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Àííîòàöèÿ. Èçó÷àþòñÿ êðàåâûå çàäà÷è äëÿ ïåðèîäè÷åñêèõ ïî âðåìåíè ðåøåíèé ñèñòåìû
óðàâíåíèé Ìàêñâåëëà â êâàçèñòàöèîíàðíîì ìàãíèòíîì ïðèáëèæåíèè. Ðàññìàòðèâàåòñÿ ñëó-
÷àé íåîäíîðîäíûõ ñðåä, ñîäåðæàùèõ ïðîâîäÿùèå, íåïðîâîäÿùèå è ñëàáîïðîâîäÿùèå âêëþ-
÷åíèÿ. Èññëåäóåòñÿ àñèìïòîòè÷åñêàÿ ñâÿçü ðåøåíèé çàäà÷ ñ íåïðîâîäÿùèìè è ñëàáîïðîâîäÿ-
ùèìè âêëþ÷åíèÿìè.
Êëþ÷åâûå ñëîâà: ñèñòåìà óðàâíåíèé Ìàêñâåëëà, êâàçèñòàöèîíàðíîå ìàãíèòíîå ïðèáëè-
æåíèå, ïåðèîäè÷åñêèå ðåøåíèÿ, íåîäíîðîäíûå ñðåäû, ãðàíè÷íûå óñëîâèÿ ýëåêòðè÷åñêîãî è
ìàãíèòíîãî òèïà, íåïðîâîäÿùèå è ñëàáîïðîâîäÿùèå âêëþ÷åíèÿ.

1. Ââåäåíèå

Øèðîêèé êëàññ ñîâðåìåííûõ òåõíîëîãè÷åñêèõ ïðîáëåì ïðèâîäèò ê èçó÷åíèþ ìàòå-
ìàòè÷åñêèõ çàäà÷ äëÿ êâàçèñòàöèîíàðíûõ ýëåêòðîìàãíèòíûõ ïîëåé â ôèçè÷åñêè íåîäíî-
ðîäíûõ ñðåäàõ [1], [2]. Êâàçèñòàöèîíàðíîå ìàãíèòíîå ïðèáëèæåíèå äëÿ ñèñòåìû óðàâíåíèé
Ìàêñâåëëà èñïîëüçóåòñÿ ïðè ïðîåêòèðîâàíèè ðàçëè÷íûõ ýëåêòðîìàãíèòíûõ óñòðîéñòâ [3]�
[7] è ïðè ðåøåíèè àêòóàëüíûõ çàäà÷ ñîâðåìåííîé ìåäèöèíû [8].

Àêòóàëüíîñòü ïîñòðîåíèÿ è îáîñíîâàíèÿ ýôôåêòèâíûõ ÷èñëåííûõ àëãîðèòìîâ äëÿ ñè-
ñòåìû óðàâíåíèé Ìàêñâåëëà â êâàçèñòàöèîíàðíîì ìàãíèòíîì ïðèáëèæåíèè îáóñëàâëèâà-
åò ìíîãîîáðàçèå ñîâðåìåííûõ ïóáëèêàöèé, ïîñâÿùåííûõ, â ÷àñòíîñòè, èçó÷åíèþ âîïðîñîâ
êîððåêòíîñòè ðàçëè÷íûõ ïîñòàíîâîê çàäà÷ (ñì. [2], [9], [10] è áèáëèîãðàôèþ â íèõ).

Äîêàçàòåëüñòâî òåîðåì ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè è èññëåäîâàíèå ñâîéñòâ ïî-
ñòàâëåííûõ êðàåâûõ è íà÷àëüíî-êðàåâûõ çàäà÷ îïèðàåòñÿ íà íåðàâåíñòâà, ñâÿçûâàþùèå
íîðìû âåêòîð-ôóíêöèè, å¼ ðîòîðà è äèâåðãåíöèè [11]�[14]. Ïðè ðàññìîòðåíèè íåîäíîðîä-
íûõ ôèçè÷åñêèõ ñðåä ìîãóò áûòü ýôôåêòèâíî èñïîëüçîâàíû îöåíêè íå äëÿ íîðì, à äëÿ
ñêàëÿðíûõ ïðîèçâåäåíèé âåêòîðíûõ ïîëåé. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ íåðàâåí-
ñòâà äëÿ ñêàëÿðíûõ ïðîèçâåäåíèé âåêòîðíûõ ïîëåé, îáîáùàþùèå ïîëó÷åííûå â [11]�[15]
îöåíêè.

Òèïè÷íîé â ïðèêëàäíûõ çàäà÷àõ ÿâëÿåòñÿ ñèòóàöèÿ, êîãäà ðàññìàòðèâàåìûå îáëàñòè
ñîäåðæàò ïðîâîäÿùèå è íåïðîâîäÿùèå ìàòåðèàëû [2]. Ñ öåëüþ ïðåîäîëåíèÿ ïðè ÷èñëåííîì
ðåøåíèè çàäà÷ àëãîðèòìè÷åñêèõ óñëîæíåíèé, ñâÿçàííûõ ñ ðàçëè÷íûì îïèñàíèåì ïîëåé â
ïðîâîäÿùèõ è íåïðîâîäÿùèõ îáëàñòÿõ [16], â [17], [18] áûë èññëåäîâàí ïîäõîä, çàêëþ÷àþ-
ùèéñÿ â çàìåíå íåïðîâîäÿùèõ îáëàñòåé ñëàáîïðîâîäÿùèìè ñ ïîñëåäóþùèì ïðåäåëüíûì
ïåðåõîäîì. Â íàñòîÿùåé ðàáîòå ýòîò ìåòîä îáîñíîâûâàåòñÿ äëÿ ïåðèîäè÷åñêèõ ïî âðåìåíè
ðåøåíèé êðàåâûõ çàäà÷ äëÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà â êâàçèñòàöèîíàðíîì ìàãíèò-
íîì ïðèáëèæåíèè â îáëàñòè, ñîñòîÿùåé èç ïðîâîäíèêà ñ íåïðîâîäÿùèìè âêëþ÷åíèÿìè,
îêðóæåííîãî ñëîåì èçîëÿòîðà.
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2. Ïîñòàíîâêà çàäà÷ è îñíîâíûå ðåçóëüòàòû

Äëÿ îïèñàíèÿ ïåðèîäè÷åñêèõ ïî âðåìåíè ðåøåíèé ñèñòåìû óðàâíåíèé Ìàêñâåëëà â
êâàçèñòàöèîíàðíîì ìàãíèòíîì ïðèáëèæåíèè èñïîëüçóåòñÿ ñëåäóþùàÿ ñèñòåìà óðàâíåíèé
[2]:

rotH⃗(x⃗) = J⃗(x⃗), (2.1)

divB⃗(x⃗) = 0, (2.2)

rotE⃗(x⃗) = −iωB⃗(x⃗), (2.3)

divD⃗(x⃗) = ρ(x⃗), (2.4)

ãäå H⃗ , B⃗ , E⃗ , D⃗ , J⃗ : Ω → C3 è ρ : Ω → C1 � íåèçâåñòíûå ôóíêöèè, x⃗ ∈ Ω ⊂ R3 .
Ðåàëüíûå ôèçè÷åñêèå ïîëÿ îïðåäåëÿþòñÿ â ýòîì ñëó÷àå êàê Re[H⃗(x⃗)eiωt] , Re[B⃗(x⃗)eiωt] ,

Re[E⃗(x⃗)eiωt] , Re[D⃗(x⃗)eiωt(x⃗)] , Re[J⃗(x⃗)eiωt] , Re[ρ(x⃗)eiωt] = div(Re[D⃗eiωt]) .
Â ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî ω ≥ 0 . Ïðè ω = 0 óðàâíåíèÿ (2.1)-(2.4) îáðàçóþò ñòàöè-

îíàðíóþ ñèñòåìó óðàâíåíèé Ìàêñâåëëà, â êîòîðîé H⃗ , B⃗ , E⃗ , D⃗ , J⃗ è ρ � äåéñòâèòåëüíûå
ôóíêöèè.

Â ëèíåéíûõ ñðåäàõ ñïðàâåäëèâû ìàòåðèàëüíûå ñîîòíîøåíèÿ

B⃗ = µH⃗, D⃗ = ϵE⃗, J⃗ = σE⃗ + J⃗ñò, (2.5)

ãäå µ � òåíçîð ìàãíèòíîé ïðîíèöàåìîñòè ñðåäû, ϵ � òåíçîð äèýëåêòðè÷åñêîé ïðîíèöàå-
ìîñòè, σ � òåíçîð ïðîâîäèìîñòè, J⃗ñò � ïëîòíîñòü òîêà èñòî÷íèêîâ.

Â ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî Ω � îòêðûòàÿ îãðàíè÷åííàÿ îáëàñòü, ãîìåîìîðôíàÿ
øàðó, ñ ëèïøèöåâîé ãðàíèöåé Γ , ν⃗(x⃗) � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè â òî÷êå
x⃗ ∈ ∂Ω . Äëÿ ôóíêöèé u⃗ : Ω̄→ C3 ÷åðåç u⃗ν , u⃗τ îáîçíà÷àþòñÿ ñîîòâåòñòâåííî íîðìàëüíàÿ
è êàñàòåëüíàÿ êîìïîíåíòû ôóíêöèè íà ãðàíèöå îáëàñòè.

Ñèñòåìà (2.1)�(2.5) ðàññìàòðèâàåòñÿ ïðè äâóõ âàðèàíòàõ êðàåâûõ óñëîâèé � óñëîâèÿõ
ìàãíèòíîãî òèïà

H⃗τ (x⃗) = 0⃗, x⃗ ∈ Γ, (2.6)

è óñëîâèÿõ ýëåêòðè÷åñêîãî òèïà

E⃗τ (x⃗) = 0⃗, B⃗ν(x⃗) = 0⃗, x⃗ ∈ Γ. (2.7)

Ïóñòü Ω1 , Ω0,j , j = 1, ..., k � ãîìåîìîðôíûå øàðó îáëàñòè ñ ëèïøèöåâûìè ãðàíèöàìè
Γ1 è Γ0,j ñîîòâåòñòâåííî, òàêèå, ÷òî Ω̄1 ⊂ Ω , Ω̄0,j ⊂ Ω1 , Ω̄0,j ∩ Ω̄0,s = ∅ ïðè j ̸= s .
Îáîçíà÷èì Ω0 = ∪kj=1Ω0,j . Ïðåäïîëàãàåòñÿ, ÷òî ïîäîáëàñòü ΩC = Ω1 \ Ω̄0 çàíÿòà ïðîâîä-
íèêîì, Ω \ Ω̄1 , Ω0 � íåïðîâîäÿùèì ìàòåðèàëîì. Ïîëîæèì ΩI = Ω \ Ω̄C = (Ω \ Ω̄1) ∪ Ω0 .
×åðåç ν⃗C(x⃗) , ν⃗I(x⃗) îáîçíà÷àþòñÿ åäèíè÷íûå âåêòîðà âíåøíåé íîðìàëè â òî÷êå x⃗ ∈ ∂ΩC

è x⃗ ∈ ∂ΩI ñîîòâåòñòâåííî, ν⃗C(x⃗) + ν⃗I(x⃗) = 0 , x⃗ ∈ Γ0 ∪ Γ1 . Äëÿ ôóíêöèé u⃗ : Ω → C3 ,
u : Ω → C1 ÷åðåç u⃗C , uC îáîçíà÷àþòñÿ èõ ñóæåíèÿ íà îáëàñòü ΩC , ÷åðåç u⃗I , uI �
ñóæåíèÿ íà ΩI .

Ïðåäïîëàãàåòñÿ, ÷òî J⃗ñò : Ω → C3 � çàäàííàÿ ñóììèðóåìàÿ ñ êâàäðàòîì ôóíêöèÿ,
µ , ϵ � ñàìîñîïðÿæåííûå íåïðåðûâíûå ëèíåéíûå îïåðàòîðû èç {L2(Ω)}3 â {L2(Ω)}3 ,
óäîâëåòâîðÿþùèå óñëîâèÿì

ϵ1∥u⃗∥22,Ω ≤ (ϵu⃗, u⃗)2,Ω ≤ ϵ2∥u⃗∥22,Ω, µ1∥u⃗∥22,Ω ≤ (µu⃗, u⃗)2,Ω ≤ µ2∥u⃗∥22,Ω,

σ = σ(x⃗) � ñèììåòðè÷íàÿ 3×3 ìàòðèöà èçìåðèìûõ ôóíêöèé Ω→ R1 , óäîâëåòâîðÿþùàÿ
óñëîâèÿì

σij(x⃗) = 0, i, j = 1, 2, 3, ïðè ïî÷òè âñåõ x⃗ ∈ ΩI ,
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σ1|ξ⃗|2 ≤ (σ(x⃗)ξ⃗, ξ⃗) ≤ σ2|ξ⃗|2 ïðè ïî÷òè âñåõ x⃗ ∈ ΩC è âñåõ ξ⃗ ∈ R3,

ãäå µi , σi , εi , ( i = 1, 2 ) � çàäàííûå ïîëîæèòåëüíûå ÷èñëà, ÷åðåç ∥ · ∥2,Ω è (·, ·)2,Ω îáî-
çíà÷àþòñÿ íîðìà è ñêàëÿðíîå ïðîèçâåäåíèå â {L2(Ω)}3 .

Â ðàáîòå ðàññìàòðèâàþòñÿ îáîáù¼ííûå ðåøåíèÿ êðàåâûõ çàäà÷, äëÿ êîòîðûõ âñå ðà-
âåíñòâà äîëæíû âûïîëíÿòüñÿ â ñìûñëå òåîðèè ðàñïðåäåëåíèé, à ãðàíè÷íûå óñëîâèÿ � â
ñìûñëå òåîðèè ñëåäîâ [14], [19].

Îïðåäåëÿþòñÿ ñëåäóþùèå ãèëüáåðòîâû ïðîñòðàíñòâà âåêòîð-ôóíêöèé ñ ñîîòâåòñòâóþ-
ùèìè ñêàëÿðíûìè ïðîèçâåäåíèÿìè [14], [19]:

H(div; Ω) = {u⃗ ∈ {L2(Ω)}3 : divu⃗ ∈ L2(Ω)}, K(div; Ω) = {u⃗ ∈ {L2(Ω)}3 : divu⃗ = 0},

(u⃗, v⃗)div,Ω =

∫
Ω

(u⃗ · v⃗)dx⃗+
∫
Ω

(divu⃗divv⃗)dx⃗,

H(rot; Ω) = {u⃗ ∈ {L2(Ω)}3 : rotu⃗ ∈ {L2(Ω)}3}, K(rot; Ω) = {u⃗ ∈ {L2(Ω)}3 : rotu⃗ = 0⃗},

(u⃗, v⃗)rot,Ω =

∫
Ω

(u⃗ · v⃗)dx⃗+
∫
Ω

(rotu⃗ · rotv⃗)dx⃗.

×åðåç H0(rot; Ω) , H0(div; Ω) îáîçíà÷àåòñÿ çàìûêàíèå ìíîæåñòâà ïðîáíûõ âåêòîð-
ôóíêöèé {D(Ω)}3 â H(rot; Ω) è H(div; Ω) ñîîòâåòñòâåííî, K0(div; Ω) = K(div; Ω) ∩
H0(div; Ω) , K0(rot; Ω) = K(rot; Ω) ∩H0(rot; Ω) .

Îáîáù¼ííàÿ ïîñòàíîâêà êðàåâûõ çàäà÷ îñíîâàíà íà ñëåäóþùèõ óòâåðæäåíèÿõ [14].

Ò å î ð å ì à 2.1. Ïóñòü G ⊂ R3 � ëèïøèöåâà îáëàñòü. Îòîáðàæåíèå u⃗ 7→ u⃗ · ν⃗ ,
îïðåäåëåííîå íà {D(Ḡ)}3 , ìîæåò áûòü ïðîäîëæåíî äî ëèíåéíîãî íåïðåðûâíîãî îïåðà-
òîðà γν : H(div;G)→ H−1/2(∂G) . Äëÿ âñåõ u⃗ ∈ H(div;G) è w ∈ H1(G) âåðíà ñëåäóþùàÿ
ôîðìóëà Ãðèíà:

< γν u⃗, w >=

∫
G

(u⃗ · gradw̄)dx⃗+
∫
G

wdivu⃗dx⃗.

ßäðî îïåðàòîðà γν ñîâïàäàåò ñ H0(div;G) , ∥γν∥ = 1 .

Ë å ì ì à 2.1. Ïóñòü G ⊂ R3 � ëèïøèöåâà îáëàñòü. Ôóíêöèÿ u⃗ ∈ H(rot;G) ëå-
æèò â êëàññå H0(rot;G) òîãäà è òîëüêî òîãäà, êîãäà ïðè âñåõ v⃗ ∈ H(rot;G)∫

G

(rotu⃗ · v⃗)dx⃗ =

∫
G

(rotv⃗ · u⃗)dx⃗.

Ðåøåíèåì çàäà÷è (2.1)�(2.6) íàçûâàþòñÿ óäîâëåòâîðÿþùèå ðàâåíñòâàì (2.1), (2.3)�(2.5)

ôóíêöèè H⃗ ∈ H0(rot; Ω) , B⃗ ∈ K(div; Ω) , J⃗ ∈ K0(div; Ω) , E⃗ ∈ H(rot; Ω) , D⃗ ∈ {L2(Ω)}3 ,
ρ ∈ H−1(Ω) .

Ðåøåíèåì çàäà÷è (2.1)�(2.5), (2.7) íàçûâàþòñÿ óäîâëåòâîðÿþùèå ðàâåíñòâàì (2.1), (2.3)

� (2.5) ôóíêöèè H⃗ ∈ H(rot; Ω) , B⃗ ∈ K0(div; Ω) , J⃗ ∈ K(div; Ω) , E⃗ ∈ H0(rot; Ω) , D⃗ ∈
{L2(Ω)}3 , ρ ∈ H−1(Ω) .

Çàìåòèì, ÷òî ïðè ω > 0 óñëîâèå B⃗ν(x⃗) = 0⃗ , x⃗ ∈ Γ â (2.7) âûòåêàåò èç ðàâåíñòâà (2.3)

è óñëîâèÿ E⃗τ (x⃗) = 0⃗ , x⃗ ∈ Γ .
Â ðàáîòå èñïîëüçóþòñÿ òàêæå ñëåäóþùèå ãèëüáåðòîâû ïðîñòðàíñòâà:

K(divµ; Ω) = {u⃗ ∈ {L2(Ω)}3 : µu⃗ ∈ K(div; Ω)},

K0(divµ; Ω) = {u⃗ ∈ {L2(Ω)}3 : µu⃗ ∈ K0(div; Ω)},

V 1(µ; Ω) = H0(rot; Ω) ∩K(divµ; Ω), V 2(µ; Ω) = H(rot; Ω) ∩K0(divµ; Ω),
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V j
0 (µ; Ω) = {u⃗ ∈ V j(µ; Ω) : rotu⃗I = 0⃗}, j = 1, 2, (u⃗, v⃗)V = (u⃗, v⃗)rot,Ω.

Èñïîëüçóÿ (2.2), (2.5), ïîëó÷àåì çàäà÷ó îïðåäåëåíèÿ ôóíêöèé H⃗ ∈ V 1(µ; Ω) , E⃗ ∈
H(rot; Ω) èëè H⃗ ∈ V 2(µ; Ω) , E⃗ ∈ H0(rot; Ω) òàêèõ, ÷òî

rotH⃗ = σE⃗ + J⃗ñò, rotE⃗ = −iωµH⃗. (2.8)

Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ J⃗ñò óäîâëåòâîðÿåò â çàäà÷å (2.1)�(2.6) óñëîâèÿì

divJ⃗ñò
I = 0, γν(J⃗

ñò
I )(x⃗) = 0, x⃗ ∈ Γ, (2.9)

à â ñëó÷àå çàäà÷è (2.1)�(2.5), (2.7) � óñëîâèÿì

divJ⃗ñò
I = 0, ⟨γν(J⃗ñò

I ), 1⟩Γ = 0. (2.10)

Èñïîëüçóÿ ëåììó 2.1. ïîëó÷àåì, ÷òî çàäà÷è (2.8) ñâîäÿòñÿ ê çàäà÷àì îïðåäåëåíèÿ ôóíê-

öèé H⃗ ∈ V j(µ; Ω) òàêèõ, ÷òî

rotH⃗I = J⃗ñò
I (2.11)

è äëÿ âñåõ v⃗ ∈ V j
0 (µ; Ω) ñïðàâåäëèâî ðàâåíñòâî

iω

∫
Ω

(µH⃗ · w⃗)dx⃗+
∫
ΩC

(σ−1rotH⃗ · rotv⃗)dx⃗ =

∫
ΩC

(σ−1J⃗ñò
C · rotv⃗)dx⃗. (2.12)

Ïóñòü H⃗ � ðåøåíèå çàäà÷è (2.11), (2.12). Äëÿ îäíîçíà÷íîãî îïðåäåëåíèÿ ôóíêöèè E⃗

âî âñåé îáëàñòè Ω ïðåäïîëîæèì, ÷òî íåèçâåñòíàÿ ôóíêöèÿ E⃗ äîëæíà óäîâëåòâîðÿòü â
çàäà÷å (2.1)�(2.6) äîïîëíèòåëüíûì óñëîâèÿì

div(ϵE⃗)I = ρ0, γν(ϵE⃗)(x⃗) = 0, x⃗ ∈ Γ, (2.13)

à â çàäà÷å (2.1)�(2.5), (2.7) � óñëîâèÿì

div(ϵE⃗)I = ρ0, E⃗τ (x⃗) = 0, x⃗ ∈ Γ, ⟨γν(ϵE⃗), 1⟩Γ1 = Q, (2.14)

ãäå ρ0 ∈ L2(ΩI) � çàäàííàÿ ôóíêöèÿ, íàïðèìåð, ρ0 ≡ 0 [2], Q � çàäàííàÿ êîíñòàíòà.
Åñëè ω = 0 , çàäà÷à (2.1)�(2.6) ìîæåò ðàññìàòðèâàòüñÿ òàêæå ïðè óñëîâèÿõ (2.14).
Â ðàáîòå äîêàçûâàþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

Ò å î ð å ì à 2.2. Êàæäàÿ èç çàäà÷ (2.11), (2.12) èìååò åäèíñòâåííîå ðåøåíèå.

Ò å î ð å ì à 2.3. Çàäà÷è (2.1)�(2.6), (2.13) è (2.1)�(2.5), (2.7), (2.14) èìåþò åäèí-
ñòâåííûå ðåøåíèÿ. Ïðè ω = 0 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèè çàäà÷è (2.1)�(2.6),
(2.14).

Ïóñòü λ > 0 . Îïðåäåëèì òåíçîð σλ ñîîòíîøåíèåì

σλ(x⃗) =

{
σ(x⃗), x⃗ ∈ ΩC ,
λI, x⃗ ∈ ΩI ,

ãäå I � åäèíè÷íàÿ ìàòðèöà.
Ðàññìîòðèì çàäà÷è (2.8), â êîòîðûõ òåíçîð σ çàìåí¼í íà σλ :

rotH⃗λ = σλE⃗λ + J⃗ñò, rotE⃗λ = −iωµH⃗λ. (2.15)
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Ò å î ð å ì à 2.4. Ñèñòåìà (2.15) èìååò åäèíñòâåííîå ðåøåíèå H⃗λ ∈ V 1(µ; Ω) ,

E⃗λ ∈ H(rot; Ω) è åäèíñòâåííîå ðåøåíèå H⃗λ ∈ V 2(µ; Ω) , E⃗λ ∈ H0(rot; Ω) .

Ò å î ð å ì à 2.5. Ïðè λ → 0 ðåøåíèå H⃗λ ∈ V j(µ; Ω) , E⃗λ ∈ H(rot; Ω) ( j = 1, 2 )

ñèñòåìû (2.15) ñòðåìèòñÿ ê ðåøåíèþ H⃗ ∈ V j(µ; Ω) , E⃗ ∈ H(rot; Ω) ñèñòåìû (2.8) ïî
íîðìå ïðîñòðàíñòâà H(rot; Ω) . Ïðè λ < 1 ñïðàâåäëèâû îöåíêè

∥H⃗λ − H⃗∥rot,Ω ≤ C
√
λ∥J⃗ñò∥2,Ω, ∥E⃗λ − E⃗∥rot ≤ C

√
λ∥J⃗ñò∥2,Ω,

ãäå ïîñòîÿííàÿ C > 0 íå çàâèñèò îò λ .

3. Ïðåäâàðèòåëüíûå óòâåðæäåíèÿ

Ïóñòü G ⊂ R3 � îòêðûòàÿ îãðàíè÷åííàÿ îäíîñâÿçíàÿ îáëàñòü ñ ëèïøèöåâîé ãðàíèöåé
Γ , ν⃗(x⃗) � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè â òî÷êå x⃗ ∈ Γ . Ñïðàâåäëèâû ñëåäóþùèå
óòâåðæäåíèÿ [14], [20].

Ë å ì ì à 3.1. Äëÿ ëþáîé ôóíêöèè u⃗ ∈ K(rot;G) íàéäåòñÿ ôóíêöèÿ p ∈ H1(G)
òàêàÿ, ÷òî u⃗ = gradp . Åñëè ïðè ýòîì u⃗ ∈ H0(rot;G) , òî ìîæíî âçÿòü p ∈ H1

0 (G) .

Ë å ì ì à 3.2. (íåðàâåíñòâî Ïóàíêàðå). Íàéä¼òñÿ òàêàÿ ïîñòîÿííàÿ T (G) > 0 ,
çàâèñÿùàÿ òîëüêî îò îáëàñòè G , ÷òî äëÿ âñåõ p ∈ H1(G)∫

G

p2dx⃗ ≤ T (G)

(∫
G

(gradp)2dx⃗+

∣∣∣∣∫
G

pdx⃗

∣∣∣∣2
)
.

Ë å ì ì à 3.3. (íåðàâåíñòâî Ôðèäðèõñà) Ïóñòü Γ1 ⊂ Γ , mes(Γ1) > 0 . Íàéä¼òñÿ
òàêàÿ ïîñòîÿííàÿ A(G,Γ1) > 0 , çàâèñÿùàÿ òîëüêî îò G è Γ1 , ÷òî äëÿ âñåõ p ∈ H1(G)∫

G

p2dx⃗ ≤ A(G,Γ1)

(∫
G

(gradp)2dx⃗+

∣∣∣∣∫
Γ1

pdγ

∣∣∣∣2
)
. (3.1)

Ë å ì ì à 3.4. Ïóñòü f ∈ H−1/2(Γ) óäîâëåòâîðÿåò óñëîâèþ ⟨f, 1⟩ = 0 . Òîãäà íàé-
ä¼òñÿ ôóíêöèÿ u⃗ ∈ K(div;G) òàêàÿ, ÷òî γν u⃗ = f è ∥u⃗∥2,G ≤ Cν∥f∥H−1/2(Γ) , ãäå êîí-
ñòàíòà Cν > 0 çàâèñèò òîëüêî îò îáëàñòè G .

Ïóñòü B ⊂ R3 � íåêîòîðûé îòêðûòûé øàð òàêîé, ÷òî Ḡ ⊂ B . Èç äîêàçàííûõ â [15]
îöåíîê âûòåêàþò ñëåäóþùèå íåðàâåíñòâà.

Ë å ì ì à 3.5. Ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C1(B) > 0 çàâèñÿùàÿ òîëüêî îò
îáëàñòè B , ÷òî äëÿ âñåõ u⃗ ∈ H0(rot;B) , v⃗ ∈ H(div;B)

|(u⃗, v⃗)2,B| ≤ C1(B) (∥u⃗∥2,B∥divv⃗∥2,B + ∥v⃗∥2,B∥rotu⃗∥2,B) , (3.2)

äëÿ âñåõ u⃗ ∈ H(rot;B) , v⃗ ∈ H0(div;B)

|(u⃗, v⃗)2,B| ≤ C1(B) (∥u⃗∥2,B∥divv⃗∥2,B + ∥v⃗∥2,B∥rotu⃗∥2,B + ∥rotu⃗∥2,B∥divv⃗∥2,B) . (3.3)

Äàëåå ïðåäïîëàãàåòñÿ, ÷òî ëèïøèöåâà îáëàñòü G ãîìåîìîðôíà øàðó. Ñïðàâåäëèâû
ñëåäóþùèå óòâåðæäåíèÿ.
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Ë å ì ì à 3.6. Ñóùåñòâóåò ëèíåéíûé îãðàíè÷åííûé îïåðàòîð ïðîäîëæåíèÿ Ediv :
H(div;G)→ H(div;B) , óäîâëåòâîðÿþùèé óñëîâèþ

divEdiv(u⃗)(x⃗) = 0, x⃗ ∈ B \ Ḡ, u⃗ ∈ H(div;G).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü u⃗ ∈ H(div;G) . Ñîãëàñíî òåîðåìå 2.1. γν u⃗ ∈ H−1/2(Γ) ,
∥γν u⃗∥H−1/2(Γ) ≤ ∥u⃗∥div,G . ×åðåç ν⃗e îáîçíà÷àåòñÿ âåêòîð âíåøíåé ïî îòíîøåíèþ ê îáëàñòè

B \ Ḡ íîðìàëè ê ãðàíèöå Γ ∪ ∂B , ν⃗e(x⃗) = −ν⃗(x⃗) ïðè x⃗ ∈ Γ . Ñóùåñòâóåò åäèíñòâåííîå
ðåøåíèå p ∈ H1(B \ Ḡ) çàäà÷è Íåéìàíà

∆p(x⃗) = 0, x⃗ ∈ B \ Ḡ,

∂p

∂νe
(x⃗) = −γν u⃗(x⃗), x ∈ Γ,

∂p

∂νe
(x⃗) = const = ⟨γν u⃗,mes−1(∂B)⟩, x⃗ ∈ ∂B,

óäîâëåòâîðÿþùåå óñëîâèþ
∫
B\Ḡ p(x⃗)dx⃗ = 0 [14]. Ïðè ýòîì ñïðàâåäëèâî íåðàâåíñòâî

∥gradp∥2,B\Ḡ ≤ ∥γ0∥(T (B \ Ḡ) + 1)1/2∥∂p/∂νe∥H−1/2(Γ∪∂B),

ãäå T (B \ Ḡ) � êîíñòàíòà èç íåðàâåíñòâà Ïóàíêàðå, γ0 : H1(B \ Ḡ) → H1/2(∂B ∪ Γ) �
îïåðàòîð ñëåäà. Òàêèì îáðàçîì, ∥gradp∥2,B\Ḡ ≤ C∥u⃗∥div,G , ãäå ïîñòîÿííàÿ C > 0 çàâèñèò
òîëüêî îò G è B . Ïîëîæèì

Ediv(u⃗)(x⃗) =

{
u⃗(x⃗), x⃗ ∈ G,
gradp(x⃗), x⃗ ∈ B \ Ḡ.

Ïî ïîñòðîåíèþ Ediv(u⃗) ∈ H(div;G) ,

∥Ediv(u⃗)∥22,B = ∥u⃗∥22,G + ∥gradp∥22,B\Ḡ ≤ (1 + C2)∥u⃗∥2div,G.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ë å ì ì à 3.7. Ñóùåñòâóåò ëèíåéíûé îãðàíè÷åííûé îïåðàòîð ïðîäîëæåíèÿ Erot :
H(rot;G)→ H(rot;B) .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü u⃗ ∈ H(rot;G) . Òîãäà F⃗ = rotu⃗ ∈ K(div;G) .

Ïðèìåíÿÿ ëåììó 3.6., îïðåäåëÿåì ôóíêöèþ Ediv(F⃗ ) = F⃗ ∗ ∈ K(div;B) , ïðè÷¼ì ∥F⃗ ∗∥2,B ≤
∥Ediv∥∥F⃗∥2,G .

Ñîãëàñíî ëåììå Ëàêñà-Ìèëüãðàìà íàéä¼òñÿ åäèíñòâåííàÿ ôóíêöèÿ u⃗∗ ∈ H(rot;B) ∩
K0(div;B) , ïðè âñåõ v⃗ ∈ H(rot;B) ∩K0(div;B) óäîâëåòâîðÿþùàÿ ðàâåíñòâó∫

B

(rotu⃗∗ · rotv⃗)dx⃗ =

∫
B

(F⃗ ∗ · rotv⃗)dx⃗.

Ìîæíî ïîêàçàòü [15], ÷òî èç ýòîãî ðàâåíñòâà âûòåêàåò, ÷òî rotu⃗∗ = F⃗ ∗ è ïðè ýòîì, ñîãëàñíî
îöåíêå (3.3),

∥u⃗∗∥rot,B ≤ (1 + C2
1(B))1/2∥F⃗ ∗∥2,B.

Òàêèì îáðàçîì, ïîñòðîåí ëèíåéíûé îãðàíè÷åííûé îïåðàòîð, ñòàâÿùèé â ñîîòâåòñòâèå
ôóíêöèè F⃗ = rotu⃗ ∈ K(div;G) ôóíêöèþ u⃗∗ ∈ H(rot;B) òàêóþ, ÷òî

rotu⃗∗(x⃗) = F⃗ (x⃗), x⃗ ∈ G. (3.4)
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Îáîçíà÷èì ïîñòðîåííûé îïåðàòîð ÷åðåç E∗ : K(div;G) → H(rot;B) . Â ñîîòâåòñòâèè ñ
(3.4) ìîæíî çàïèñàòü

rotE∗(rotu⃗)(x⃗) = rotu⃗(x⃗), x⃗ ∈ G.

Î÷åâèäíî, ∥E∗∥ ≤ (1 + C2
1(B))1/2∥Ediv∥ . Èç ëåììû 3.1. ñëåäóåò, ÷òî äëÿ íåêîòîðîãî q ∈

H1(G) , óäîâëåòâîðÿþùåãî óñëîâèþ
∫
G
q(x⃗)dx⃗ = 0 , âûïîëíåíî

u⃗(x⃗)− E∗(rotu⃗)(x⃗) = gradq(x⃗), x⃗ ∈ G.

Îïðåäåëèì q∗ ∈ H1(B) êàê

q∗(x⃗) =

{
q(x⃗), x⃗ ∈ G,
q̃(x⃗), x⃗ ∈ B \G,

ãäå q̃ � ðåøåíèå çàäà÷è

∆q̃(x⃗) = 0, x⃗ ∈ B \ Ḡ, q̃(x⃗) = q(x⃗), x⃗ ∈ Γ, q̃(x⃗) = 0, x⃗ ∈ ∂B.

Òîãäà, ñîãëàñíî òåîðåìå 2.1.,

∥gradq̃∥2,B\Ḡ ≤ ∥γ0∥(T (G) + 1)1/2∥gradq∥2,G ≤ ∥γ0∥(T (G) + 1)1/2(∥u⃗∥2,G + ∥E∗(rotu⃗)∥2,G) ≤

≤ ∥γ0∥(T 2(G) + 1)1/2(1 + (1 + C2
1(B))1/2∥Ediv∥)∥u⃗∥rot,G.

Ïîýòîìó
∥gradq∗∥22,G = ∥gradq∥22,G + ∥gradq̃∥22,B\Ḡ ≤ C(G,B)∥u⃗∥2rot,G,

ãäå C(G,B) = (1 + (1 + C2
1(B))∥Ediv∥2)(1 + 2∥γ0∥2(T (G) + 1)) . Ïîëîæèâ

Erot(u⃗) = E∗(rotu⃗) + gradq∗(x⃗),

ïîëó÷èì óòâåðæäåíèå ëåììû, ∥Erot∥ ≤ (1 + C2
1(B))1/2∥Ediv∥+ C1/2(G,B) .

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Èç ëåìì 3.5.�3.7. âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ò å î ð å ì à 3.1. Ïóñòü G ⊂ R3 � îòêðûòîå îãðàíè÷åííîå ìíîæåñòâî ñ ëèï-
øèöåâîé ãðàíèöåé, ãîìåîìîðôíîå øàðó. Ñóùåñòâóåò ïîñòîÿííàÿ C(G) > 0 , çàâèñÿùàÿ
òîëüêî îò îáëàñòè G òàêàÿ, ÷òî íåðàâåíñòâî

|(u⃗, v⃗)2,G| ≤ C(G) (∥u⃗∥2,G∥divv⃗∥2,G + ∥v⃗∥2,G∥rotu⃗∥2,G + ∥rotu⃗∥2,G∥divv⃗∥2,G) (3.5)

âûïîëíÿåòñÿ äëÿ ëþáûõ u⃗ ∈ H0(rot;G) , v⃗ ∈ H(div;G) , à òàêæå äëÿ ëþáûõ u⃗ ∈
H(rot;G) , v⃗ ∈ H0(div;G) .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü u⃗ ∈ H0(rot;G) , v⃗ ∈ H(div;G) . Ôóíêöèþ u⃗ ïðîäîëæàåì
íóë¼ì äî ôóíêöèè èç H0(rot;B) . Ïîëîæèì v⃗∗ = Ediv(v⃗) . Ïðèìåíÿÿ íåðàâåíñòâî (3.2),
ïîëó÷èì

|(u⃗, v⃗∗)2,B| ≤ C1(B) (∥u⃗∥2,B∥divv⃗∗∥2,B + ∥v⃗∗∥2,B∥rotu⃗∥2,B) .

Ó÷èòûâàÿ, ÷òî â ëåâîé ÷àñòè íåðàâåíñòâà ìîæíî ïåðåéòè ê èíòåãðèðîâàíèþ ïî îáëàñòè
G , ∥u⃗∥2,B = ∥u⃗∥2,G , ∥rotu⃗∥2,B = ∥rotu⃗∥2,G , ïîëó÷àåì

|(u⃗, v⃗)2,G| ≤ C1(B) (∥u⃗∥2,G∥divv⃗∗∥2,B + ∥v⃗∗∥2,B∥rotu⃗∥2,G) ≤

≤ C1(B) (∥u⃗∥2,G∥divv⃗∥2,G + ∥Ediv∥(∥v⃗∥2,G + ∥divv⃗∥2,G)∥rotu⃗∥2,G) .
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Òàêèì îáðàçîì, ñïðàâåäëèâî íåðàâåíñòâî (3.5), ãäå â êà÷åñòâå C(G) ìîæíî âçÿòü C(G) =
C1(B)max{1, ∥Ediv∥} .

Ïóñòü u⃗ ∈ H(rot;G) , v⃗ ∈ H0(div;G) . Ôóíêöèþ v⃗ ïðîäîëæàåì íóë¼ì äî ôóíêöèè èç
H0(div;B) . Ïîëîæèì u⃗∗ = Erot(u⃗) . Ïðèìåíÿÿ íåðàâåíñòâî (3.3), ïîëó÷èì

|(u⃗∗, v⃗)2,B| ≤ C1(B) (∥u⃗∗∥2,B∥divv⃗∥2,B + ∥v⃗∥2,B∥rotu⃗∗∥2,B + ∥divv⃗∥2,B∥rotu⃗∗∥2,B) .

Ó÷èòûâàÿ, ÷òî â ëåâîé ÷àñòè íåðàâåíñòâà ìîæíî ïåðåéòè ê èíòåãðèðîâàíèþ ïî îáëàñòè
G , ∥v⃗∥2,B = ∥v⃗∥2,G , ∥divv⃗∥2,B = ∥divv⃗∥2,G , ïîëó÷àåì

|(u⃗, v⃗)2,G| ≤ C1(B) (∥u⃗∗∥2,B∥divv⃗∥2,G + ∥v⃗∥2,G∥rotu⃗∗∥2,B + ∥divv⃗∥2,G∥rotu⃗∗∥2,B) ≤

≤ C1(B) (∥Erot∥∥u⃗∥rot,G∥divv⃗∥2,G + ∥Ediv∥∥rotu⃗∥2,G∥v⃗∥div,G) .

Òàêèì îáðàçîì, ñïðàâåäëèâî íåðàâåíñòâî (3.5), ãäå â êà÷åñòâå C(G) ìîæíî âçÿòü C(G) =
C1(B)(∥Ediv∥+ ∥Erot∥) .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ïóñòü η : {L2(G)}3 → {L2(G)}3 � íåïðåðûâíûé ëèíåéíûé ñàìîñîïðÿæåííûé îïåðàòîð
òàêîé, ÷òî ïðè íåêîòîðûõ η1 , η2 > 0

η1∥u⃗∥22,G ≤ (ηu⃗, u⃗)2,G ≤ η2∥u⃗∥22,G

äëÿ âñåõ u⃗ ∈ {L2(G)}3 . Îáîçíà÷èì ÷åðåç {L2(η;G)}3 ïðîñòðàíñòâî {L2(G)}3 , ñíàáæåííîå
ñêàëÿðíûì ïðîèçâåäåíèåì (u⃗, v⃗)η = (ηu⃗, v⃗)2,G . Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Ë å ì ì à 3.8. Îðòîãîíàëüíîå äîïîëíåíèå ê K(divη;G) â {L2(η;G)}3 ñîâïàäàåò ñ
ïîäïðîñòðàíñòâîì K0(rot;G) .

Ë å ì ì à 3.9. Îðòîãîíàëüíîå äîïîëíåíèå ê K0(divη;G) â {L2(η;G)}3 ñîâïàäàåò
ñ ïîäïðîñòðàíñòâîì K(rot;G) .

Ïðåäïîëîæèì, ÷òî îáëàñòü Ω ⊂ R3 óäîâëåâîðÿåò óñëîâèÿì, ñôîðìóëèðîâàííûì ïðè
ïîñòàíîâêå êðàåâûõ çàäà÷.

Ë å ì ì à 3.10. Ïóñòü K0,I(div; ΩI) = {w⃗ ∈ K(div; ΩI) : ⟨γνw⃗, 1⟩Γ = 0} . Ñóùåñòâó-
åò ëèíåéíûé íåïðåðûâíûé îïåðàòîð ïðîäîëæåíèÿ EC

div : K0,I(div; ΩI)→ K(div; Ω) . Åñëè
ïðè ýòîì w⃗ν(x⃗) = 0 , x⃗ ∈ Γ , òî EC

divw⃗ ∈ K0(div; Ω) .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü w⃗ ∈ K0,I(div; ΩI) . Òîãäà ⟨γνI w⃗, 1⟩Γj
= 0 , j = 0, 1 .

Ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå p ∈ H1(ΩC) çàäà÷è Íåéìàíà

∆p(x⃗) = 0, x⃗ ∈ ΩC ,
∂p(x⃗)

∂νC
= −γνI w⃗(x⃗), x⃗ ∈ Γ0 ∪ Γ1,

òàêîå, ÷òî
∫
ΩC
pdx⃗ = 0 . Äëÿ ëþáîé ôóíêöèè q ∈ H1(ΩC)∫

ΩC

(gradp · gradq)dx⃗ = −⟨γνI w⃗, γ0q⟩.

Ïîýòîìó
∥gradp∥2,ΩC

≤ C∥w⃗I∥2,ΩI
,

ãäå C = ∥γ0∥(1 + T (ΩC))
1/2 , γ0 : H

1(ΩC)→ H1/2(Γ0 ∪ Γ1) � îïåðàòîð ñëåäà.
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Îïðåäåëèì ôóíêöèþ v⃗ ∈ K(div; Ω) ñîîòíîøåíèåì

v⃗(x⃗) =

{
gradp(x⃗), x⃗ ∈ ΩC ,
w⃗(x⃗), x⃗ ∈ ΩI .

Ïîëîæèì EC
divw⃗ = v⃗ ,

∥EC
divw⃗∥ = ∥v⃗∥2,Ω ≤

√
C2 + 1∥w⃗∥2,ΩI

.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ë å ì ì à 3.11. Íàéä¼òñÿ òàêàÿ ïîñòîÿííàÿ T (ΩC ,ΩI) > 0 , çàâèñÿùàÿ òîëüêî
îò îáëàñòåé ΩC , ΩI , ÷òî äëÿ âñåõ ôóíêöèé w⃗ ∈ H(rot; Ω) , óäîâëåòâîðÿþùèõ óñëîâèÿì
w⃗I ∈ K0,I(div; ΩI) è òàêèõ, ÷òî ëèáî w⃗ν(x⃗) = 0 , ëèáî w⃗τ (x⃗) = 0 ïðè x⃗ ∈ Γ , ñïðàâåäëèâî
íåðàâåíñòâî

∥w⃗I∥2,ΩI
≤ T (ΩC ,ΩI) (∥w⃗C∥2,ΩC

+ ∥rotw⃗∥2,Ω) . (3.6)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü w⃗ óäîâëåòâîðÿåò óñëîâèÿì ëåììû. Ïîëîæèì, â
ñîîòâåòñòâèè ñ ëåììîé 3.10., v⃗ = EC

divw⃗I ∈ K(div; Ω) . Ïðè ýòîì, ïî óñëîâèþ, ëèáî w⃗ ∈
H0(rot; Ω) , ëèáî v⃗ ∈ K0(div; Ω) .

Ïðèìåíÿÿ ê ôóíêöèÿì v⃗ , w⃗ íåðàâåíñòâî (3.5), ïîëó÷àåì

(w⃗, v⃗)2,Ω = (v⃗C , w⃗C)2,ΩC
+ ∥w⃗I∥22,ΩI

≤ C(Ω)∥v⃗∥2,Ω∥rotw⃗∥2,Ω ≤ C(Ω)∥EC
div∥∥w⃗I∥2,ΩI

∥rotw⃗∥2,Ω,

∥w⃗I∥22,ΩI
≤ C(Ω)∥EC

div∥∥w⃗I∥2,ΩI
∥rotw⃗∥2,Ω + ∥EC

div∥∥w⃗I∥2,ΩI
∥w⃗C∥2,Ω.

Òàêèì îáðàçîì, ñïðàâåäëèâî íåðàâåíñòâî (3.6), ãäå ìîæíî âçÿòü

T (ΩC ,ΩI) = (C(Ω) + 1)∥EC
div∥

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

4. Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2.2.
Ïóñòü v⃗ ∈ V j(µ; Ω) . Ïðèìåíÿÿ íåðàâåíñòâî (3.5) ê ôóíêöèÿì v⃗ ∈ H0(rot; Ω) , µv⃗ ∈

K(div; Ω) èëè v⃗ ∈ H(rot; Ω) , µv⃗ ∈ K0(div; Ω) , ïîëó÷àåì

∥v⃗∥2,Ω ≤ C1∥rotv⃗∥2,Ω, (4.1)

ãäå C1 = µ2µ
−1
1 C(Ω) . Â ÷àñòíîñòè, åñëè v⃗ ∈ V j

0 (µ; Ω) , ∥v⃗∥2,Ω ≤ C1∥rotv⃗∥2,ΩC
.

Ñîãëàñíî ëåììå 3.10., íàéä¼òñÿ ôóíêöèÿ J⃗1 ∈ K0(div; Ω) (ñîîòâåòñòâåííî, J⃗1 ∈
K(div; Ω) ) òàêàÿ, ÷òî J⃗1I = J⃗ñò

I .
Ñîãëàñíî ëåììå Ëàêñà-Ìèëüãðàìà, âîçìîæíîñòü ïðèìåíåíèÿ êîòîðîé âûòåêàåò èç

íåðàâåíñòâà (4.1), íàéä¼òñÿ åäèíñòâåííàÿ ôóíêöèÿ H⃗1 ∈ V j(µ; Ω) , ïðè âñåõ v⃗ ∈ V j(µ; Ω)
óäîâëåòâîðÿþùàÿ ðàâåíñòâó∫

Ω

(rotH⃗1 · rot¯⃗v)dx⃗ =

∫
Ω

(J⃗1 · rot¯⃗v)dx⃗.

Èç ëåìì 3.8., 3.9. ñëåäóåò, ÷òî ðàâåíñòâî ñïðàâåäëèâî äëÿ âñåõ v⃗ ∈ H0(rot; Ω) èëè v⃗ ∈
H(rot; Ω) ñîîòâåòñòâåííî, ïîýòîìó rotH⃗1 − J⃗1 ∈ K(rot; Ω) ∩K0(div; Ω) = {⃗0} èëè rotH⃗1 −
J⃗1 ∈ K0(rot; Ω) ∩K(div; Ω) = {⃗0} , òî åñòü rotH⃗1 = J⃗1.
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Áóäåì èñêàòü ðåøåíèå H⃗ ∈ V j(µ; Ω) çàäà÷è (2.11), (2.12) â âèäå H⃗ = H⃗0 + H⃗1 . Òîãäà

H⃗0 ∈ V j
0 (µ; Ω) è ïðè âñåõ v⃗ ∈ V j

0 (µ; Ω) óäîâëåòâîðÿåò ðàâåíñòâó

iω

∫
Ω

(µH⃗0 · v⃗)dx⃗+
∫
ΩC

(σ−1rotH⃗0 · rot¯⃗v)dx⃗ =

=

∫
ΩC

(σ−1J⃗ñò · rot¯⃗v)dx⃗−
∫
Ω

(σ−1rotH⃗1 · rot¯⃗v)dx⃗− iω
∫
Ω

(µH⃗1 · v⃗)dx⃗. (4.2)

Èç (4.1) âûòåêàåò, ÷òî áèëèíåéíàÿ ôîðìà a(u⃗, v⃗) = iω
∫
Ω
(µu⃗· v⃗)dx⃗+

∫
ΩC

(σ−1rotu⃗·rotv⃗)dx⃗
êîýðöèòèâíà íà V j

0 (µ; Ω) . Ñëåäîâàòåëüíî, çàäà÷à (4.2) èìååò åäèíñòâåííîå ðåøåíèå.

Ïðåäïîëîæèì, h⃗ ∈ V j(µ; Ω) � ðàçíîñòü äâóõ ðåøåíèé çàäà÷è (2.11), (2.12). Òîãäà h⃗ ∈
V j
0 (µ; Ω) è äëÿ âñåõ v⃗ ∈ V j

0 (µ; Ω)

iω

∫
Ω

(µh⃗ · v⃗)dx⃗+
∫
ΩC

(σ−1rot⃗h · rot¯⃗v)dx⃗ = 0.

Îòñþäà ñëåäóåò, ÷òî h⃗ = 0 è åäèíñòâåííîñòü ðåøåíèÿ óñòàíîâëåíà.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2.3.
Ïóñòü H⃗ ∈ V j(µ; Ω) , j = 1, 2 � ðåøåíèå çàäà÷è (2.11), (2.12). Ïîëîæèì E⃗c =

σ−1(rotH⃗−J⃗ñò) . Ðàññìîòðèì ïðîèçâîëüíóþ ôóíêöèþ w⃗ ∈ {D(ΩC)}3 . Ïðîäîëæàÿ å¼ íóë¼ì
â ΩI , ïîëó÷àåì ôóíêöèþ èç {D(Ω)}3 . Ñîãëàñíî ëåììàì 3.8., 3.9., w⃗ = v⃗+gradϕ , ãäå ëèáî
divµv⃗ = 0 , ϕ ∈ H1

0 (Ω) , ëèáî µv⃗ ∈ K0(div; Ω) , ϕ ∈ H1(Ω) ïðè j = 1, 2 ñîîòâåòñòâåííî. Òàê
êàê rotw⃗ = rotv⃗ , v⃗ ∈ V j

0 (µ; Ω) . Òàêèì îáðàçîì,∫
ΩC

(E⃗c · rotw⃗)dx⃗ = −iω
∫
Ω

(µH⃗ · v⃗)dx⃗ = −iω
∫
ΩC

(µH⃗ · w⃗)dx⃗,

ñëåäîâàòåëüíî, rotE⃗c = −iωµH⃗ .
Â ñëó÷àå çàäà÷è (2.1)�(2.6), (2.13) íóæíî íàéòè ôóíêöèþ E⃗ ∈ H(rot; Ω) òàêóþ, ÷òî

E⃗C = E⃗c, rotE⃗ = −iωµH⃗, divεE⃗I = ρ0, γνϵE⃗(x⃗) = 0, x⃗ ∈ Γ. (4.3)

Ñîãëàñíî ëåììå Ëàêñà-Ìèëüãðàìà, âîçìîæíîñòü ïðèìåíåíèÿ êîòîðîé âûòåêàåò èç
íåðàâåíñòâà (3.5), ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ e⃗ ∈ K0(divε; Ω) ∩ H(rot; Ω) , ïðè
âñåõ v⃗ ∈ K0(divϵ; Ω) ∩H(rot; Ω) óäîâëåòâîðÿþùàÿ ðàâåíñòâó∫

Ω

(rote⃗ · rotv⃗)dx⃗ = −iω
∫
Ω

(µH⃗ · rotv⃗)dx⃗.

Ââèäó ëåììû 3.9. ýòî ðàâåíñòâî ñïðàâåäëèâî äëÿ âñåõ v⃗ ∈ H(rot; Ω) , ñëåäîâàòåëüíî, ñî-

ãëàñíî ëåììå 2.1. rote⃗+ iωµH⃗ ∈ K0(rot; Ω) ∩K(div; Ω) . Òàêèì îáðàçîì, rote⃗ = −iωµH⃗ .

Ñîãëàñíî ëåììå 3.1. E⃗c − e⃗C = gradpc , pc ∈ H1(ΩC) ,
∫
ΩC
pcdx⃗ = 0 .

Ïóñòü p0 ∈ H1(Ω0) , p1 ∈ H1(Ω \ Ω̄1) � ðåøåíèÿ çàäà÷ Äèðèõëå

divϵgradp0(x⃗) = ρ0(x⃗), x⃗ ∈ Ω0, p0(x⃗) = pc(x⃗), x⃗ ∈ Γ0, (4.4)

divϵgradp1(x⃗) = ρ0(x⃗), x⃗ ∈ Ω \ Ω̄1, p1(x⃗) = pc(x⃗), x⃗ ∈ Γ1, p1(x⃗) = 0, x⃗ ∈ Γ. (4.5)

Ïóñòü, äàëåå,
H1 = {q ∈ H1(Ω \ Ω̄1) : q(x⃗) = 0, x⃗ ∈ Γ1},
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ôóíêöèÿ p2 ∈ H1 ïðè âñåõ q ∈ H1 óäîâëåòâîðÿåò ðàâåíñòâó∫
Ω\Ω̄1

(ϵgradp2 · gradq̄)dx⃗ = −⟨γνI (ϵgradp1), q⟩Γ.

Ôóíêöèþ ψ ∈ H1(Ω) îïðåäåëèì âûðàæåíèåì

ψ(x⃗) =


pc(x⃗), x⃗ ∈ ΩC ,
p0(x⃗), x⃗ ∈ Ω0,
p1(x⃗) + p2(x⃗), x⃗ ∈ Ω \ Ω̄1.

Òîãäà ôóíêöèÿ E⃗ = e⃗+ gradψ � ðåøåíèå çàäà÷è (4.3).
Åñëè u⃗ � ðàçíîñòü äâóõ ðåøåíèé çàäà÷è (4.3), òî u⃗ ∈ K(rot; Ω) , u⃗C = 0 , divϵu⃗I = 0 ,

γν(ϵu⃗) = 0 . Ñîãëàñíî ëåììå 3.10., íàéä¼òñÿ ôóíêöèÿ v⃗ ∈ K0(div; Ω) òàêàÿ, ÷òî v⃗I = εu⃗I .
Òîãäà

0 = (u⃗, v⃗)2,Ω = (ϵu⃗I , u⃗I)2,ΩI
,

òî åñòü u⃗I = 0 è, ñëåäîâàòåëüíî, u⃗ = 0 .
Ðàññìîòðèì òåïåðü çàäà÷ó (2.1)�(2.5), (2.7), (2.14) è, ïðè ω = 0 , çàäà÷ó (2.1)�(2.6),

(2.14). Ôóíêöèÿ E⃗ ∈ H0(rot; Ω) äîëæíà óäîâëåòâîðÿòü óñëîâèÿì

E⃗C = E⃗c, rotE⃗ = −iωµH⃗, divεE⃗I = ρ0, ⟨γνI (ϵE⃗), 1⟩Γ1 = Q. (4.6)

Îïðåäåëèì ôóíêöèþ e⃗ ∈ K(divϵ; Ω)∩H0(rot; Ω) òàêóþ, ÷òî rote⃗ = −iωµH⃗ , E⃗c− e⃗C =
gradpc + α , ãäå pc ∈ H1(ΩC) ,

∫
ΩC
pcdx⃗ = 0 , α � ïðîèçâîëüíàÿ êîíñòàíòà.

Ïóñòü p0 ∈ H1(Ω0) , p1 ∈ H1(Ω \ Ω̄1) � ðåøåíèÿ çàäà÷ (4.4), (4.5). Ïîëîæèì Q1 =
Q− ⟨γνI (ϵgradp1), 1⟩Γ1 , ϕ1 ∈ H1

0 (Ω) îïðåäåëèì âûðàæåíèåì

ϕ1(x⃗) =


pc(x⃗), x⃗ ∈ ΩC ,
p0(x⃗), x⃗ ∈ Ω0,
p1(x⃗), x⃗ ∈ Ω \ Ω̄1

Îáîçíà÷èì
H2 = {ψ ∈ H1

0 (Ω) : ψ(x⃗) = const, x⃗ ∈ Ω1}

� ãèëüáåðòîâî ïðîñòðàíñòâî ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(ψ, ξ)H2 =

∫
Ω\Ω̄1

(gradψ · gradξ)dx⃗.

Ðàññìîòðèì çàäà÷ó îïðåäåëåíèÿ ôóíêöèè ϕ2 ∈ H2 , ïðè âñåõ ψ ∈ H2 óäîâëåòâîðÿþùåé
ðàâåíñòâó ∫

Ω\Ω̄1

(ϵgradϕ2 · gradψ)dx⃗ = ψ1Q1, (4.7)

ãäå ψ1 = ψ(x⃗) , x⃗ ∈ Ω1 . Ñîãëàñíî íåðàâåíñòâó Ôðèäðèõñà (3.1) , ψ2
1mes(Ω1) ≤

A(Ω,Γ)∥ψ∥2H2
äëÿ âñåõ ψ ∈ H2 , ëèíåéíûé ôóíêöèîíàë l : H2 → R1 , l(ψ) = Q1ψ1 �

íåïðåðûâíûé. Òàêèì îáðàçîì, çàäà÷à (4.7) èìååò åäèíñòâåííîå ðåøåíèå. Èç (4.7) ñëåäóåò,
÷òî

divϵgradϕ2(x⃗) = 0, x⃗ ∈ ΩI , ⟨γν(ϵgradϕ2), 1⟩Γ = Q1.

Ñëåäîâàòåëüíî, E⃗ = e⃗+ grad(ϕ1 + ϕ2) � ðåøåíèå çàäà÷è (4.6).
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Ïóñòü u⃗ ∈ H0(rot; Ω) ∩K(rot; Ω) � ðàçíîñòü äâóõ ðåøåíèé çàäà÷è (4.6), òîãäà u⃗C = 0 .
Òàê êàê ⟨γνI (ϵu⃗), 1⟩Γj

= 0 , j = 0, 1 , ñîãëàñíî ëåììå 3.4. íàéä¼òñÿ ôóíêöèÿ v⃗ ∈ K(div; Ω)
òàêàÿ, ÷òî v⃗I = ϵu⃗I . Òàêèì îáðàçîì, 0 = (v⃗, u⃗)2,Ω = (ϵu⃗I , u⃗I)2,ΩI

, u⃗I = 0 .

Ïóñòü òåïåðü H⃗ ∈ V 1(µ; Ω) , E⃗ ∈ H(rot; Ω) � ðåøåíèå ñèñòåìû (2.8). Ïîëîæèì B⃗ =

µH⃗ ∈ K(div; Ω) , J⃗ = rotH⃗ ∈ K(div; Ω) , D⃗ = ϵE⃗ ∈ {L2(Ω)}3 . Î÷åâèäíî, âûïîëíåíû
ñîîòíîøåíèÿ (2.1), (2.3), (2.5). Ïîëüçóÿñü ñîîòíîøåíèåì (2.4), îïðåäåëèì ôóíêöèîíàë ρ ∈
H−1(Ω) . Òàêèì îáðàçîì, íàéäåíî ðåøåíèå çàäà÷è (2.1) � (2.6). Ðåøåíèå çàäà÷è (2.1)�(2.5),
(2.7) ñòðîèòñÿ àíàëîãè÷íî. Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷ âûòåêàåò èç åäèíñòâåííîñòè

îïðåäåëåíèÿ H⃗ è E⃗ .
Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2.4.
Çàäà÷è (2.15) ñâîäÿòñÿ ê çàäà÷àì ïîèñêà ôóíêöèé H⃗λ ∈ V j(µ; Ω) , j = 1, 2 , ïðè âñåõ

v⃗ ∈ V j(σλ; Ω) óäîâëåòâîðÿþùèì ðàâåíñòâó

iω

∫
Ω

(µH⃗ · v⃗)dx⃗+
∫
Ω

(σ−1
λ rotH⃗ · rotv⃗)dx⃗ =

∫
Ω

(σ−1
λ J⃗ñò · rotv⃗)dx⃗. (4.8)

Èç ëåììû Ëàêñà-Ìèëüãðàìà âûòåêàåò, ÷òî çàäà÷à (4.8) èìååò åäèíñòâåííîå ðåøåíèå.

Ïîëîæèì E⃗λ = σ−1
λ (rotH⃗λ − J⃗ñò) . Ïóñòü ψ⃗ ∈ {D(Ω)}3 . Ñîãëàñíî ëåììàì 3.8., 3.9. ψ⃗ =

v⃗ + gradϕ , ãäå ëèáî µv⃗ ∈ K(div; Ω) , ϕ ∈ H1
0 (Ω) , ëèáî µv⃗ ∈ K0(div; Ω) , ϕ ∈ H1(Ω) .

Ïîñêîëüêó rotψ⃗ = rotv⃗ , v⃗ ∈ V j(µ; Ω) . Ïîëó÷àåì∫
Ω

(E⃗λ · rotψ⃗)dx⃗ =

∫
Ω

(σ−1
λ (rotH⃗λ − J⃗ñò) · rotv⃗)dx⃗ = −iω

∫
Ω

(µH⃗ · v⃗)dx⃗ = −iω
∫
Ω

(µH⃗ · ψ⃗)dx⃗,

òî åñòü H⃗ , E⃗ � ðåøåíèå (2.15).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2.5.
Ïóñòü H⃗λ ∈ V 1(µ; Ω) , E⃗λ ∈ H(rot; Ω) � ðåøåíèå ñèñòåìû (2.15). Ñëó÷àé, êîãäà

H⃗λ ∈ V 2(µ; Ω) , E⃗λ ∈ H0(rot; Ω) , ðàññìàòðèâàåòñÿ àíàëîãè÷íî. Èç (2.15) âûòåêàåò, ÷òî

E⃗λ óäîâëåòâîðÿåò óñëîâèÿì ëåììû 3.11.,

∥E⃗λ∥2,Ω ≤ (T 2(ΩC ,ΩI) + 1)1/2(∥E⃗λ∥2,ΩC
+ ∥rotE⃗∥2,Ω).

Ïóñòü ω > 0 . Òîãäà äëÿ âñåõ v⃗ ∈ H(rot; Ω)

iω

∫
Ω

(σλE⃗λ · ¯⃗v)dx⃗+
∫
Ω

(µ−1rotE⃗ · rot¯⃗v)dx⃗ = −iω
∫
Ω

(J⃗ñò · ¯⃗v)dx⃗. (4.9)

Ïîëîæèâ â (4.9) v⃗ = E⃗λ , ïîëó÷àåì

σ1∥E⃗λ∥22,ΩC
+λ∥E⃗λ∥22,ΩI

+(ωµ2)
−1∥rotE⃗λ∥22,Ω ≤ (2T 2(ΩC ,ΩI)+2)1/2∥J⃗ñò∥2,Ω(∥E⃗λ∥2,ΩC

+∥rotE⃗∥2,Ω),

∥E⃗λ∥2,ΩC
+ ∥rotE⃗∥2,Ω ≤ C1∥J⃗ñò∥2,Ω,

ãäå C1 = 2(2T (ΩC ,ΩI) + 2)1/2max{σ−1
1 , ωµ2} .

Îáîçíà÷èì E⃗1 = E⃗λ1 , E⃗2 = E⃗λ2 ïðè ïðîèçâîëüíûõ λ1 , λ2 > 0 . Èç ðàâåíñòâ (4.9)
âûòåêàåò, ÷òî äëÿ âñåõ v⃗ ∈ H(rot; Ω)

iω

∫
ΩC

(σ(E⃗2 − E⃗1) · ¯⃗v)dx⃗+ iωλ2

∫
ΩI

((E⃗2 − E⃗1) · ¯⃗v)dx⃗+
∫
Ω

(µ−1rot(E⃗2 − E⃗1) · rot¯⃗v)dx⃗ =

= iω(λ1 − λ2)
∫
ΩI

(E⃗1 · ¯⃗v)dx⃗.
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Ïîëîæèâ v⃗ = E⃗2 − E⃗1 , ïîëó÷àåì

ωσ1∥E⃗2 − E⃗1∥22,ΩC
+ ωλ2∥E⃗2 − E⃗1∥22,ΩI

+ µ−1
2 ∥rot(E⃗2 − E⃗1)∥22,Ω ≤

≤
√
2ω|λ1 − λ2|∥E⃗1∥2,ΩI

∥E⃗2 − E⃗1∥2,ΩI
,

ωσ1∥E⃗2 − E⃗1∥22,ΩC
+

1

2
ωλ2∥E⃗2 − E⃗1∥22,ΩI

+ µ−1
2 ∥rot(E⃗2 − E⃗1)∥22,Ω ≤

≤ ω
|λ1 − λ2|2

λ2
∥E⃗1∥22,ΩI

≤ ω
|λ1 − λ2|2

λ2
C2

1T
2(ΩC ,ΩI)∥J⃗ñò∥22,Ω.

Ïóñòü, áåç îãðàíè÷åíèÿ îáùíîñòè, λ2 > λ1 . Òîãäà

∥E⃗2− E⃗1∥2rot,Ω ≤ (2T 2(ΩC ,ΩI) + 1)(∥E⃗2− E⃗1∥22,ΩC
+ ∥rot(E⃗2− E⃗1)∥22,Ω) ≤ C2

2 |λ1− λ2|∥J⃗ñò∥22,Ω,

ãäå C2
2 = (2T 2(ΩC ,ΩI) + 1)C2

1T
2(ΩC ,ΩI)max{σ−1

1 , µ2ω} .
Ïóñòü òåïåðü ω = 0 . Èç (2.15) ñëåäóåò, ÷òî E⃗λ ∈ K(rot; Ω) . Èñïîëüçóÿ ëåììó 2.1.

ïîëó÷àåì, ÷òî äëÿ âñåõ g⃗ ∈ K(rot; Ω)

0 =

∫
ΩC

(σE⃗λ · g⃗)dx⃗+ λ

∫
ΩI

(E⃗λ · g⃗)dx⃗+
∫
Ω

(J⃗ñò · g⃗)dx⃗. (4.10)

Îòñþäà âûòåêàåò, ÷òî

∥E⃗λ∥2,ΩC
≤ σ−1

1 (T 2(ΩC ,ΩI) + 1)1/2∥J⃗ñò∥2,Ω, ∥E⃗λ∥2,ΩI
≤ C3∥J⃗ñò∥2,Ω,

ãäå C3 = T (ΩC ,ΩI)σ
−1
1 (T 2(ΩC ,ΩI) + 1)1/2 .

Äëÿ λ1 , λ2 > 0 è E⃗1 = E⃗λ1 , E⃗2 = E⃗λ2 èç (4.10) ïîëó÷àåì∫
ΩC

(σ(E⃗2 − E⃗1) · g⃗)dx⃗+ λ2

∫
ΩI

((E⃗2 − E⃗1) · g⃗)dx⃗ = (λ1 − λ2)
∫
ΩI

(E⃗1 · g⃗)dx⃗

ïðè ëþáîé ôóíêöèè g⃗ ∈ K(rot; Ω) . Ñëåäîâàòåëüíî,

σ1

∫
ΩC

(E⃗2 − E⃗1)
2dx⃗+

λ2
2

∫
ΩI

(E⃗2 − E⃗1)
2dx⃗ ≤ |λ1 − λ2|

2

2λ2

∫
ΩI

(E⃗1)
2dx⃗.

Ïóñòü λ1 < λ2 . Òîãäà

∥E⃗2 − E⃗1∥2,Ω = ∥E⃗2 − E⃗1∥rot,Ω ≤ C4

√
λ2 − λ1∥J⃗ñò∥2,Ω,

ãäå C4 = ((T 2(ΩC ,ΩI) + 1)/(2σ1))
1/2C3 .

Èç (2.15) è îöåíêè (3.5) ñëåäóåò, ÷òî

∥rot(H⃗λ2 − H⃗λ1)∥2,Ω ≤ max{λ2, σ2}∥E⃗2 − E⃗1∥2,Ω + |λ2 − λ1|∥E⃗1∥2,ΩI
,

òî åñòü ïðè λ2 , λ1 ≤ 1 ïîëó÷àåì, èñïîëüçóÿ îöåíêó (3.5):

∥H⃗λ2 − H⃗λ1∥rot,Ω ≤ C5

√
|λ2 − λ1|∥J⃗ñò∥2,Ω,

ãäå C5 = (C2(Ω)µ2
2µ

−2
1 + 1)1/2(max{1, σ2}C2 + C1T (ΩC ,ΩI)) , åñëè ω > 0 è

C5 = (C2(Ω)µ2
2µ

−2
1 + 1)1/2(max{1, σ2}C4 + C3) ïðè ω = 0 .

Òàêèì îáðàçîì, H⃗λ , E⃗λ ñòðåìÿòñÿ ïðè λ→ 0 â H(rot; Ω) ê íåêîòîðûì h⃗ ∈ V 1(µ; Ω) ,
e⃗ ∈ H(rot; Ω) ñîîòâåòñòâåííî. Ïåðåõîäÿ ê ïðåäåëó ïðè λ → 0 â (2.15) ïîëó÷àåì, ÷òî

h⃗ = H⃗ , e⃗ = E⃗ � ðåøåíèå ñèñòåìû (2.8).
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ â ðàìêàõ áàçîâîé ÷à-

ñòè (êîä ïðîåêòà 2664) è ïðîåêòíîé ÷àñòè (êîä ïðîåêòà 1727) ãîñóäàðñòâåííîãî çàäàíèÿ â
2014-2016 ãã., à òàêæå ïîääåðæàíà ãðàíòîì â ðàìêàõ ñîãëàøåíèÿ îò 27 àâãóñòà 2013 ã. �
02.Â.49.21.0003 ìåæäó Ìèíîáðíàóêè ÐÔ è ÍÍÃÓ èì. Í.È. Ëîáà÷åâñêîãî.
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Quasistationary electromagnetic �elds in inhomogeneous

media with non-conductive and low conductive inclusions

c⃝ A.B. Kalinin3, A.A. Tiukhtina4

Abstract. Boundary value problems for the time-periodic solutions of quasi-stationary magnetic
approximation for Maxwell equations are studied. The case of inhomogeneous media containing
a conducting, non-conducting and low-conducting inclusions is considered. The asymptotic
connection of the solutions of problems with non-conducting and low-conducting inclusions is
investigated.
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