =

{
x[h(t, x(t))], ïðè h(t, x(t)) ≥ 0,

φ[h(t, x(t))], ïðè h(t, x(t)) < 0,

à òàêæå ýôôåêòèâíûå ïðèçíàêè ðàçðåøèìîñòè çàäà÷ Êîøè è íåêîòîðûõ êðàåâûõ çàäà÷
äëÿ óðàâíåíèé ñ àâòîðåãóëèðóåìûõ çàïàçäûâàíèåì. Âîïðîñû óñòîé÷èâîñòè â ýòèõ ðàáîòàõ
íå ðàññìàòðèâàëèñü. Ïåðâûå èññëåäîâàíèÿ áûëè â ðàáîòàõ [11], [12], [27], [28]. Ïîñâÿùåííûå
ýòîìó îáçîðû èìåþòñÿ â ñòàòüÿõ [29], [30], [31], [32], [33]. Çàìåòèì, ÷òî íàøå èññëåäîâàíèå
îòëè÷àåòñÿ ñâîèì ïîäõîäîì îò ñòàòåé çàðóáåæíûõ àâòîðîâ, ñì., íàïðèìåð, [34], [35], [36].

Â ïðåäëàãàåìîé ðàáîòå ðàññìàòðèâàåòñÿ îáùèé ñëó÷àé óðàâíåíèé ñ àâòîðåãóëèðóåìûì
çàïàçäûâàíèåì, à èìåííî, óðàâíåíèÿ âèäà:

Lx = Φ{x,Hφx}, (1.2)

ãäå L : Dloc → Lloc � ëèíåéíûé âîëüòåððîâ îïåðàòîð, Φ : Cloc×Lmloc → Lloc � íåïðåðûâíûé
âîëüòåððîâ îïåðàòîð, à Hφ � îïåðàòîðû, îïðåäåëÿþùèå ñïåöèôèêó èññëåäóåìûõ êëàññîâ
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé.

Õîòÿ îñíîâíîå âíèìàíèå â ðàáîòå óäåëÿåòñÿ èññëåäîâàíèþ óñòîé÷èâîñòè óðàâíåíèé
(1.2), ìû íå ìîãëè íå çàòðîíóòü ïðîáëåìû ðàçðåøèìîñòè ýòèõ óðàâíåíèé, ñîãëàñíî òðåáî-
âàíèÿì ïðèêëàäíûõ çàäà÷. Àêòóàëüíîñòü ýòîé ïðîáëåìû íå ñòîëü ÿðêî âûðàæåíà â ñëó÷àå
óðàâíåíèé Lx = Fx, â êîòîðûõ îïåðàòîð F : Dr[a, b] → Lp[a, b] âïîëíå íåïðåðûâåí äëÿ
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ëþáîãî b > a è äëÿ íåêîòîðûõ 1 < r ≤ ∞, 1 ≤ p < ∞. Àïðèîðíàÿ îöåíêà, ñëåäóþùàÿ
èç óñòîé÷èâîñòè çàäàííîãî ðåøåíèÿ, âëå÷åò ñóùåñòâîâàíèå ðåøåíèÿ íà âñåé ïîëóîñè â ñè-
ëó òåîðåìû î ëîêàëüíîé ðàçðåøèìîñòè è ïðîäîëæèìîñòè ðåøåíèÿ. Îäíàêî, êàê ñêàçàíî
âûøå, óðàâíåíèÿ ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì ïðåäñòàâëÿþò ñîáîé îñîáûé êëàññ
è äëÿ íèõ âîïðîñû óñòîé÷èâîñòè è ðàçðåøèìîñòè íóæíî òåñíî óâÿçûâàòü äðóã ñ äðóãîì.

Ïðè èññëåäîâàíèè óñòîé÷èâîñòè óðàâíåíèé (1.2) ìû èñïîëüçîâàëè äâà ïîäõîäà � êëàñ-
ñè÷åñêèé, ïðè êîòîðîì óñòîé÷èâîñòü ïîíèìàåòñÿ êàê íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ
çàäà÷è Êîøè îò íà÷àëüíîãî çíà÷åíèÿ α è íà÷àëüíîé ôóíêöèè φ [37], [38], è áîëåå ñïåöè-
ôè÷íûé ïîäõîä, ïðè êîòîðîì óñòîé÷èâîñòü � ýòî êîððåêòíàÿ ðàçðåøèìîñòü çàäà÷è Êîøè
â íåêîòîðîì ïðîñòðàíñòâå V îòíîñèòåëüíî α è àääèòèâíîãî âîçìóùåíèÿ ψ ïðàâîé ÷àñòè
óðàâíåíèÿ.

Èçó÷åíèþ óñòîé÷èâîñòè è ðàçðåøèìîñòè óðàâíåíèÿ (1.2) ïðåäøåñòâóåò èññëåäîâàíèå
îïåðàòîðà Hφ. Ýòè ñâîéñòâà, à òàêæå îáùèå òåîðåìû îá óñòîé÷èâîñòè è ðàçðåøèìîñòè
íåëèíåéíûõ óðàâíåíèé Lx = Fx, ïîçâîëèëè íàì ïîëó÷èòü ðÿä óòâåðæäåíèé î ñóùåñòâî-
âàíèè è óñòîé÷èâîñòè ðåøåíèé óðàâíåíèé (1.2).

Ïóíêòû 4 è 5 ñòàòüè ïîñâÿù¼íû ïîëó÷åíèþ ýôôåêòèâíûõ ïðèçíàêîâ íåêîòîðûõ êëàñ-
ñîâ àâòîíîìíûõ óðàâíåíèé ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì. Ïðè ýòîì èñïîëüçóåòñÿ
èäåÿ ñâåäåíèÿ âîïðîñà óñòîé÷èâîñòè èññëåäóåìûõ íåëèíåéíûõ óðàâíåíèé ê âîïðîñó óñòîé-
÷èâîñòè êëàññà ëèíåéíûõ óðàâíåíèé, êîòîðûé áûë ïîäðîáíî èçó÷åí â ðàáîòàõ [39], [40],
[41], [42]. Ðåçóëüòàòû, ïîëó÷åííûå íà îñíîâàíèè ýòîé èäåè, âîëüíî òðàêòóÿ, ìîæíî îôîð-
ìèòü ñëåäóþùåé ôðàçîé: àâòîíîìíûå óðàâíåíèÿ ñ àâòîðåãóëèðóåìûìè çàïàçäûâàíèÿìè,
âîîáùå ãîâîðÿ, îáëàäàþò ïîäîáíûìè ñâîéñòâàìè óñòîé÷èâîñòè, ÷åì ñîîòâåòñòâóþùèå èì
óðàâíåíèÿ ñ ñîñðåäîòî÷åííûì çàïàçäûâàíèåì.

Áóäåì ïîëüçîâàòüñÿ ñëåäóþùèìè îáîçíà÷åíèÿìè: Rn � ïðîñòðàíñòâî âåùåñòâåííûõ
âåêòîð�ñòîëáöîâ α = col {α1, . . . , αn} ñ íåêîòîðîé íîðìîé | · | ; S[a, b], � ïðîñòðàíñòâî
ôóíêöèé y : [a, b] → Rn èçìåðèìûõ ïî Ëåáåãó −∞ < a < b ≤ ∞ ; Lp[a, b], � ïðîñòðàíñòâî
Ëåáåãà, 1 ≤ p < ∞ , −∞ < a < b ≤ ∞ : áàíàõîâî ïðîñòðàíñòâî (êëàññîâ ýêâèâàëåíòíî-
ñòè) ñóììèðóåìûõ ñ p -îé ñòåïåíüþ (èíòåãðèðóåìûõ ïî Ëåáåãó ñ p -îé ñòåïåíüþ) ôóíê-

öèé z : [a, b] → Rn ñ íîðìîé ∥z∥Lp[a,b]
def
=
( b∫
a

|z(t)|p dt
)1/p

; Lloc � ëèíåéíîå ïðîñòðàíñòâî

(êëàññîâ ýêâèâàëåíòíîñòè) ëîêàëüíî ñóììèðóåìûõ ôóíêöèé z : [a,∞) → Rn ; Lp � ïðî-
ñòðàíñòâî Ëåáåãà, 1 ≤ p <∞ : áàíàõîâî ïðîñòðàíñòâî (êëàññîâ ýêâèâàëåíòíîñòè) ôóíêöèé

z : [a,∞) → Rn , ñóììèðóåìûõ â ñòåïåíè p è ñ íîðìîé ∥z∥Lp
def
=
( ∞∫
a

|z(t)|p dt
)1/p

; L∞[a, b],

� ïðîñòðàíñòâî Ëåáåãà, −∞ < a < b ≤ ∞ : áàíàõîâî ïðîñòðàíñòâî (êëàññîâ ýêâèâàëåíò-
íîñòè) èçìåðèìûõ è îãðàíè÷åííûõ â ñóùåñòâåííîì ôóíêöèé z : [a, b] → Rn ñ íîðìîé

∥z∥L∞[a,b]
def
= vrai sup

t∈[a,b]
|z(t)| ; L∞ � ïðîñòðàíñòâî Ëåáåãà: áàíàõîâî ïðîñòðàíñòâî (êëàññîâ

ýêâèâàëåíòíîñòè) èçìåðèìûõ è îãðàíè÷åííûõ â ñóùåñòâåííîì ôóíêöèé z : [a,∞) → Rn

ñ íîðìîé ∥z∥L∞
def
= vrai sup

t≥a
|z(t)| ; L∞

0 � ïîäïðîñòðàíñòâî âñåõ òàêèõ ôóíêöèé z ∈ L∞ ,

äëÿ êàæäîé èç êîòîðûõ ñóùåñòâóåò vrai lim
t→∞

z(t) = 0 , ñ íîðìîé ∥z∥L∞
0

def
= ∥z∥L∞ ; L∞

γ �

áàíàõîâî ïðîñòðàíñòâî âñåõ òàêèõ ôóíêöèé z : [a,∞) → Rn , γ ∈ R, , äëÿ êàæäîé èç êî-

òîðûõ ñïðàâåäëèâî ïðåäñòàâëåíèå z = yγ, ãäå yγ(t)
def
= y(t) exp(−γ t) è y ∈ L∞, ñ íîðìîé

∥z∥L∞
γ

def
= ∥y∥L∞ ; C[a, b] � áàíàõîâî ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé x : [a, b] → Rn

ñ íîðìîé ∥x∥C[a,b]
def
= max

t∈[a,b]
|x(t)| , −∞ < a < b < ∞ ; Cloc � ëèíåéíîå ïðîñòðàíñòâî íåïðå-

ðûâíûõ ôóíêöèé x : [a,∞) → Rn ; C � áàíàõîâî ïðîñòðàíñòâî îãðàíè÷åííûõ ôóíêöèé
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x ∈ Cloc ñ íîðìîé ∥x∥C
def
= sup

t≥a
|x(t)| ; C0 � ïîäïðîñòðàíñòâî âñåõ òàêèõ ôóíêöèé x ∈ C ,

äëÿ êàæäîé èç êîòîðûõ lim
t→∞

x(t) = 0 , ñ íîðìîé ∥x∥C0

def
= ∥x∥C ; Cγ , γ ∈ R , � áàíàõîâî

ïðîñòðàíñòâî âñåõ òàêèõ ôóíêöèé x ∈ Cloc , äëÿ êàæäîé èç êîòîðûõ ñïðàâåäëèâî ïðåä-

ñòàâëåíèå x = yγ, ãäå y ∈ C, ñ íîðìîé ∥x∥Cγ

def
= ∥y∥C ; Dp[a, b], � áàíàõîâî ïðîñòðàíñòâî

òàêèõ àáñîëþòíî íåïðåðûâíûõ ôóíêöèé x : [a, b] → Rn , 1 ≤ p ≤ ∞, −∞ < a < b < ∞ ,

äëÿ êîòîðûõ êîíå÷íà íîðìà ∥x∥D[a,b]
def
= ∥ẋ∥Lp[a,b] + |x(a)| ; Dloc � ëèíåéíîå ïðîñòðàíñòâî

âñåõ àáñîëþòíî íåïðåðûâíûõ íà êàæäîì êîíå÷íîì îòðåçêå ôóíêöèé x : [a,∞) → Rn ;
D � áàíàõîâî ïðîñòðàíñòâî àáñîëþòíî íåïðåðûâíûõ ôóíêöèé x : [a,∞) → Rn òàêèõ,

÷òî x ∈ C , ẋ ∈ L∞ , ñ íîðìîé ∥x∥D
def
= ∥x∥C + ∥ẋ∥L∞ ; D0 � áàíàõîâî ïðîñòðàíñòâî àá-

ñîëþòíî íåïðåðûâíûõ ôóíêöèé x : [a,∞) → Rn òàêèõ, ÷òî x ∈ C0 , ẋ ∈ L∞
0 , ñ íîðìîé

∥x∥D0

def
= ∥x∥C0 + ∥ẋ∥L∞

0
; Dγ � áàíàõîâî ïðîñòðàíñòâî àáñîëþòíî íåïðåðûâíûõ ôóíêöèé

x : [a,∞) → Rn òàêèõ, ÷òî x ∈ Cγ , ẋ ∈ L∞
γ , ñ íîðìîé ∥x∥Dγ

def
= ∥x∥Cγ +∥ẋ∥L∞

γ
; Lip(q, [a, b])

� ìíîæåñòâî ôóíêöèé y : [c,∞) → Rn, c ≤ a, óäîâëåòâîðÿþùèõ íà [a, b] óñëîâèþ Ëèï-
øèöà ñ êîíñòàíòîé q > 0 .

2. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ àâòîðåãóëèðóåìûì çàïàçäû-
âàíèåì. Âîïðîñû ñóùåñòâîâàíèÿ ðåøåíèé

Íåêîòîðûå ìîäåëè èíôåêöèîííûõ çàáîëåâàíèé [43], [6], çàäà÷à âçàèìîäåéñòâèÿ äâóõ
òåë â ýëåêòðîäèíàìèêå [3], [44], [45], [46], à òàêæå äðóãèå çàäà÷è [47], [4], [48] ïðèâîäÿò ê
çàäà÷àì Êîøè âèäà:

ẋ(t) = f(t, x(t), x[h(t, x(t))]), t ≥ 0,

x(ξ) = φ(ξ), åñëè ξ < 0, x(0) = α.
(2.1)

Êàê ïîêàçûâàþò ïðèìåðû, ïîäîáíûå óðàâíåíèÿ îáëàäàþò ðÿäîì íåîáû÷íûõ ñâîéñòâ. Â
÷àñòíîñòè, íèêàêàÿ ñòåïåíü ãëàäêîñòè ôóíêöèé f , h , φ íå îáåñïå÷èâàåò åäèíñòâåííîñòè
è äàæå ñóùåñòâîâàíèÿ ëîêàëüíîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ ýòîãî óðàâíåíèÿ [11], [12],
[13], [14][ñ. 278], [58][p. 230].

Äëÿ ïîäðîáíîãî èçó÷åíèÿ çàäà÷è Êîøè (2.1) è åìó ïîäîáíûõ óðàâíåíèé ââåäåì â ðàñ-
ñìîòðåíèå îïåðàòîð Hφ , îïðåäåëÿåìûé ðàâåíñòâîì:

(Hφx)(t) =

{
x[(Θx)(t)], ïðè (Θx)(t) ≥ a,

φ[(Θx)(t)], ïðè (Θx)(t) < a.
(2.2)

Çäåñü ïðè âñåõ b > a îïåðàòîð Θ : C[a, b] → S[a, b] íåïðåðûâåí ïî ìåðå è (Θx)(t) ≤ t
ïðè ïî÷òè âñåõ t ≥ a, è âñåõ x ∈ C[a, b] ; ôóíêöèÿ φ = col{φ1, ..., φn} : (ν, a] → Rn

íåïðåðûâíà, ν = min
1≤i≤n

vrai inf
t≥a

(Θx)i(t); çàïèñè x[Θx] è φ[Θx] îçíà÷àþò, ñîîòâåòñòâåííî,

col{xi[(Θx)i(t)]}, i = 1, ..., n, è col{φi[(Θx)i(t)]}, i = 1, ..., n. Òîãäà óðàâíåíèå (1.1) ìîæíî
çàïèñàòü â âèäå:

ẋ(t) = f(t, x(t), (Hφx)(t)),

ãäå îïåðàòîð Hφ îïðåäåëÿåòñÿ ðàâåíñòâîì (2.2) ïðè (Θx)(t) = h(t, x(t)) .
Î÷åâèäíî, ÷òî åñëè âûïîëíÿåòñÿ óñëîâèå:

a∫
ν

|φ(s)|pds <∞ ïðè 1 ≤ p <∞, vrai sup
s∈(ν,a)

|φ(s)| <∞ ïðè p = ∞,
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òî îïåðàòîð Hφ äåéñòâóåò èç ïðîñòðàíñòâà C[a, b] â ïðîñòðàíñòâî Lp[a, b]. Îäíàêî, âîîáùå
ãîâîðÿ, îïåðàòîð Hφ : C[a, b] → Lp[a, b] íå ÿâëÿåòñÿ íåïðåðûâíûì. Ýòèì è îáúÿñíÿþòñÿ
òå íåîáû÷íûå ñâîéñòâà óðàâíåíèÿ (1.1), î êîòîðûõ ãîâîðèëîñü âûøå. Èññëåäóåì óñëîâèÿ
íåïðåðûâíîñòè îïåðàòîðà Hφ : C[a, b] → Lp[a, b] , 1 ≤ p <∞ .

Ë å ì ì à 2.1. ([25]) Îïåðàòîð Hφ : C[a, b] → Lp[a, b] , 1 ≤ p < ∞, íåïðåðûâåí â
òî÷êå x ∈ C[a, b] òîãäà, êîãäà äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {x(k)} ⊂ C[a, b] òàêîé,
÷òî lim

k→∞
x(k) = x âûïîëíÿþòñÿ íåðàâåíñòâà:

(xi(a)− φi(a)) lim
k→∞

mes[{t ∈ [a, b] : (Θx)i(t) = a}∪

∪{t ∈ [a, b] : (Θx(k))i(t) < a}] = 0, i = 1, ..., n.
(2.3)

Ç à ì å ÷ à í è å 2.1. Ïîä÷åðêíåì, ÷òî óñëîâèå (2.3) íåïðåðûâíîñòè îïåðàòîðà
Hφ : C[a, b] → Lp[a, b] íåîáõîäèìî è äîñòàòî÷íî ëèøü â ñëó÷àå 1 ≤ p < ∞. Åñëè æå
p = ∞, òî óñëîâèÿ íåïðåðûâíîñòè îïåðàòîðà Hφ ñóùåñòâåííî �óæå. Ñëåäóþùèé íèæå
ïðîñòîé ïðèìåð èëëþñòðèðóåò ñèòóàöèþ, êîãäà ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ, ñõîäÿ-
ùèõñÿ â C[a, b], îòîáðàæàåòñÿ îïåðàòîðîì Hφ â ïîñëåäîâàòåëüíîñòü, êîòîðàÿ ñõîäèò-
ñÿ â Lp[a, b] , 1 ≤ p < ∞, íî óæå íå ñõîäèòñÿ â L∞[a, b]. Ïóñòü (Θx)(t) = t − |x(t)| ,
t ∈ [0, 2] ; φ(ξ) ≡ 0 ïðè ξ < 0 ; x(k)(t) ≡ 1 − 1/k , k = 1, 2, ..., x(0)(t) ≡ 1 . Òîãäà ñîãëàñíî
(2.2) èìååì:

(Hφx
(k))(t) =

{
0, t ∈ [0, 1− 1/k),

1− 1/k, t ∈ [1− 1/k, 2];
(Hφx

(0))(t) =

{
0, t ∈ [0, 1),

1, t ∈ [1, 2];

lim
k→∞

∥Hφx
(k) −Hφx

(0)∥Lp[0,2] = lim
k→∞

(1 + 1/k)(1/(kp)) = 0;

lim
k→∞

∥Hφx
(k) −Hφx

(0)∥L∞[0,2] = lim
k→∞

(1− 1/k) = 1.

Ðàíåå îïåðàòîð Hφ èññëåäîâàëñÿ â ñëó÷àå, êîãäà Θ : C[a, b] → S[a, b] ÿâëÿåòñÿ îïåðà-
òîðîì Íåìûöêîãî, ïîðîæäåííûì ôóíêöèåé h(t, x) , óäîâåòâîðÿþùåé óñëîâèÿì Êàðàòåî-
äîðè, òî åñòü h(·, x) èçìåðèìà ïðè âñåõ x ∈ Rn è h(t, ·) íåïðåðûâíà ïðè ïî÷òè âñåõ
t ≥ a .

Äîñòàòî÷íûå óñëîâèÿ, ñóùåñòâåííî áëèçêèå ê óñëîâèÿì (2.3) íåïðåðûâíîñòè òàêîãî
îïåðàòîðà âïåðâûå ïîëó÷èë Ì.Å. Äðàõëèí [15]. Êðèòåðèé íåïðåðûâíîñòè îïåðàòîðà Hφ :
C[a, b] → Lp[a, b] â ñêàëÿðíîì ñëó÷àå äîêàçàë Ñ.À. Ãóñàðåíêî [49]. Â ðàáîòå Ñ.À. Ãóñàðåíêî
[25] ðàññìîòðåí îáùèé ñëó÷àé îïåðàòîðà Θ .

Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî (Θx)(t) = h(t, x(t)) , ãäå ôóíêöèÿ h(t, x) óäîâëåòâî-
ðÿåò óñëîâèÿì Êàðàòåîäîðè.

Ïðè èññëåäîâàíèè óðàâíåíèé ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì, íå óäîâëåòâîðÿþ-
ùèõ óñëîâèþ íåïðåðûâíîé ñòûêîâêè: x(a) = φ(a) , ìû áóäåì èñïîëüçîâàòü ñëåäóþùåå
óòâåðæäåíèå ñôîðìóëèðîâàííîå áåç äîêàçàòåëüñòâà â ðàáîòå [19].

Ë å ì ì à 2.2. ([19]) Ïóñòü Ωb ⊂ Dr[a, b] , 1 < r ≤ ∞ , òàêîå îòêðûòîå ìíîæå-
ñòâî, ÷òî äëÿ âñåõ x ∈ Ωb âûïîëíåíî óñëîâèå:

mes{t ∈ [a, b] : hi(t, x(t)) = a} = 0, i = 1, ..., n.
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Òîãäà ñóæåíèå îïåðàòîðà Hφ : Dr[a, b] → Lp[a, b] , 1 ≤ p < ∞ , îïðåäåëåííîãî ðà-
âåíñòâîì (2.2), íà ìíîæåñòâî Ωb íåïðåðûâíî â êàæäîé òî÷êå x ∈ Ωb , è îáðàç âñÿ-
êîãî îãðàíè÷åííîãî (â ìåòðèêå Dr[a, b] ) ìíîæåñòâà èç Ωb îòíîñèòåëüíî êîìïàêòåí â
Lp[a, b] .

Ýòî óòâåðæäåíèå ñëåäóåò èç ëåììû 2.1, à òàêæå èç èçâåñòíîãî ôàêòà ïîëíîé íåïðåðûâ-
íîñòè îïåðàòîðà âëîæåíèÿ ïðîñòðàíñòâà Dr[a, b] â ïðîñòðàíñòâî C[a, b] ïðè 1 ≤ r ≤ ∞ .

Ïåðåéäåì ê ðàññìîòðåíèþ óðàâíåíèÿ

Lx = Φ{x,Hφx} (2.4)

â ñëåäóþùèõ ïðåäïîëîæåíèÿõ: ëèíåéíàÿ çàäà÷à Êîøè Lx = f , x(a) = α îäíîçíà÷íî
ðàçðåøèìà ïðè ëþáûõ α ∈ Rn , f ∈ Lloc, è åå ðåøåíèå ïðåäñòàâèìî â âèäå ôîðìóëû
Êîøè:

x(t) =

t∫
a

C(t, s)f(s)ds+X(t)α;

îïåðàòîð Φ : Cloc × Lloc → Lloc âîëüòåððîâ, ïðè÷åì ïðè âñåõ b > a ñîîòâåòñòâóþùèé åìó
îïåðàòîð Φb : C[a, b] × Lp[a, b] → Lr[a, b] , 1 ≤ p < ∞ , 1 < r ≤ ∞, íåïðåðûâåí; îïåðàòîð
Hφ : Cloc → Lloc îïðåäåëÿåòñÿ ðàâåíñòâîì (2.2) ïðè (Θx)(t) = h(t, x(t)).

Ïðè èçó÷åíèè óðàâíåíèÿ (2.4) ìîæíî ðóêîâîäñòâîâàòüñÿ ñâîåîáðàçíûì �ãåîìåòðè÷å-
ñêèì� ïðèíöèïîì, ïîäñêàçàííûì ëåììîé 2.2, à èìåííî:

Ïóñòü ôóíêöèè hi(t, x) íåïðåðûâíû, è ïóñòü âûáðàíî îòêðûòîå ìíîæåñòâî Ω
òàêèõ ôóíêöèé x, äëÿ êîòîðûõ âûïîëíåíî îäíî èç óñëîâèé: 1) ãðàôèêè ôóíê-
öèé x íå èìåþò îáùèõ òî÷åê ñ ãèïåðïîâåðõíîñòÿìè, îïðåäåëÿåìûìè ðàâåí-
ñòâàìè hi(t, x) = a, i = 1, ..., n; 2) ãðàôèêè ôóíêöèé x ïåðåñåêàþò ýòè ãè-
ïåðïîâåðõíîñòè ïîä íåíóëåâûì óãëîì. Òîãäà îïåðàòîð Fb : D

r[a, b] → Lp[a, b],
îïðåäåëÿåìûé ðàâåíñòâîì Fbx = Φb{x,Hφx} ÿâëÿåòñÿ âïîëíå íåïðåðûâíûì íà
ìíîæåñòâå:

Ωb = {xb ∈ Dr[a, b] : xb(t) = x(t), t ∈ [a, b], x ∈ Ω}

ïðè âñåõ b > a. Åñëè ïðè ýòîì àïðèîðíî ìîæíî óòâåðæäàòü, ÷òî ìíîæåñòâî
ðåøåíèé óðàâíåíèÿ (2.4) ñîäåðæèòñÿ â ìíîæåñòâå Ω, òî äëÿ äàííîãî óðàâíå-
íèÿ ñïðàâåäëèâû òåîðåìû [50][ñ. 145], [14][ñ. 277], [20], [51][� 2.4] è [58][7.3] î
ëîêàëüíîé ðàçðåøèìîñòè è ïðîäîëæàåìîñòè ðåøåíèÿ.

Â îáùåì ñëó÷àå, êîãäà ôóíêöèÿ h(t, x) óäîâëåòâîðÿåò óñëîâèÿì Êàðàòåîäîðè, äàííûé
ïðèíöèï â ïðèâåäåííîé ôîðìå íå ïðèìåíèì. Îäíàêî, èñïîëüçîâàíèå àíàëîãè÷íûõ �ãåî-
ìåòðè÷åñêèõ� ïðåäñòàâëåíèé äëÿ óÿñíåíèÿ çàäà÷è âîçìîæíî è â ýòîì ñëó÷àå. Â êà÷åñòâå
èëëþñòðàöèè ïðèâåäåì ñëåäóþùóþ òåîðåìó î ðàçðåøèìîñòè çàäà÷è Êîøè:

Lx = Φ{x,Hφx}, x(a) = α. (2.5)

Ïðåäïîëîæèì, ÷òî äëÿ ðåøåíèé óðàâíåíèÿ Lx = Φ{x,Hφx} âûïîëíÿåòñÿ àïðèîðíîå
íåðàâåíñòâî

|ẋ(t)| ≤ m(t, |x(a)|), (2.6)

ãäå
m : [a,∞)× [0,∞) → [0,∞), m(·, s) ∈ Lp, 1 < p ≤ ∞.

Ýòî îçíà÷àåò, ÷òî äàííîå óðàâíåíèå íå ìîæåò èìåòü ðåøåíèé, íå óäîâëåòâîðÿþùèõ
íåðàâåíñòâó (2.6).
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Ïðåäïîëîæèì òàêæå, ÷òî äëÿ âñÿêîãî i = 1, ..., n âûáðàíî íå áîëåå ÷åì êîíå÷íîå ÷èñëî
èçìåðèìûõ ôóíêöèé ρji : [a,∞) → Rn , j = 1, ...,mi , òàêèõ, ÷òî ïî÷òè äëÿ âñåõ t ≥ a è
âñåõ x ∈ Rn, óäîâëåòâîðÿþùèõ ðàâåíñòâó hi(t, x) = a íàéäåòñÿ j = 1, ...,mi, äëÿ êîòîðîãî
xi = ρji (t).

Ò å î ð å ì à 2.1. ([28]) Ïóñòü íàéäåòñÿ òàêîå ε > 0, ÷òî äëÿ âñåõ j = 1, ...,mi ;
i = 1, ..., n âûïîëíÿåòñÿ õîòÿ áû îäíî èç óñëîâèé:

a) |ρji (t)− α| ≥
t∫

a

(m(s, |α|) + ε)ds ïî÷òè ïðè âñåõ t ≥ a,

á) ñóùåñòâóþò ÷èñëà ajki : a = aj0i < ... < ajki < ∞ ; k = 0, 1, ..., i = 1, ..., n , j =

1, ...,mi òàêèå, ÷òî ïðè âñåõ t1, t2 ∈ [ajki , a
jk+1

i ] , t2 ≥ t1 , k = 0, 1, ... , èìååò ìåñòî
íåðàâåíñòâî

|ρji (t2)− ρji (t1)| ≥
t2∫
t1

(m(s, |α|) + ε)ds.

Òîãäà çàäà÷à (2.5) èìååò õîòÿ áû îäíî ðåøåíèå.
Äëÿ ñêàëÿðíîãî ñëó÷àÿ óðàâíåíèÿ (1.1) àíàëîãè÷íàÿ òåîðåìà áûëà äîêàçàíà Å.Ñ. Æó-

êîâñêèì [21], [52], íî äðóãèìè ñðåäñòâàìè.

Ç à ì å ÷ à í è å 2.2. Îãðàíè÷åíèÿ, íàêëàäûâàåìûå íà h , áåç èñïîëüçîâàíèÿ àïðè-
îðíîé èíôîðìàöèè î ðåøåíèÿõ, íîñÿò ÷ðåçâû÷àéíûé õàðàêòåð. Â ÷àñòíîñòè, íåðàâåí-
ñòâî h(t, x) ≤ t, îáåñïå÷èâàþùåå çàïàçäûâàíèå àðãóìåíòà è, ñëåäîâàòåëüíî, âîëüòåð-
ðîâîñòü îïåðàòîðà F = Φ{I,Hφ} ( I � òîæäåñòâåííûé îïåðàòîð) ñóæàåò êëàññ ðàñ-
ñìàòðèâàåìûõ óðàâíåíèé, åñëè òðåáîâàòü åãî âûïîëíåíèå ïðè âñåõ x ∈ Rn. Íàëè÷èå
æå õîðîøåé àïèîðíîé îöåíêè ðåøåíèÿ ïîçâîëÿåò íàêëàäûâàòü îãðàíè÷åíèÿ íà h ëèøü
â äîñòàòî÷íî ìàëîé îêðåñòíîñòè ïðåäïîëàãàåìîãî ðåøåíèÿ.

Êðîìå òîãî, ÷òî ïðîäåìîíñòðèðîâàííîãî ïîäõîäà ê ïðîáëåìå ðàçðåøèìîñòè óðàâíå-
íèÿ (2.4), âîçìîæíû è äðóãèå ïîäõîäû. Íàïðèìåð, â ðàáîòå [11] äëÿ íåêîòîðîãî êëàññà
óðàâíåíèé ẋ = Fbx ñ îïåðàòîðîì Fb : D

r[a, b] → Lp[a, b] , íå îáëàäàþùèì ñâîéñòâîì âîëü-
òåððîâîñòè, äîñòàòî÷íîå óñëîâèå ðàçðåøèìîñòè çàäà÷è Êîøè áûëî ïîëó÷åíî íà îñíîâå
ìåòîäà ìîíîòîííûõ îïåðàòîðîâ.

Äðóãîé äîñòàòî÷íî îáùèé ñïîñîá èññëåäîâàíèÿ ðàçðåøèìîñòè óðàâíåíèÿ (1.1) ïðåäëî-
æèë Ñ.À. Ãóñàðåíêî â ðàáîòàõ [23], [24], [26]. Â îñíîâå ýòîãî ïîäõîäà òàêæå ëåæàò òåîðåìû
î ëîêàëüíîé ðàçðåøèìîñòè è ïðîäîëæàåìîñòè ðåøåíèé óðàâíåíèÿ ẋ = Fbx ñ âîëüòåððî-
âûì âïîëíå íåïðåðûâíûì îïåðàòîðîì Fb. Îäíàêî, åñëè â ïåðâîì ñëó÷àå òàêîé îïåðàòîð
Fb îïðåäåëÿåòñÿ äëÿ ðàññìàòðèâàåìîé çàäà÷è åäèíñòâåííûì îáðàçîì íà íåêîòîðîì ìíî-
æåñòâå Ωb ôóíêöèé, çàäàííûõ íà îòðåçêå [a, b], òî òåïåðü ýòîò îïåðàòîð îïðåäåëÿåòñÿ
êàæäûé ðàç çàíîâî â çàâèñèìîñòè îò òî÷êè τ ∈ [a, b] è çíà÷åíèÿ â ýòîé òî÷êå ëîêàëüíîãî
ðåøåíèÿ x(t), çàäàííîãî íà [a, τ ] . Ïðèìåíèì òàêîé ïîäõîä ê èçó÷åíèþ óðàâíåíèÿ (2.4).

Ïóñòü x(t) � ëîêàëüíîå ðåøåíèå çàäà÷è (2.5), çàäàííîå íà [a, τ ] , t ≥ a . Â ñëó÷àå
τ = a â êà÷åñòâå x(t) ïîëàãàåì çíà÷åíèå x(a) â ýòîé òî÷êå.

Îïðåäåëèì îïåðàòîðû Hi1...in
τ : Dr[τ, τ + δ] → Lp[τ, τ + δ] , 1 < r ≤ ∞ , 1 ≤ p < ∞ ,

ãäå ik = 0 èëè 1 ïðè âñåõ k = 1, ..., n , òàê, ÷òî k− àÿ êîìïîíåíòà ýëåìåíòà Hi1...in
τ y

îïðåäåëÿåòñÿ ðàâåíñòâîì:

(Hi1...in
τ y)k(t) =


xk(a) ïðè hk(t, y(t)) < a,

xk[hk(t, y(t))] ïðè a ≤ hk(t, y(t)) ≤ τ,

yk[hk(t, y(t))] ïðè hk(t, y(t)) > τ ;
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åñëè ik = 1, è ðàâåíñòâîì:

(Hi1...in
τ y)k(t) =

{
φ[hk(t, y(t))] ïðè hk(t, y(t)) < a,

φ(a) ïðè hk(t, y(t)) ≥ a;

åñëè ik = 0.
Â ñèëó ëåììû 2.1 îïåðàòîðû Hi1...in

τ ÿâëÿþòñÿ âïîëíå íåïðåðûâíûìè, îïåðàòî-
ðû F i1...in

τ : Dr[τ, τ + δ] → Lr[τ, τ + δ] , îïðåäåëåííûå ðàâåíñòâàìè: (F i1...in
τ x)(t) =

(Φτ{x,Hi1...in
τ x})(t) , t ∈ [τ, τ + δ] , âîëüòåððîâû è âïîëíå íåïðåðûâíû. Ñëåäîâàòåëüíî, ïî

òåîðåìå î ëîêàëüíîé ðàçðåøèìîñòè ñóùåñòâóþò çàäàííûå íà íåêîòîðîì îòðåçêå [τ, τ+δ0] ,
δ0 ≤ δ , ëîêàëüíûå ðåøåíèÿ x(i1...in) , ñîîòâåòñòâåííî, óðàâíåíèé

(Lτx)(t) = (F i1...in
τ x)(t), t ∈ [τ, τ + δ].

Ò å î ð å ì à 2.2. ([28]) Åñëè íàéäåòñÿ òàêîé íàáîð ÷èñåë i1, ..., in, ãäå ik = 0 èëè
1 ïðè k = 1, ..., n, ÷òî äëÿ íåêîòîðîãî δ0 > 0 ñèñòåìà

Lτx = F i1...in
τ x,

hk(t, x(t)) < a, åñëè ik = 0,

hk(t, x(t)) ≥ a, åñëè ik = 1;

ðàçðåøèìà â ïðîñòðàíñòâå Dr[τ, τ + δ0] , òî ðåøåíèå x çàäà÷è (2.5), çàäàííîå íà [a, τ ] ,
ÿâëÿåòñÿ ïðîäîëæàåìûì.

3. Óñòîé÷èâîñòü óðàâíåíèé ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì

Èçó÷åíèå àñèìïòîòè÷åñêèõ ñâîéñòâ óðàâíåíèÿ (1.1) âûçâàíî ìíîãî÷èñëåííûìè ïðè-
êëàäíûìè çàäà÷àìè. Íàïðèìåð, Ê.Ë. Êóê [5] èññëåäîâàë ïðîáëåìó óñòîé÷èâîñòè óðàâíå-
íèÿ

ẋ(t) = −ax(t− r(x(t))),

x(ξ) = φ(ξ), åñëè ξ < 0, x(0) = α,

îïèñûâàþùåãî ìîäåëü èíôåêöèîííûõ çàáîëåâàíèé ñ ïîñòîÿííûì èììóíèòåòîì, ãäå x(t)
� êîëè÷åñòâî èñòî÷íèêîâ èíôåêöèè, a � êîýôôèöèåíò, îïðåäåëÿþùèé ðàçìåðíîñòü êîí-
òàêòîâ, è h(t, x(t)) = t− r(x(t)) � èíêóáàöèîííûé ïåðèîä.

Ðàçíîîáðàçíûå ïðèçíàêè óñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ, ïîëó÷åííûå äëÿ ïîäîá-
íûõ óðàâíåíèé [4], [7], [8], èñõîäÿò èç àïðèîðíîãî ïðåäïîëîæåíèÿ, ÷òî ñîîòâåòñòâóþùàÿ
çàäà÷à Êîøè ñ íà÷àëüíûì óñëîâèåì x(0) = α îäíîçíà÷íî ðàçðåøèìà ïðè âñåõ äîñòàòî÷íî
ìàëûõ |α| . Ïðèα = φ(a) (à èìåííî òàêîé ñëó÷àé ðàññìàòðèâàþò àâòîðû óïîìÿíóòûõ
ðàáîò) â ñèëó ëåììû 2.1 äëÿ äàííîé çàäà÷è Êîøè èìåþò ìåñòî òåîðåìû î ëîêàëüíîé
ðàçðåøèìîñòè è ïðîäîëæàåìîñòè ðåøåíèÿ. Îäíàêî, áåç óñëîâèÿ íåïðåðûâíîé ñòûêîâ-
êè: x(0) = φ(a) ïðèçíàêè óïîìÿíóòûõ ðàáîò íå ãàðàíòèðóþò ñóùåñòâîâàíèÿ ðåøåíèÿ
íà [0,∞) è, òàêèì îáðàçîì, íîñÿò àïðèîðíûé õàðàêòåð.

Âûâîä: âîïðîñû ðàçðåøèìîñòè è óñòîé÷èâîñòè óðàâíåíèé ñ àâòîðåãóëèðóåìûì çàïàç-
äûâàíèåì ñëåäóåò èçó÷àòü â òåñíîé ñâÿçè äðóã ñ äðóãîì.

Áóäåì ðàññìàòðèâàòü óðàâíåíèå

Lx = Φ{x,H0x} (3.1)
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â ñëåäóþùèõ ïðåäïîëîæåíèÿõ: L : Dloc → Lloc � ëèíåéíûé âîëüòåððîâ îïåðàòîð; îïåðàòîð

H0
def
= Hφ : Cloc → Lloc îïðåäåëÿåòñÿ ðàâåíñòâîì (2.2) ïðè φ(ξ) ≡ 0 , (Θx)(t) = h(t, x(t)) ;

îïåðàòîð Íåìûöêîãî Nh : C → L∞ , ïîðîæäåííûé ôóíêöèåé h(t, x) , íåïðåðûâåí; ñóùå-
ñòâóþò òàêèå δ0 > 0 , ∆ > 0 , ÷òî 0 ≤ t − hi(t, x) ≤ ∆ ïðè ïî÷òè âñåõ t ≥ a è ïðè âñåõ
x ∈ [−δ0, δ0] , i = 1, ..., n ; îïåðàòîð Φ : Cloc × Lloc → Lloc âîëüòåððîâ è Φ{0, 0} = 0 .

Ïðåæäå ÷åì èññëåäîâàòü (ëîêàëüíî) (B, V )− óñòîé÷èâîñòü óðàâíåíèÿ (3.1) (ñì., íàïðè-
ìåð, [53], [50][�5.3], [14][�2.3], [55][�5.2], [29], [30], [31], [58][2.4], [32], [33], [56][ãë. III, �4], [57][ñ.
370]) íåîáõîäèìî âûÿñíèòü óñëîâèÿ äåéñòâèÿ è íåïðåðûâíîñòè îïåðàòîðà H0 : C → B . Îä-
íî èç çàòðóäíåíèé çäåñü ñîñòîèò â âûáîðå ïðîñòðàíñòâà B . Âåäü â íàèáîëåå åñòåñòâåííîì
ñëó÷àå B = L∞ îïåðàòîð H0 : C → B íåïðåðûâåí òîëüêî ïðè î÷åíü æåñòêèõ óñëî-
âèÿõ (ñì. çàìå÷àíèå 2.1); åñëè æå B = Lp , 1 ≤ p < ∞ , òî äåéñòâèå îïåðàòîðà H0 èç
ïðîñòðàíñòâà C â ïðîñòðàíñòâî B íàðóøàåòñÿ äëÿ ñàìûõ ïðîñòûõ h(t, x) .

Ë å ì ì à 3.1. ([28]) Ïóñòü äëÿ âñåõ ýëåìåíòîâ x ìíîæåñòâà Ω ⊂ {x ∈ C :
∥x∥C ≤ δ0} âûïîëíåíî óñëîâèå:

mes{t ∈ [a, a+∆] : h(t, x(t)) = a} = 0.

Òîãäà íà ýòîì ìíîæåñòâå îïåðàòîð H0 íåïðåðûâíî äåéñòâóåò èç ïðîñòðàíñòâà C
â ïðîñòðàíñòâî Bpγ ôóíêöèé z : [a,∞) → Rn, ïðåäñòàâèìûõ â âèäå

z(t) =


u(t), t ∈ [a, a+∆],

a+∆∫
a

|u(s)|pds <∞, 1 ≤ p <∞;

ν(t), t ∈ (a+∆,∞), vrai sup
t>a+∆

|ν(t)|eγt <∞, γ > 0;

ñ íîðìîé ∥z∥Bp
γ
= ∥u∥Lp[a,a+∆] + ∥ν∥L∞

γ (a+∆,∞).

Î ï ð å ä å ë å í è å 3.1. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ h = col{h1, ..., hn} :
[a,∞) × Rn → Rn óäîâëåòâîðÿåò óñëîâèþ (P∆) , åñëè ñóùåñòâóþò òàêèå ïîñòîÿííûå
∆ , δ1 , k1 , k2 > 0 , ÷òî âûïîëíÿþòñÿ íåðàâåíñòâà:

|hi(t1, x)− hi(t
2, x)| ≥ k · |t1 − t2|, i = 1, ..., n,

ïðè ïî÷òè âñåõ t1 , t2 ∈ [a, a+∆] è ïðè âñåõ |x| ≤ δ1 ;

|h(t, x1)− h(t, x2)| ≤ k2 · |x1 − x2|

ïðè ïî÷òè âñåõ t ≥ a è ïðè âñåõ |xi| ≤ δ1 , i = 1, 2 .

Ë å ì ì à 3.2. ([28]) Ïóñòü ôóíêöèÿ h(t, x) íåïðåðûâíà ïî îáîèì àðãóìåíòàì è
óäîâëåòâîðÿåò óñëîâèþ (P∆) . Òîãäà ñóùåñòâóþò òàêèå ïîñòîÿííûå δ > 0 , q > 0 ,
l > 0 , γ > 0 , ÷òî äëÿ ëþáûõ xi ∈ Cγ , i = 1, 2 , óäîâëåòâîðÿþùèõ óñëîâèÿì:

∥xi∥Cγ < δ, xi ∈ Lip(q, [a, a+∆]),

âûïîëíÿåòñÿ íåðàâåíñòâî:

∥H0x
1 −H0x

2∥B1
γ
≤ l · ∥x1 − x2∥Cγ ,
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ãäå B1
γ � áàíàõîâî ïðîñòðàíñòâî ôóíêöèé z : [a,∞) → Rn , ïðåäñòàâèìûõ â âèäå:

z(t) =

{
u(t), t ∈ [a, a+∆],

ν(t), t > a+∆;

u ∈ B1 = L1[a, a+∆], ν ∈ B2 = L∞
γ (a+∆,∞).

Ò å î ð å ì à 3.1. ([28]) Ïóñòü ëèíåéíîå óðàâíåíèå Lx = f (B1
γ,Dγ)− óñòîé÷èâî,

ãäå B1
γ � áàíàõîâî ïðîñòðàíñòâî, îïðåäåëåííîå â ëåììå 3.2. Ïóñòü òàêæå îïåðàòîð

Φ : Cγ × B1
γ → B1

γ îáëàäàåò ñâîéñòâîì: Φ{0, 0} = 0 è äëÿ ëþáîãî k > 0 íàéäåòñÿ òàêîå
δ > 0 , ÷òî

∥Φ{u1, ν1} − Φ{u2, ν2}∥B1
γ
≤ k(∥u1 − u2∥Cγ + ∥ν1 − ν2∥B1

γ
)

ïðè ∥ui∥Cγ ≤ δ , ∥νi∥B1
γ
≤ δ , i = 1, 2 ; ïóñòü, íàêîíåö, ôóíêöèÿ h : [a,∞) × Rn → Rn

íåïðåðûâíà ïî âñåì àðãóìåíòàì è óäîâëåòâîðÿåò óñëîâèþ (P∆) . Òîãäà óðàâíåíèå (3.1)
ëîêàëüíî (B1

γ,Dγ)− óñòîé÷èâî â îêðåñòíîñòè òðèâèàëüíîãî ðåøåíèÿ.

Ç à ì å ÷ à í è å 3.1. Òàê êàê ïðîñòðàíñòâî L∞
γ [a, a +∆] íåïðåðûâíî âëîæåíî â

ïðîñòðàíñòâî L1[a, a + ∆](∥x∥L1[a,a+∆] ≤ exp(−γa) [1 − exp(−γ∆)]/γ ∥x∥L∞
γ [a,a+∆] , òî è

ïðîñòðàíñòâî L∞
γ íåïðåðûâíî âëîæåíî â ïðîñòðàíñòâî B1

γ. Ñëåäîâàòåëüíî, (B1
γ,Dγ) -

óñòîé÷èâîñòü óðàâíåíèÿ Lx = f âëå÷åò (L∞
γ ,Dγ) -óñòîé÷èâîñòü ýòîãî óðàâíåíèÿ.

Åñòåñòâåííûì îáðàçîì âîçíèêàåò âîïðîñ î ñâÿçè (B,V) -óñòîé÷èâîñòè ñ êëàññè÷åñêè-
ìè ïîíÿòèÿìè óñòîé÷èâîñòè ïî Ëÿïóíîâó, à òàêæå àñèìïòîòè÷åñêîé è ýêñïîíåíöèàëüíîé
óñòîé÷èâîñòüþ. Îäíàêî, äëÿ óðàâíåíèÿ ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì ââåäåíèå, íà-
ïðèìåð, ïîíÿòèÿ óñòîé÷èâîñòè ïî Ëÿïóíîâó, êàê íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ çà-
äà÷è Êîøè

Lx = Φ{x,Hφx}, x(a) = α (3.2)

îò α è φ, ñîïðÿæåíî ñ îïðåäåëåííûìè òðóäíîñòÿìè. Äåëî â òîì, ÷òî èçâåñòíûå óòâåð-
æäåíèÿ î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ óðàâíåíèé ñ àâòîðåãóëèðóåìûì çà-
ïàçäûâàíèåì ñóùåñòâåííî èñïîëüçóþò íåêîòîðûå îãðàíè÷åíèÿ íà φ (óñëîâèå Ëèïøèöà
� ó Ð. Äðàéâåðà [3], óñëîâèå Îñãóäà � ó Ë.À. Æèâîòîâñêîãî [9]). Ìàëûå âîçìóùåíèÿ
â ðàâíîìåðíîé ìåòðèêå íà÷àëüíîé ôóíêöèè φ ìîãóò ïðèâåñòè ê óòðàòå åäèíñòâåííîñòè
ðåøåíèÿ çàäà÷è (3.2). Â ýòîé ñèòóàöèè ïðåäñòàâëÿþòñÿ âîçìîæíûìè äâà âûõîäà:

1) ðàññìàòðèâàòü âîçìóùåíèÿ φ â áîëåå ñèëüíîé, ÷åì ðàâíîìåðíàÿ, ìåòðèêå.
2) èñêëþ÷èòü èç îïðåäåëåíèÿ óñòîé÷èâîñòè ïî Ëÿïóíîâó (àñèìïòîòè÷åñêîé, ýêñïîíåí-

öèàëüíîé) òðåáîâàíèå åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (3.2) ïðè ìàëûõ âîçìóùåíèÿõ φ .
Âòîðîé ïóòü íàì êàæåòñÿ áîëåå åñòåñòâåííûì.
Èòàê, ïóñòü, ïî-ïðåæíåìó, 0 ≤ t − hi(t, x) ≤ ∆ , i = 1, ..., n , ïðè ïî÷òè âñåõ t ≥ a è

ïðè âñåõ |x| ≤ δ0 , ãäå δ0,∆ � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå.

Î ï ð å ä å ë å í è å 3.2. Òðèâèàëüíîå ðåøåíèå óðàâíåíèÿ (3.1) íàçîâåì óñòîé-
÷èâûì ïî Ëÿïóíîâó, åñëè äëÿ âñÿêîãî ε > 0 ñóùåñòâóåò òàêîå δ = δ(ε) > 0 , ÷òî çàäà÷à
(3.2) èìååò õîòÿ áû îäíî ðåøåíèå, êàê òîëüêî |α| < δ , sup

t∈(−∆,0)

|φ(t)| < δ , è äëÿ êàæäîãî

òàêîãî ðåøåíèÿ x âûïîëíÿåòñÿ íåðàâåíñòâî: sup
t≥0

|x(t)| < ε . Åñëè ïðè ýòîì lim
t→∞

|x(t)| = 0

äëÿ âñåõ x , òî òðèâèàëüíîå ðåøåíèå íàçîâåì àñèìïòîòè÷åñêè óñòîé÷èâûì. Åñëè, êðî-
ìå òîãî, ñóùåñòâóþò òàêèå γ > 0 , Nα,φ > 0 , ÷òî |x(t)| ≤ Nα,φ · exp(−γt) äëÿ âñåõ x ,
òî òðèâèàëüíîå ðåøåíèå áóäåì íàçûâàòü ýêñïîíåíöèàëüíî óñòîé÷èâûì.

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
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Ò å î ð å ì à 3.2. ([28]) Ïóñòü óðàâíåíèå Lx = f (L∞,D )-óñòîé÷èâî, ( (L∞
0 ,D0) -

óñòîé÷èâî, (L∞
γ ,Dγ )-óñòîé÷èâî, γ > 0 ); îïåðàòîð Φ : V × B → B , ãäå V = C , B = L∞

(V = C0 , B = L∞
0 ; V = Cγ , B = L∞

γ ) îáëàäàåò ñâîéñòâîì: Φ{0, 0} = 0 è äëÿ ëþáîãî
k > 0 íàéäåòñÿ òàêîå δ > 0, ÷òî ñïðàâåäëèâî íåðàâåíñòâî:

∥Φ{u, ν}∥B ≤ k(∥u∥V + ∥ν∥B)

ïðè âñåõ u ∈ V , ν ∈ B , ∥u∥V ≤ δ , ∥ν∥B ≤ δ .
Ïóñòü òàêæå ôóíêöèÿ h : [a,∞) × Rn → Rn óäîâëåòâîðÿåò óñëîâèþ (P∆) . Òîãäà

òðèâèàëüíîå ðåøåíèå óðàâíåíèÿ (3.1) óñòîé÷èâî ïî Ëÿïóíîâó (àñèìïòîòè÷åñêè, ýêñïî-
íåíöèàëüíî).

Ç à ì å ÷ à í è å 3.2. Òåîðåìû 3.1 è 3.2 ÿâëÿþòñÿ äàëüíåéøèì ðàçâèòèåì òåîðåì
5.2.2, 5.2.4 è 5.2.5 èç êíèãè [55], ñì. òàêæå ñòàòüè [53], [54].

4. Ïðèçíàêè óñòîé÷èâîñòè îäíîãî êëàññà �ïñåâäîëèíåéíûõ� óðàâ-
íåíèé ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì

Îáùàÿ òåîðèÿ óñòîé÷èâîñòè, èçëîæåííàÿ â ïóíêòå òðåòüåì, õîòÿ è îõâàòûâàåò çíà÷è-
òåëüíûé êëàññ óðàâíåíèé ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì, ïðèìåíèòåëüíî ê êîíêðåò-
íîìó òèïó óðàâíåíèé, èíîãäà îêàçûâàåòñÿ íå äîñòàòî÷íî ýôôåêòèâíîé. Ïûòàÿñü âîñïîë-
íèòü ýòîò ïðîáåë, íàñòîÿùèé ïóíêò ÷åòâåðòûé ìû ïîñâÿùàåì ïîëó÷åíèþ ýôôåêòèâíûõ
ïðèçíàêîâ òîé èëè èíîé óñòîé÷èâîñòè íåêîòîðûõ êëàññîâ èññëåäóåìûõ óðàâíåíèé, èñïîëü-
çóÿ ñïåöèàëüíûå ïðèåìû. Ïðè ýòîì ôîðìóëèðóåìûå ïðèçíàêè ìû, ïî âîçìîæíîñòè, áóäåì
ñðàâíèâàòü ñ ðåçóëüòàòàìè ðàáîò, â êîòîðûõ ïîäîáíûå óðàâíåíèÿ óæå èçó÷àëèñü.

Ðàññìîòðèì ñêàëÿðíîå óðàâíåíèå:

ẋ(t) + ax(t) = −
m∑
k=1

bk(H
k
φx)(t), t ≥ 0, (4.1φ)

â êîòîðîì îïåðàòîðû Hk
φ : Cloc → Lloc îïðåäåëÿþòñÿ ðàâåíñòâàìè:

(Hk
φx)(t) =

{
x[hk(t, x(t))], ïðè hk(t, x(t)) ≥ 0,

φ[hk(t, x(t))], ïðè hk(t, x(t)) < 0,
(4.2)

ãäå ôóíêöèè hk : [0,∞) × R → R óäîâëåòâîðÿþò óñëîâèÿì Êàðàòåîäîðè, è ñóùåñòâóþò
êîíñòàíòû ω > 0 è δ0 > 0 òàêèå, ÷òî 0 ≤ t− hk(t, x) ≤ ω ïðè |x| ≤ δ0 è ïðè ïî÷òè âñåõ
t ≥ 0 ; ôóíêöèÿ φ : [−ω, 0) → R íåïðåðûâíà; bk ≥ 0 .

×åðåç ( 4.10 ) áóäåì îáîçíà÷àòü óðàâíåíèå ( 4.1φ ) ïðè φ ≡ 0 ; b =
m∑
k=1

bk .

Ë å ì ì à 4.1. ([28]) Äëÿ çàäà÷è

ẋ(t) + ax(t) = −
m∑
k=1

bk(H
k
φx)(t) + ψ(t), t ∈ [0,∞), x(0) = α

ïðè ψ ∈ L∞ ñïðàâåäëèâà ñëåäóþùàÿ àïðèîðíàÿ îöåíêà ðåøåíèé íà îòðåçêå [0, ω] :

|x(t)| ≤ (|α|+ bω sup
s∈[−ω,0)

|φ(s)|+ ω vrai sup
s∈[0,ω]

|ψ(s)|) exp(|a|+ b)t.
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Ïðåæäå ÷åì ôîðìóëèðîâàòü îñíîâíîå óòâåðæäåíèå, ââåäåì â ðàññìîòðåíèå êëàññ Gωa,b
âñåõ ëèíåéíûõ óðàâíåíèé

ẋ(t) + ax(t) = −
m∑
k=1

bkx(gk(t)), t ≥ ω,

x(ξ) = 0, åñëè ξ < ω,

(4.3)

â êîòîðûõ çàïàçäûâàíèÿ t − gk(t) èçìåðèìû è óëîâëåòâîðÿþò íåðàâåíñòâàì 0 ≤ t −
gk(t) ≤ ω , k = 1, ..,m . Â ðàáîòå [41] Â.Â. Ìàëûãèíîé ïîêàçàíî, ÷òî çàäà÷à óñòîé÷èâîñòè
ëþáîãî óðàâíåíèÿ (4.3) èç êëàññà Gωa,b ñâîäèòñÿ ê òàêîé æå çàäà÷å äëÿ íåêîòîðîãî òàê
íàçûâàåìîãî �test-óðàâíåíèÿ�. Â òîé æå ðàáîòå ïîñòðîåíà îáëàñòü D óñòîé÷èâîñòè äëÿ
test-óðàâíåíèÿ â òåðìèíàõ ïàðàìåòðîâ a, b, ω è ïîëó÷åíû ýôôåêòèâíûå ïðèçíàêè òîé èëè
èíîé óñòîé÷èâîñòè óðàâíåíèé (4.3).

Ò å î ð å ì à 4.1. ([28]) Ïóñòü ôóíêöèè hk(t, x) óäîâëåòâîðÿþò óñëîâèþ (Pω)
(ñì. îïðåäåëåíèå 3.1). Åñëè òî÷êà M(aω, bω) ∈ D , òî òðèâèàëüíîå ðåøåíèå óðàâíåíèÿ
( 4.10 ) óñòîé÷èâî ïî Ëÿïóíîâó. Åñëè M(aω, bω) ∈ D , òî òðèâèàëüíîå ðåøåíèå ýòîãî
óðàâíåíèÿ ýêñïîíåíöèàëüíî óñòîé÷èâî, ãäå óñòîé÷èâîñòü ïî Ëÿïóíîâó è ýêñïîíåíöèàëü-
íàÿ óñòîé÷èâîñòü ïîíèìàþòñÿ â ñìûñëå îïðåäåëåíèÿ 3.2.

Ç à ì å ÷ à í è å 4.1. Óðàâíåíèå

ẋ(t) = −bx(t− r(t, x(t))), t ≥ 0, (4.4)

îïèñûâàþùåå ìîäåëü èíôåêöèîííûõ çàáîëåâàíèé [43], [5], [7], ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì
óðàâíåíèÿ ( 4.1φ ). Â ïðåäëîæåíèè íåïðåðûâíîé ñòûêîâêè: x(0) = φ(0) Ê.Ë. Êóê, Äæ.À.
Éîðê ïîëó÷èëè äîñòàòî÷íîå óñëîâèå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè òðèâèàëüíîãî ðå-
øåíèÿ óðàâíåíèÿ (4.4): bω < 3/2 , ãäå ω � òàêàÿ ïîñòîÿííàÿ, ÷òî 0 ≤ r(t, x) ≤ ω ïðè
âñåõ t ≥ 0 , x ∈ R .

Íàøà òåîðåìà äàåò òî æå óñëîâèå ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè òðèâèàëüíîãî ðåøå-
íèÿ óðàâíåíèÿ ( 4.10 ). Ïðè ýòîì ìû îñëàáëÿåì îãðàíè÷åíèÿ íà ôóíêöèþ r(t, x) è çàìåíÿåì
òðåáîâàíèå íåïðåðûâíîé ñòûêîâêè óñëîâèåì (Pω) .

Èññëåäóåì, íàêîíåö, âîïðîñ î (B,V)− óñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ óðàâíåíèÿ
( 4.10 ). Ðàññìîòðèì çàäà÷ó

ẋ(t) + ax(t) = −
m∑
k=1

bk(H
k
0x)(t) + ψ(t), x(0) = α,

ãäå îïåðàòîðû Hk
0 : C → Lloc îïðåäåëÿþòñÿ ðàâåíñòâàìè (4.2) ïðè φ ≡ 0 .

Ò å î ð å ì à 4.2. ([28]) Ïóñòü ôóíêöèè hk(t, x) óäîâëåòâîðÿþò óñëîâèþ (Pω) .
Åñëè òî÷êà M(aω, bω) ∈ D , òî ñóùåñòâóåò ïîñòîÿííàÿ γ0 > 0 òàêàÿ, ÷òî òðèâèàëü-
íîå ðåøåíèå óðàâíåíèÿ ( 4.10 ) (L∞

γ , Cγ)− óñòîé÷èâî äëÿ âñåõ γ ∈ [0, γ0).

5. Òåîðåìû î ïåðâîì ïðèáëèæåíèè äëÿ ñêàëÿðíûõ àâòîíîìíûõ
óðàâíåíèé ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì
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Òåîðåìû èç ïóíêòà òðè îá óñòîé÷èâîñòè ïî âíåøíåìó âèäó õîòÿ è íàïîìèíàåò èçâåñò-
íûå òåîðåìû Ëÿïóíîâà î ïåðâîì ïðèáëèæåíèè [56], [57], [38], îäíàêî, â äåéñòâèòåëüíîñòè
ñóùåñòâåííî îòëè÷àþòñÿ îò ïîñëåäíèõ. Òåîðåìû Ëÿïóíîâà äëÿ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ [56], [57] èëè ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ [38] óðàâíåíèé äàþò ìåòî-
äèêó èññëåäîâàíèÿ óñòîé÷èâîñòè: ñ ïîìîùüþ ëèíåàðèçàöèè íåëèíåéíîé ÷àñòè óðàâíåíèÿ
âîïðîñ îá óñòîé÷èâîñòè íåëèíåéíîãî óðàâíåíèÿ ñâîäèòñÿ ê âîïðîñó îá óñòîé÷èâîñòè ëè-
íåéíîãî óðàâíåíèÿ, äëÿ êîòîðîãî óæå äîêàçàíû ýôôåêòèâíûå ïðèçíàêè óñòîé÷èâîñòè. Â
íàøåì ñëó÷àå íå óäàåòñÿ ëèíåàðèçîâàòü íåëèíåéíûå ÷àñòè óðàâíåíèé, à ïîòîìó âûøåóïî-
ìÿíóòàÿ ìåòîäèêà çäåñü íå ïðèìåíèìà. Â ýòîì ïàðàãðàôå çàìåíÿÿ ïðîöåññ ëèíåàðèçàöèè
óðàâíåíèÿ åãî, òàê ñêàçàòü, �ïñåâäîëèíåàðèçàöèåé�, à òàêæå èñïîëüçóÿ ðåçóëüòàòû ïóíêòà
÷åòâåðòîãî, ìû ïîëó÷èëè íåêîòîðûå àíàëîãè òåîðåì î ïåðâîì ïðèáëèæåíèè äëÿ ñêàëÿð-
íûõ, àâòîíîìíûõ óðàâíåíèé ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì.

Ðàññìîòðèì, íàêîíåö, àíàëîãè÷íûå óðàâíåíèÿ ñ àâòîðåãóëèðóåìûì çàïàçäûâàíèåì:

ẋ = f(x(t), x[h1(t, x(t))], ..., x[hm(t, x(t))]), t ≥ 0,
x(ξ) = 0, ξ < 0,

(5.1)

ïðåäïîëàãàÿ, ÷òî ôóíêöèè hk : [0,∞) × R → R óäîâëåòâîðÿþò óñëîâèÿì Êàðàòåîäîðè è
íåðàâåíñòâàì 0 ≤ t− hk(t, x) ≤ ω ïðè âñåõ |x| ≤ δ0 è ïðè ïî÷òè âñåõ t ≥ 0 , ãäå δ0 > 0 �
íåêîòîðîå ÷èñëî; ôóíêöèÿ f(u0, u1, ..., um) â íåêîòîðîé îêðåñòíîñòè òî÷êè (0, ..., 0) èìååò
íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïî âñåì àðãóìåíòàì è f(0, 0, ..., 0) = 0.

Ââåäåì îáîçíà÷åíèÿ

a = −∂f(0, ..., 0)
∂u0

, bk = −∂f(0, ..., 0)
∂uk

, k = 1, ...,m.

Òîãäà óðàâíåíèå (5.1) ìîæíî ïåðåïèñàòü â âèäå:

ẋ(t) + ax(t) +
m∑
k=1

bk(H
k
0x)(t) = f ∗(x(t), (H1

0x)(t), ..., (H
m
0 x)(t)),

ãäå ôóíêöèÿ f ∗(u0, u1, ..., um) îáëàäàåò ñâîéñòâîì:

f ∗(0, 0, ..., 0) =
∂f ∗(0, 0, ..., 0)

∂uk
= 0, k = 0, ...,m.

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 5.1. ([28]) Ïóñòü òî÷êà M(aω, bω) ∈ D , à ôóíêöèè hk(t, x), k =
1, ...,m , óäîâëåòâîðÿåò óñëîâèþ (Pω) , Òîãäà òðèâèàëüíîå ðåøåíèå óðàâíåíèÿ (5.1) ýêñ-
ïîíåíöèàëüíî óñòîé÷èâî è ëîêàëüíî (L∞

γ ,Cγ) -óñòîé÷èâî ïðè 0 ≤ γ < γ0, ãäå γ0 > 0 �
íåêîòîðîå ÷èñëî.
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The tests of the stability of one class of autonomous

di�erential �pseudo-linear� equations of the �rst order with

autoregulated delay

c⃝ M.B. Ermolaev3 P.M. Simonov4

Abstract. In the article e�ective tests of exponential stability are obtained for some classes of
autonomous di�erential equations of �rst order with autoregulated delay. An overview of works
on this topic from the cities of Perm and Ivanovo is made. The criteria of S.A. Gusarenko (on
the continuity of the operator with autoregulated delay) and of V.P. Maksimov (on the complete
continuity of the operator with autoregulated delay) are given. Su�cient conditions for the existence
and continuability of solutions are formulated. Theorems on stability of the system due to its �rst
approximation are given, too. These propositions are based on theorems from the book and from
the articles N.V. Azbelev and P.M. Simonov. Theorems on stability in the �rst approximation,
although resembling the well-known Lyapunov's theorems, in reality di�er signi�cantly from the
latter. Lyapunov's theorems for ordinary di�erential or functional di�erential equations give a
technique for investigating stability. By means of linearization, the question of the nonlinear
equation's stability reduces to the question of linear equation's stability. For this problem e�ective
stability criteria are already proved. In our case it is not possible to linearize the nonlinear parts of
the equations, and therefore the above technique is not applicable here. In the article, replacing the
process of linearization with �pseudo-linearization�, and also using the results of V.V. Malygina, we
obtained some analogues of theorems on the �rst approximation for scalar, autonomous equations
with autoregulated delay. The main conclusions obtained on the basis of this idea can be formalized
as follows: autonomous di�erential equations with autoregulated delay have stability properties
similar to the properties of corresponding equations with concentrated delay.

Key Words: autonomous di�erential equations with autoregulated delay, stability, nonlinear
operator of inner superposition, Lyapunov's theorem about stability in the �rst approximation,
contraction operator, �xed point of the operator, admissibility of pairs of spaces.
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