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Î âåòâëåíèè ïåðèîäè÷åñêèõ ðåøåíèé ëèíåéíûõ

íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé c

âîçìóùåíèåì â âèäå ìàëîãî ëèíåéíîãî ñëàãàåìîãî ñ

çàïàçäûâàþùèì àðãóìåíòîì

c⃝ Ï. À. Øàìàíàåâ 1, Á. Â. Ëîãèíîâ 2

Àííîòàöèÿ. Â áàíàõîâîì ïðîñòðàíñòâå ìåòîäàìè òåîðèè âåòâëåíèÿ äîêàçàíî ñóùåñòâîâà-
íèå è åäèíñòâåííîñòü ïåðèîäè÷åñêèõ ðåøåíèé ëèíåéíûõ íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé c âûðîæäåííûì èëè òîæäåñòâåííûì îïåðàòîðîì ïðè ïðîèçâîäíîé è âîçìóùåíè-
åì â âèäå ìàëîãî ëèíåéíîãî ñëàãàåìîãî ñ çàïàçäûâàþùèì àðãóìåíòîì. Â ñòàòüå ïîêàçàíî,
÷òî ïåðèîäè÷åñêîå ðåøåíèå èìååò ïîëþñ â òî÷êå ε = 0 , à ïðè çíà÷åíèè ε = 0 ïåðåõî-
äèò â 2n -ïàðàìåòðè÷åñêîå ñåìåéñòâî ïåðèîäè÷åñêèõ ðåøåíèé. Ðåçóëüòàò ïîëó÷åí ñ ïîìîùüþ
ïðèìåíåíèÿ òåîðèè îáîáùåííûõ æîðäàíîâûõ íàáîðîâ, ñâîäÿùåé èñõîäíóþ çàäà÷ó ê èññëå-
äîâàíèþ ðàçðåøàþùåé ñèñòåìû Ëÿïóíîâà-Øìèäòà â êîðíåâîì ïîäïðîñòðàíñòâå. Ïðè ýòîì
ðàçðåøàþùàÿ ñèñòåìà ïðåäñòàâëÿåò ñîáîé íåîäíîðîäíóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé, êîòîðàÿ ïðè ε ̸= 0 èìååò åäèíñòâåííîå ðåøåíèå, à ïðè çíà÷åíèè ε = 0 ïåðåõîäèò
â 2n -ïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé.

Êëþ÷åâûå ñëîâà: âåòâëåíèå ïåðèîäè÷åñêèõ ðåøåíèé, äèôôåðåíöèàëüíûå óðàâíåíèÿ
ñ çàïàçäûâàþùèì àðãóìåíòîì, îáîáùåííûå æîðäàíîâû íàáîðû, ðàçðåøàþùàÿ ñèñòåìà
Ëÿïóíîâà-Øìèäòà â êîðíåâîì ïîäïðîñòðàíñòâå.

1. Ïîñòàíîâêà çàäà÷è

Â áàíàõîâûõ ïðîñòðàíñòâàõ E1 , E2 , ãäå E1⊂E2⊂H , H � ãèëüáåðòîâî ïðîñòðàíñòâî
ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

A
dx

dt
= (B0 − εB(τ))x− f(t), B(τ)x ≡ B1x(t− τ), (1.1)

ãäå x ∈ E1 , A , B0 è B1 � ïëîòíî çàäàííûå ëèíåéíûå ôðåäãîëüìîâû îïåðàòîðû, A
� âûðîæäåííûé èëè òîæäåñòâåííûé îïåðàòîð, f ∈ E2 , f(t + ω) = f(t) , ω > 0 , ε �
ìàëûé âåùåñòâåííûé ïàðàìåòð. Ïðåäïîëàãàåòñÿ, ÷òî îïåðàòîðû A è B0 íå èìåþò îáùèõ
íóëü-ýëåìåíòîâ, à òàêæå óñëîâèÿ: A : E1 ⊃ DA → E2 , B0 : E1 ⊃ DB0 → E2 , DB0 ⊂DA

è A ïîä÷èíåí B0 , òî åñòü ∥Ax∥E2 6 ∥B0x∥E2 + ∥x∥E1 íà DB0 , èëè DA ⊂ DB0 è B0

ïîä÷èíåí A , òî åñòü ∥B0x∥E2 6 ∥Ax∥E2 + ∥x∥E1 íà DA , ÷òî ïîçâîëÿåò ñâåñòè îáñóæäåíèå
ê îãðàíè÷åííûì îïåðàòîðàì [1], [3-5].

Ïóñòü σ0
A (B0) - A -ñïåêòð îïåðàòîðà B0 , ëåæàùèé íà ìíèìîé îñè è ñîñòîÿùèé èç êî-

íå÷íîãî ÷èñëà íåíóëåâûõ òî÷åê ±iαm , αm = kmα , α = 2π
ω
, m = 1, r , ãäå km � íàòóðàëü-

íûå ÷èñëà. Ïóñòü äàëåå nm � ãåîìåòðè÷åñêàÿ êðàòíîñòü êàæäîãî ÷èñëà èç ïàðû ±iαm ,
ñîîòâåòñòâóþùèõ A-ñîáñòâåííûì ýëåìåíòàì umj = u

(1)
mj ± iu

(2)
mj , òî åñòü B0umj = iαmAumj ;

B0umj = −iαmAumj , j = 1, nm , m = 1, r ; è vmj = v
(1)
mj + iv

(2)
mj , vmj = v

(1)
mj − iv

(2)
mj ÿâëÿþòñÿ

A∗ -ñîáñòâåííûìè ýëåìåíòàìè ñîïðÿæåííîãî îïåðàòîðà B∗
0 , òî åñòü B∗

0vmj = −iαmA
∗vrj ,

B∗
0vmj = −iαmA

∗vmj , j = 1, nm , m = 1, r .

1 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíèêè,
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Ï. Îãàð¼âà, ã. Ñà-
ðàíñê; korspa@yandex.ru.

2 Ïðîôåññîð êàôåäðû "Âûñøàÿ ìàòåìàòèêà" , Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñè-
òåò, ã. Óëüÿíîâñê; loginov@ulstu.ru
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Òîãäà äëÿ êàæäîãî ÷èñëà èç ïàðû ±iαm ñóùåñòâóåò ñîîòâåòñòâóþùåå êîëè÷åñòâî nm

ω-ïåðèîäè÷åñêèõ ðåøåíèé ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

A
dy

dt
= B0y (1.2)

â ôîðìå φmj = umje
iαmt , φ̄mj = ūmje

−iαmt , j = 1, nm , m = 1, r .
Òàêèì îáðàçîì, óðàâíåíèå (1.2) èìååò 2n , n = n1+ ...+nr , ω-ïåðèîäè÷åñêèõ ðåøåíèé

φmj , φ̄mj , j = 1, nm , m = 1, r . Àíàëîãè÷íî, ñîïðÿæåííîå óðàâíåíèå ê óðàâíåíèþ (1.2)
èìååò 2n ω-ïåðèîäè÷åñêèõ ðåøåíèé ψmj = vmje

iαmt , ψ̄mj = v̄mje
−iαmt , j = 1, nm , m =

1, r .
Ñòàâèòñÿ çàäà÷à [1]: ïðè äîñòàòî÷íî ìàëûõ âåùåñòâåííûõ ε îòûñêàòü ω - ïåðèîäè÷å-

ñêèå ðåøåíèÿ x(t, ε) óðàâíåíèÿ (1.1), óäîâëåòâîðÿþùèå óñëîâèþ x(t, 0) = z(t) , ãäå z(t)
� ω -ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ

A
dz

dt
= B0z − f(t). (1.3)

Òàê êàê ïåðèîä ðåøåíèé φmj , φ̄mj ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ (1.2) ñîâïàäàåò ñ ïåðèîäîì f(t) è ðàâåí ω , òî ðàññìàòðèâàåìûå óñëîâèÿ ñîîòâåò-
ñòâóþò ðåçîíàíñíîìó ñëó÷àþ äëÿ óðàâíåíèÿ (1.3) [6].

2. Ðàçðåøàþùàÿ ñèñòåìà Ëÿïóíîâà-Øìèäòà â êîðíåâîì ïîäïðî-
ñòðàíñòâå

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïðåäñòàâèì óðàâíåíèå (1.1) â îïåðàòîðíîé ôîðìå

B0x = f(t) + εB(τ)x, B0x ≡ B0x(t)− A
dx

dt
, (2.1)

è ïðèìåíèì ìåòîäû òåîðèè âåòâëåíèÿ ïîñòðîåíèÿ îáîáùåííûõ æîðäàíîâûõ íàáîðîâ, ïðè-
âîäÿùèå ê èññëåäîâàíèþ ðàçðåøàþùèõ ñèñòåì Ëÿïóíîâà-Øìèäòà â êîðíåâîì ïîäïðî-
ñòðàíñòâå [2], [3-5], [10-13].

Çäåñü îïåðàòîðû B0 è B1 îòîáðàæàþò ïðîñòðàíñòâî X ω-ïåðèîäè÷åñêèõ äèôôå-
ðåíöèðóåìûõ ïî t ôóíêöèé ñî çíà÷åíèÿìè â E1 = E1 u i E1 â ïðîñòðàíñòâî Z ω-
ïåðèîäè÷åñêèõ ïî t ôóíêöèé ñî çíà÷åíèÿìè â E2 = E2ui E2 . Òîãäà çíà÷åíèå ôóíêöèîíàëà
e(t) ∈ X ∗(∈ Z∗) íà ýëåìåíòå x(t) ∈ X (∈ Z) äàåòñÿ ðàâåíñòâîì

≪ x, e≫=
1

ω

∫ ω

0

⟨x(t), e(t)⟩dt, x ∈ X , e ∈ X ∗ (x ∈ Z, e ∈ Z∗).

Äëÿ äàëüíåéøèõ ðàññóæäåíèé ïåðåíóìåðóåì ýëåìåíòû φmj , φ̄mj (ψmj , ψ̄mj ), j =
1, nm , m = 1, r â ïîðÿäêå óâåëè÷åíèÿ ÷èñåë m è j îäíèì èíäåêñîì k , k = 1, n . Òîãäà

N (B0)=span{φ(1)
k = uke

iαkt, φ̄
(1)
k = ūke

−iαkt, k = 1, n},

N (B∗
0)=span{ψ

(1)
k = vke

iαkt, ψ̄
(1)
k = v̄ke

−iαkt, k = 1, n}.
(2.2)

Íå îãðàíè÷èâàÿ îáùíîñòè áóäåì ïðåäïîëàãàòü ñïðàâåäëèâîñòü íåðàâåíñòâà

p1 = ... = pσ > pσ+1 ≥ pσ+2 ≥ ... ≥ pn. (2.3)
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Ïåðåïèøåì íåâîçìóùåííîå óðàâíåíèå, ñîîòâåòñòâóþùåå (1.3) â îïåðàòîðíîé ôîðìå:

B0x = f(t), (2.4)

Ïîòðåáóåì, ÷òîáû óðàâíåíèå (2.4) áûëî ðàçðåøèìî. Äëÿ ýòîãî, ñîãëàñíî ðàáîòå [1]
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

≪ f, ψ
(1)
k ≫= 0, k = 1, n. (2.5)

Î ï ð å ä å ë å í è å 2.1. [1] Ýëåìåíòû φ
(1)
k ∈ N (B0) (ψ

(1)
s ∈ N (B∗

0)) ôîðìèðóþò
ïîëíûé B1 - (B

∗
1 -)æîðäàíîâ íàáîð (îáîáùåííûé æîðäàíîâ íàáîð ≡ ÎÆÍ) îïåðàòîðà B0

(B∗
0) , åñëè

B0φ
(1)
k = 0, B0φ

(j)
k = B1φ

(j−1)
k , det

[
≪ B1φ

(pk)
k , ψ

(1)
s ≫

]
̸= 0,(

B∗
0ψ

(1)
s = 0, B∗

0ψ
(l)
s = B∗

1ψ
(l−1)
s , det

[
≪ B∗

1ψ
(ps)
s , φ

(1)
k ≫

]
̸= 0
)
,

j = 2, pk, l = 2, ps, k, s = 1, n.

(2.6)

Îáîáùåííûå æîðäàíîâû öåïî÷êè φ
(j)
k , j = 1, pk (ψ

(l)
s , l = 1, ps ) äëèíû pk ( ps ) åäèí-

ñòâåííî îïðåäåëÿþòñÿ äëÿ pk > 1 ( ps > 1 ) ñ ïîìîùüþ ñëåäóþùèõ óñëîâèé

≪ φ
(1)
k , γ

(1)
s ≫= δks, ≪ φ

(j)
k , γ

(1)
s ≫= 0, j = 2, pk,(

≪ z
(1)
k , ψ

(1)
s ≫= δks, ≪ z

(1)
k , ψ

(l)
s ≫= 0, l = 2, ps

)
,

k, s = 1, n,

(2.7)

ãäå {γ(1)s } ∈ E∗
1 , {z(1)k } ∈ E2 .

Ñîãëàñíî ëåììå [7-9] ñîîòâåòñòâóþùèå ñèñòåìû
{
φ
(j)
k , j = 1, pk

}
è
{
ψ

(l)
s , l = 1, ps

}
ýëå-

ìåíòîâ B1 - è B∗
1 -æîðäàíîâûõ íàáîðîâ îïåðàòîðîâ B0 è B∗

0 ìîãóò áûòü âûáðàíû òàê, ÷òî
áóäóò âûïîëíÿòüñÿ óñëîâèÿ áèîðòîãîíàëüíîñòè

≪ φ
(j)
k , γ

(l)
s ≫= δksδjl, ≪ z

(j)
k , ψ

(l)
s ≫= δksδjl,

γ
(l)
s = B∗

1ψ
(ps+1−l)
s , z

(j)
k = B1φ

(pk+1−j)
k ,

j = 1, pk, l = 1, ps, k, s = 1, n.

(2.8)

Ç à ì å ÷ à í è å 2.1. Êîðíåâîå ÷èñëî êàê ñóììà âñåõ äëèí æîðäàíîâûõ öåïî÷åê
ðàâíà 2K , ãäå K = p1 + ... + pn . Ýëåìåíòû φ

(j)
k , φ̄

(j)
k , j = 1, pk è z

(j)
k , z̄

(j)
k , j = 1, pk

ôîðìèðóþò áàçèñû êîðíåâûõ ïîäïðîñòðàíñòâ E2K
1 = span{φ(j)

k , φ̄
(j)
k , j = 1, pk, k = 1, n}

è E2K
2 = span{z(j)k , z̄

(j)
k , j = 1, pk, k = 1, n} .

Ââîäÿ ðåãóëÿðèçàòîð Øìèäòà

B̃0 = B0 +
n∑

k=1

≪ ·, γ(1)k ≫ z
(1)
k +

n∑
k=1

≪ ·, γ̄(1)k ≫ z̄
(1)
k , (2.9)

çàïèñûâàåì óðàâíåíèå (2.1) â âèäå ñèñòåìû
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 B̃0x = εB(τ)x+
n∑

k=1

(ξk1z
(1)
k + ξ̄k1z̄

(1)
k ) + f,

ξsl =≪ x, γ
(l)
s ≫, ξ̄sl =≪ x, γ̄

(l)
s ≫, l = 1, ps, s = 1, n.

(2.10)

Ðåøåíèå ñèñòåìû (2.10) áóäåì èñêàòü â âèäå [3]-[4]

x = w + v, v =
n∑

k=1

pk∑
j=1

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k ) ∈ E2K

1 . (2.11)

Ïîäñòàâëÿÿ âûðàæåíèå (2.6) â ïåðâîå óðàâíåíèå ñèñòåìû (2.10) è âûðàæàÿ w , ïðè
äîñòàòî÷íî ìàëûõ ε ïîëó÷èì

w = −
n∑

k=1

pk∑
j=2

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k ) + εΓ0B(τ)[I − εΓ0B(τ)]−1

n∑
k=1

(ξk1φ
(1)
k + ξ̄k1φ̄

(1)
k )+

+Γ0[I − εB1Γ0]
−1f.

(2.12)

Ïîäñòàâëÿÿ âûðàæåíèå (2.6) âî âòîðîå è òðåòüå óðàâíåíèå ñèñòåìû (2.10) è ó÷èòûâàÿ
óñëîâèÿ áèîðòîãîíàëüíîñòè (2.8), ïðèâåäåì ðàçðåøàþùóþ ñèñòåìó ê âèäó{

− ≪ w, γ
(l)
s ≫= 0, l = 1, ps,

− ≪ w, γ̄
(l)
s ≫= 0, s = 1, n.

(2.13)

Ïîäñòàâëÿÿ âûðàæåíèå (2.12) äëÿ w â ðàçðåøàþùóþ ñèñòåìó (2.13), ïîëó÷èì



n∑
k=1

pk∑
j=2

ξkj ≪ φ
(j)
k , γ

(l)
s ≫ −

n∑
k=1

ξk1 ≪ εΓ0B(τ)[I − εΓ0B(τ)]−1φ
(1)
k , γ

(l)
s ≫=

=≪ Γ0[I − εΓ0B(τ)]−1f, γ
(l)
s ≫, l = 1, ps, s = 1, n,

n∑
k=1

pk∑
j=2

ξ̄kj ≪ φ̄
(j)
k , γ̄

(l)
s ≫ −

n∑
k=1

ξ̄k1 ≪ εΓ0B(τ)[I − εΓ0B(τ)]−1φ̄
(1)
k , γ̄

(l)
s ≫=

=≪ Γ0[I − εΓ0B(τ)]−1f, γ̄
(l)
s ≫, l = 1, ps, s = 1, n.

(2.14)

Ñ ó÷¼òîì ðàâåíñòâ Γ∗
0γ

(1)
s = ψ

(1)
s , Γ∗

0γ̄
(1)
s = ψ̄

(1)
s , Γ∗

0γ
(l)
s = ψ

(ps+2−l)
s , Γ∗

0γ̄
(l)
s = ψ̄

(ps+2−l)
s

(l = 2, ps) , ïîëó÷èì

≪ εΓ0B(τ)[I − εΓ0B(τ)]−1φ
(1)
k , γ

(1)
s ≫=≪ φ

(1)
k , εB∗(τ)[I − εΓ∗

0B(τ)∗]−1ψ
(1)
s ≫,

≪ εΓ0B(τ)[I − εΓ0B(τ)]−1φ
(1)
k , γ

(l)
s ≫=≪ φ

(1)
k , εB∗(τ)[I − εΓ∗

0B(τ)∗]−1ψ
(ps+2−l)
s ≫,

≪ εΓ0B(τ)[I − εΓ0B(τ)]−1φ̄
(1)
k , γ̄

(1)
s ≫=≪ γ̄

(1)
s , εB∗(τ)[I − εΓ∗

0B(τ)∗]−1ψ̄
(1)
s ≫,

≪ εΓ0B(τ)[I − εΓ0B(τ)]−1φ̄
(1)
k , γ̄

(l)
s ≫=≪ γ̄

(l)
s , εB∗(τ)[I − εΓ∗

0B(τ)∗]−1ψ̄
(ps+2−l)
s ≫,

(2.15)

àíàëîãè÷íî, ïðàâàÿ ÷àñòü ðàçðåøàþùåé ñèñòåìû (2.14) ïðèìåò âèä

≪ Γ0[I − εΓ0B(τ)]−1f, γ
(1)
s ≫=≪ f, [I − εΓ∗

0B(τ)∗]−1ψ
(1)
s ≫,

≪ Γ0[I − εΓ0B(τ)]−1f, γ
(l)
s ≫=≪ f, [I − εΓ∗

0B(τ)∗]−1ψ
(ps+2−l)
s ≫,

≪ Γ0[I − εΓ0B(τ)]−1f, γ̄
(1)
s ≫=≪ f, [I − εΓ∗

0B(τ)∗]−1ψ̄
(1)
s ≫,

≪ Γ0[I − εΓ0B(τ)]−1f, γ̄
(l)
s ≫=≪ f, [I − εΓ∗

0B(τ)∗]−1ψ̄
(ps+2−l)
s ≫ .

(2.16)
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Òàê êàê ñïðàâåäëèâû ðàâåíñòâà (Γ∗
0B

∗
1)

lψ
(1)
s = ψ

(rs+1)
s , ãäå rs � îñòàòîê îò äåëåíèÿ l

íà ps , òî

[Γ∗
0B

∗(τ)]j ψ
(1)
k = e−iαkjτψ

(rk+1)
k , j = 1, 2, ... . (2.17)

Ó÷èòûâàÿ ðàâåíñòâà (2.17), ïðè äîñòàòî÷íî ìàëûõ ε íàõîäèì

[I − εΓ∗
0B

∗(τ)]−1ψ
(1)
s =

1

1− (εe−iαsτ )ps
hs1,

hs1 = ψ
(1)
s + εe−iαsτψ

(2)
s + ...+ (εe−iαsτ )ps−1ψ

(ps)
s ,

[I − εΓ∗
0B

∗(τ)]−1ψ
(ps+2−l)
s =

1

1− (εe−iαsτ )ps
hsl,

hsl = ψ
(ps+2−l)
s + εe−iαsτψ

(ps+3−l)
s + ...+ (εe−iαsτ )l−2ψ

(ps)
s + (εe−iαsτ )l−1ψ

(1)
s + ...

...+ (εe−iαsτ )ps−1ψ
(ps+1−l)
s , l = 2, ps, s = 1, n.

(2.18)

Ó÷èòûâàÿ âûðàæåíèÿ (2.18) è óñëîâèÿ áèîðòîãîíàëüíîñòè (2.8), âû÷èñëèì

≪ φ
(1)
k , εB∗(τ)[I − εΓ∗

0B(τ)∗]−1ψ
(1)
s ≫=

(εe−iαsτ )ps

1− (εe−iαsτ )ps
δks,

≪ φ
(1)
k , εB∗(τ)[I − εΓ∗

0B(τ)∗]−1ψ
(ps+2−l)
s ≫=

(εe−iαsτ )l−1

1− (εe−iαsτ )ps
δks,

l = 2, ps, s = 1, n.

(2.19)

Òîãäà, ñ ó÷¼òîì (2.15)-(2.19), ðàçðåøàþùàÿ ñèñòåìà (2.14) ïðèìåò âèä

β̄sξs1 = − ≪ f, hs1 ≫, l = 1,

−θ̄slξs1 + ξsl = ≪ f, θs1hsl ≫, l = 2, ps,

βsξ̄s1 = − ≪ f, h̄s1 ≫, l = 1,

−θslξ̄s1 + ξ̄sl = ≪ f, θs1h̄sl ≫, l = 2, ps,

s = 1, n,

(2.20)

ãäå

βs =
(
εe−iαsτ

)ps
, βsl =

(
εe−iαsτ

)l−1
, θsl =

1

1− (εe−iαsτ )ps
βsl. (2.21)

Âûäåëèì âåùåñòâåííûå è ìíèìûå ÷àñòè êîýôôèöèåíòîâ ξsl è ξ̄sl

ξsl = ξ
(1)
sl + iξ

(2)
sl , ξ̄sl = ξ

(1)
sl − iξ

(2)
sl ,

è ïîäñòàâèì â ñèñòåìó (2.20).
Ïðè ôèêñèðîâàííûõ s è l ñëîæèì ïåðâîå è òðåòüå, âòîðîå è ÷åòâåðòîå óðàâíåíèÿ

ñèñòåìû (2.20) ñîîòâåòñòâåííî è âîçüìåì ïîëó÷èâøèåñÿ óðàâíåíèÿ â êà÷åñòâå ïåðâîé ñè-
ñòåìû. Àíàëîãè÷íî, ïðè ôèêñèðîâàííûõ s è l âû÷òåì èç ïåðâîãî óðàâíåíèÿ òðåòüå, à
èç âòîðîãî � ÷åòâåðòîå óðàâíåíèå ñèñòåìû (2.20), è âîçüìåì ïîëó÷èâøèåñÿ óðàâíåíèÿ â
êà÷åñòâå âòîðîé ñèñòåìû. Òîãäà ïîëó÷èì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ
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âåùåñòâåííûìè êîýôôèöèåíòàìè

Reβs ξ
(1)
s1 + Imβs ξ

(2)
s1 = − ≪ f,Re hs1 ≫, l = 1,

−Re θsl ξ(1)s1 − Imθsl ξ
(2)
s1 + ξ

(1)
sl = ≪ f,Re θs1 hsl ≫, l = 2, ps,

−Imβs ξ
(1)
s1 +Reβs ξ

(2)
s1 = ≪ f, Imhs1 ≫, l = 1,

Im θsl ξ
(1)
s1 −Re θsl ξ

(2)
s1 + ξ

(2)
sl = − ≪ f, Im θs1 hsl ≫, l = 2, ps,

s = 1, n.

(2.22)

Ïîìåíÿåì ïîðÿäîê ñëåäîâàíèÿ óðàâíåíèé â ñèñòåìå ñëåäóþùèì îáðàçîì

Reβs ξ
(1)
s1 + Imβs ξ

(2)
s1 = − ≪ f,Re hs1 ≫,

−Imβs ξ
(1)
s1 +Reβs ξ

(2)
s1 = ≪ f, Imhs1 ≫,

l = 1, s = 1, n,

−Re θsl ξ(1)s1 − Imθsl ξ
(2)
s1 + ξ

(1)
sl = ≪ f,Re θs1 hsl ≫,

Im θsl ξ
(1)
s1 −Re θsl ξ

(2)
s1 + ξ

(2)
sl = − ≪ f, Im θs1 hsl ≫,

l = 2, ps, s = 1, n.

(2.23)

Ñèñòåìà (2.23) ìîæåò áûòü çàïèñàíà â ìàòðè÷íîé ôîðìå

Dξ = g, (2.24)

çäåñü D ≡ [dsl,kj] - (K×K) -ìàòðèöà, K = p1+ p2+ ...+ pn , ( l = 1, ps , s = 1, n ; j = 1, pk ,
k = 1, n ),

ξ = colon(ξ
(1)
11 , ξ

(2)
11 , ..., ξ

(1)
n1 , ξ

(2)
n1 , ..., ξ

(1)
σpσ , ξ

(2)
σpσ), g = colon(g

(1)
11 , g

(2)
11 , ..., g

(1)
n1 , g

(2)
n1 , ..., g

(1)
npn , g

(2)
npn),

g
(1)
s1 = − ≪ f,Re hs1 ≫, g

(2)
s1 =≪ f, Imhs1 ≫, l = 1, s = 1, n,

g
(1)
sl =≪ f,Re θs1hsl ≫, g

(2)
sl = − ≪ f, Im θs1hsl ≫, l = 2, ps, s = 1, n.

Ìàòðèöà D èìååò áëî÷íî-äèàãîíàëüíóþ ñòðóêòóðó

D =


D(1) 0 0 ... 0
D(2) I 0 ... 0
D(3) 0 I ... 0
... ... ... ... ...

D(p1) 0 0 ... I

 , (2.25)

D(1) =


D1 0 ... 0
0 D2 ... 0

... ...
0 0 ... Dn

 , Ds =

(
Reβs Imβs
−Imβs Reβs

)
, s = 1, n, (2.26)

D(l) =


D1l 0 ... 0
0 D2l ... 0

... ...
0 0 ... Dnl

 , l = 2, pn, (2.27)
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D(l) =

 D1l 0 0 ... 0
... ... 0 ... 0

0 Dνl 0 ... 0

 , l = pn + 1, p1, (2.28)

Dsl =

(
−Re θsl −Im θsl
Im θsl −Re θsl

)
, l = 2, p1, s = 1, ν. (2.29)

Èíäåêñ s â ôîðìóëå (2.29) ïðèíèìàåò òîëüêî òå çíà÷åíèÿ, äëÿ êîòîðûõ äëèíà æîðäà-
íîâîé öåïî÷êè ps áîëüøå èëè ðàâíà l .

3. Ðåøåíèÿ ðàçðåøàþùåé ñèñòåìû è âåòâëåíèå ïåðèîäè÷åñêèõ ðå-
øåíèé

Ïðè ε ̸= 0 îïðåäåëèòåëü ìàòðèöû D îòëè÷åí îò íóëÿ è, ñëåäîâàòåëüíî, ñèñòåìà (2.24)
èìååò åäèíñòâåííîå ðåøåíèå. Ó÷èòûâàÿ (2.18), èç ñèñòåìû (2.22), íàõîäèì

ξ
(1)
s1 = − 1

ε2ps
[Reβs ≪ f,Re hs1 ≫ +Imβs ≪ f, Imhs1 ≫],

ξ
(2)
s1 =

1

ε2ps
[−Imβs ≪ f,Re hs1 ≫ +Reβs ≪ f, Imhs1 ≫],

s = 1, n.

(3.1)

Òàê êàê ñïðàâåäëèâû ðàâåíñòâà (Γ0B1)
jφ

(1)
k = φ

(rk+1)
k , (Γ0B1)

jφ̄
(1)
k = φ̄

(rk+1)
k , ãäå rk �

îñòàòîê îò äåëåíèÿ j íà pk , òî

[Γ0B(τ)]j φ
(1)
k = e−iαkjτφ

(rk+1)
k ,

[Γ0B(τ)]j φ̄
(1)
k = e−iαkjτ φ̄

(rk+1)
k ,

j = 1, 2, ... .

(3.2)

Ó÷èòûâàÿ ðàâåíñòâà (3.2), ïðè äîñòàòî÷íî ìàëûõ ε íàõîäèì

εΓ0B(τ)[I − εΓ0B(τ)]−1φ
(1)
k =

1

1− (εe−iαkτ )pk

(
εe−iαkτφ

(2)
k + (εe−iαkτ )2φ

(3)
k + ...

...+ (εe−iαkτ )pk−1φ
(pk)
k + (εe−iαkτ )pkφ

(1)
k

)
,

(3.3)

εΓ0B(τ)[I − εΓ0B(τ)]−1φ̄
(1)
k =

1

1− (εeiαkτ )pk

(
εeiαkτ φ̄

(2)
k + (εeiαkτ )2φ̄

(3)
k + ...

...+ (εeiαkτ )pk−1φ̄
(pk)
k + (εeiαkτ )pkφ̄

(1)
k

)
.

(3.4)

Òàêèì îáðàçîì, ó÷èòûâàÿ (2.11), (2.12), (3.3) è (3.4), ïîëó÷èì, ÷òî óðàâíåíèå (1.1)
èìååò åäèíñòâåííîå âåùåñòâåííîå ω �ïåðèîäè÷åñêîå ðåøåíèå, ïðåäñòàâèìîå â âèäå

x(t, ε) =
n∑

k=1

[
θk1ξk1φ

(1)
k + θ̄k1ξ̄k1φ̄

(1)
k

]
+ [I − εΓ0B1]

−1Γ0f(t)+

+
n∑

k=1

[ (
θk2ξk1φ

(2)
k + θ̄k2ξ̄k1φ̄

(2)
k

)
+ ...+

(
θkpkξk1φ

(pk)
k + θ̄kpk ξ̄k1φ̄

(pk)
k

) ]
,

(3.5)
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ãäå âåùåñòâåííûå è ìíèìûå ÷àñòè ξk1 , ξ̄k1 âû÷èñëÿþòñÿ ïî ôîðìóëå (3.1). Ñ ó÷åòîì
ôîðìóë (2.21) äëÿ θsl ïîëó÷àåì, ÷òî ðåøåíèå x(t, ε) â òî÷êå ε = 0 èìååò ïîëþñ, ïîðÿäîê

êîòîðîãî íå ïðåâûøàåò äëèíû p1 æîðäàíîâîé öåïî÷êè {φ(j)
1 } , j = 1, p1 .

Ïðè ε = 0 ðàíã ìàòðèöû D ðàâåí K − 2n , è ñëåäîâàòåëüíî, äëÿ ñóùåñòâîâàíèÿ
ðåøåíèé ñèñòåìû (2.24) íåîáõîäèìî è äîñòàòî÷íî, ÷òî áû ðàíã ðàñøèðåííîé ìàòðèöû
(D|g) òàê æå áûë ðàâåí K− 2n . Òàê êàê ïðè ε = 0 â ñèëó ðàçðåøèìîñòè óðàâíåíèÿ (1.3)

≪ f, ψ
(1)
s ≫= 0 è hs1 = ψ

(1)
s , òî ñïðàâåäëèâî óñëîâèå

g
(1)
s1 ≡ − ≪ f,Re hs1 ≫= 0, g

(2)
s1 ≡≪ f, Imhs1 ≫= 0, (3.6)

êîòîðîå è îáåñïå÷èâàåò ñîâìåñòíîñòü ñèñòåìû (2.24).

Ñëåäîâàòåëüíî, ïðè ε = 0 èç ñèñòåìû (2.24) íàõîäèì ξ
(1)
k1 = c

(1)
k , ξ

(2)
k1 = c

(2)
k , ãäå c

(1)
k ,

c
(2)
k � ïðîèçâîëüíûå âåùåñòâåííûå ÷èñëà. Ó÷èòûâàÿ, ÷òî ïðè ε = 0 óðàâíåíèÿ (1.1) è
(1.3) ñîâïàäàþò, à, ñëåäîâàòåëüíî, è èõ ðåøåíèÿ òàê æå ñîâïàäàþò, íàõîäèì, ÷òî èõ ω �
ïåðèîäè÷åñêèå ðåøåíèÿ ïðåäñòàâèìû â âèäå

x(t, 0) = z(t) ≡
n∑

k=1

[c
(1)
k φ

(1)
k + c

(2)
k φ̄

(1)
k ] + Γ0f(t). (3.7)

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ � 2014/232 Ìèíîáðíàóêè Ðîññèè
è ïðè ïîääåðæêå ãðàíòîâ ÐÔÔÈ � 15-01-08599, � 15-41-02455ð ïîâîëæüå à.
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The branching of periodic solutions of inhomogeneous

linear di�erential equations with a the perturbation in the

form of small linear term with delay

c⃝ P. A. Shamanaev3 B. V. Loginov4

Abstract. In a Banach space by branching theory methods existence and uniqueness of periodic
solutions of inhomogeneous linear di�erential equations with degenerate or identity operator in the
derivative and a perturbation in the form of small linear term with delay is proved. The article shows
that the periodic solution has a pole at the point ε = 0 , and if ε = 0 it goes to 2n �parameter set
of periodic solutions. The result is obtained by applying the theory of generalized Jordan sets, that
reduces the original problem to the investigation of the Lyapunov-Schmidt resolution system in the
root subspace. This resolution system is a non-homogeneous system of linear algebraic equations,
which at ε ̸= 0 has a unique solution, and at a value of ε = 0 goes to 2n -parameter family of
solutions.
Key Words: branching of periodic solution, di�erential equations with delay, generalized Jordan
sets, Lyapunov-Schmidt resolution system in the root subspace.
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