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MATEMATHUKA
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YpaBHeHud BoJibTeppa B MOJIeJIMPOBAHIUA HEJMHEITHOTO
MHTErpajJbHOTO PeryJjasiTopa
© A.C. Angpees !, O. A. Tleperynosa 2, C.FO. Pakos?®

Amunoramuga. B crarbe wnccmemyercs mnpobiemMa MOCTPOEHHA HEIWHEHHBIX WHTErPAJIbHBIX W
naTerpo-audepeHmanbHbIX PEryAgTOPOB JJIsi YIIPABJSAEMbBIX OJIOHOMHBIX MEXAHUYECKHUX CH-
creMm. IIpennoykeH MOIX0OM, OCHOBAHHBIN HA aHAIN3€ CBONCTB ACUMNITOTUYECKON YCTOWIHUBOCTH W
HEYCTONYHMBOCTY DEIIEHNI HeJIMHEHHBIX HHTErpo-auddepeHImaabHbIX ypaBHennii Tuna Boabrep-
pa. Ompesesiensl Ipeie/ibHbIE CBOMCTBA, pellieHnil Takux ypapHeruit. Jlokaszana TeopemMa, siBISIONIA-
sCS PA3BUTHEM IIPUHITUIIA MHBAPUAHTHOCTH HA HeJUHENHbIEe mHTErPO-aud depeniinaabHble ypaBHe-
uug tuna Bompreppa. C ucnonp3oBanueM MeToa (DYHKIUOHAIOB JISTYHOBA JTOKA3AHBI TEOPEMbI
00 acCUMTITOTHYECKOW YCTONYMBOCTH W HEYCTOMYWBOCTH peliennit Takux ypapuenuit. OTianane mo-
JIYIEHHBIX TeOpeM 00 aCHMIITOTHYECKOH YCTONIMBOCTH U HEYCTONYIUBOCTH OT KJIACCUIECKUX COCTO-
UT B NpUMeHEHHH (PYHKIIHOHAIOB JISIIyHOBA CO 3HAKOMOCTOSTHHOM Mpou3BoaHOM. [Ipu srom mys
YCTAHOBJEHUS CBOMCTBA MPUTSKEHUA K HYJIIO aHAJIU3UPYETCS MOJOKUATETbHOE TpelebHOe MHO-
2KECTBO perrreHuil nHTErPo-auddepennna pbHbX ypasaennii. [lano perenne 3371a4u O TOCTPOSHUH
HEJIMHEITHOTO MHTEIDAJBHOTO PEryIsaTopa JJjis TOJOHOMHON MeXaHHMYeCKOU CHCTEMBI C 7 CTelle-
HAMEU CBOOOIBI, 0OECIIETNBAIONIErO CTAOMIN3AINIO 33, IaHHOTO MPOrPAMMHOrO MOJOXKeHns. B Kade-
CTBe TIPUJIOXKEHUS PEIeHa, 3a1a49a 0 CTabUTN3AIMY TPOrPAMMHOIO MTOJIOXKEHUsT TTPOCTPAHCTBEHHOTO
JBYX3BEHHOI'O MaHUIYJISITOPA ITyTEM OCTPOSHNS HEJIMHEHHOTO HHTErPAJIHHOTO peryaaropa. IIpe-
CTaBJIEHBI PE3YJIBTATHI TUCIEHHOTO MOJETMPOBAHUA.

KuaroueBble caoBa: wuHTErpo-auddepennuaibuoe ypasaeaune Boabreppa, MOMOKUTEIBHOE Ipe-
JIeJTBHOE MHOYKECTBO, TOJIOHOMHAS MEXQHUYIECKAs CUCTEMA, CTAOMIM3aIVs, HEJIHHENHBIN MHTETrpaIh-
HBII perysisaTop, dbyukimonan JIgmoyHosa.

1. Bsenenue

BoJIbIIHCTBO M3BECTHBIX CTPATEruii yIpaBieHnd MeXaHuIeCKUMU CHCTEMAMH IIOJIYYeHO B
IPEIIOI0KEHIH, 9YTO JOCTYIHBIMHA JIJIs H3MEPEHUS ABIAIOTCI KK KOOPAUHATEI, TAK U CKOPOCTH
VIIPABJIAEMOro 00beKTa. IIpn 3TOM Ha NpaKTHKe YCTAHOBKA TAXOMETPOB 9acTO OBIBACT HEOIPAB-
JIaHa M3-3a JOPOTOBU3HDL, & TAKZKEe B CBI3U C TEM, 9TO CHI'HAJIBI, HOIydaeMble ¢ 3TUX yCTPOICTB,
ABJIAIOTCS 3alIyMJICHHBIME. [103TOMY mpoG/ieMa MOCTPOCHUSA PEryJaaTOpOB I MeXaHMIeCKHX
cucreM 0e3 U3MEpeHUs CKOPOCTell aBIgeTca akTyanabHoil. OQuH U3 HOAX0J0B K PELIeHUI0 3TOM
IpoBIeMbI COCTOUT B HCHOJIB30BAHUH JAHHAMHIECKAX KoMIencatopos (cM. Hamp. [1]-[3]). Orme-
TUM, 9TO PE3YJIBTATHI, HOJIyUeHHBIe B padorax [1|-[3], mpuMeHUMBI JHUIITE JIIS OFPAHUYEHHOTO
KJIacca MeXaHMm4eCKHX CHCTeM M OCHOBAHbI Ha MCIOJAL30BAHMH NPUHIUIIA HHBAPUAHTHOCTH Jla-
Cautg u Teopembl Bapbamunuaa-KpacoBcKoro 06 acHMITOTHYECKONH YCTONINBOCTH aBTOHOMHOI
CHCTEMBI C HOCTPOCHMEM 3HAKOIOCTOAHHON dbyHKimn JIgamyHosa.

! lexan ¢akyaprera MareMaTHKH, HH(MOPMAIIMOHHBIX M ABHALMOHHBIX TEXHOJIOTHH, Ipodeccop, mOKTOp
dU3NKO-MATEMATHIECKNX HAYK, 3aBeaytonui Kadeapoil mHpOPMAIMOHHON OE30MaCHOCTH W TEOPHU yIIpaBiie-
HUsI, YJIbSHOBCKUN TOCYIAPCTBEHHBIN YHUBEPCUTET, I. YIbAHOBCK; andreevas@sv.ulsu.ru

2 [Ipodeccop xadenpbl HEGOPMAIMOHHOI Ge30IACHOCTU U TEOPHHU YIIPABICHUH, Y/IbIHOBCKHIl TOCY1APCTBEH-
HBIH YHUBEPCUTET, T. YIbIHOBCK; peregudovaoa@gmail.com

3 M.u.c. YipaBieHus Hay9HBIX HCCIEIOBAHMUIN, YIbSHOBCKHI FOCYIAPCTBEHHDIH YHHBEPCHTET, T. Y/IbAHOBCK;
rakov.stanislav@gmail.com
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[IpuMeHeHNEe TMHAMUYECKHX KOMIEHCATOPOB MO CYTH SBJSAETCS BKJIOYEHHEM B PEryasaTop
UHTErPAJTbHBIX CcJIaraeMbIx. Vcmonb3ys mpeacraBieHne WHTETPATbHBIX YJIEHOB B CTPYKTYpe
YIPaBJISIIONINX CATHAJIOB KaK PEeryJsiTOpOB € HEOIDAHWYEHHBIM mocueneiicruem [4]-(6], asu-
JKeHIe MEeXaHUIeCKUX CHCTEM C TAKUMH THUIIAMH PETYISITOPOB MOYKHO MOJIEINPOBATH HHTETPO-
nuddepeHIuaIbHBIMI YpaBHeHUAMA THIIa BoJsibTeppa.

B pa6ore [7| nano passurue mMerona GbyHKIHOHAIOB JISyHOBA B HCCIEIOBAHUY YCTONIN-
BOCTH HEABTOHOMHBIX (DYHKIIMOHAJIbHO-TU(hdepeHnnaababIX ypaBaennii Tuna Boabreppa. Ha
9TOi ocHoBe paszpaboranbl Metojuku nocrpoenus [IM- u [T I-peryisropoB B 3aj1a4ax yupas-
JIEHUST MEXaHUIeCKUMH CUCTEMAMHU.

B pabore (8] mpeiyioken 3aKOH yHpaBIEHHUs, OCYIIECTBISIONMI CTAOHUIN3AINIO 3a/1aH-
HOTO MPOTPAMMHOTO JIBUKEHHS JIBYX3BEHHOI'O MAHHITYJISATOPA B BHJE HTPOMNOPIHOHATBHO-
UHTerpaJIbHON 3aBUCUMOCTH JIJIsI CJIydasi, KOTJa OCHOBaHHe MaHUIIYIITOPA COBEPINaeT 3aIaHHOe
HecTanuoHapuoe japuzkenue. [Ipu 9rom 3a1a49a cTabun3anuu TPOrpaMMHOTO JIBUKEHU S PEITEHA
JUTsT THHEAPU30BAHHON MO/ MaHUITYISITOPA.

B pa6ore [9] perena 3ajada o ctabuan3anuy mporpaMMHOTO JIBUKEHHUS IBYX3BEHHOTO MaHNU-
nyagaTopa 6e3 u3Mepenus ckopocteiil. [IpeacTaBiena MeToaKa CHHTE3a KYCOTHO-HEIIPEPBIBHOT'O
HEeJTMHEIHOTO YIIpaBJIeH!s HAa OCHOBe TIOCTPOEeHUsT HAOMIOIAaTe s U MPUMeHEHUsT MeTOJa BEKTOP-
dyuknuii JIamyHosa.

[Henbro HacTositeit paboThl ABJseTCA pa3paboTKa HEJTMHEHBIX 3aKOHOB YIIPABJICHUS JIJIsI
MTITPOKOTO KJIACCA TOJOHOMHBIX MEXaHHYeCKHX CHCTeM 0e3 m3MepeHusi CKOPOCTell Ha OCHOBE
HeJTMHEITHBIX WHTEIDAJIBHBIX PEryIaTOPOB.

Pesyibprarsl HacTOAMIEH cTAThU JeadTcd Ha aBe dacTd. [lepsas 9acTh cOCTOWT B yCTAHOB-
JIEHUU TIPeJIeJBHBIX CBOWCTB PelleHuil HeJIMHEHHBIX HHTeTpo-TuddepeHnatbHbIX yPaBHeHHH
Buia Bosibreppa ¢ nosrydenneM HOBBIX T€OpeM 00 aCHMITOTHYIECKON yCTOWYIMBOCTH U HEYCTOM-
YUBOCTU HA OCHOBE NpuMeHeHus (pyHKIMoOHAAA JIAMyHOBA CO 3HAKOMOCTOSHHON TPOU3BOHOM.
Bo BTOpYIO YacTh BOILIH Pe3yJbTATHl MO CTAOMIN3AINHA TPOIPAMMHBIX HOJOXKEHUN TOJOHOM-
HBIX MeXaHUIeCKUX CHCTeM IIyTeM IOCTPOEeHVS HHTETPATbHBIX PETYIATOPOB ¢ HEOIPAHUIE€HHBIM
nocJieJIeficTBIEeM Ha OCHOBE OOPATHON CBA3U C HEMPEPHIBHBIM U3MEPeHHeM KOODPINHAT OObEKTA.
CTpyKTypa peryasaropa BKJIIOYAeT IBE COCTABJISIONINE: epBas nuMeer (POPMY HOTEHITHAIbHBIX
CHJI, KOMIIEHCUPYIOTITUX JIefICTBIE BHEITHUX MOTEHINATHHBIX CIJI B BHIOPAHHOM MOJIOKEHUN, JIPY-
rast — (POPMY MHTETrPAJBLHOTO PEryJIsTOPa ¢ HEOTPAHMIEHHBIM TOCIeeiiCTBIEM, JIeHCTBIE KOPO-
TOporo obecrnednBaeT auccunannio. Ha mpuMepe JIBYX3BEHHOTO MAHUIYJIATOPA € TPEMs CTeTe-
HIMHI CBOOOJIBI TTPOBEJIEHO YUCJIEHHOE MOJIeTNPOBAaHHE, MOATBEPKIAIOIIee MOTYIeHHbIE Teope-
TUYECKUE PE3yJIbTATHI.

2. IlpenenbHble CBOMCTBA  pelieHui HEeJIMHENHBIX UHTETrPo-
anddpepeHInaJIbLHBIX ypaBHeHuil Tuna Boabreppa
Pacemorpum nejinneitnoe unrerpo-jauddepennualibioe ypasuenue tuiia Bosibreppa

t

T=f(x (t))—l—/g(s—t,x(t),:c(s)) ds, (2.1)

0

rie © € R", R" — n-MepHoe inHeitHOE JeicTBUTEIbHOE TIPOCTPAHCTBO ¢ HOpMOit ||z]|; f, g —
byHKIUMU, OIpeIe/IeHHbIE N HEIIPEPBIBHLIE COOTBETCTBEHHO B 0baacTax 4 C R u R™ X I x P,
R~ = (—00,0], mpu 3ToM dbyurmust f ygIOBIETBOPAET yCJAOBUIO Jlummuma

I f (x(2)) —f (x(l)) 1< Luf|2® — 20|, Ly = Ly (K3) (2.2)
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LIS KazKJI0I0 KOMIIAKTHOIO MHOXKecTBa, K| C ¥, a GYHKIUA ¢ — CJIeIYIONUM YCJIOBHSM: JIJIsT
KasKI0T0 KOMIAKTHOIO MHOXKeCTBa Ko C & X & BBINOJIHSAIOTCS HEPABEHCTBA

0
Hg (t,x,y) H g g1 (7-7 KZ) V(t,x,y) € Ri X KZ: / g1 (Ta KZ) dT < +OO? (23)

—00

lg (r,2®,y?) — g (1,2, M) | < Laa|]a® — 2D + Laa||y® — y V||,  Laj = Lo (K>).
(2.4)

[Tpu yenopusx (2.2)—(2.4) pyst KaxKa0ii HAYATBHON TOUKU Tog € P CYUIECTBYET € THHCTBEH-
noe pentenne T = x (t,x9) (2 (0,29) = x¢) ypaBuenus (2.1), oupejeseHHOe HA MHTEPBAJIE
[0, ), upm srom z (t,20) — 0Z upu t - a —0.

[Tycts @ = x (t,29) ecTh HeKOTOpOE pereHue (2.1), ompejieIeHHOE W ONPAHUYEHHOE HEKO-
TopeiM KoMmakToM K C & nupu t > 0. OupegenuM KJIaCCHIECKHM 00PA30M ITOJIOKUTEb-

HyIO HpeﬂeﬂbHyIO TO‘{Ky p € .@ " COOTBeTCTByIOHLee IIOJIO2KUTEJIbHOE HpeﬂeﬂbHoe MHO2KECTBO
+
w™ (o)

p= lim xz(ty,xo), w(ze)={p € Z: x(tx,x0) = p, t, — +00}.

tp—400

B nononnenue x (2.1) MozkHO BBecTH ypaBHeHHe Bosibreppa ¢ 6eCKOHEUHBIM 3a11a3/ bl BAHIEM

t

= f(z(t)+ /g(s—t,x(t),x(s)) ds, (2.5)

— 00
CYIIECTBOBAMIE KOTOPOTO Cjlefyer u3 ycaosus (2.3).

Teopema 2.1. ITyemv v =x(t,x9) ecmv nexkomopoe pewenue (2.1), onpedeaenmoe
komnaxmom K C D npu ecex ecex t = 0. Tozda daa xascdoti npedeavroti mouku p € wt (xg)
cywecmsyem pewenue © =z (t), t € R, ypasnenus (2.5), maxoe wmo x(0) =p, {z(t),t €
R} C w' (o).

HJokasarenbctso. llyets p € wh (zg) ecTh HEKOTOPast TOUKA, OIPEIEIAEMAsT
HOCJAEeI0BATEABHOCTBIO T — +00

lim  x (tg, xo) = p.

t—+00
Hecnoxno mafitu, gro anst dbuxcuposannoro 1) = ¢1/2 mocaenoBaTesbHOCT (DyHK-
mait xp (t) = x (tx +1t,t0), t € [—T1,T1], paBHOMEPHO OrpaHWYEHA, PABHOCTENEHHO HETpe-
poiBHa. OTCI0fa HaiileTcs MOCIe0BATEIBHOCTL Ty, (1) u dyukmua x = z*(t), Takme 9ro

wy, (t) — x* (t) mpu t € [Ty, T1]. Bebupas uz {xy, (t)} moamocaemopatempnocts {xy, (1)},
cxopsyocst paBHoMepHo pu t € [—1y, T1], Ty = tx, /2, k 2™ (t) u npojoIKas ITOT MPOTECC
Jagiee, Haiiaem nogmnocaenoparepbuoctu tf — 400 u Tf — +0o u dynkuuio r = ¢ (t), ra-
Kue aTo nojanocaenopareabuocts {r™ (t) = x (t, +t,10)} cxonurea k x = ¢ (t) paBHOMEpHO
no t € [T ,T"] npu dukcuposannom 1 . B cuny Toro, uro x (t,x¢) ects pemenne (2.1)
MOCJICTIOBATEIHHO HMEeM

:c(t,xo):x0+/tf(x(r,x0)) dT—l—/t /Tg(s—T,x(T,xo),a:(s,xo)) ds | dr,
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b+t thHt /7

2™ (1) = x (L) + / f(x(r,20)) dr + / /g (s — 7,2 (T,20) ,x(8,20)) ds | dr,

tr, t, 0

m

t t T

) (t):x(t;)+/f(xm (7)) d¢+/ /g(S—T,xm (t),zm (s)) ds | dr.

0 0 _tm

Otcrona, yauTsiBast ycaoBus (2.2), B mpejiesie npu m — +00 HOJIyIuM

Mﬂ=p+ijﬁDdﬁﬁ/ /9@—ﬂ¢ﬁ%¢@»@ dr.

Takum obpazom, GyHknsg x = ¢ (t) apasercs perrernem (2.5), IPH 3TOM [O MOCTPOCHUIO

¢(0) =p{o(t),t € R} Cw™ (x0).

HJokazaTeadbcTBO 3aKOHYEHO.

3. Teopembl 06 aCMMIITOTUYECKOI YCTOWYIMBOCTA W HEYCTOMIUBOCTHI

[Iycth g ypasuenust (2.1) MokHO HajiTn yHKIMOHAT JIAMyHOBa BHIA

t

V(mt)—Vl(:r;(t))+/1/2(3—t,x(t),x(s)) ds, (ry=ux(s),0<s<1t), (3.1)

rie Vi u Vo ecTb HEKOTOpBIE HEOTPHIATEIbHBIC CKAISAPHBIE (DYHKIINT, OPeIe/IeHHbIe U Helpe-
poiBHBIE B 06s1acTsax Z u R™ X P X 9.

[TpeanooKuM CyIecTBOBaHNe BepXHeil paBocTOpoHHei mpon3BoaHoil dbyHkimonata (3.1)
B cuy (2.1)

. V -V
v () = ;}E%L (5L't+h)h ()

)

AMEIONIEeH CHAEeAYIONTYIO OMEHKY
t
VHE(z) < =W izy), W () =W(z(t)+ /Wg (s —t,x(t),z(s)) ds, (3.2)
0

rie Wi(x) m Wh(r,2,y) ecThb HeKOTOpBbE HeoTpHIATebHbIE (DYHKIUH, ONpeJeeHHble H
HeIpepbeIBHBIE B 00acTaX ¥ u R™ X ¥ X & u yooBIeTBOPAIOIIHME B ITHX O0JACTAX YCJIO-
BusiM Buja (2.2),(2.3) u (2.4).

Orcroza, B 9aCTHOCTH, /st HellpepbiBHOH dyHknn = : R — K, K C 2 — KOMIAaKT, Claejayer
CYIIECTBOBAHME

/ Wy (s —t,z(t),z(s)) ds.
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Teopewma 3.1. Ilpednoaoocum, wmo das ypasuenua (2.1) moorcno natimu dyrryu-
onan V =V (1), 6eprHas npasocmopornas npoudeoonas Komopoz2o YyooeAemeopaem Hepaset-
emey (3.2). Toeda dasn kascdoeo ozpanuuentozo komnaxmom K C P pewenus x = x (t,x0)
ypasrenus (2.1) mmooncecmso w't (xg) cocmoum us pewenut ypasnenus (2.1), ydosaemeops-
0ULUT PABEHCTNEAM

Wi(z(t) =0, Wa(s—t,x(t),x(s)=0,1t=>s

Jdoxaszarensbcrtso. Jlag pemenus x = x (t,29) B cuay ycaosua (3.2) dbyHKims

V(zy (20)) (24 (x0) = x(s,20), 0 < s < t) sIB/ISETCA MOHOTOHHO yOBIBAIOIIE(l, M 3HAYUT
CYIIECTBYET
' =V*>0. .
tl}géo‘/(xt) V =0 (3.3)

13 mepaBencTsa (3.1) Takxke misa Kaxkaoro 1> 0 Haxommm

t+T t+T T

V (2eer) — V (2e_r) / W, (2 (1)) dr — / / Wa (s — 7,2 (1), 2 (s)) ds | dr.

[Tycts w (29) ecTh M0J0KUTENBHOE TPEJENLHOE MHOKECTBO, & P € w™ (Tg) ecTh MOI0KH-
TeJIbHAA Ipejie/bHasg TOUKa, OlpejenseMas MoCIe0BaTeIbHOCTbIO T, — 400, (tr, Tg) — p.
Kak u B Teopeme 2.1., Hafimem perienne x = ¢ (1) ypaBHenus (2.5), mpoxojsiree depe3 TOU-
Ky p, ¢(0) = p. CooTBeTCTBEHHO [Jisi MOCTPOEHHBIX B Teopeme 2.1. moc/enoBaTebHOCTEdH
tr, — +oo u 1) — 400 uMeem

(m)
t=t}, +T* B V (xt >

v(xgm)
/W1 (m) ( )dT—/ /WQS—H; (1), 2™ (s)) ds | dr.

=T =T,

<
t=t*, =17 =

Orcrofa, nepexofis K npejeay npu m — +0oo u yaurbBas (3.3), 1as Beex ¢ € R moayaum
Wi(0(M) =0, [ Wa(s=m0(r).0(s)) ds =0,

u coorBercTBeHHO Wa (s — 7,0 (7),¢(s)) =0, 7> 0.
JHokxaszaTeadbcTBO 3aKOHYEHO.

Teopema 3.1. mpeacraBiasger coboil TeopeMy NPHHINIA HHBAPUAHTHOCTH I YpPaBHEHHUS
(2.1).

[Tosnoxum, uro B ypasuenun (2.1) f(0) = 0,¢(7,0,0) = 0, u 3uaqur, ypasuenue (2.1)
nmveer HyJeBoe perrerne z (t,0) = 0.

13 Teopemsr 3.1. HECJIOKHO BBIBECTH CJIEYIOIIHE JTOCTATOUHbBIE YCIOBHSA aCHMITOTHIECKOM
YCTOIYMBOCTH ¥ HEYCTONYUBOCTH PEIICHHd, B KOTOPHIX Yepes a : RT — RT oBosmavena pyHk-
IIUg TUIa XAaHa.

Teopema 3.2. I[Ipednonoscum, wmo dasn ypasuenusa (2.1) mootcno natimu dyrryu-
onan euda (3.1) ¢ dynwyuets Vi (x) = a(||z|]), eeprnas npasocmoponnas npouseodnasn Ko-
mopozo ydosaemeopsem wepasencmey (3.2). Ilpu smom omcymemeyrom pewenus T = G(t)
ypasnenua (2.5), ydosaemsoparousue npu ecex t € R paserncmeam

Wi (t,6(t) = 0; Wa (s —1,0(t),6(s)) = 0,5 <t

kpome Hnyaesozo ¢(t) = 0. Toeda pewenue =0 ypasnerus (2.1) acumnmomuvecky ycmotiuuego.
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Teopewma 3.3. Ilpednorooscum, wmo das ypasrenus (2.1) moorcno natimu @yrruuo-
naa euda (3.1) ¢ pynryuets Vi (z), npunumarowetd 6 110600 00cmamoumno maniotl okpecmmocmu,
x =0 ompuuamenvrovie 3HGUEHUA, U BEPTHEN NPABOCMOPOHHEl NPOU36odHot, Yydoeiemsopsio-
wedl nepasencmey (3.2). Ipu smom omeymemeyrom pewenus © = ¢ (t) ypasnernus, yoosae-
MEOPANULUE COOMHOUEHUAM

Vi(o(t) <0, Wi(o(t) =0, Wals—t,0(t),¢(s)).
Tozda pewenue v =0 ypasuenus (2.1) neycmotinugo.

lokazarenbcTBa TeopeM 3.2. n 3.3. BBIBOAATCS HEMOCPEJICTBEHHO U3 TeopeMbl 3.1.

4. PemeHnne 3aJa4u 0 CTAOMIN3AINA TPOTPAMMHOIO ITOJIOXKEHUS T'O-
JJOHOMHOI1 MexaHu4ecKoi cuctembl rmpu nomoriu II-peryasTopa

Paccmorpum ynpas/isgeMyo MEXaHUYECKYIO CUCTEMY C 71 CTeHeHIMH CBOOOJbI U COOTBET-
CTBEHHO OOODOIEHHBIMU KOOPJAMHATAMHM, OITUCHIBAEMbIME YpaBHeHUAME Jlarpamnxka
d (0T\ oT dIl
i (e G YO O 4.1
dt(&g) 9 i Q(q,9) (4.1)

rie T = ¢'A(q)¢/2 — xuHeTnyecKas 3HEPrusi CUCTEMbI ¢ UHEPIMOHHON Marpuneil A (q), ¢ =

dg/dt, Q(q,q) — BeKTOp OGOBIIEHHBIX TUCCUIIATHBHBIX U TUpocKonuydeckux cui, Q (¢;,0) =0,

Q'¢ <0, Il =1I(q) — norennuaabias sueprusi, U — obobieHHas yupapisonas cuia, ()

— omepanus TpaHcmonuposanus. Ilomaraem, uro dyuKmu, BXoamme B (4.1), onpemeseHs u

HeNpepLIBHLL IpH BeeX ¢ € R™, orpanudenns Ha yupapienue U He HAKJIAIbIBAIOTCAL.
YpaHenus (4.1), paspereHHble OTHOCUTEIBHO ( , IPEJICTABAM B BH/IE:

dg _ . dd _

=g =AW (C(qu)d+Q(q,Q)—d—H+U).

dq

[Tpu sTom koaddunnentsr Marpuisr C' = (¢j;) HHEPIHOHHBIX CHJI OIPEIEIAIOTCH DABEH-
CTBOM

n

1 8aik ﬁakj 8@@' . .
== - - cik=1,.n.
Cik 9 Z ( aqu a(h aqk q;; J, k y Tl

i=1

PacemorpnM 3a1a9y 0 cTabUIN3anuu TPOrPAMMHEOTO MOJIOKEHUST PABHOBECHS
Gg=0, ¢g=qo= const. (4.2)

[TokazkeM, 4TO 3Ta 33/@a4a PelaeTcs MOCPEJACTBOM UHTEIPAJIBHOIO PEry/iaTopa BUIa

U=—

T (D) [Pe-ouam - raena (19

e [T, € R® — R ectb Hekoropas nenpepsiBaO nuddepennupyemas pyukius, P : R — R™*"

. dP(s) > 0 1dP(s) >
ecTh HEeKOTOpas HeoTpUIaTe/hbHasd MaTpuIHasd (DYyHKIUS ¢ MPOU3BOAHON — =~ > 0, 2'== >

a(s)|sl|?, a(s) >0, f:R— R" ectb nekoropas quddepennupyemasd OyHKIUSA, IMEIOIAL
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B JT060# orpanudenHoi obaactu {g € R™ : ||q|| < p = const} KomedHoe 4ucI0 MPOOGPA30B
f(c), min, naave, KOHEUHOE YUCJIO pernteHuil ypaBuenus f(q) = c.

Cnenaem zameny * = ¢ — ¢°, y = ¢’ . Torma ypasuenus jsuxkenns (4.1) ¢ ympasiennem
(4.3) npumyT caeayronuit Bug (2.1)

Ty,
f%?:Aﬁu@ﬂqmﬁ%wmy@+Qmﬂwwu»— (4.4)
_ﬂhgfﬁ)(ﬁféﬁﬂ>{/}%y—tﬂfmﬂﬂ)—fgww»dy , (4.5)

rae uagekcom "1" obosHadeHbl (DYHKINHU, MOTYyIeHHBIE U3 COOTBETCTBYIOMINX (DYHKIHA, BXO-
namux B (4.2) u (4.3), B pe3ysabrare yKa3aHHON 3aMeHbl TEPEMEHHBIX.
Bremem dyuKIIMOHAT

vzémm%@@w@+HMNm+

st mpoussosHOii 9Toro hyHKIMOHANA B CHIY ypaBHeHuii (4.5)

V=5 [ -5y T G @) - e e <o

0

Takum 06pa3oM, TPOM3BOHAS YAOBJIETBOPsieT paBeHCTBY Bua. COOTBETCTBEHHO TEOPEMAaM
3.1.-3.3. HECTOKHO BBIBECTH CJIeIYIOIIHE Pe3yIbTaThl.

Teopewma 4.1. IIpednososcum, wmo ynpassenue (4.3) makoso, wmo dynryus
Il (x) asasemes onpedesento-noaoscumenvuot, npu smom 6 wekomopol obaacmu {0 <
|z|| < A} swmoaneno nepasencmeo L > 0. Tozda smo ynpassenue obecnenusaem cmabunu-
3ayu10 npozpammrozo noaoscernus (4.2). Ilpu amom, xascdoe S S deusicenue cucmemul neozpa-

nusenno npubauscaemes npu t — +00 & muoscecmey deuscenud {x(t) =0 % =0}.

Teopewma 4.2. [Ipednoaooscum, wmo ynpassenue (4.3) maxoso, wmo Gynrkyus
II (z) npunumaem 6 4106010 docmamouro marol okpecmuocmu © = 0 ompuyamesvusie 3Ha-
wenus, npu omom || 41| >0 6 obaacmu {0 < ||z]| < A, IL(z) < 0}. Tozda ynpasaenue (4.3)
ABAAEMCA JeCMAOUAUSUPYIOULUM.

Teopembr 4.1. u 4.2. npejcTaBjidioT cOOOH OCHOBY JIJIsi MOCTPOEHUS KaK JIMHEHHBIX WHTE-
IPAbHBIX DEryasTOPOB (IIPOMOPIMOHATBHO-UHTEIPATBHBIX ), TAK W HEJINHEHHBIX, B DEIeHNH
33124 O CTAOMIN3AIMK TPOTPAMMHBIX TTOJIOYKEHWH PaBHOBECHS TOJJOHOMHBIX MEXaHUYECKUX CHU-
CcTeM B HeJMHeHHOH ITOCTaHOBKe.
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5. Pemenue 3agadum 0 cTAaOWIN3aluyd MTPOTPAMMHOTO IIOJIOXKEHUS
JBYX3BEHHOT'O MAHUITYJISTOPA C TPEMS CTENEHAMU CBOOOIBI

Paccmorpum 3aiauy o crabuim3anuu IporpaMMHOTO TOJIOKEHUS JIBY X3BEHHOTO MAHUITY/15-
Topa ¢ Tpems crernersmu ¢Boboawl [10]. Beibepem B KadecTBe 060OIIEHHBIX KOOPAWHAT (1, (2
A @3 YIVIbl IIOBOPOTa B TpeX INUINHIPDUYECKUX IIapHUpaX MaHUIYI4TOpa: YIoJ IIOBOPOTa (1
KOJIOHKHM BOKDPYT BepPTUKAJIBHON OCH, YTOJ @2 MOBOPOTA MEPBOTO 3BeHA JTUHON [y W Maccoit mo
U YyroJl g3 MOBOPOTA BTOPOTO 3BeHa JJINHON [3 u Maccoii mg [10]. Tlomaraem, uro Ha cucremy
JAefICTBYIOT TOJIBKO CUJbL TAXKECTU, BblpazkaeMble HOTCHIIUAAbHON 3Heprueit

(g2, q3) = posinge + pssin(ge + ¢s),

rae o = gla(ms + 0.5mg), pus = 0.5glsms .
Jlng 3a1a9u crabUIn3aii IpOrpaMMHOTO MOJIOKEHUST §1 = (10, (2 = (20, (3 = (30 MAaHU-
IIyJAATOPa HallJeH HeJIMHEHHbI MHTerpaJIbHbIi PeryadTrop BUIa

Q1= —Asin(qi(t) — ¢f) — cosqu(?) _Z( : pi(v = t)(singi(t) — singi (v))dv,

Q2 = iz cos ¢ cos(qa(t) — q3) + ps cos(qd + ¢5) cos(qa(t) + q3(t) — g5 — ¢5)—
t
—Xgsin(ga(t) — q9) —cosqa(t) [ pa(v —t)(singa(t) — singa(v))dy, (5.1)
t—h(t)
Q3 = p3 cos(q3 + ¢3) cos(qz(t) + q3(t) — ¢ — ¢3) — Assin(gs(t) — ¢8)—
t

—cosgs(t) [ ps(v—1)(sings(t) —sings(v))dv,
t—h(t)

rae A1 >0, Ao — g —p3 > p1 >0, Ay — g > p2 >0, prpa > 413
Yucennoe MojempoBanue npopoauaock B cucreme MathCad mpu ciaeayionux 3HaYeHUSIX
IIapaMeTpOB MaHHIIYJIATOPaA

me =mg =20 K1, Iy =3 =1 M.

Bl BEIOpaHbI CJIeYIONTNE 3HAYCHUS TTPOrPAMMHONR TO3UITUN
s

0o T
3 pal, g3 = — Pal.

¢ = paj, ¢5 = I

Haiigensl cieayronue 3uadenus mapamerpos ynpasaenns (5.1)
AL = 10, Ao = 500, A3 = 200, p;(v —t) = =D+ (1 =1,2,3), k= 10.

Ha pucynkax 5.1 — 5.3 mokazanbl pe3yJibTaTbl MOJICJIUPOBAHUSA HA BPEMEHHOM HHTEPBaJIe
0 <t < 25¢. CuornrHolt JTuHUEH MOKa3aHbI TPAMDUKN TeHCTBUTETHHOTO JBUKEHUSI, a MITPH-
XOBOM — 3Ha4YeHUs COOTBETCTBYIOIIEN TPOrpaMMHOM no3unuu. BuiHO, 4TO Tpu HAYaIbHBIX OT-
KJIOHEHUAX OT TPOrpaMMHON mo3uruu, paBHbIX 0,8 paj, TPOUCXOMUT CTAOUIU3AINN JTAHHOTO
OJIOZKEHUS.
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q, rad

0 5 10 15 20 t,c

Pucymox 5.1

I'paduk 3aBucuMoOCTH YT/IOBOIT KOOPAUHATHI KOJIOHKHA OT BPEMEHM.

q, rad

5

(AN
T

0.5
V

0 5 10 15 20 t,c

Pucynmox 5.2

I'paduk 3aBuCUMOCTH YIIOBOIl KOODAUHATHI IEPBOTO 3BEHA MAHUIIYISTOPA OT BPEMEHH.

g, rad

0.5

LAV S
V

0 5 10 15 20 t,c

Pucynmox 5.3

I'paduk 3aBuCHMOCTH yTIOBO KOOPAMHATHI BTOPOTO 3BEHA MAHUITYIATOPA OT BPEMEHH.
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On Modeling a nonlinear integral regulator on the base of
the Volterra equations
© A.S. Andreev?, O. A. Peregudova’®, S. Yu. Rakov®

Abstract. Synthesis of discrete-time control which solves the problem of stabilization of holonomic
mechanical systems’ program motion is considered. Such systems are described by Lagrange
equations of the second kind. Digital control signals are used in computer-containing control
systems for continuous processes. Development of models for such controlled processes leads to
investigation of continuous-discrete systems with state described by a continuous function and
discrete control functions. This paper proposes an approach for constructing of controller taking
into account non-linearity of the system and non-stationarity of program motion. By means
of Lyapunov vector function and the comparison system sufficient conditions of given program
motion’s stabilization are obtained. A feature of the article is in solving of the problem by use
of Lyapunov vector function with components that explicitly depend on time, and are nonlinear
with respect to the generalized coordinates. It allows to solve the stabilization problem in general
having the possibility to select the most suitable control parameters for each particular system.
Key Words: stabilization, control, discrete-time control, synthesis of control for mechanical
systems, Lyapunov vector-function, comparison systems, nonstationary nonlinear dynamical
systems
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