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Êðèòåðèé ñîãëàñèÿ ñ ìîäèôèöèðîâàííîé ñòàòèñòèêîé

õè-êâàäðàò

c⃝ Ì. Â. Ðàäèîíîâà 1, Â. Â. ×è÷àãîâ 2

Àííîòàöèÿ. Â äàííîé ñòàòüå ïðîäîëæåíî èññëåäîâàíèå âîçìîæíîñòåé ïðèìåíåíèÿ ïàðàìåò-
ðè÷åñêèõ ôóíêöèé, äîïóñêàþùèõ íåñìåùåííóþ îöåíêó, ê ïðîâåðêå ãèïîòåçû î âèäå ðàñïðåäå-
ëåíèÿ ñ ïîìîùüþ êðèòåðèÿ õè-êâàäðàò. Ïðåäëîæåí íîâûé êëàññ àñèìïòîòè÷åñêèõ êðèòåðèåâ
âàëüäîâñêîãî òèïà äëÿ ïðîâåðêè ãèïîòåçû î âèäå ðàñïðåäåëåíèÿ, ïðèíàäëåæàùåãî îäíîïàðà-
ìåòðè÷åñêîìó ýêñïîíåíöèàëüíîìó ñåìåéñòâó. Ïî óðîâíþ ñëîæíîñòè ïðåäëîæåííûå êðèòåðèè
çàíèìàþò ïðîìåæóòî÷íîå ìåñòî ìåæäó òåñòîì Íèêóëèíà-Ðàî-Ðîáñîíà è òåñòîì ìîìåíòíûõ
óñëîâèé. Â êà÷åñòâå ñëåäñòâèé ê îñíîâíîìó óòâåðæäåíèþ ïðèâåäåíî äâà ïðèìåðà ïîñòðîå-
íèÿ ìîäèôèöèðîâàííîé òåñòîâîé ñòàòèñòèêè õè-êâàäðàò. Ñëåäñòâèå 2.1 ñîäåðæèò ðåçóëüòàò,
óñòàíàâëèâàþùèé ñâÿçü ïðåäëîæåííîé â ðàáîòå òåñòîâîé ñòàòèñòèêè ñ îäíîìåðíîé âåðñèåé
ñòàòèñòèêè Íèêóëèíà-Ðàî-Ðîáñîíà. Â ñëåäñòâèè 2.2 ïðåäñòàâëåíà òåñòîâàÿ ñòàòèñòèêà, ïðåä-
íàçíà÷åííàÿ äëÿ ïðîâåðêè ãèïîòåçû î âèäå ðàñïðåäåëåíèÿ ñ äîïîëíèòåëüíûì îãðàíè÷åíèåì
ñïåöèàëüíîãî âèäà íà ãèïîòåòè÷åñêîå ðàñïðåäåëåíèå.

Êëþ÷åâûå ñëîâà: ýêñïîíåíöèàëüíîå ñåìåéñòâî, íåñìåùåííàÿ îöåíêà, êðèòåðèé ñîãëàñèÿ,
ìîùíîñòü

1. Ââåäåíèå

Îäíîé èç ôóíäàìåíòàëüíûõ ïðîáëåì ìàòåìàòè÷åñêîé è ïðèêëàäíîé ñòàòèñòèêè ÿâëÿ-
åòñÿ çàäà÷à ïðîâåðêè ãèïîòåçû î âèäå ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû ξ0 ïî âûáîðêå
X1, . . . , Xn , ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, èìåþùèå òî
æå ðàñïðåäåëåíèå, ÷òî è ξ0 . Íàèáîëåå ÷àñòî äëÿ ðåøåíèÿ òàêîé çàäà÷è ïðèìåíÿåòñÿ êðè-
òåðèé ñîãëàñèÿ õè-êâàäðàò. Ýòîò êðèòåðèé áûë ïðåäëîæåí Ê. Ïèðñîíîì [1] â 1900 ã. äëÿ
ïðîâåðêè ãèïîòåçû î çíà÷åíèè ïàðàìåòðà ïîëèíîìèàëüíîãî ðàñïðåäåëåíèÿ, íî ìîæåò áûòü
ïðèìåíåí è ê ïðîâåðêå ïðîñòîé ãèïîòåçû î âèäå ðàñïðåäåëåíèÿ H0 : Fξ0(x) = Fξ(x), x ∈ R,
ãäå Fξ0(x) � ôóíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû ξ0 , à Fξ(x) � ïîëíîñòüþ îïðå-
äåëåííàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ ãèïîòåòè÷åñêîé ñëó÷àéíîé âåëè÷èíû ξ. Äëÿ ýòîãî ÷èñ-
ëîâóþ ïðÿìóþ R ðàçáèâàþò íà àòîìû

{
∆j, j = 1, J

}
, è âû÷èñëÿþò ñòàòèñòèêó

χ2
n =

J∑
j=1

(νj − nπj)2

nπj
, (1.1)

ãäå νj � ÷èñëî ýëåìåíòîâ âûáîðêè, ïðèíàäëåæàùèõ àòîìó ∆j , à πj � âåðîÿòíîñòü ïî-
ïàäàíèÿ íà àòîì ∆j ãèïîòåòè÷åñêîé ñëó÷àéíîé âåëè÷èíû ξ . Â ðàáîòå [1] ïîêàçàíî, ÷òî
ñòàòèñòèêà (1.1) ïðè n → ∞ èìååò àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå χ2 ñ J − 1 ñòåïåíÿ-
ìè ñâîáîäû. Â ñîîòâåòñòâèè ñ êðèòåðèåì õè-êâàäðàò Ïèðñîíà àñèìïòîòè÷åñêîãî óðîâíÿ
çíà÷èìîñòè α ãèïîòåçà H0 ïðèíèìàåòñÿ, åñëè χ2

n < x1−α
[
χ2
J−1

]
, ãäå xp [χ

2
ν ] � êâàíòèëü

óðîâíÿ p ðàñïðåäåëåíèÿ χ2 ñ ν ñòåïåíÿìè ñâîáîäû.
Â 1924 ã. Ð. Ôèøåð [2] ðàñïðîñòðàíèë ïðèìåíåíèå êðèòåðèÿ õè-êâàäðàò íà ñëó÷àé ñëîæ-

íîé ãèïîòåçû î âèäå ðàñïðåäåëåíèÿ. Îí ïðåäëîæèë èñïîëüçîâàòü ñòàòèñòèêó õè-êâàäðàò
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äëÿ ïðîâåðêè ãèïîòåçû î ïðèíàäëåæíîñòè ôóíêöèè ðàñïðåäåëåíèÿ Fξ0(x) ïàðàìåòðè÷å-
ñêîìó ñåìåéñòâó {

Fξ(x; θ), θ = (θ1, ..., θs)
⊤ ∈ Θ ⊂ Rs

}
.

Îòìåòèì, ÷òî â ýòîì ñëó÷àå â äåéñòâèòåëüíîñòè ïðîâåðÿåòñÿ ãèïîòåçà
H ′

0 : pj = πj(θ), j = 1, J , ãäå pj = P(ξ0 ∈ ∆j) , πj(θ) = P(ξ ∈ ∆j) , à θ � íåèç-
âåñòíûé ïàðàìåòð ðàñïðåäåëåíèÿ ξ .

Ñòàòèñòèêà êðèòåðèÿ õè-êâàäðàò, ïðåäëîæåííàÿ Ôèøåðîì, èìååò âèä

χ2
n(θ

∗) =
J∑
j=1

(νj − nπj (θ∗))2

nπj (θ∗)
, (1.2)

ãäå θ∗ � îöåíêà íåèçâåñòíîãî ïàðàìåòðà θ , âû÷èñëåííàÿ ïî ìåòîäó ìèíèìóìà õè-êâàäðàò
θ∗ = arg min

θ∈Θ
χ2
n(θ) èëè àñèìïòîòè÷åñêè ýêâèâàëåíòíàÿ åé îöåíêà, ÿâëÿþùàÿñÿ êîðíåì

óðàâíåíèÿ
J∑
j=1

νj
πj(θ)

∂πj(θ)

∂θℓ
= 0, ℓ = 1, s.

Ôèøåð ïîêàçàë, ÷òî ïðåäåëüíûì ðàñïðåäåëåíèåì ñòàòèñòèêè (1.2) ïðè n → ∞ ÿâ-
ëÿåòñÿ ðàñïðåäåëåíèå õè-êâàäðàò ñ (J − s − 1) ñòåïåíÿìè ñâîáîäû. Äî 1954 ãîäà ñ÷èòà-
ëîñü, ÷òî ïðåäåëüíîå ðàñïðåäåëåíèå ñòàòèñòèêè (1.2) íå èçìåíèòñÿ, åñëè îöåíêó ìèíèìó-
ìà õè-êâàäðàò íåèçâåñòíîãî ïàðàìåòðà θ çàìåíèòü îöåíêîé ìàêñèìàëüíîãî ïðàâäîïîäî-
áèÿ θML , âû÷èñëåííîé ïî íåãðóïïèðîâàííûì äàííûì X1, . . . , Xn . Îäíàêî, êàê ïîêàçà-
ëè Ëåìàí è ×åðíîâ [3], ñòàòèñòèêà χ2

n (θML) ðàñïðåäåëåíà â ïðåäåëå ïðè n → ∞ êàê
J−s−1∑
j=1

Z2
j +

s∑
j=1

µjZ
2
j+J−s−1 , ãäå {Zj} � íåçàâèñèìûå ñòàíäàðòíûå íîðìàëüíî ðàñïðåäåëåí-

íûå ñëó÷àéíûå âåëè÷èíû, à ÷èñëà {µj, j = 1, ..., s} ëåæàò ìåæäó 0 è 1, è, âîîáùå ãîâîðÿ,
çàâèñÿò îò íåèçâåñòíîãî çíà÷åíèÿ ïàðàìåòðà θ .

Â 1973 ã. Ì.Ñ. Íèêóëèíûì [4] äëÿ ñåìåéñòâà ðàñïðåäåëåíèé ñäâèãà è ìàñøòàáà ïðåä-
ëîæåíà ìîäèôèêàöèÿ ñòàòèñòèêè χ2

n (θML) , ïðåäåëüíîå ðàñïðåäåëåíèå êîòîðîé åñòü õè-
êâàäðàò ñ (J−1) ñòåïåíÿìè ñâîáîäû è íå çàâèñèò îò ðàçìåðíîñòè îöåíèâàåìîãî ïàðàìåòðà
è ñïîñîáà ðàçáèåíèÿ íà àòîìû. Ïîçäíåå, â [5]�[7] áûëè ðàññìîòðåíû äðóãèå ìîäèôèêàöèè
ñòàòèñòèêè χ2

n (θML) , ñðåäè êîòîðûõ ñëåäóåò âûäåëèòü ñòàòèñòèêó

Y 2
n (θML) = χ2

n (θML) +
1

n
u⊤C−1u, (1.3)

ãäå u = (u1, ..., us)
⊤ , uj =

J∑
i=1

νi
πi(θML)

∂πi(θML)
∂θj

, C = [clk (θML)]s×s � ìàòðèöà ñ ýëåìåíòà-

ìè clk (θML) = ilk −
J∑
i=1

1
πi(θML)

∂πi(θML)
∂θl

∂πi(θML)
∂θk

, à ilk � (l, k) -é ýëåìåíò èíôîðìàöèîííîé

ìàòðèöû Ôèøåðà i(θ) = M

[(
∂ ln f(ξ,θ)

∂θ

)(
∂ ln f(ξ,θ)

∂θ

)⊤]
, f(x, θ) � ïëîòíîñòü ðàñïðåäåëå-

íèÿ ãèïîòåòè÷åñêîé ñëó÷àéíîé âåëè÷èíû. Ñòàòèñòèêà (1.3) ïîëó÷èëà íàçâàíèå ñòàòèñòèêè
Íèêóëèíà�Ðàî�Ðîáñîíà. Â ñîîòâåòñòâèè ñ êðèòåðèåì Íèêóëèíà�Ðàî�Ðîáñîíà àñèìïòîòè-
÷åñêîãî óðîâíÿ çíà÷èìîñòè α ãèïîòåçà H ′

0 ïðèíèìàåòñÿ, åñëè Y 2
n (θML) < x1−α

[
χ2
J−1

]
.

Êðèòåðèé Íèêóëèíà�Ðàî�Ðîáñîíà, êàê îòìå÷àåòñÿ â [6], ìîæíî èñïîëüçîâàòü äëÿ àòîìîâ
êàê ñ ôèêñèðîâàííûìè, òàê è ñî ñëó÷àéíûìè ãðàíèöàìè.

Áîëåå îáùèé ïîäõîä ê ïðîâåðêå ãèïîòåçû î âèäå ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû
ξ0 , ÷åì ïðîâåðêà ãèïîòåçû H0 èëè H ′

0 , ïðåäëîæåí â [8] è çàêëþ÷àåòñÿ îí â ïðîâåðêå
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ãèïîòåçû
H ′′

0 : Mhj (ξ0) = gj(θ), j = 1, L. (1.4)

Çäåñü {h1(x), h2(x), . . . , hL(x) } � çàäàííûé íàáîð ôóíêöèé, êîòîðûå â äàëüíåéøåì áóäåì
íàçûâàòü ¾ïðîáíûìè¿;

{
gj(θ) = Mhj(ξ), j = 1, L

}
� ñîîòâåòñòâóþùèé èì íàáîð ôóíêöèé,

îòðàæàþùèé îïðåäåëåííûå ñâîéñòâà ãèïîòåòè÷åñêîãî ðàñïðåäåëåíèÿ ξ ; θ � íåèçâåñòíûé
ïàðàìåòð ãèïîòåòè÷åñêîãî ðàñïðåäåëåíèÿ. Â ýêîíîìåòðè÷åñêèõ ïðèëîæåíèÿõ, ñâÿçàííûõ
ñ èäåíòèôèêàöèåé ðàñïðåäåëåíèÿ ξ0 , ñîîòíîøåíèÿ âèäà (1.4) ïîëó÷èëè íàçâàíèå ìîìåíò-
íûõ óñëîâèé (ñì., íàïðèìåð, [9]).

Çàìåòèì, ÷òî ãèïîòåçà âèäà H ′
0 ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ãèïîòåçû (1.4) ïðè L = J

è hj(x) = I (x ∈ ∆j) , ãäå I(A) � èíäèêàòîð ñîáûòèÿ A. Èñïîëüçîâàíèå â (1.4) â êà÷å-
ñòâå ¾ïðîáíûõ¿ ôóíêöèé ïîìèìî èíäèêàòîðíûõ ôóíêöèé I (x ∈ ∆j) , j = 1, . . . , J − 1,
åùå îäíîé íå èíäèêàòîðíîé ôóíêöèè ïîçâîëèëî ïîëó÷èòü â [10] ñ ïîìîùüþ îöåíîê ìàêñè-
ìàëüíîãî ïðàâäîïîäîáèÿ ïðè s = 1 ñòîëü æå ïðîñòîå ïðåäñòàâëåíèå òåñòîâîé ñòàòèñòèêè,
êàê è (1.3). Â [8] ïîñòðîåíèå òåñòîâîé ñòàòèñòèêè îñóùåñòâëåíî íà îñíîâå íåñìåùåííûõ
îöåíîê c ðàâíîìåðíî ìèíèìàëüíîé äèñïåðñèåé (ÍÎÐÌÄ) ìîìåíòîâ íåêîòîðûõ ôóíêöèé
îò ãèïîòåòè÷åñêîé ñëó÷àéíîé âåëè÷èíû, ðàñïðåäåëåíèå êîòîðîé ïðèíàäëåæèò îäíîïàðà-
ìåòðè÷åñêîìó ýêñïîíåíöèàëüíîìó ñåìåéñòâó. Â äàííîé ðàáîòå ðåçóëüòàòû, ïîëó÷åííûå â
[8], ðàñïðîñòðàíÿþòñÿ íà áîëåå øèðîêèé êëàññ ¾ïðîáíûõ¿ ôóíêöèé.

2. Îñíîâíûå ðåçóëüòàòû

Áóäåì ïðåäïîëàãàòü, ÷òî ãèïîòåòè÷åñêîå ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû ξ óäî-
âëåòâîðÿåò ñëåäóþùèì ïðåäïîëîæåíèÿì.

À1. Ðàñïðåäåëåíèå âåðîÿòíîñòåé ñëó÷àéíîé âåëè÷èíû ξ ïðèíàäëåæèò åñòåñòâåííîìó
îäíîïàðàìåòðè÷åñêîìó ýêñïîíåíöèàëüíîìó ñåìåéñòâó [11], îïðåäåëÿåìîìó âûðàæåíèåì

f(x; θ) = exp {θ T (x)− κ(θ) + d(x)} , x ∈ X ⊂ R. (2.1)

Çäåñü f(x; θ) � ïëîòíîñòü ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû ξ îòíîñèòåëüíî ìåðû µ(x) ,
ÿâëÿþùåéñÿ ëèáî ìåðîé Ëåáåãà, åñëè ξ èìååò àáñîëþòíî íåïðåðûâíîå ðàñïðåäåëåíèå, ëèáî
ñ÷èòàþùåé ìåðîé, êîãäà ξ èìååò ðåøåò÷àòîå ðàñïðåäåëåíèå; θ ∈ Θ ⊂ R � íåèçâåñòíûé
ïàðàìåòð ðàñïðåäåëåíèÿ; d(x), T (x) � èçâåñòíûå áîðåëåâñêèå ôóíêöèè, κ(θ) � êóìó-
ëÿíòíîå ïðåîáðàçîâàíèå ðàñïðåäåëåíèÿ T (ξ) ; X � íîñèòåëü ðàñïðåäåëåíèÿ ξ . Ïðè ýòîì
a = MT (ξ) = κ′(θ), b2 = DT (ξ) = k′′(θ) > 0 .

À2. Åñëè µ(x) � ìåðà Ëåáåãà, òî ñóùåñòâóåò n0 ∈ N òàêîå, ÷òî íîðìèðîâàííàÿ ñóì-

ìà Zn = Sn−na
b
√
n
, ãäå Sn =

n∑
i=1

T (Xi) , èìååò íåïðåðûâíóþ îãðàíè÷åííóþ ïëîòíîñòü. Åñëè

µ(x) � ñ÷èòàþùàÿ ìåðà, òî íîñèòåëü X íå ñîäåðæèòñÿ íè â êàêîé ïîäðåøåòêå öåëî÷èñ-
ëåííîé ðåøåòêè Z .

Ò å î ð å ì à 2.1. Ïóñòü âûïîëíåíû óñëîâèÿ À1-À2;
{
hj(x), j = 1, L

}
� çàäàííûé

íàáîð ¾ïðîáíûõ¿ ôóíêöèé òàêèõ, ÷òî gj(θ) = Mhj(ξ), j = 1, L , è Mh2j(ξ) < ∞; ĝj �
ÍÎÐÌÄ ôóíêöèè gj(θ) ïî âûáîðêå ïî âûáîðêå X1, . . . , Xn èç ãåíåðàëüíîé ñîâîêóïíîñòè

ξ , à ḡj =
1
n

n∑
i=1

hj(Xi), j = 1, L . Òîãäà ïðè n→∞

1) ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåêòîðîâ Yn =
√
n (ḡ − ĝ) , â êîòîðûõ

ḡ = (ḡ1, ḡ2, . . . , ḡL)
⊤ , à ĝ = (ĝ1, ĝ2, . . . , ĝL)

⊤ , àñèìïòîòè÷åñêè íîðìàëüíà ñ íóëåâûì
âåêòîðîì ñðåäíèõ è êîâàðèàöèîííîé ìàòðèöåé

Σ(θ) = Σh(θ)− b−2g′(θ) [g′(θ)]
⊤
, (2.2)
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ãäå Σh(θ) � êîâàðèàöèîííàÿ ìàòðèöà âåêòîðà h (ξ) = (h1 (ξ) , . . . , hL (ξ))
⊤ , g′(θ) =

(g′1(θ), . . . , g
′
L(θ))

⊤ ;
2) åñëè êîâàðèàöèîííàÿ ìàòðèöà Σ(θ) íå âûðîæäåíà, òî àñèìïòîòè÷åñêèì ðàñïðåäå-
ëåíèåì êâàäðàòè÷íîé ôîðìû

χn(θ) = n (ḡ − ĝ)⊤ Σ−1(θ) (ḡ − ĝ) (2.3)

ÿâëÿåòñÿ ðàñïðåäåëåíèå χ2 ñ L ñòåïåíÿìè ñâîáîäû.
Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî è ñóùåñòâîâàíèÿ

âòîðîãî ìîìåíòà Mh2j(ξ) âåðíî íåðàâåíñòâî

M |(T (ξ)− a) · hj(ξ)| ≤
√
DT (ξ) ·Mh2j(ξ) <∞, j = 1, L.

Îòñþäà ñëåäóåò ñóùåñòâîâàíèå ïðîèçâîäíîé g′j(θ) , îïðåäåëÿåìîé âûðàæåíèåì

g′j(θ) =
∫
X

hj(x) [T (x)− κ′(θ)] exp {θT (x)− κ(θ) + d(x)} dµ(x) =

= M [T (ξ) · hj(ξ)]−MT (ξ) ·Mhj(ξ) = cov (T (ξ), hj(ξ)) ,
(2.4)

ãäå cov(η, ζ) � êîâàðèàöèÿ ìåæäó ñëó÷àéíûìè âåëè÷èíàìè η è ζ , òàê êàê

a = MT (ξ) = κ′(θ),

gj(θ) = Mhj(ξ) =

∫
X

hj(x) exp {θ T (x)− κ(θ) + d(x)} dµ(x),

M[T (ξ)hj(ξ)] =

∫
X

hj(x) · T (x) exp {θ T (x)− κ(θ) + d(x)} dµ(x).

Ïîñêîëüêó Mh2j(ξ) <∞ , à ĝj � ÍÎÐÌÄ ôóíêöèè gj(θ) , òî è Dĝj ≤ Dḡj = Dhj(ξ) <
∞ . Ïîýòîìó ïî òåîðåìå 6.2 èç [12] è ëåììå 1 èç [13] â ïðåäïîëîæåíèÿõ À1-À2 ïðè n→∞
ñïðàâåäëèâû ñòîõàñòè÷åñêèå ðàçëîæåíèÿ

√
n (ĝj − gj(θ)) =

1

b
g′j(θ)Zn + oP (1) , j = 1, . . . , L.

Çàìåòèì, ÷òî òåîðåìà 6.2 èç [12] ïîçâîëÿåò íàéòè àñèìïòîòè÷åñêîå ðàçëîæåíèå ôóíêöèè,
îïðåäåëÿþùåé ÍÎÐÌÄ ĝj, à ëåììà 1 èç [13] � ñîîòâåòñòâóþùåå åìó ñòîõàñòè÷åñêîå ðàç-
ëîæåíèå.

Ïîýòîìó äëÿ ëþáûõ i, j = 1, . . . , L èìååò ìåñòî ïðåäñòàâëåíèå

n (ĝi − gi(θ)) (ĝj − gj(θ)) =
1

b2
g′i(θ)g

′
j(θ)Z

2
n + oP (1) , (2.5)

êîòîðîå ïîçâîëÿåò ïðåäñòàâèòü âåêòîð Yn ñëåäóþùèì îáðàçîì:

Yn =
√
n (ḡ − g(θ))−

√
n (ĝ − g(θ)) =

√
n (ḡ − g(θ))− 1

b
g′(θ)Zn + oP (1) .

Òàê êàê âåêòîð

Y0
n =
√
n (ḡ − g(θ))− 1

b
g′(θ)Zn =

1√
n

n∑
i=1

G (Xi) ,
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â êîòîðîì

G (Xi) = h(Xi)− g(θ)− 1

b2
g′(θ) (T (Xi)− a)

ïðåäñòàâëåí â âèäå ñóììû íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ âåêòîðîâ, òî ïî ìíî-
ãîìåðíîé öåíòðàëüíîé ïðåäåëüíîé òåîðåìå ïðè n → ∞ ïîñëåäîâàòåëüíîñòü ñëó÷àé-
íûõ âåêòîðîâ {Yn} ñõîäèòñÿ ê ñëó÷àéíîìó âåêòîðó Y , èìåþùåìó íîðìàëüíîå ðàñ-
ïðåäåëåíèå ñ âåêòîðîì ñðåäíèõ M [Y] = M [G(ξ)] = 0 è êîâàðèàöèîííîé ìàòðèöåé
Σ(θ) = M

[
G (ξ)G⊤ (ξ)

]
.

C ó÷åòîì (2.4) äëÿ i, j = 1, . . . , L èìååì

M

[
(hi(ξ)− gi(θ)) g′j(θ)

(T (ξ)− a)
b2

]
=

1

b2
g′j(θ)cov (hi(ξ), T (ξ)) =

1

b2
g′j(θ)g

′
i(θ).

Îòñþäà ïîëó÷èì

Σ(θ) = Σh(θ)− 2M

[
(h(ξ)− g(θ))

[g′(θ)]⊤ (T (ξ)− a)
b2

]
+

g′(θ) [g′(θ)]⊤

b2
=

= Σh(θ)−
g′(θ) [g′(θ)]⊤

b2
,

÷òî çàâåðøàåò äîêàçàòåëüñòâî 1-ãî èç óòâåðæäåíèé òåîðåìû.
Ñïðàâåäëèâîñòü âòîðîãî óòâåðæäåíèÿ òåîðåìû â óñëîâèÿõ íåâûðîæäåííîñòè ìàòðèöû

Σ(θ) î÷åâèäíà.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Îòìåòèì, ÷òî ðàíåå â [8] áûëî äîêàçàíî óòâåðæäåíèå àíàëîãè÷íîå óòâåðæäåíèþ òåî-
ðåìû, íî ëèøü äëÿ ÷àñòíîãî ñëó÷àÿ, êîãäà hj(x) = T j(x), j = 1, L.

Ç à ì å ÷ à í è å 2.1. Â óñëîâèÿõ òåîðåìû 1 àñèìïòîòè÷åñêèì ðàñïðåäåëåíèåì
ñòàòèñòèêè

χh = n (ḡ − ĝ)⊤ Σ̃
−1

(ḡ − ĝ) , (2.6)

ãäå Σ̃ � íåêîòîðàÿ ñîñòîÿòåëüíàÿ îöåíêà ìàòðèöû Σ(θ) , ÿâëÿåòñÿ ðàñïðåäåëåíèå χ2 ñ
L ñòåïåíÿìè ñâîáîäû.

Ýòî óòâåðæäåíèå ïîçâîëÿåò ïðåäëîæèòü ñëåäóþùèé âàðèàíò êðèòåðèÿ õè-êâàäðàò äëÿ
ïðîâåðêè ñëîæíîé ãèïîòåçû î âèäå ðàñïðåäåëåíèÿ.

Êðèòåðèé ñîãëàñèÿ χh àñèìïòîòè÷åñêîãî óðîâíÿ çíà÷èìîñòè α . Íóëåâóþ ãèïî-
òåçó (1.4) ñëåäóåò ïðèíÿòü, åñëè âûïîëíåíî íåðàâåíñòâî

χh = n (ḡ − ĝ)⊤ Σ̃
−1

(ḡ − ĝ) < x1−α
[
χ2
L

]
, (2.7)

è îòâåðãíóòü åå â ïðîòèâíîì ñëó÷àå.

Ç à ì å ÷ à í è å 2.2. Òàê êàê îöåíêè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ è ÍÎÐÌÄ â
óñëîâèÿõ À1-À2 àñèìïòîòè÷åñêè ýêâèâàëåíòíû [14] ñ òî÷íîñòüþ äî ñëàãàåìûõ ïîðÿäêà
OP (n−1) , òî óòâåðæäåíèå òåîðåìû 1 ñîõðàíèò ñèëó, åñëè ÍÎÐÌÄ ĝj ôóíêöèè gj(θ),
j = 1, L çàìåíèòü íà îöåíêó ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ.

Ç à ì å ÷ à í è å 2.3. Åñëè ìàòðèöà Σh(θ) íå âûðîæäåíà è b2 ̸=
[g′(θ)]⊤ Σ−1

h (θ)g′(θ) , òî ìàòðèöà Σ(θ) íå âûðîæäåíà, à êâàäðàòè÷íàÿ ôîðìà χn(θ)
äîïóñêàåò ñëåäóþùåå ïðåäñòàâëåíèå

χn(θ) = n (ḡ − ĝ)⊤ Σ−1
h (θ) (ḡ − ĝ) +

n
[
(ḡ − ĝ)⊤ Σ−1

h (θ)g′(θ)
]2

b2 − g′(θ)⊤Σ−1
h (θ)g′(θ)

. (2.8)
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Ñïðàâåäëèâîñòü (2.8) ñëåäóåò èç ñîîòíîøåíèÿ

Σ−1(θ) = Σ−1
h (θ) +

Σ−1
h (θ)g′(θ) [g′(θ)]⊤ Σ−1

h (θ)

b2 − [g′(θ)]⊤Σ−1
h (θ)g′(θ)

, (2.9)

êîòîðîå ïîëó÷åíî ñ ïîìîùüþ ôîðìóëû îáðàùåíèÿ ìàòðèöû ïðè ìàëîðàíãîâîé ìîäèôè-
êàöèè [15], ïðèìåíåííîé ê (2.2).

Ç à ì å ÷ à í è å 2.4. â, π̂j, âj, Âj, β̂J , ζ̂J , M̂T 2(ξ) � ÍÎÐÌÄ ôóíêöèé

a, πj(θ), aj(θ) = M [T (ξ)I (ξ ∈ ∆j)] , Aj(θ) = M [h(ξ)I (ξ ∈ ∆j)] , j = 1, . . . , J,

βJ(θ) = M
[
h2(ξ)I (ξ ∈ ∆J)

]
, ζJ(θ) = M [h(ξ)T (ξ)I (ξ ∈ ∆J)] , MT 2(ξ),

îïðåäåëÿþòñÿ âûðàæåíèÿìè

â =

∫
X

T (x)f̂(x|Sn)dµ(x), π̂j =
∫
∆j

f̂(x|Sn)dµ(x), âj =
∫
∆j

T (x)f̂(x|Sn)dµ(x),

Âj =

∫
∆j

h(x)f̂(x|Sn)dµ(x), β̂J =

∫
∆J

h2(x)f̂(x|Sn)dµ(x),

ζ̂J =

∫
∆J

h(x)T (x)f̂(x|Sn)dµ(x), M̂T 2(ξ) =

∫
X

T 2(x)f̂(x|Sn)dµ(x),

ãäå f̂(x|Sn) � ÍÎÐÌÄ ïëîòíîñòè ðàñïðåäåëåíèÿ (2.1). Â ñîîòâåòñòâèè ñ òåîðåìîé 6.2
[12] è ëåììîé 1 [13] ýòè íåñìåùåííûå îöåíêè ÿâëÿþòñÿ ñîñòîÿòåëüíûìè ïðè n → ∞ ,
åñëè Dh(ξ) <∞ è D [h2(ξ)I (ξ ∈ ∆J)] <∞ .

Êîíñòðóèðóÿ ¾ïðîáíûå¿ ôóíêöèè ñ ó÷åòîì ðàçáèåíèÿ {∆j, j = 1, . . . , J} , ìîæíî ïî-
ëó÷àòü äîñòàòî÷íî êîìïàêòíûå ÿâíûå âûðàæåíèÿ òåñòîâîé ñòàòèñòèêè (2.6). Íèæå â âèäå
ñëåäñòâèé ïðèâîäèòñÿ 2 ïðèìåðà òàêèõ ñòàòèñòèê. Îòìåòèì, ÷òî ðåçóëüòàò ïåðâîãî èç ñëåä-
ñòâèé áûë ïîëó÷åí ðàíåå ñ ïîìîùüþ ïðÿìûõ âû÷èñëåíèé â [16]. Åãî âåðñèÿ äëÿ îäíîïà-
ðàìåòðè÷åñêîãî ãàììà ðàñïðåäåëåíèÿ ñ íåèçâåñòíûì ïàðàìåòðîì ìàñøòàáà ïðåäñòàâëåíà
â [17] è â òåîðåìå 5.3 [7].

Ñ ë å ä ñ ò â è å 2.1. Ïóñòü âûïîëíåíû óñëîâèÿ À1-À2; L = J−1 , πj(θ) > 0, j =
1, J , à ¾ïðîáíûå¿ ôóíêöèè ðàâíû hj(x) = I (x ∈ ∆j) , j = 1, J − 1. Òîãäà êâàäðàòè÷íàÿ
ôîðìà (2.3) ïðèìåò âèä

χn(θ) =
J∑
j=1

(νj − nπ̂j)2

nπj(θ)
+

1

n

{
b2 −

J∑
j=1

[
π′
j(θ)

]2
πj(θ)

}−1 [ J∑
j=1

(νj − nπ̂j)π′
j(θ)

πj(θ)

]2
, (2.10)

à ñòàòèñòèêà

χh =
J∑
j=1

(νj − nπ̂j)2

nπ̂j
+

1

n

{
M̂T 2(ξ)−

J∑
j=1

â2j
π̂j

}−1 [ J∑
j=1

νj âj
π̂j
− nâ

]2
(2.11)

èìååò ïðè n→∞ àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå χ2 ñ J − 1 ñòåïåíÿìè ñâîáîäû.
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Ä î ê à ç à ò å ë ü ñ ò â î. Çàìåòèì, ÷òî ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ

gj(θ) = MI (ξ ∈ ∆j) = πj(θ), ḡj =
1

n

n∑
i=1

I (Xi ∈ ∆j) =
νj
n
,

ïðè÷åì g′j(θ) = π′
j(θ) . Ïðè ýòîì ýëåìåíòû ìàòðèöû

Σh(θ) ≡ Σπ(θ) = [σij(θ)](J−1)×(J−1)

îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

σij(θ) = M [I (ξ ∈ ∆i) · I (ξ ∈ ∆j)]−MI (ξ ∈ ∆i) ·MI (ξ ∈ ∆j) =

= δijπi(θ)− πi(θ)πj(θ), i, j = 1, J − 1,

ãäå δij � ñèìâîë Êðîíåêåðà.
Õîðîøî èçâåñòíî [18], ÷òî ìàòðèöà Σπ(θ) ÿâëÿåòñÿ íåâûðîæäåííîé, à ýëåìåíòû îáðàò-

íîé ê íåé ìàòðèöû Σ−1
π (θ) =

[
σ−1
ij (θ)

]
ðàâíû σ−1

ij (θ) = 1
πJ (θ)

+
δij
πi(θ)

. Ïîýòîìó äëÿ âåêòîðîâ

x⊤ = (x1, . . . , xJ−1) , y⊤ = (y1, . . . , yJ−1) , ýëåìåíòû êîòîðûõ óäîâëåòâîðÿþò ñîîòíîøåíèÿì
J−1∑
j=1

xj = −xJ è
J−1∑
j=1

yj = −yJ , âåðíî ðàâåíñòâî

x⊤Σ−1
π (θ)y =

J∑
j=1

xjyj
πj(θ)

. (2.12)

Òåïåðü íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâîñòè (2.10), âû÷èñëèâ (2.8) ñ ïðèìåíåíèåì

(2.12), èìåÿ â âèäó, ÷òî
J∑
j=1

(νj − nπ̂j) =
J∑
j=1

π′
j(θ) = 0.

Âîñïîëüçîâàâøèñü (2.4), íàéäåì âûðàæåíèå äëÿ ïðîèçâîäíîé

π′
j(θ) = cov (T (ξ), I(ξ ∈ ∆j)) = aj(θ)− aπj(θ), j = 1, . . . , J, (2.13)

ïðèìåíÿÿ êîòîðîå, ïîëó÷èì

b2 −
J∑
j=1

[
π′
j(θ)

]2
πj(θ)

= b2 −
J∑
j=1

[aj(θ)− aπj(θ)]2

πj(θ)
= MT 2(ξ)−

J∑
j=1

a2j(θ)

πj(θ)
,

J∑
j=1

(νj − nπ̂j)π′
j(θ)

πj(θ)
=

J∑
j=1

(νj − nπ̂j) (aj(θ)− aπj(θ))
πj(θ)

=
J∑
j=1

(νj − nπ̂j) aj(θ)
πj(θ)

.

Çàìåíÿÿ â ïîñëåäíèõ ñîîòíîøåíèÿõ íåèçâåñòíûå ôóíêöèè íà èõ ÍÎÐÌÄ, ïðèäåì ê (2.11).
Ñõîäèìîñòü ñòàòèñòèêè (2.11) ê ðàñïðåäåëåíèþ õè-êâàäðàò â ñèëó çàìå÷àíèé 1 è 4 î÷å-
âèäíà.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ñ ë å ä ñ ò â è å 2.2. Ïóñòü âûïîëíåíû óñëîâèÿ À1-À2; L = J ; πj(θ) > 0, j =
1, J ; βJ(θ) = M [h2(ξ)I (ξ ∈ ∆J)] < ∞ ; óñëîâíàÿ äèñïåðñèÿ D [T (ξ)|ξ ∈ ∆j] > 0 õîòÿ áû
ïðè îäíîì j ∈ {1, 2, . . . , J − 1} è D [h(ξ)|ξ ∈ ∆J ] > 0 ; ¾ïðîáíûå¿ ôóíêöèè îïðåäåëÿþòñÿ
âûðàæåíèåì

hj(ξ) =

{
I (ξ ∈ ∆j) , j = 1, J − 1,
h(ξ)I (ξ ∈ ∆J) , j = J.
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Òîãäà êâàäðàòè÷íàÿ ôîðìà (2.3) ïðèìåò âèä

χn(θ) =
J∑
j=1

(νj−nπ̂j)2

nπj(θ)
+

[VJ (θ)−nḡJ+nÂJ ]
2

n(βJ (θ)−A2
J (θ)/πJ (θ))

+

+ 1
n

{
MT 2(ξ)−

J∑
j=1

a2j (θ)

πj(θ)
− [ζJ (θ)−UJ (θ)]

2

βJ (θ)−A2
J (θ)/πJ (θ)

}−1

×

×

[
J∑
j=1

(νj−nπ̂j)aj(θ)
πj(θ)

+
(VJ (θ)−nḡJ+nÂJ)(UJ (θ)−ζJ (θ))

βJ (θ)−A2
J (θ)/πJ (θ)

]2
,

(2.14)

ãäå VJ(θ) = (νJ − nπ̂J)AJ(θ)/πJ(θ) , UJ(θ) = aJ(θ)AJ(θ)/πJ(θ) , à ñòàòèñòèêà

χh =
J∑
j=1

(νj−nπ̂j)2

nπ̂j
+

[νJ ÂJ/π̂J−nḡJ ]
2

n(β̂J−Â2
J/π̂J)

+

+ 1
n

{
M̂T 2(ξ)−

J∑
j=1

â2j
π̂j
− [ζ̂J−âJ ÂJ/π̂J ]

2

β̂J−Â2
J/π̂J

}−1

×

×

[
J∑
j=1

νj âj
π̂j
− nâ− (νJ ÂJ/π̂J−nḡJ)(ζ̂J−âJ ÂJ/π̂J)

β̂J−Â2
J/π̂J

]2
,

(2.15)

èìååò ïðè n→∞ àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå χ2 ñ J ñòåïåíÿìè ñâîáîäû.

Ä î ê à ç à ò å ë ü ñ ò â î. Çàìåòèì, ÷òî â äàííîì ñëó÷àå

Σh(θ) =

[
Σπ c
c⊤ βJ(θ)− A2

J(θ)

]
ãäå Σπ = [δijπi − πiπj](J−1)×(J−1) , c

⊤ = −AJ(θ) (π1(θ), . . . , πJ−1(θ)) .

Òàê êàê D [h(ξ)|ξ ∈ ∆J ] > 0 è D [T (ξ)|ξ ∈ ∆j] > 0 õîòÿ áû ïðè îäíîì j ∈
{1, 2, . . . , J − 1} , òî âåðíû íåðàâåíñòâà

βJ(θ)−
A2
J(θ)

πJ(θ)
= πJ(θ)D [h(ξ)I (ξ ∈ ∆J) |ξ ∈ ∆J ] > 0, (2.16)

J−1∑
j=1

(
bj(θ)−

a2j(θ)

πj(θ)

)
=

J−1∑
j=1

πj(θ)D [T (ξ)I (ξ ∈ ∆j) |ξ ∈ ∆j] > 0, (2.17)

ãäå aj(θ) = M [T (ξ)I (ξ ∈ ∆j)] , bj(θ) = M [T 2(ξ)I (ξ ∈ ∆j)] .
Ñëåäóþùåå íåðàâåíñòâî

M2
[(
T (ξ)I (ξ ∈ ∆J)− aJ (θ)

πJ (θ)

)(
h(ξ)I (ξ ∈ ∆J)− AJ (θ)

πJ (θ)

)
|ξ ∈ ∆J

]
=

=
[
ζJ (θ)
πJ (θ)

− aJ (θ)AJ (θ)

π2
J (θ)

]2
≤
[
bJ (θ)
πJ (θ)

−
(
aJ (θ)
πJ (θ)

)2] [
βJ (θ)
πJ (θ)

−
(
AJ (θ)
πJ (θ)

)2]
,

(2.18)

ãäå ζJ(θ) = M [h(ξ)T (ξ)I (ξ ∈ ∆J)] , ïðåäñòàâëÿåò ñîáîé ÷àñòíûé ñëó÷àé íåðàâåíñòâà Êî-
øè�Áóíÿêîâñêîãî äëÿ óñëîâíîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ.

Óáåäèìñÿ â òîì, ÷òî ìàòðèöà Σh(θ) íå âûðîæäåíà. Èçâåñòíî [9] (ðàçäåë 2.6.2), ÷òî
îïðåäåëèòåëü |Σh(θ)| áëî÷íîé ìàòðèöû Σh(θ) ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì:

|Σh(θ)| = |Σπ| · |βJ(θ)− A2
J(θ)− c⊤Σ−1

π c|.
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Îòñþäà íà îñíîâàíèè (2.12) è (2.16) ñëåäóåò íåâûðîæäåííîñòü ìàòðèöû Σh(θ) , ïî-
ñêîëüêó

|Σπ| =
J∏
j=1

πj(θ) > 0,
J−1∑
j=1

cj = −AJ(θ) (1− πJ(θ))

è

βJ(θ)− A2
J(θ)− c⊤Σ−1

π c = βJ(θ)− A2
J(θ)

[
1 +

J−1∑
j=1

πj(θ) +
(1−πJ (θ))2
πJ (θ)

]
=

= βJ(θ)−
A2

J (θ)

πJ (θ)
> 0.

(2.19)

Âîñïîëüçîâàâøèñü ôîðìóëîé îáðàùåíèÿ áëî÷íîé ìàòðèöû [9] (ðàçäåë 2.6.3)

Σ−1
h (θ) =

[
A−1

11 0
0 0

]
+

1

A22 − A21A
−1
11 A12

[
A−1

11 A12A21A
−1
11 −A−1

11 A12

−A21A
−1
11 1

]
ïðè A11 = Σπ, A22 = βJ(θ)− A2

J(θ) è (2.12), ïîëó÷èì ñîîòíîøåíèå

(x1, . . . , xJ−1, u)
⊤ Σ−1

h (θ) (y1, . . . , yJ−1, z) = x⊤Σ−1
π y+

+
(x⊤Σ−1

π c−u)(y⊤Σ−1
π c−z)

βJ (θ)−A2
J (θ)/πJ (θ)

=
J∑
j=1

xjyj
πj(θ)

+ (xJAJ (θ)/πJ (θ)−u)(yJAJ (θ)/πJ (θ)−z)
βJ (θ)−A2

J (θ)/πJ (θ)
,

(2.20)

ñïðàâåäëèâîå äëÿ âåêòîðîâ x⊤ = (x1, . . . , xJ−1) , y⊤ = (y1, . . . , yJ−1) òàêèõ, ÷òî
J−1∑
j=1

xj =

−xJ è
J−1∑
j=1

yj = −yJ , è ëþáûõ äåéñòâèòåëüíûõ ÷èñåë u, z, ïîñêîëüêó

x⊤Σ−1
π c = −AJ(θ)

J−1∑
j=1

xj +
xJAJ(θ) (1− πJ(θ))

πJ(θ)
=
xJAJ(θ)

πJ(θ)
,

y⊤Σ−1
π c =

yJAJ(θ)

πJ(θ)
.

Âîñïîëüçîâàâøèñü (2.4), íàéäåì

A′
J(θ) = cov (T (ξ), h(ξ)I(ξ ∈ ∆J)) = ζJ(θ)− aAJ(θ). (2.21)

Èñïîëüçóÿ (2.13), (2.17)�(2.21) è èìåÿ â âèäó, ÷òî â äàííîì ñëó÷àå

g(θ) = (π1(θ), . . . , πJ−1(θ), AJ(θ))
⊤ ,

óáåäèìñÿ â ñïðàâåäëèâîñòè ñîîòíîøåíèé

n (ḡ − ĝ)⊤Σ−1
h (θ) (ḡ − ĝ) =

=
J∑
j=1

(νj − nπ̂j)2

nπj(θ)
+

[
(νJ − nπ̂J)AJ(θ)/πJ(θ)− nḡJ + nÂJ

]2
n (βJ − A2

J(θ)/πJ(θ))
,
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b2 − [g′(θ)]
⊤
Σ−1
h (θ)g′(θ) = b2 −

J∑
j=1

[
π′
j(θ)

]2
πj(θ)

− [π′
J(θ)AJ(θ)/πJ(θ)− A′

J(θ)]
2

βJ(θ)− A2
J(θ)/πJ(θ)

=

= b2 −
J∑
j=1

[aj(θ)− aπj(θ)]2

πj(θ)
− [aJ(θ)AJ(θ)/πJ(θ)− ζJ(θ)]2

βJ(θ)− A2
J(θ)/πJ(θ)

=

=
J∑
j=1

[
b2j(θ)−

a2j(θ)

πj(θ)

]
− πJ(θ)

[ζJ(θ)/πJ(θ)− aJ(θ)AJ(θ)/π2
J(θ)]

2

βJ(θ)/πJ(θ)− A2
J(θ)/π

2
J(θ)

≥

≥
J∑
j=1

[
b2j(θ)−

a2j(θ)

πj(θ)

]
−
[
bJ(θ)−

a2J(θ)

πJ(θ)

]
=

J−1∑
j=1

[
b2j(θ)−

a2j(θ)

πj(θ)

]
> 0,

(ḡ − ĝ)⊤ Σ−1
h (θ)g′(θ) =

=
J∑
j=1

(νj − nπ̂j)π′
j(θ)

nπj(θ)
+

(
(νJ−nπ̂J )AJ (θ)

nπJ (θ)
− ḡJ + ÂJ

)(
π′
J (θ)AJ (θ)

πJ (θ)
− A′

J(θ)
)

βJ(θ)− A2
J(θ)/πJ(θ)

=

=
J∑
j=1

(νj − nπ̂j) aj(θ)
nπj(θ)

+

(
(νJ−nπ̂J )AJ (θ)

nπJ (θ)
− ḡJ + ÂJ

)(
aJ (θ)AJ (θ)
πJ (θ)

− ζJ(θ)
)

βJ(θ)− A2
J(θ)/πJ(θ)

.

Ïîäñòàâëÿÿ íàéäåííûå âûðàæåíèÿ â (2.8), ïîëó÷èì (2.14). Çàìåíÿÿ â (2.14) íåèçâåñòíûå
ôóíêöèè íà èõ íåñìåùåííûå îöåíêè, êîòîðûå ÿâëÿþòñÿ ñîñòîÿòåëüíûìè ïðè ñäåëàííûõ
ïðåäïîëîæåíèÿõ, ïðèäåì ê (2.15). Ñõîäèìîñòü ê ðàñïðåäåëåíèþ õè-êâàäðàò â ñèëó çàìå-
÷àíèé 1 è 4 î÷åâèäíà.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Goodness-of-�t test with modi�ed statistics chi-square

c⃝ M. V. Radionova3, V. V. Chichagov4

Abstract. In the paper we continue the research on possibility of using parametric functions that
allow unbiased estimates to test a null hypothesis about a kind of distribution by the chi-square
test. Based on Wald's method a new asymptotic test is proposed for testing hypothesis according to
which the distribution of random value belongs to a one-parameter exponential family. According to
a level of complexity this test occupies an intermediate position between the Nikulin-Rao-Robson's
test and the test of moment conditions. Two examples are mentioned as corollaries for the main
statement of the paper. Corollary 2.1 contains the result connecting the proposed test statistic with
one-dimensional version of the Nikulin-Rao-Robson's statistic. Corollary 2.2 contains test statistic
for testing a null hypothesis about the kind of distribution with a special additional restriction on
a hypothetical distribution.
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