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Äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïîêîìïîíåíòíîé

àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè íåëèíåéíûõ ñèñòåì

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è åå

ïðèëîæåíèå ê óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ

c⃝ Ï.À. Øàìàíàåâ 1, Î. Ñ. ßçîâöåâà 2

Àííîòàöèÿ. Â ñòàòüå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïîêîìïîíåíòíîé àñèìïòî-
òè÷åñêîé ýêâèâàëåíòíîñòè äëÿ ñèñòåì íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ âîçìóùåíèÿìè â âèäå âåêòîðíûõ ïîëèíîìîâ. Ìåòîä äîêàçàòåëüñòâà îñíîâàí íà ïî-
ñòðîåíèè â áàíàõîâîì ïðîñòðàíñòâå îïåðàòîðà, ñâÿçûâàþùåãî ðåøåíèÿ íåëèíåéíîé ñèñòåìû
è åå ëèíåéíîãî ïðèáëèæåíèÿ, è ïðèìåíåíèè ïðèíöèïà Øàóäåðà î íåïîäâèæíîé òî÷êå. Ñóùå-
ñòâîâàíèå ïîñòðîåííîãî îïåðàòîðà äîêàçûâàåòñÿ ñ èñïîëüçîâàíèåì ïîêîìïîíåíòíûõ îöåíîê
ýëåìåíòîâ ôóíäàìåíòàëüíîé ìàòðèöû ëèíåéíîãî ïðèáëèæåíèÿ. Îïåðàòîð ïîçâîëÿåò ïîñòðî-
èòü îòîáðàæåíèå, óñòàíàâëèâàþùåå ñîîòíîøåíèå ìåæäó íà÷àëüíûìè òî÷êàìè èññëåäóåìîé
ñèñòåìû è åå ëèíåéíîãî ïðèáëèæåíèÿ. Ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè (àñèìï-
òîòè÷åñêîé óñòîé÷èâîñòè) íóëåâûõ ðåøåíèé ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâè-
âàëåíòíûõ ñèñòåì ïî Áðàóåðó. Â êà÷åñòâå ïðèëîæåíèÿ ðàññìîòðåíà çàäà÷à îá óñòîé÷èâîñòè
ïî ÷àñòè ïåðåìåííûõ ìíîæåñòâà ïîëîæåíèé ðàâíîâåñèÿ ñèñòåìû íåëèíåéíûõ óðàâíåíèé, ñî-
îòâåòñòâóþùåé êèíåòè÷åñêîé ìîäåëè íåêîòîðûõ ñòàäèé êîìïàêòíîé ñõåìû ðåàêöèè ïèðîëèçà
ïðîïàíà. Ïîñòàâëåííàÿ çàäà÷à ñâîäèòñÿ ê èññëåäîâàíèþ óñòîé÷èâîñòè òðèâèàëüíîãî ïîëîæå-
íèÿ ðàâíîâåñèÿ íåëèíåéíîé ñèñòåìû, ñîâïàäàþùåé ñ èññëåäóåìîé ñèñòåìîé. Äàëåå ïîêàçàíî,
÷òî íåëèíåéíàÿ ñèñòåìà ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíà ïî Áðàóåðó
å¼ ëèíåéíîìó ïðèáëèæåíèþ. Ñ ó÷¼òîì òîãî, ÷òî íóëåâîå ðåøåíèå ëèíåéíîãî ïðèáëèæåíèÿ
àñèìïòîòè÷åñêè óñòîé÷èâî ïî ïåðâûì äâóì êîìïîíåíòàì è èìååò àñèìïòîòè÷åñêîå ðàâíîâå-
ñèå ïî îñòàëüíûì êîìïîíåíòàì, äåëàåòñÿ âûâîä î òîì, ÷òî êàæäîå ïîëîæåíèå ðàâíîâåñèÿ
èññëåäóåìîé ñèñòåìû òàê æå îáëàäàåò ýòèìè ñâîéñòâàìè.
Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ëî-
êàëüíàÿ ïîêîìïîíåíòíàÿ àñèìïòîòè÷åñêàÿ ýêâèâàëåíòíîñòü ïî Áðàóýðó, ïðèíöèï Øàóäåðà î
íåïîäâèæíîé òî÷êå, óñòîé÷èâîñòü ïî ÷àñòè ïåðåìåííûõ, õèìè÷åñêàÿ êèíåòèêà.

1. Ââåäåíèå

Èäåÿ ðàçáèåíèÿ ìíîæåñòâà ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé íà
êëàññû ýêâèâàëåíòíîñòè íà îñíîâå àñèìïòîòè÷åñêîãî ïîâåäåíèÿ èõ ðåøåíèé ïðèíàäëåæèò
À.Ì. Ëÿïóíîâó [1]. Åñëè ïîâåäåíèå ðåøåíèé ðàññìàòðèâàåòñÿ ïðè t → ∞ , ýêâèâàëåíò-
íîñòü íîñèò íàçâàíèå àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè. Ýòîìó íàïðàâëåíèþ ïîñâÿùåíû
ðàáîòû [2]-[8]. Â ðàáîòàõ [2]-[3] äëÿ êëàññèôèêàöèè íåëèíåéíûõ ñèñòåì ââåäåíû ïîíÿòèÿ
ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè ïî Áðàóýðó è Ëåâèíñîíó îòíîñèòåëüíî
íåêîòîðûõ ýòàëîííûõ ôóíêöèé.
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Â íàñòîÿùåé ðàáîòå ïðîäîëæåíî ðàçâèòèå èäåé Å.Â. Âîñêðåñåíñêîãî [2] î ïîêîìïî-
íåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè ïî Áðàóýðó è Ëåâèíñîíó îòíîñèòåëüíî íåêîòî-
ðûõ ôóíêöèé íåëèíåéíûõ ñèñòåì â íåêîòîðîé îáëàñòè ôàçîâîãî ïðîñòðàíñòâà. Ââåäåííûå
îïðåäåëåíèÿ ïîçâîëÿþò ðàñïðîñòðàíèòü ìåòîäèêó íà áîëåå øèðîêèé êëàññ íåëèíåéíûõ
ñèñòåì, ÷åì â ðàáîòàõ [2]-[3]. Â ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïîêîì-
ïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè ïî Áðàóåðó äëÿ íåëèíåéíûõ ñèñòåì îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ âîçìóùåíèÿìè â âèäå âåêòîðíûõ ïîëèíîìîâ.

Ðàññìîòðèì ìíîæåñòâî Ξ âñåõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
âèäà

dx

dt
= f(t, x), (1.1)

ãäå x ∈ Rn, f ∈ C(0,1)([T,+∞)×Rn, Rn), T ≥ 0, f(t, 0) ≡ 0 .
Áóäåì ñ÷èòàòü, ÷òî ó ñèñòåìû âèäà (1.1) èç ìíîæåñòâà Ξ ñóùåñòâóåò ñîâîêóïíîñòü

ðåøåíèé x(t : t0, x
(0)) , îïðåäåë¼ííûõ ïðè âñåõ t ≥ t0 ≥ T è x(0) ∈ D ⊆ Rn , ãäå D �

íåêîòîðàÿ îáëàñòü ïðîñòðàíñòâà Rn , ñîäåðæàùàÿ îêðåñòíîñòü íóëÿ.
Îáîçíà÷èì ÷åðåç x(t : t0, x

(0)) è y(t : t0, y
(0)) ðåøåíèÿ ñ íà÷àëüíûìè äàííûìè (t0, x

(0))
è (t0, y

(0)) ñîîòâåòñòâåííî ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (1.1) è ñèñòåìû

dy

dt
= g(t, y), (1.2)

ïðèíàäëåæàùåé ìíîæåñòâó Ξ .
Ñëåäóþùèå îïðåäåëåíèÿ ðàçâèâàþò èäåè Å.Â. Âîñêðåñåíñêîãî èç ðàáîò [2]-[3].

Î ï ð å ä å ë å í è å 1.1. Ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
(1.1) è (1.2) áóäåì íàçûâàòü ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûìè
ïî Áðàóåðó îòíîñèòåëüíî ôóíêöèè µi(t) , åñëè ïðè ôèêñèðîâàííîì t0 ≥ T ñóùåñòâóþò
äâà îòîáðàæåíèÿ P (1) : V → U è P (2) : U → V òàêèå, ÷òî

xi(t : t0, x
(0)) = yi(t : t0, P

(2)x(0)) + o(µi(t)), (1.3)

yi(t : t0, x
(0)) = xi(t : t0, P

(1)y(0)) + o(µi(t)), (1.4)

ïðè t → ∞ äëÿ âñåõ i ∈ M0 ⊆ N , N = {1, . . . , n} . Çäåñü xi(t : t0, x
(0)) , yi(t : t0, x

(0)) �
i -ûå êîìïîíåíòû ðåøåíèé, äëÿ êîòîðûõ x(0) ∈ U , y(0) ∈ V , U , V ⊆ D � íåêîòîðûå
îáëàñòè, ñîäåðæàùèå îêðåñòíîñòü íóëÿ, µ : [T,+∞) → [0,+∞) .

Î ï ð å ä å ë å í è å 1.2. Åñëè â îïðåäåëåíèè 1.1. ïîëîæèòü M0 = N , òî ñèñòå-
ìû (1.1) è (1.2) áóäåì íàçûâàòü ëîêàëüíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûìè ïî Áðàóåðó
îòíîñèòåëüíî ôóíêöèé µi(t) .

Ç à ì å ÷ à í è å 1.1. Îïðåäåëåíèå 1.2. îáîáùàåò îïðåäåëåíèå ëîêàëüíî àñèìïòî-
òè÷åñêè ýêâèâàëåíòíûõ ñèñòåì ïî Áðàóåðó îòíîñèòåëüíî ôóíêöèè µ(t) èç ðàáîòû [2].
Äëÿ ýòîãî äîñòàòî÷íî â îïðåäåëåíèè 1.2. ïîëîæèòü µi(t) ≡ µ(t) , i = 1, n .

Î ï ð å ä å ë å í è å 1.3. Áóäåì ãîâîðèòü, ÷òî ñèñòåìà (1.1) èìååò ëîêàëüíîå
àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî êîìïîíåíòàì i , i ∈ M0 ⊆ N , åñëè êàæäîå åå ðåøåíèå
xi(t : t0, x

(0)) , x(0) ∈ U ⊆ Rn , îáëàäàåò ñâîéñòâîì

lim
t→∞

xi(t : t0, x
(0)) = bi <∞, i ∈M0, (1.5)

è, íàîáîðîò, äëÿ ëþáûõ ÷èñåë bi , i ∈ M0 , òàêèõ, ÷òî b = colon(b1, ..., bn) ∈ V ⊆ D ,
ñóùåñòâóåò ðåøåíèå xi(t : t0, x

(0)) , x(0) ∈ U ⊆ D , ñèñòåìû (1.1) òàêîå, ÷òî ñïðàâåäëèâî
ðàâåíñòâî (1.5).
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Î ï ð å ä å ë å í è å 1.4. Åñëè â îïðåäåëåíèè 1.3. ïîëîæèòü M0 = N , òî áóäåì
ãîâîðèòü, ÷òî ñèñòåìà (1.1) èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå.

Â ðàáîòå [2] ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè (àñèìïòîòè÷åñêîé óñòîé-
÷èâîñòè) íóëåâûõ ðåøåíèé àñèìïòîòè÷åñêè ýêâèâàëåíòíûõ ñèñòåì ïî Áðàóåðó, èñõîäÿ èç
ñâîéñòâ ïðàâûõ ÷àñòåé èññëåäóåìûõ ñèñòåì. Ñôîðìóëèðóåì äîñòàòî÷íûå óñëîâèÿ óñòîé÷è-
âîñòè (àñèìïòîòè÷åñêîé óñòîé÷èâîñòè) íóëåâûõ ðåøåíèé ëîêàëüíî ïîêîìïîíåíòíî àñèìï-
òîòè÷åñêè ýêâèâàëåíòíûõ ñèñòåì ïî Áðàóåðó, èñõîäÿ èç îïðåäåëåíèÿ (1.1.).

Ò å î ð å ì à 1.1. Ïóñòü ñèñòåìû (1.1) è (1.2) ëîêàëüíî ïîêîìïîíåíòíî àñèìïòî-
òè÷åñêè ýêâèâàëåíòíû ïî Áðàóýðó îòíîñèòåëüíî ôóíêöèé µi(t) , ïðè÷åì îòîáðàæåíèÿ
P (1) è P (2) ÿâëÿþòñÿ íåïðåðûâíûìè â íóëå è ñïðàâåäëèâû ðàâåíñòâà

xi(t : t0, x
(0)) = yi(t : t0, P

(2)x(0)) + µi(t)δi(t : t0, x
(0)), (1.6)

yi(t : t0, x
(0)) = xi(t : t0, P

(1)y(0)) + µi(t)γi(t : t0, y
(0)), (1.7)

i ∈M0 , δi(t : t0, x
(0)) è γi(t : t0, y

(0)) ñòðåìÿòñÿ ê íóëþ ïðè t→ +∞ ðàâíîìåðíî ïî x(0)

è y(0) , ñîîòâåòñòâåííî. Òîãäà, åñëè ó îäíîé ñèñòåìû ñóùåñòâóåò óñòîé÷èâîå (àñèìïòî-
òè÷åñêè óñòîé÷èâîå) íóëåâîå ðåøåíèå ïî êîìïîíåíòàì i ∈ M0 è lim

t→∞
µi(t) = di, di ∈ R1

( lim
t→∞

µi(t) = 0 ), òî âòîðàÿ ñèñòåìà èìååò òàê æå óñòîé÷èâîå (àñèìïòîòè÷åñêè óñòîé-

÷èâîå) íóëåâîå ðåøåíèå ïî êîìïîíåíòàì i ∈ M0 ; êðîìå òîãî, åñëè îäíà ñèñòåìà èìååò
ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî êîìïîíåíòàì i ∈ M0 , òî ýòèì æå ñâîé-
ñòâîì áóäóò îáëàäàòü ðåøåíèÿ âòîðîé ñèñòåìû.

Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1.2.1 èç ðàáîòû [2].

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì íåëèíåéíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ âîç-
ìóùåíèÿìè â âèäå âåêòîðíûõ ïîëèíîìîâ èç ìíîæåñòâà Ξ

dx

dt
= Ax+ P (x), (2.1)

ãäå A � ïîñòîÿííàÿ (n× n) -ìàòðèöà,

P (x) =

 P1(x),
. . . ,
Pn(x)

 , Pj(x) =
σ∑

|p|=2

d(j)p xp, xp = xp11 x
p2
2 . . . xpnn , σ ≥ 2, |p| = p1 + · · ·+ pn;

è åå ëèíåéíîå ïðèáëèæåíèå

dy

dt
= Ay. (2.2)

Ðàçîáü¼ì ìíîæåñòâî N = {1, . . . , n} íà r íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ:

N1 = {1, 2, . . . , l1},
N2 = {l1 + 1, . . . , l2},
. . . ,

Nr = {lr−1 + 1, . . . , lr = n}.
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Ïóñòü ñîáñòâåííûå çíà÷åíèÿ λi (i = 1, n) ìàòðèöû A èìåþò ñëåäóþùèå âåùåñòâåííûå
÷àñòè:

Re λ1 = ... = Re λl1 = Λ1,

Re λl1+1 = ... = Re λl2 = Λ2,

. . .

Re λlr−1+1 = ... = Re λlr = Λr,

òàêèå ÷òî Λ1 < Λ2 < ... < Λr .
Òîãäà ôóíäàìåíòàëüíóþ ìàòðèöó ñèñòåìû (2.2) ìîæíî ïðåäñòàâèòü â âèäå

Y (t) = [y(1)(t), y(2)(t), ..., y(n)(t)],

ãäå y(j)(t) � âåêòîð-ôóíêöèè ðàçìåðíîñòè n , ïðåäñòàâëÿþùèå ñîáîé ëèíåéíî íåçàâèñèìûå
ðåøåíèÿ ñèñòåìû (2.2), òàêèå, ÷òî ïðè j ∈ Nk, k = 1, r, ñïðàâåäëèâû íåðàâåíñòâà [9]

||y(j)(t− t0)|| ≤ De(Λk+ε)(t−t0), t ≥ t0, (2.3)

||y(j)(t− t0)|| ≤ De(Λk−ε)(t−t0), t ≤ t0, (2.4)

ãäå ε > 0 � äîñòàòî÷íî ìàëîå âåùåñòâåííîå ÷èñëî.
Ðàññìîòðèì i -óþ ñòðîêó ôóíäàìåíòàëüíîé ìàòðèöû Y (t) . Ó÷èòûâàÿ (2.3), ïîëó÷èì

îöåíêó äëÿ ýëåìåíòîâ ôóíäàìåíòàëüíîé ìàòðèöû

|yij(t− t0)| ≤ De(βi+ε)(t−t0), t ≥ t0, j = 1, n, (2.5)

ãäå βi ïðèíèìàåò ìàêñèìàëüíîå çíà÷åíèå èç ÷èñåë Λ1, ...,Λr ïðè îöåíêå ýëåìåíòîâ yij(t) ,
ïî òåì èíäåêñàì j , äëÿ êîòîðûõ yij(t) ̸= 0 .

Ó÷èòûâàÿ îöåíêó (2.4), àíàëîãè÷íî ïîëó÷èì

|yij(t− t0)| ≤ De(αi−ε)(t−t0), t ≤ t0, j = 1, n, (2.6)

ãäå αi ïðèíèìàåò ìèíèìàëüíîå çíà÷åíèå èç ÷èñåë Λ1, ...,Λr ïðè îöåíêå ýëåìåíòîâ yij(t) ,
ïî òåì èíäåêñàì j , äëÿ êîòîðûõ yij(t) ̸= 0 .

Ñòàâèòñÿ çàäà÷à î ïîëó÷åíèè äîñòàòî÷íûõ óñëîâèé ëîêàëüíîé ïîêîìïîíåíòíîé àñèìï-
òîòè÷åñêîé ýêâèâàëåíòíîñòè ñèñòåì (2.1) è (2.2) ïî Áðàóåðó.

3. Ëîêàëüíàÿ ïîêîìïîíåíòíàÿ àñèìïòîòè÷åñêàÿ ýêâèâàëåíòíîñòü

è óñòîé÷èâîñòü ïî ÷àñòè ïåðåìåííûõ íåëèíåéíûõ ñèñòåì ñ âîç-

ìóùåíèÿìè â âèäå âåêòîðíûõ ïîëèíîìîâ

Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî ìíîæåñòâî M0 = {1, ..., q} . Â ñëó÷àå,
åñëè M0 ñîñòîèò èç ïðîèçâîëüííîãî íàáîðà ÷èñåë i1, i2, ..., iq èç ìíîæåñòâà N , òî ìîæíî
ñäåëàòü ïåðåíóìåðàöèþ êîìïîíåíòîâ xi âåêòîðà x .

Ò å î ð å ì à 3.1. Åñëè âûïîëíÿþòñÿ íåðàâåíñòâà

p1β1 + ...+ pnβn < αi, i ∈M0, (3.1)

p1β1 + ...+ pnβn < βi, i ∈ N \M0, (3.2)

ïî âñåì íàáîðàì (p1, ..., pn) òàêèì, ÷òî d
(j)
p ̸= 0, j = 1, n, òî ñèñòåìû (2.1) è (2.2)

ÿâëÿþòñÿ ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûìè ïî Áðàóåðó îò-
íîñèòåëüíî ôóíêöèé µi(t) = e(βi+ε)(t−t0), i ∈M0.
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Ä î ê à ç à ò å ë ü ñ ò â î. Èçëîæåíèå äîêàçàòåëüñòâà áóäåì ïðîâîäèòü ñîãëàñíî ðàáîòàì
[2]-[3].

Ïîñòðîèì áàíàõîâî ïðîñòðàíñòâî

Ω = {φ : φ ∈ C([T,+∞), Rn), |φi(t)| ≤ ce(βi+ε)(t−t0), t ≥ t0, ε > 0, c ∈ R1
+, i = 1, n}.

Â ïðîñòðàíñòâå Ω ââåäåì íîðìó

||φ||Ω = max
i=1,n

sup
t≥t0

{
|φi(t)|e−(βi+ε)(t−t0)

}
. (3.3)

Îïðåäåëèì íà Ω îïåðàòîð

Lφ = y(t)−
+∞∫
t

Y1(t− s)P (φ(s))ds+

t∫
t0

Y2(t− s)P (φ(s))ds, (3.4)

ãäå y(t) = Y (t− t0)y
(0) ,

Y (t) = Y1(t) + Y2(t), Y1(t) = Y (t)I1 ≡
[
Ỹ1(t)
O1

]
, Y2 = Y (t)I2 ≡

[
O2

Ỹ2(t)

]
(3.5)

ãäå I1, I2 � îïåðàòîðû, îáíóëÿþùèå ýëåìåíòû ìàòðèöû Y (t) ñ q+1 -óþ ïî n -óþ è ñ 1-îé
ïî q -óþ ñòðîêè ñîîòâåòñòâåííî; Ỹ1(t) � ìàòðèöà ðàçìåðíîñòè q × n , ỹij1 (t) ≡ yij(t), i =
1, q, j = 1, n ; Ỹ2(t) � ìàòðèöà ðàçìåðíîñòè (n−q)×n , ỹij2 (t) ≡ yij(t), i = q + 1, n, j = 1, n ;
O1, O2 � íóëåâûå ìàòðèöû ðàçìåðíîñòè (n− q)× n è q × n ñîîòâåòñòâåííî.

Äëÿ êîìïîíåíò ðåøåíèÿ ñèñòåìû (2.2) ñïðàâåäëèâû îöåíêè

|yi(t)| ≤
n∑
j=1

|yij(t− t0)| |y(0)j | ≤ De(βi+ε)(t−t0)||y(0)||, t ≥ t0, i = 1, n.

Ðàññìîòðèì øàð
Ω0 = {φ : ||φ||Ω ≤ c0, c0 ∈ R1

+}
ñ äîñòàòî÷íî ìàëûì c0 è ïîêàæåì, ÷òî L : Ω0 → Ω0 .

Ïóñòü ||φ||Ω ≤ c0 . Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà äëÿ i -õ êîìïîíåíò ( i ∈ M0 )
îïåðàòîðà L

|(Lφ)i| ≤ e(βi+ε)(t−t0)

D||y(0)|| +D

n∑
j=1

σ∑
|p|=2

d(j)p D|p|c
|p|
0 ·

·
+∞∫
t

exp {(−αi + ε+ p1β1 + ...+ pnβn) (s− t0)} ds

 , t ≥ t0. (3.6)

Àíàëîãè÷íî äëÿ èíäåêñîâ i ∈ N \M0 âûïîëíÿåòñÿ îöåíêà

|(Lφ)i| ≤ e(βi+ε)(t−t0)

D||y(0)|| +D
n∑
j=1

σ∑
|p|=2

d(j)p D|p|c
|p|
0 ·

·
t∫

t0

exp {(−βi + ε+ p1β1 + ...+ pnβn) (s− t0)} ds

 , t ≥ t0. (3.7)
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Ó÷èòûâàÿ óñëîâèÿ (3.1) è (3.2), ïîäáåðåì t0 òàêîå, ÷òî ïðè âñåõ t ≥ t0

D

n∑
j=1

σ∑
|p|=2

d(j)p D|p|c
|p|−1
0

+∞∫
t

exp {(−αi + ε+ p1β1 + ...+ pnβn) (s− t0)} ds ≤ θ1, (3.8)

D

n∑
j=1

σ∑
|p|=2

d(j)p D|p|c
|p|−1
0

t∫
t0

exp {(−βi + ε+ p1β1 + ...+ pnβn) (s− t0)} ds ≤ θ2. (3.9)

Âûáåðåì y(0) òàêîå, ÷òî

||y(0)|| ≤ 1− θ

D
c0, ãäå θ = max{θ1, θ2}. (3.10)

Òîãäà, ó÷èòûâàÿ (3.6)-(3.9), ïîëó÷èì

||Lφ|| ≤ c0e
(βi+ε)(t−t0) ïðè âñåõ φ ∈ Ω0,

è, ñëåäîâàòåëüíî,
||Lφ||Ω ≤ c0 ïðè âñåõ φ ∈ Ω0.

Îòñþäà ñëåäóåò, ÷òî L : Ω0 → Ω0 .
Ïîêàæåì, ÷òî îïåðàòîð L ÿâëÿåòñÿ íåïðåðûâíûì íà Ω0 . Ïóñòü {φl}, l = 1, 2, ... �

ïîñëåäîâàòåëüíîñòü ôóíêöèé èç Ω0 , ñõîäÿùàÿñÿ ê φ ∈ Ω0 , òî åñòü

||φl − φ||Ω → 0 ïðè l → +∞ .

Òàê êàê âåêòîðíûé ïîëèíîì P (x) ÿâëÿåòñÿ íåïðåðûâíîé âåêòîð-ôóíêöèåé ïî x , òî

||Yk(t− s)P (φl(s))− Yk(t− s)P (φ(s))||Ω → 0 ïðè l → +∞,

k = 1, 2 ïðè êàæäîì ôèêñèðîâàííîì t ≥ t0 .
Òîãäà, ïðèìåíÿÿ òåîðåìó Ëåáåãà î ïðåäåëüíîì ïåðåõîäå ïîä çíàêîì èíòåãðàëà [10] ê

îïåðàòîðó L , ïîëó÷èì

||(Lφ)l − Lφ||Ω → 0 ïðè l → +∞ .

Èç îöåíîê (3.6) è (3.7) ñëåäóåò, ÷òî ìíîæåñòâî ôóíêöèé

y = Lφ, φ ∈ Ω0, (3.11)

ðàâíîìåðíî îãðàíè÷åíî.
Íàéäåì

d

dt
Lφ(t) = Ay + P (φ(t))− A

 +∞∫
t

Y1(t− s)P (φ(s))ds+

t∫
t0

Y2(t− s)P (φ(s))ds

 .
Ñ ó÷¼òîì îöåíîê (3.6) è (3.7) èìååì

|| d
dt
Lφ(t)||Ω ≤ c0

ïðè âñåõ ||φ||Ω ≤ c0 . Òîãäà
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||Lφ(t1)− Lφ(t2)||Ω ≤ c0||t1 − t2||Ω,
÷òî äîêàçûâàåò ðàâíîñòåïåííóþ íåïðåðûâíîñòü ìíîæåñòâà ôóíêöèé (3.11) íà ëþáîì êîì-
ïàêòå èç [t0,+∞) .

Ñëåäîâàòåëüíî, ñîãëàñíî òåîðåìå Àðöåëà [11], ìíîæåñòâî ôóíêöèé (3.11) ÿâëÿåòñÿ êîì-
ïàêòíûì, à îïåðàòîð L ÿâëÿåòñÿ âïîëíå íåïðåðûâíûì íà Ω0 .

Òàêèì îáðàçîì, âñå óñëîâèÿ ïðèíöèïà Øàóäåðà [11] î ñóùåñòâîâàíèè íåïîäâèæíîé
òî÷êè îïåðàòîðà L âûïîëíåíû

φ = Lφ, φ ∈ Ω0, (3.12)

ãäå φ � íåïîäâèæíàÿ òî÷êà îïåðàòîðà L .
Ñ ó÷¼òîì (3.4) óðàâíåíèå (3.12) èìååò âèä

x(t) = y(t)−
+∞∫
t

Y1(t− s)P (x(s))ds+

t∫
t0

Y2(t− s)P (x(s))ds. (3.13)

Èç ïîñòðîåíèÿ îïåðàòîðà L ñëåäóåò, ÷òî åñëè â óðàâíåíèè (3.13) â êà÷åñòâå x(t) âçÿòü
ðåøåíèå x(t : t0, x

(0)) ñèñòåìû (2.1) ñ íà÷àëüíûìè äàííûìè x(0) = x(0) , òî y(t) ÿâëÿ-
åòñÿ ðåøåíèåì ñèñòåìû (2.2) ñ íà÷àëüíûìè äàííûìè y(0) = y(0) . È íàîáîðîò, åñëè y(t)
ÿâëÿåòñÿ ðåøåíèåì (2.2), òî x(t) ÿâëÿåòñÿ ðåøåíèåì (2.1).

Èç óðàâíåíèÿ (3.13) ñëåäóåò, ÷òî îòîáðàæåíèå

y(0) = x(0) +

∞∫
t0

Y1(t0 − s)P (x(s : t0, x
(0)))ds

ñóùåñòâóåò è óñòàíàâëèâàåò ñîîòâåòñòâèå ìåæäó íà÷àëüíûìè òî÷êàìè ðåøåíèé x(t :
t0, x

(0)) è y(t : t0, y
(0)) ñèñòåì (2.1) è (2.2).

Ñëåäîâàòåëüíî, ìîæíî âçÿòü U = {u : u ∈ Rn, ||u|| ≤ ε1 < c0} , V = {v : v ∈ Rn, ||v|| ≤
≤ ε2 <

1− θ

D
c0} , à â êà÷åñòâå îòîáðàæåíèÿ P (2)

P (2)x(0) = x(0) +

+∞∫
t

Y1(t0 − s)P (x(s : t0, x
(0)))ds. (3.14)

Ñóùåñòâîâàíèå îòîáðàæåíèÿ P (1) äîêàçûâàåòñÿ àíàëîãè÷íî ðàññóæäåíèÿì èç ðàáîòû
[2].

Çàïèøåì óðàâíåíèå (3.13) ïî êîìïîíåíòàì i ∈M0

xi(t : t0, x
(0)) = yi(t : t0, y

(0))−
n∑
j=1

∫ +∞

t

yij(t− s)Pj(x(s : t0, x
(0)))ds. (3.15)

Ñ ó÷¼òîì (3.6) èç (3.13) ïîëó÷èì

|xi(t : t0, x(0))− yi(t : t0, y
(0))| ≤ c0e

(βi+ε)(t−t0), t ≤ t0, (3.16)

ãäå i ∈M0 , x
(0) è y(0) ñâÿçàíû ñîîòíîøåíèåì y(0) = P (2)x(0) .

Òîãäà èç íåðàâåíñòâ (3.16) ñëåäóåò ñïðàâåäëèâîñòü ñîîòíîøåíèé (1.3) è (1.4) è, ñëåäî-
âàòåëüíî, ñèñòåìû (2.1) è (2.2) ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíû ïî
Áðàóåðó îòíîñèòåëüíî ôóíêöèé µi(t) = e(βi+ε)(t−t0), i ∈M0 .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Ñ ë å ä ñ ò â è å 3.1. Åñëè íåðàâåíñòâà (3.1) âûïîëíÿþòñÿ ïî âñåì i ∈ N , òî
ñèñòåìû (2.1) è (2.2) ÿâëÿþòñÿ ëîêàëüíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûìè ïî Áðàóåðó
ïî âñåì êîìïîíåíòàì îòíîñèòåëüíî ôóíêöèé µi(t) = e(βi+ε)(t−t0) .

Ò å î ð å ì à 3.2. Ïóñòü âåùåñòâåííûå ÷àñòè ñîáñòâåííûõ çíà÷åíèé ìàòðèöû A
óäîâëåòâîðÿþò óñëîâèþ

Λ1 < Λ2 < ... < Λm < Λm+1 = Λr = 0, 1 ≤ m ≤ r (Λr+1 = 0), (3.17)

ïðè÷åì, ãåîìåòðè÷åñêèå êðàòíîñòè ñîáñòâåííûõ çíà÷åíèé ìàòðèöû A ñ íóëåâûìè âå-
ùåñòâåííûìè ÷àñòÿìè ðàâíû 1. Òîãäà, åñëè ñïðàâåäëèâû íåðàâåíñòâà (3.1) è (3.2) òåîðå-
ìû 3.1, òî íóëåâîå ðåøåíèå ñèñòåìû (2.1) àñèìïòîòè÷åñêè óñòîé÷èâî ïî êîìïîíåíòàì
i = 1,m è óñòîé÷èâî ïî êîìïîíåíòàì i = m+ 1, r .

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì â ïðîñòðàíñòâå Ω èç òåîðåìû 3.1 îïåðàòîðíîå
óðàâíåíèå

x = ξ + Jx, (3.18)

ãäå x = x(t : t0, x
(0)) ,

ξ = Y (t− t0)x
(0), (3.19)

Jx =

t∫
t0

Y (t− s)P (x(s))ds. (3.20)

Ýòî óðàâíåíèå ïðåäñòàâëÿåò ñîáîé èíòåãðàëüíóþ ôîðìó çàïèñè ðåøåíèÿ ñèñòåìû (2.1).
Òàê êàê ïî óñëîâèþ òåîðåìû ãåîìåòðè÷åñêèå êðàòíîñòè ñîáñòâåííûõ çíà÷åíèé ìàòðèöû

A ñ íóëåâûìè âåùåñòâåííûìè ÷àñòÿìè ðàâíû 1, òî èç ôîðìóë (3.3) îïðåäåëåíèÿ íîðìû â
ïðîñòðàíñòâå Ω ñëåäóåò, ÷òî

|xi(t)| ≤ ||x||Ωe(βi+ε)(t−t0), i = 1, n, (3.21)

ïðè÷åì x(t) ∈ Ω0 , êàê òîëüêî ||x||Ω ≤ c0 .
Ó÷èòûâàÿ íåðàâåíñòâà (3.6)-(3.9), îöåíèì êîìïîíåíòû îïåðàòîðà J

|(Jx)i| ≤ θ||x||Ωe(βi+ε)(t−t0), i = 1, n,

îòêóäà
||Jx||Ω ≤ θ||x||Ω. (3.22)

Çäåñü âåùåñòâåííîå ïîëîæèòåëüíîå ÷èñëî θ îïðåäåëÿåòñÿ èç óñëîâèÿ

D

n∑
j=1

σ∑
|p|=2

d(j)p D|p|||x|||p|−1
Ω

t∫
t0

exp {(−βi + ε+ p1β1 + ...+ pnβn) (s− t0)} ds ≤ θ < 1.

Âûáèðàÿ x(0) òàêîå, ÷òî

||x(0)|| ≤ 1− θ

D
c0, (3.23)

îöåíèì ξ , ó÷èòûâàÿ óñëîâèÿ (3.17),

||ξ|| ≤ (1− θ)c0. (3.24)
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Òîãäà ñîãëàñíî ðàáîòå [9] óðàâíåíèå (3.18) èìååò åäèíñòâåííîå ðåøåíèå, ïðè÷åì ñïðà-
âåäëèâà îöåíêà

||x(t)|| ≤ D1||x(0)||, t ≥ t0, D1 =
D

1− θ
. (3.25)

Ñîïîñòàâëÿÿ ðàâåíñòâà (1.6) è (3.15), ïîëó÷èì

µi(t)δi(t : t0, x
(0)) = −

n∑
j=1

∫ +∞

t

yij(t− s)Pj(x(s : t0, x
(0)))ds. (3.26)

Òîãäà èç îöåíîê (3.16) è (3.25) ñëåäóåò, ÷òî δi(t : t0, x
(0)) ñòðåìÿòñÿ ê íóëþ ïðè t→ +∞

ðàâíîìåðíî ïî x(0) .
Òàêèì îáðàçîì, èç òåîðåìû 1.1 è óñëîâèÿ (3.17) ñëåäóåò, ÷òî íóëåâîå ðåøåíèå ñèñòåìû

(2.1) àñèìïòîòè÷åñêè óñòîé÷èâî ïî êîìïîíåíòàì i = 1,m è óñòîé÷èâî ïî êîìïîíåíòàì
i = m+ 1, r .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

4. Èññëåäîâàíèå óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ ìíîæåñòâà

ïîëîæåíèé ðàâíîâåñèÿ ìàòåìàòè÷åñêîé ìîäåëè ðåàêöèè ïèðî-

ëèçà ïðîïàíà

Ðàññìîòðèì êèíåòè÷åñêóþ ìîäåëü íåêîòîðûõ ñòàäèé êîìïàêòíîé ñõåìû ðåàêöèè ïè-
ðîëèçà ïðîïàíà [12]:

C3H8 → C2H5 ·+CH3 ·
C2H5· → C2H4 +H2 · (4.1)

C3H8 + C2H5· → C2H6 + n− C3H7·

Ìàòåìàòè÷åñêàÿ ìîäåëü ðåàêöèè èìååò âèä:

ċ1 = −k1c1 − k3c1c2
ċ2 = k1c1 − k2c2 − k3c1c2
ċ3 = k1c1
ċ4 = k2c2
ċ5 = k2c2
ċ6 = k3c1c2
ċ7 = k3c1c2

, (4.2)

çäåñü t ≥ 0 , ci (i = 1, 7) � êîíöåíòðàöèè âåùåñòâ è ðàäèêàëîâ C3H8 , C2H5· , CH3· , C2H4 ,
H2 , C2H6 , n−C3H7· , ñîîòâåòñòâåííî, ki > 0 (i = 1, 3) � êîíñòàíòû ñêîðîñòåé õèìè÷åñêèõ
ðåàêöèé. Òàê êàê êîíöåíòðàöèè ci ïðåäñòàâëÿþò ñîáîé íåîòðèöàòåëüíûå âåëè÷èíû, òî
ïîâåäåíèå ðåøåíèé ñèñòåìû äîñòàòî÷íî ðàññìàòðèâàòü ïðè ci ≥ 0 . Íå òåðÿÿ îáùíîñòè,
ïðåäïîëîæèì, ÷òî k1 > k2 .

Ïðèðàâíèâàÿ ïðàâóþ ÷àñòü ñèñòåìû (4.2) ê íóëþ, íàõîäèì, ÷òî ïîëîæåíèÿ ðàâíîâåñèÿ
îáðàçóþò ìíîæåñòâî òî÷åê â ïðîñòðàíñòâå R7 âèäà

c = colon(0, 0, c3, c4, c5, c6, c7), (4.3)

ãäå ci ∈ R1
+, i = 3, 7.
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Ôèêñèðóÿ íåêîòîðûå c∗i , i = 3, 7 , èññëåäóåì íà óñòîé÷èâîñòü ïî ÷àñòè ïåðåìåííûõ
íåêîòîðîå íåíóëåâîå ïîëîæåíèå ðàâíîâåñèÿ c∗ = colon(0, 0, c∗3, c

∗
4, c

∗
5, c

∗
6, c

∗
7) [13]-[14], à òàê

æå àñèìïòîòèêó ðåøåíèé ñèñòåìû (4.2) â îêðåñòíîñòè ýòîãî ïîëîæåíèÿ ðàâíîâåñèÿ.
Â ñèñòåìå (4.2) ñäåëàåì çàìåíó ïåðåìåííûõ

c = x+ c∗. (4.4)

Òîãäà ñèñòåìà (4.2) áóäåò èìåòü âèä

ẋ1 = −k1x1 − k3x1x2
ẋ2 = k1x1 − k2x2 − k3x1x2
ẋ3 = k1x1
ẋ4 = k2x2
ẋ5 = k2x2
ẋ6 = k3x1x2
ẋ7 = k3x1x2

, (4.5)

èëè, â âåêòîðíîé ôîðìå:

dx

dt
= Ax+ P (x),

A =



−k1 0 0 0 0 0 0
k1 −k2 0 0 0 0 0
k1 0 0 0 0 0 0
0 k2 0 0 0 0 0
0 k2 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


, P (x) =



−k3x1x2
−k3x1x2

0
0
0

k3x1x2
k3x1x2


.

Òàêèì îáðàçîì, çàäà÷à ñâîäèòñÿ ê èññëåäîâàíèþ àñèìïòîòèêè ïîâåäåíèÿ ðåøåíèé â
îêðåñòíîñòè òðèâèàëüíîãî ðåøåíèÿ x ≡ 0 ñèñòåìû (4.5).

Ëèíåéíîå ïðèáëèæåíèå ñèñòåìû (4.5) èìååò âèä:

ẏ1 = −k1y1
ẏ2 = k1y1 − k2y2
ẏ3 = k1y1
ẏ4 = k2y2
ẏ5 = k2y2
ẏ6 = 0
ẏ7 = 0

. (4.6)

Âñå ñîáñòâåííûå ÷èñëà ìàòðèöû A ÿâëÿþòñÿ âåùåñòâåííûìè ÷èñëàìè è èìåþò ãåî-
ìåòðè÷åñêèå êðàòíîñòè ðàâíûìè 1, ïðè÷åì Λ1 = −k1 , Λ2 = −k2 , m = 2 , Λk = 0 ,
k = 3, 7 . Îòñþäà ñëåäóåò, ÷òî íóëåâîå ðåøåíèå ñèñòåìû (4.6) óñòîé÷èâî. Çàìåòèì, ÷òî òàê
êàê ìàòðèöà A èìååò íóëåâûå ñîáñòâåííûå çíà÷åíèÿ, òî èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé
ñîãëàñíî ðàáîòû [15], è, ñëåäîâàòåëüíî, òåîðåìû Ëÿïóíîâà [1] îá óñòîé÷èâîñòè ïî ïåðâîìó
ïðèáëèæåíèþ íóëåâîãî ïîëîæåíèÿ ðàâíîâåñèÿ íåëèíåéíîé ñèñòåìû (4.5) íåïðèìåíèìû.

Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ íóëåâîãî ïîëîæåíèÿ ðàâíîâåñèÿ
íåëèíåéíîé ñèñòåìû (4.5) è óñòàíîâëåíèÿ ëîêàëüíîé ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé
ýêâèâàëåíòíîñòè ïî Áðàóåðó ìåæäó ñèñòåìàìè (4.5) è (4.6) ïî âñåì ïåðåìåííûì ïðîâåðèì
ñïðàâåäëèâîñòü óñëîâèé òåîðåìû 3.2. Â ýòîì ñëó÷àå M0 = N ≡ {1, ..., 7} .
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Íîðìèðîâàííàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû (4.6) èìååò âèä:

Y (t− s) =



e−k1(t−s) 0 0 0 0 0 0
− k1
k1−k2 [e

−k1(t−s) − e−k2(t−s)] e−k2(t−s) 0 0 0 0 0

1− e−k1(t−s) 0 1 0 0 0 0
1 + 1

k1−k2 [k2e
−k1(t−s) − k1e

−k2(t−s)] 0 1 0 0 0

1 + 1
k1−k2 [k2e

−k1(t−s) − k1e
−k2(t−s)] 1− e−k2(t−s) 0 0 1 0 0

0 0 0 0 0 1 0
0 0 0 0 0 0 1


.

Èç âèäà ôóíäàìåíòàëüíîé ìàòðèöû ñëåäóåò, ÷òî íóëåâîå ïîëîæåíèå ðàâíîâåñèÿ ñèñòå-
ìû (4.6) àñèìïòîòè÷åñêè óñòîé÷èâî ïî y1 è y2 è èìååò àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî
îñòàëüíûì êîìïîíåíòàì.

Îöåíèâàÿ ýëåìåíòû ôóíäàìåíòàëüíîé ìàòðèöû Y (t− s) ïî ñòðîêàì, îïðåäåëèì αi è
βi :

α1 = β1 = −k1,

α2 = −k1, β2 = −k2,

αi = βi = 0, i = 3, 7.

Òàê êàê d
(j)
p = 0 ïðè j ∈ {4, 5, 6} , òî óñëîâèå (3.1) áóäåò èìåòü âèä

p1β1 + p2β2 < αi, i = 1, 7. (4.7)

Òàê êàê p1 = p2 = 1 äëÿ âñåõ íàáîðîâ (p1, ..., p7) , äëÿ êîòîðûõ d
(j)
p ̸= 0 , òî óñëîâèÿ

(4.7), à ñëåäîâàòåëüíî, è óñëîâèÿ (3.1) òåîðåìû 3.1. âûïîëíåíû. Òàêèì îáðàçîì, íóëåâîå
ðåøåíèå ñèñòåìû (4.5) àñèìïòîòè÷åñêè óñòîé÷èâî ïî êîìïîíåíòàì i = 1, 2 è óñòîé÷èâî ïî
êîìïîíåíòàì i = 3, 7 .

Ó÷èòûâàÿ çàìåíó ïåðåìåííûõ (4.4), ìîæíî ñäåëàòü ñëåäóþùèå âûâîäû îá àñèìïòîòè-
÷åñêîì ïîâåäåíèè ðåøåíèé ñèñòåìû (4.2) â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ c∗ :

• ñèñòåìû (2.1) è (2.2) ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíû ïî Áðà-
óåðó;

• êàæäîå ïîëîæåíèå ðàâíîâåñèÿ c∗ ñèñòåìû (4.2) ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷è-
âûì ïî êîìïîíåíòàì c1 è c2 ;

• ðåøåíèÿ ñèñòåìû (4.2), íà÷èíàþùèåñÿ â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ c∗ èìå-
þò àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî êîìïîíåíòàì c3, c4, c5, c6, c7 , ïðè÷åì ïðè t → ∞
ýòè ðåøåíèÿ ñòðåìÿòñÿ ê íåìó.
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The su�cient conditions of local asymptotic equivalence of

nonlinear systems of ordinary di�erential equations and its

application for investigation of stability respect to part of

variables

c⃝ P.A. Shamanaev 3 O. S. Yazovtseva 4

Abstract. The article states su�cient conditions of local component-wise asymptotic equivalence
for nonlinear systems of ordinary di�erential equations with perturbations in form of vector
polynomials. The proof method is based on constructing of operator in Banach space, which
connects solutions of nonlinear system and of its linear approximation, and on using the Shauder
principle for �xed point. The existance of constructed operator is proved by using component-
wise estimates for elements of fundamental matrix of linear approximation. The operator allows to
construct mapping which establishes relation between initial points of nonlinear system and initial
points of its linear approximation. Su�cient conditions for the stability (asymptotic stability) of
zero solutions of locally component-wise asymptotically equivalent systems according to Brauer
are presented. As an application of the theory built the nonlinear equations'system is considered
which corresponds to the kinetic model of certain stages of compact scheme of propane pyrolysis
reaction. The stability of equilibrium state of this system is investigated. The assigned task reduces
to investigation of trivial equilibrium of nonlinear system coinciding with explored system. Then
it is shown that nonlinear system is locally component-wise equivalent according to Brauer to its
linear approximation. Taking in mind that trivial solution of linear approach is asymptotically
stable with respect to the �rst two variables and has asymptotic equilibrium with respect to the
other variables the conclusion is drawn that allthe equilibria of explored system have the same
properties.
Key Words: nonlinear systems of ordinary di�erential equations, local component-wise Brauer
asymptotic equivalence, the Shauder principle for a �xed point, stability with respect to a part of
variables, chemical kinetics.

References

1. A.M. Lyapunov, Obshchaja zadacha ob ustojchivosti dvizhenija [The general problem of
the stability of motion], Gostekhizdat, Moscow, 1950 (In Russ.), 471 p.

2. E.V. Voskresenskiy, Asimptoticheskie metody: teoriya i prilozheniya [Asymptotic
methods: theory and applications], SVMO Publ., Saransk, 2000 (In Russ.), 300 p.

3. E.V. Voskresenskiy, Metody sravneniya v nelineynom analize [Comparison methods in
nonlinear analysys], Sarat. Univercity publ., Saransk, 1990 (In Russ.), 224 ñ.

4. F. Brauer, �Asymptotic equivalence and asymptotic behavior of linear systems�,Michigan
Math., 9:1 (1962), 33�43.

5. N. Levinson, �The asymptotic behaviour of a system of linear di�erential equations�,
Amer. J. Math., 63:1 (1946), 1�6.

3 Pavel A. Shamanaev, Associate Professor, Department of Applied Mathematics, Di�erential Equations
and Theoretical Mechanics, National Research Mordovia State University (68 Bolshevistskaya Str., Saransk
430005, Republic of Mordovia, Russia), Ph.D. (Physics and Mathematics), ORCID: http://orcid.org/0000-
0002-0135-317X, korspa@yandex.ru

4Olga S. Yazovtseva, Postgraduate student, Department of Applied Mathematics, Di�erential Equations
and Theoretical Mechanics, National Research Mordovia State University (68 Bolshevistskaya Str., Saransk
430005, Republic of Mordovia, Russia), ORCID: http://orcid.org/0000-0001-8075-4491, kurinaos@gmail.com

P.A. Shamanaev, O. S. Yazovtseva. The su�cient conditions of local asymptotic . . .



Zhurnal SVMO. 2017. Vol. 19, No. 1 115

6. A. Wintner, �Linear variation of constants�, Amer. J. Math., 68:1 (1946).

7. N. Onuchic, �Relationship among the solutions of two systems of ordinary di�erential
equations�, Michigan Math. J., 10:1 (1963), 129�139.

8. V.A. Yakubovich, �[On asymptotic behavior of solutions of system of di�erential
equations]�, Mathem. sb., 28(70):1 (1951), 217�240 (In Russ.).

9. B. F. Bylov, R. E. Vinograd, D.M. Grobman, V.V. Nemyitskiy, Teoriya pokazateley
Lyapunova i ee prilozheniya k voprosam ustoychivosti [The theory of Lyapunov exponents
and its applications to stability problems], Nauka Publ., Moscow, 1966 (In Russ.), 576 p.

10. F. Riss, B. Sekefal'vi-Nad', Lektsii po funktsional'nomu analizu [Lectures on functional
analysis], Mir Publ., Moscow, 1979 (In Russ.), 580 ñ.

11. V.A. Trenogin, Funktsional'nyy analiz [Functional analysis], Nauka Publ., Moscow, 1980
(In Russ.), 249 ñ.

12. L. F. Nurislamova, I.M. Gubaydullin, �[Kinetic model of gas-phase propane pyrolysis
reaction based on a compact scheme]�, Informatsionnye i matematicheskie tekhnologii
v nauke i upravlenii, 1:1 (2015), 185�193 (In Russ.).

13. V.V. Rumyantsev, A. S. Oziraner, Ustoychivost' i stabilizatsiya dvizheniya po otnosheniyu
k chasti peremennykh [Stability and stabilization of motion with respect to a part of the
variables], Nauka Publ., Moscow, 1987 (In Russ.), 253 ñ.

14. V.V. Vorotnikov, �[Problems and methods of investigation of stability and stabilization
with respect to a part of the variables: research directions, results, features]�, Avtomat. i
telemekh., 3:1 (1993), 3�62 (In Russ.).

15. I. G. Malkin, Theory of stability of motion, Nauka Publ., Moscow, 1966 (In Russ.), 533 ñ.

Submitted 28.04.2017

P.A. Shamanaev, O. S. Yazovtseva. The su�cient conditions of local asymptotic . . .


