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Î ðàçðåøèìîñòè èíòåãðî-äèôôåðåíöèàëüíîãî

óðàâíåíèÿ òèïà Áóññèíåñêà ñ íåëîêàëüíûìè

èíòåãðàëüíûìè óñëîâèÿìè

c⃝ Ò. Ê. Þëäàøåâ 1 Ê. Õ. Øàáàäèêîâ2

Àííîòàöèÿ. Ðàññìîòðåíû âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè íåëîêàëüíîé ñìåøàííîé çà-
äà÷è äëÿ íåëèíåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ òèïà Áóññèíåñêà ÷åòâåðòîãî
ïîðÿäêà. Èñïîëüçîâàí ìåòîä Ôóðüå ðàçäåëåíèÿ ïåðåìåííûõ. Ïîëó÷åíà ñ÷åòíàÿ ñèñòåìà íåëè-
íåéíûõ èíòåãðàëüíûõ óðàâíåíèé (ÑÑÍÈÓ). Äëÿ äîêàçàòåëüñòâà òåîðåìû îá îäíîçíà÷íîé
ðàçðåøèìîñòè ÑÑÍÈÓ èñïîëüçîâàí ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Äàëåå ïîêàçàíà
ñõîäèìîñòü ðÿäà Ôóðüå ê èñêîìîé ôóíêöèè íåëîêàëüíîé ñìåøàííîé çàäà÷è. Äàííàÿ ðàáîòà
ÿâëÿåòñÿ äàëüíåéøèì ðàçâèòèåì òåîðèè èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ.

Êëþ÷åâûå ñëîâà: ñìåøàííàÿ çàäà÷à, èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, óðàâíåíèå
òèïà Áóññèíåñêà, íåëîêàëüíûå èíòåãðàëüíûå óñëîâèÿ, îäíîçíà÷íàÿ ðàçðåøèìîñòü

1. Ïîñòàíîâêà çàäà÷è

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ìíîãèõ ïðîöåññîâ, ïðîèñõîäÿùèõ â ðåàëüíîì ìè-
ðå, ÷àñòî ïðèâîäèò ê èçó÷åíèþ ñìåøàííûõ çàäà÷ äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçè-
êè.Áîëüøîé èíòåðåñ ñ òî÷êè çðåíèÿ ôèçè÷åñêèõ ïðèëîæåíèé ïðåäñòàâëÿþò äèôôåðåí-
öèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ. Ìíîãèå çàäà÷è ãàçîâîé
äèíàìèêè, òåîðèè óïðóãîñòè, òåîðèè ïëàñòèí è îáîëî÷åê ïðèâîäèòñÿ ê ðàññìîòðåíèþ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ [1] � [3]. Èçó÷åíèþ
ðàçëè÷íûõ çàäà÷ äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà ïîñâÿùå-
íî áîëüøîå êîëè÷åñòâî ðàáîò (ñì. [4] � [16]). Äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ
ïðîèçâîäíûõ òèïà Áóññèíåñêà èìåþò ìíîãî ïðèëîæåíèé â ìàòåìàòè÷åñêîé ôèçèêå (ñì.
[17]).

Â ñëó÷àÿõ, êîãäà ãðàíèöà îáëàñòè ïðîòåêàíèÿ ôèçè÷åñêîãî ïðîöåññà íåäîñòóïíà äëÿ
èçìåðåíèé, â êà÷åñòâå äîïîëíèòåëüíîé èíôîðìàöèè, äîñòàòî÷íîé äëÿ îäíîçíà÷íîé ðàç-
ðåøèìîñòè çàäà÷è, ìîãóò ñëóæèòü íåëîêàëüíûå óñëîâèÿ â èíòåãðàëüíîé ôîðìå. Íåëî-
êàëüíûå çàäà÷è ðàññìîòðåíû â ðàáîòàõ ìíîãèõ àâòîðîâ (ñì. [18], [19]). Â íàñòîÿùåé
ðàáîòå ïðåäëàãàåòñÿ ìåòîäèêà èçó÷åíèÿ íåëîêàëüíîé ñìåøàííîé çàäà÷è äëÿ íåëèíåéíîãî
èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ òèïà Áóññèíåñêà ÷åòâåðòîãî ïîðÿäêà.

Èòàê, â îáëàñòè Ω ðàññìàòðèâàåòñÿ óðàâíåíèå

∂ 2 U(t, x)

∂ t 2
− ∂ 4U(t, x)

∂ t 2 ∂x2
− µ(t)

∂ 2U(t, x)

∂ x 2
= (1.1)

= η(t)

T∫
0

U(θ, x)dθ + f

x, T∫
0

l∫
0

H(θ, y)U(θ, y)dydθ
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ñ íåëîêàëüíûìè èíòåãðàëüíûìè óñëîâèÿìè

U(0, x) +

T∫
0

Θ 1(t) · U(t, x)dt = φ 1(x), x ∈ Ω l, (1.2)

U t(0, x) +

T∫
0

Θ 2(t) · U(t, x)dt = φ 2(x), x ∈ Ω l (1.3)

è ãðàíè÷íûìè óñëîâèÿìè Áåíàðà

U(t, 0) = U(t, l) = 0, t ∈ ΩT , (1.4)

ãäå η(t) ∈ C(ΩT ) , µ(t) ∈ C(ΩT ) , f(x, γ) ∈ C(Ω l×R) , φ k(x) ∈ C 2(Ωl) , φ k(0) = φ k(l) = 0 ,

k = 1, 2 , Θ k(t) ∈ C 2(ΩT ) , k = 1, 2 ,
T∫
0

l∫
0

|H(t, x)|dxdt < ∞ , Ω ≡ ΩT × Ω l , ΩT ≡ [0, T ] ,

Ω l ≡ [0, l] , 0 < T <∞ , 0 < l <∞ .
Ïîä ðåøåíèåì ñìåøàííîé çàäà÷è (1.1) � (1.4) ïîíèìàåì ôóíêöèþ U(t, x) ∈ C 2,2(Ω) ,

óäîâëåòâîðÿþùóþ óðàâíåíèþ (1.1) è óñëîâèÿì (1.2) � (1.4).

2. Ñâåäåíèå ñìåøàííîé çàäà÷è ê ñ÷åòíîé ñèñòåìå íåëèíåéíûõ èí-
òåãðàëüíûõ óðàâíåíèé

Ðåøåíèå äàííîé çàäà÷è èùåì â âèäå ðÿäà Ôóðüå:

U(t, x) =
∞∑
n=1

un(t) · ϑn(x), (2.1)

ãäå ôóíêöèè ϑn(x) îïðåäåëåíû êàê ñîáñòâåííûå ôóíêöèè ñïåêòðàëüíîé çàäà÷è ϑ′′(x)+
+λ 2ϑ(x) = 0 , ϑ(0) = ϑ(l) = 0 , 0 < λ è îáðàçóþò ïîëíóþ ñèñòåìó ñîáñòâåííûõ ôóíêöèé{
ϑn(x)

}∞

n=1
â ïðîñòðàíñòâå L 2(Ω l) , ãäå λn � ñîîòâåòñòâóþùèå ñîáñòâåííûå ÷èñëà.

Ïî ïðåäïîëîæåíèþ

f (x, γ) =
∞∑
n=1

fn(γ) · ϑn(x), (2.2)

ãäå fn(γ) =
l∫
0

f (y, γ) · ϑn(y)dy , γ =
T∫
0

l∫
0

H(θ, z)
∞∑
k=1

u k(θ) · ϑ k(z)dzdθ .

Êðîìå òîãî, ó÷òåì, ÷òî
ϑ′′

n(x) = −λ 2
n · ϑn(x). (2.3)

Ïîäñòàâëÿÿ ðÿäû (2.1) è (2.2) â óðàâíåíèå (1.1), ñ ó÷åòîì (2.3) ïîëó÷àåì ñëåäóþùóþ
ñ÷åòíóþ ñèñòåìó èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà:

u′′n(t) = −τn · µ(t) · un(t) +
η(t)

1 + λ 2
n

·
T∫

0

un(θ)dθ +
1

1 + λ 2
n

fn(γ), (2.4)

ãäå τn = λ 2
n

1+λ 2
n
, un(t) =

l∫
0

U(t, y)ϑn(y)dy .

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 2



74 Ò. Ê. Þëäàøåâ, Ê. Õ. Øàáàäèêîâ

Íåëîêàëüíûå óñëîâèÿ (1.2) è (1.3) äëÿ óðàâíåíèÿ (2.4) çàïèøåì â ñëåäóþùåì âèäå

un(0) +

T∫
0

Θ 1(t) · un(t)dt = φ 1n, (2.5)

u′n(0) +

T∫
0

Θ 2(t) · un(t)dt = φ 2n, (2.6)

ãäå φ kn =
l∫
0

φ k(y) · ϑn(y)dy , k = 1, 2 .

Ïðàâóþ ÷àñòü (2.4) îáîçíà÷èì ÷åðåç Fn(t) . Òîãäà ïóòåì èíòåãðèðîâàíèÿ äâà ðàçà ïî
t èç (2.4) ïîëó÷àåì

un(t) = C 2n + C 1nt+

t∫
0

(t− s)Fn(s)ds, (2.7)

ãäå C 1n, C 2n � ïîêà íåèçâåñòíûå ïîñòîÿííûå, äëÿ îïðåäåëåíèÿ êîòîðûõ èç èíòåãðàëüíûõ
óñëîâèé (2.5) è (2.6) ïîëó÷àåì ñëåäóþùóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé{

C 1nα 3 + C 2nα 1 = g 1,

C 1nα 2 + C 2nα 4 = g 2,
(2.8)

α 1 = 1 +
T∫
0

Θ 1(t)dt , α 2 = 1 +
T∫
0

tΘ 2(t)dt , α 3 =
T∫
0

tΘ 1(t)dt ,

α 4 =
T∫
0

Θ 2(t)dt , g k = φ k −
T∫
0

Θ k(t)
t∫
0

(t− s)Fn(s)dsdt , k = 1, 2 .

Ðåøàÿ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé (2.8), ïîëó÷àåì

C 1n =
α 3g 1 − α 1g 2

ω
=

1

ω

α 3φ 1 − α 3

T∫
0

Θ 1(t)

t∫
0

(t− s)Fn(s)dsdt− (2.9)

−α 1φ 2 + α 1

T∫
0

Θ 2(t)

t∫
0

(t− s)Fn(s)dsdt

 ,

C 2n =
α 2g 1 − α 3g 2

ω
=

1

ω

α 2φ 1 − α 2

T∫
0

Θ 1(t)

t∫
0

(t− s)Fn(s)dsdt− (2.10)

−α 3φ 2 + α 3

T∫
0

Θ 2(t)

t∫
0

(t− s)Fn(s)dsdt

 ,

ãäå
ω = α 3α 4 − α 1α 2 ̸= 0. (2.11)

Ïîäñòàâëÿÿ (2.9) è (2.10) â (2.7), ïîëó÷àåì

un(t) = Qn(t) + τn
α 2 + α 3t

ω

T∫
0

Θ 1(t)

t∫
0

(t− s) · µ(s) · un(s)dsdt− (2.12)
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−τn
α 3 + α 1t

ω

T∫
0

Θ 2(t)

t∫
0

(t− s) · µ(s) · un(s)dsdt−

−τn

t∫
0

(t− s) · µ(s) · un(s)ds−

−α 2 + α 3t

ω

T∫
0

Θ 1(t)

t∫
0

(t− s)
p(s)

1 + λ 2
n

T∫
0

un(θ)dθdsdt+

+
α 3 + α 1t

ω

T∫
0

Θ 2(t)

t∫
0

(t− s)
p(s)

1 + λ 2
n

T∫
0

un(θ)dθdsdt+

+

t∫
0

(t− s)
p(s)

1 + λ 2
n

T∫
0

un(θ)dθds−

−α 2 + α 3t

ω

T∫
0

Θ 1(t)

t∫
0

(t− s)
s 2

2(1 + λ 2
n)
fn(γ)dsdt+

+
α 3 + α 1t

ω

T∫
0

Θ 2(t)

t∫
0

(t− s)
s 2

2(1 + λ 2
n)
fn(γ)dsdt+

+

t∫
0

(t− s)
s 2

2(1 + λ 2
n)
fn(γ)ds,

ãäå Qn(t) =
1
ω

[
(α 2 + α 3t) · φ 1n − (tα 1 + α 3) · φ 2n

]
, p(t) =

t∫
0

(t− s) · η(s)ds .

Èñïîëüçóåì ôîðìóëó Äèðèõëå

T∫
0

Θ k(t)

t∫
0

(t− s) · µ(s) · un(s)dsdt =

T∫
0

µ(s) · un(s) ·
(
ν 1k(s)− s · ν 2k(s)

)
dsdt,

ãäå

ν 1k(s) =

T∫
s

t ·Θ k(t)dt, ν 2k(s) =

T∫
s

Θ k(t)dt, k = 1, 2.

Òîãäà ñ÷åòíóþ ñèñòåìó íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé (ÑÑÍÈÓ) (2.12) çàïèøåì
â ñëåäóþùåì âèäå

un(t) = ℑ 1(t;un) ≡ Qn(t) +

T∫
0

ℜn(t, s)un(s)ds+Gn(t)

T∫
0

un(θ)dθ+ (2.13)

+Φn(t)

l∫
0

f

y, T∫
0

l∫
0

H(θ, z)
∞∑
k=1

u k(θ) · ϑ k(z)dzdθ

ϑn(y)dy, t ∈ ΩT ,
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ãäå

ℜn(t, s) =



−α 2 + α 3t

ω
τnµ(s) ·

(
ν 11(s)− s · ν 21(s)

)
+

+fracα 3 + α 1tωτnµ(s) ·
(
ν 12(s)− s · ν 22(s)

)
−

−τn(t− s) · µ(s), 0 ≤ s < t,

−α 2 + α 3t

ω
τnµ(s) ·

(
ν 11(s)− s · ν 21(s)

)
+

+
α 3 + α 1t

ω
τnµ(s) ·

(
ν 12(s)− s · ν 22(s)

)
, t < s ≤ T,

Gn(t) = −α 2 + α 3t

ω

T∫
0

Θ 1(t)

t∫
0

(t− s)
p(s)

1 + λ 2
n

dsdt+

+
α 3 + α 1t

ω

T∫
0

Θ 2(t)

t∫
0

(t− s)
p(s)

1 + λ 2
n

dsdt+

t∫
0

(t− s)
p(s)

1 + λ 2
n

ds,

Φn(t) = −α 2 + α 3t

2ω

T∫
0

Θ 1(t)

t∫
0

(t− s) · s 2

1 + λ 2
n

dsdt+

+
α 3 + α 1t

2ω

T∫
0

Θ 2(t)

t∫
0

(t− s) · s 2

1 + λ 2
n

dsdt+
1

2

t∫
0

(t− s) · s 2

1 + λ 2
n

ds.

3. Îäíîçíà÷íàÿ ðàçðåøèìîñòü ÑÑÍÈÓ

Â ïðîñòðàíñòâå B 2(T ) èñïîëüçóåì ñëåäóþùóþ íîðìó

∥∥u(t)∥∥
B 2(T )

=

√√√√ ∞∑
n=1

max
t∈ΩT

∣∣∣un(t)
∣∣∣ 2.

Äëÿ ôóíêöèè g(x) ∈ L 2(Ωl) ðàññìàòðèâàåòñÿ íîðìà

∥∥g(x)∥∥
L 2(Ωl)

=

√√√√√ l∫
0

∣∣∣g(y)∣∣∣ 2dy.
Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿþòñÿ: óñëîâèå (2.11) è
1) . β 1 =

∥∥Q(t)∥∥
B 2(T )

<∞ ; β 2 = maxt∈ΩT

∥∥ℜ(t, s)∥∥
B 2(T )

+
∥∥G(t)∥∥

B 2(T )
<∞ ;

2) . β 3 =
∥∥Φ(t)∥∥

B 2(T )
<∞ ; M =

∥∥f(x, γ)∥∥
L 2(Ωl)

<∞ ;

3) .
∣∣∣f(x, γ1)− f(x, γ2)

∣∣∣ ≤ L(x)
∣∣∣γ1 − γ2

∣∣∣ , δ 1 = ∥∥L(x)∥∥L 2(Ωl)
<∞ ;

4) . δ 2 =
T∫
0

l∫
0

∣∣∣H(t, x)
∣∣∣dxdt <∞ ; ρ = β 2T + β 3δ 1δ 2δ 3 < 1 ,

ãäå δ 3 = maxx∈Ωl

√ ∞∑
n=1

∣∣∣ϑn(x)
∣∣∣ 2 <∞ .
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Òîãäà ÑÑÍÈÓ (2.13) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå B 2(T ) . Ýòî ðå-
øåíèå ìîæåò áûòü íàéäåíî ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé:

u 0
n(t) = Qn(t), u

j+1
n (t) = ℑ 1(t;u

j
n), j = 0, 1, 2, . . . , t ∈ ΩT . (3.1)

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì øàð S
(
u 0

n; r 1

)
ñ ðàäèóñîì r 1 = β 1 +

β 3M
1−β 2T

.

Äëÿ íóëåâîãî ïðèáëèæåíèÿ, â ñèëó ïåðâîãî óñëîâèÿ òåîðåìû, èç (3.1) èìååì∥∥u 0(t)
∥∥

B 2(T )
≤ β 1. (3.2)

Äëÿ ïåðâîé ðàçíîñòè, â ñèëó óñëîâèé òåîðåìû, èç (3.1) ñ ó÷åòîì (3.2) ïîëó÷èì îöåíêó

√√√√ ∞∑
n=1

∣∣u 1
n(t)− u 0

n(t)
∣∣ 2 ≤

√√√√√ ∞∑
n=1

∣∣∣∣∣∣
T∫

0

ℜn(t, s) ·Qn(s)ds

∣∣∣∣∣∣
2

+

+

√√√√ ∞∑
n=1

∣∣∣Gn(t)
∣∣∣ 2
√√√√√ ∞∑

n=1

∣∣∣∣∣∣
T∫

0

Qn(t)dt

∣∣∣∣∣∣
2

+

√√√√√ ∞∑
n=1

∣∣∣Φ n(t)
∣∣∣ l∫
0

|f (y, γ 0)ϑn(y)| dy

 2

èëè ∥∥u 1(t)− u 0(t)
∥∥

B 2(T )
≤ β 1β 2T + β 3

√√√√√ ∞∑
n=1

 l∫
0

|f (y, γ 0)| · |ϑn(y)| dy

 2

≤ (3.3)

≤ β 1β 2T + β 3

∥∥f(x, γ 0)
∥∥

L 2(Ωl)
= β 1β 2T + β 3M,

ãäå γ 0 =
T∫
0

l∫
0

H(θ, z)
∞∑
k=1

u 0
k(θ) · ϑ k(z)dzdθ .

Äëÿ ðàçíîñòè u 2
n(t) − u 0

n(t) , â ñèëó óñëîâèé òåîðåìû, èç (3.1) ñ ó÷åòîì (3.3) ïîëó÷èì
îöåíêó √√√√ ∞∑

n=1

∣∣u 2
n(t)− u 0

n(t)
∣∣ 2 ≤

√√√√√ ∞∑
n=1

 T∫
0

|ℜn(t, s)| · |u 1
n(s)− u 0

n(s)| ds

 2

+

+

√√√√ ∞∑
n=1

∣∣∣Gn(t)
∣∣∣ 2
√√√√√ ∞∑

n=1

 T∫
0

|u 1
n(t)− u 0

n(t)| dt

 2

+

+

√√√√ ∞∑
n=1

∣∣∣Φ n(t)
∣∣∣ 2
√√√√√ ∞∑

n=1

 l∫
0

|f (y, γ1) · ϑn(y)| dy

 2

èëè ∥∥u 2(t)− u 0(t)
∥∥

B 2(T )
≤
(
β 1β 2T + β 3M

)
· β 2T+ (3.4)

+β 3

√√√√√ ∞∑
n=1

 l∫
0

|f (y, γ1)| · |ϑn(y)| dy

 2

≤
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≤
(
β 1β 2T + β 3M

)
· β 2T + β 3M = β 1

(
β 2T

) 2

+
(
β 2T + 1

)
· β 3M,

ãäå γ1 =
T∫
0

l∫
0

H(t, z)
∞∑
k=1

u 1
k(t) · ϑ k(z)dzdt .

Äàëåå èç (3.1) ñ ó÷åòîì (3.4) èìååì∥∥u 3(t)− u 0(t)
∥∥

B 2(T )
≤
(
β 1β 2T + β 3M

)
·
(
β 2T

) 2

+
(
β 2T + 1

)
· β 3M = (3.5)

= β 1

(
β 2T

) 3

+

((
β 2T

) 2

+ β 2T + 1

)
· β 3M.

Ïðîäîëæàÿ ýòîò ïðîöåññ, àíàëîãè÷íî (3.5) ïîëó÷àåì∥∥u j(t)− u 0(t)
∥∥

B 2(T )
≤ β 1

(
β 2T

) j

+ (3.6)

+

((
β 2T

) j−1

+
(
β 2T

) j−2

+ · · ·+
(
β 2T

) 2

+ β 2T + 1

)
· β 3M.

Èç ïîñëåäíåãî óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî β 2T < 1 . Ïîýòîìó èç (3.6), ïåðåõîäÿ ê
ïðåäåëó ïðè j → ∞

lim
j→∞

∥∥u j(t)− u 0(t)
∥∥

B 2(T )
≤ lim

j→∞

[
β 1

(
β 2T

) j

+

+

((
β 2T

) j−1

+
(
β 2T

) j−2

+ · · ·+
(
β 2T

) 2

+ β 2T + 1

)
· β 3M

]
,

èìååì ∥∥u∞(t)− u 0(t)
∥∥

B 2(T )
< β 1 +

1

1− β 2T
· β 3M = r 1 <∞. (3.7)

Èç (3.7) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (2.13) îòîáðàæàåò øàð S
(
u 0

n; r 1

)
â ñåáÿ.

Òåïåðü äëÿ ïðîèçâîëüíîé ðàçíîñòè u j+1
n (t)− u j

n(t) ïîëó÷èì ñëåäóþùóþ îöåíêó√√√√ ∞∑
n=1

∣∣u j+1
n (t)− u j

n(t)
∣∣ 2 ≤

√√√√√ ∞∑
n=1

 T∫
0

∣∣ℜn(t, s)
∣∣ · ∣∣u j

n(s)− u j−1
n (s)

∣∣ds
 2

+

+

√√√√ ∞∑
n=1

∣∣∣Gn(t)
∣∣∣ 2
√√√√√ ∞∑

n=1

 T∫
0

∣∣u j
n(t)− u j−1

n (t)
∣∣dt
∣∣∣∣∣∣
2

+

√√√√ ∞∑
n=1

∣∣∣Φn(t)
∣∣∣ 2×

×

√√√√√ ∞∑
n=1

 l∫
0

L(y)

T∫
0

l∫
0

|H(θ, z)|
∞∑
k=1

∣∣u j
k(θ)− u j−1

k (θ)
∣∣ · ∣∣ϑ k(z)

∣∣dzdθ · ∣∣ϑn(y)
∣∣dy
 2

èëè ∥∥u j+1(t)− u j(t)
∥∥

B 2(T )
≤ (3.8)

≤

β 2T + β 3δ 2δ 3

√√√√√ ∞∑
n=1

 l∫
0

L(y) ·
∣∣ϑn(y)

∣∣dy
 2
 ·

∥∥u j(t)− u j−1(t)
∥∥

B 2(T )
≤
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≤ ρ
∥∥u j(t)− u j−1(t)

∥∥
B 2(T )

.

Â ñèëó ïîñëåäíåãî óñëîâèÿ òåîðåìû, èç îöåíêè (3.8) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé
÷àñòè (2.13) ÿâëÿåòñÿ ñæèìàþùèì. Èç îöåíîê (3.7) è (3.8) çàêëþ÷àåì, ÷òî äëÿ îïåðàòîðà
(2.13) ñóùåñòâóåò åäèíñòâåííàÿ íåïîäâèæíàÿ òî÷êà (ñì. [20], ñòð. 389�401). Ñëåäîâàòåëü-
íî, â ïðîñòðàíñòâå B 2(T ) èíòåãðàëüíîå óðàâíåíèå (2.13) èìååò åäèíñòâåííîå ðåøåíèå
u(t) ∈ B 2(T ) .

Êðîìå òîãî, ñïðàâåäëèâà îöåíêà ñêîðîñòè ñõîäèìîñòè∥∥u j+1(t)− u(t)
∥∥

B 2(T )
≤
(
β 1β 2T + β 3M

) ρ j+1

1− ρ
.

Òåîðåìà äîêàçàíà.
Äèôôåðåíöèðóÿ ÑÑÍÈÓ (2.13) äâà ðàçà ïî t è ó÷èòûâàÿ

Q′′
n(t) = 0,

∂ 2

∂ t 2
Rn(t, s) = 0,

èìååì

∂ 2

∂ t 2
un(t) = ℑ 2(t;un) ≡ G′′

n(t)

T∫
0

un(θ)dθ+ (3.9)

+Φ′′
n(t)

l∫
0

f

y, T∫
0

l∫
0

H(θ, z)
∞∑
k=1

u k(θ) · ϑ k(z)dzdθ

ϑn(y)dy, t ∈ ΩT ,

ãäå G′′
n(t) ∈ C

(
ΩT

)
, Φ′′

n(t) ∈ C
(
ΩT

)
.

Ò å î ð å ì à 3.2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.1. è
N 1 =

∥∥G′′(t)
∥∥

B 2(T )
<∞ ; N 2 =

∥∥Φ′′(t)
∥∥

B 2(T )
<∞ .

Òîãäà
∂ 2

∂ t 2
u(t) ∈ B 2(T ) .

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ îïåðàòîðà â ïðàâîé ÷àñòè (3.9) ðàññìîòðèì ñëåäóþùèé
èòåðàöèîííûé ïðîöåññ:

∂ 2

∂ t 2
u 0

n(t) = 0,
∂ 2

∂ t 2
u j+1

n (t) = ℑ 2(t;u
j
n), j = 0, 1, 2, . . . , t ∈ ΩT . (3.10)

Ðàññìîòðèì øàð S
(

∂ 2

∂ t 2
u 0

n; r 2

)
ñ ðàäèóñîì r 2 = N 1T

(
β 1 +

1
1−β 2T

)
+N 2M . Äëÿ ïåðâîé

ðàçíîñòè, â ñèëó óñëîâèé òåîðåìû è îöåíêè (3.2), èç (3.10) ïîëó÷àåì îöåíêó√√√√ ∞∑
n=1

∣∣∣∣ ∂ 2

∂ t 2
u 1

n(t)−
∂ 2

∂ t 2
u 0

n(t)

∣∣∣∣ 2 ≤
√√√√ ∞∑

n=1

∣∣∣G′′
n(t)

∣∣∣ 2
√√√√√ ∞∑

n=1

 T∫
0

∣∣∣u 0
n(t)− u 0

n(t)
∣∣∣dt
 2

+

+

√√√√√ ∞∑
n=1

∣∣∣Φ′′
n(t)

∣∣∣ l∫
0

|f (y, 0)ϑn(y)| dy

 2

èëè

∥∥∥∥ ∂ 2

∂ t 2
u 1(t)− ∂ 2

∂ t 2
u 0(t)

∥∥∥∥
B 2(T )

≤ N 1β 1T +N 1

√√√√√ ∞∑
n=1

 l∫
0

|f (y, 0)| · |ϑn(y)| dy

 2

≤

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 2



80 Ò. Ê. Þëäàøåâ, Ê. Õ. Øàáàäèêîâ

≤ N 1β 1T +N 2

∥∥f(x, γ)∥∥
L 2(Ωl)

= N 1β 1T +N 2M.

Äëÿ ðàçíîñòè ∂ 2

∂ t 2
u 2

n(t) − ∂ 2

∂ t 2
u 0

n(t) , â ñèëó óñëîâèé òåîðåìû è îöåíêè (3.3), èç (3.10)
ïîëó÷èì îöåíêó√√√√ ∞∑

n=1

∣∣∣∣ ∂ 2

∂ t 2
u 2

n(t)−
∂ 2

∂ t 2
u 0

n(t)

∣∣∣∣ 2 ≤
√√√√ ∞∑

n=1

∣∣∣G′′
n(t)

∣∣∣ 2
√√√√√ ∞∑

n=1

 T∫
0

|u 1
n(t)− u 0

n(t)| dt

 2

+

+

√√√√ ∞∑
n=1

∣∣∣Φ′′
n(t)

∣∣∣ 2
√√√√√ ∞∑

n=1

 l∫
0

|f (y, γ1) · ϑn(y)| dy

 2

èëè ∥∥∥∥ ∂ 2

∂ t 2
u 2(t)− ∂ 2

∂ t 2
u 0(t)

∥∥∥∥
B 2(T )

≤

≤ N 1

(
β 1β 2T + β 3M

)
T +N 2

√√√√√ ∞∑
n=1

 l∫
0

|f (y, γ1)| · |ϑn(y)| dy

 2

≤

≤
(
β 1β 2T + β 3M

)
·N 1T +N 2M.

Äàëåå èç (3.10) ñ ó÷åòîì (3.4) ïîëó÷èì∥∥∥∥ ∂ 2

∂ t 2
u 3(t)− ∂ 2

∂ t 2
u 0(t)

∥∥∥∥
B 2(T )

≤ (3.11)

≤ N 1T

(
β 1

(
β 2T

) 2

+
(
β 2T + 1

)
· β 3M

)
+N 2M.

Ïðîäîëæàÿ ýòîò ïðîöåññ, àíàëîãè÷íî (3.11) èìååì∥∥∥∥ ∂ 2

∂ t 2
u j(t)− ∂ 2

∂ t 2
u 0(t)

∥∥∥∥
B 2(T )

≤ N 1T

[
β 1

(
β 2T

) j

+ (3.12)

+

((
β 2T

) j−1

+
(
β 2T

) j−2

+ · · ·+
(
β 2T

) 2

+ β 2T + 1

)
· β 3M

]
+N 2M.

Èç ïîñëåäíåãî óñëîâèÿ òåîðåìû 3.1. ñëåäóåò, ÷òî β 2T < 1 . Ïîýòîìó èç (3.12), ïåðåõîäÿ
ê ïðåäåëó ïðè j → ∞

lim
j→∞

∥∥∥∥ ∂ 2

∂ t 2
u j(t)− ∂ 2

∂ t 2
u 0(t)

∥∥∥∥
B 2(T )

≤ lim
j→∞

N 1T

[
β 1

(
β 2T

) j

+

+

((
β 2T

) j−1

+
(
β 2T

) j−2

+ · · ·+
(
β 2T

) 2

+ β 2T + 1

)
· β 3M

]
+N 2M,

èìååì∥∥∥∥ ∂ 2

∂ t 2
u∞(t)− ∂ 2

∂ t 2
u 0(t)

∥∥∥∥
B 2(T )

< N 1T ·
(
β 1 +

1

1− β 2T

)
+N 2M = r 2 <∞. (3.13)

Èç (3.13) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (3.9) îòîáðàæàåò øàð S
(

∂ 2

∂ t 2
u 0

n; r 2

)
â

ñåáÿ. Ñëåäîâàòåëüíî, ∂ 2

∂ t 2
u(t) ∈ B 2(T ) . Òåîðåìà äîêàçàíà.
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4. Ðàçðåøèìîñòü ñìåøàííîé çàäà÷è (1.1) � (1.4)

Ïîäñòàâëÿÿ (2.13) â ðÿä (2.1), ïîëó÷àåì ôîðìàëüíîå ðåøåíèå ñìåøàííîé çàäà÷è (1.1)
� (1.4):

U(t, x) =
∞∑
n=1

un(t) · ϑn(x) =
∞∑
n=1

ℑ 1

(
t;un

)
· ϑn(x) ≡ (4.1)

≡
∞∑
n=1

ϑn(x)

Qn(t) +

T∫
0

ℜn(t, s) · un(s)ds+Gn(t)

T∫
0

un(θ)dθ+

+Φn(t)

l∫
0

f

y, T∫
0

l∫
0

H(θ, z)
∞∑
k=1

u k(θ) · ϑ k(z)dzdθ

ϑn(y)dy

 .

Ïîäñòàâëÿåì òàêæå (3.1) â ðÿä (2.1):

U j+1(t, x) =
∞∑
n=1

u j+1
n (t) · ϑn(x) =

∞∑
n=1

ℑ 1

(
t;u j

n

)
· ϑn(x) ≡ (4.2)

≡
∞∑
n=1

ϑn(x)

Qn(t) +

T∫
0

ℜn(t, s) · u j
n(s)ds+Gn(t)

T∫
0

u j
n(θ)dθ+

+Φn(t)

l∫
0

f

y, T∫
0

l∫
0

H(θ, z)
∞∑
k=1

u j
k(θ) · ϑ k(z)dzdθ

ϑn(y)dy

 .

Ò å î ð å ì à 4.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.2. è u(t) ∈ B 2(T ) �
ðåøåíèå ÑÑÍÈÓ (2.13) . Òîãäà ïîñëåäîâàòåëüíîñòü ôóíêöèé (4.2) ñõîäèòñÿ ê ôóíêöèè
(4.1) ïðè j → ∞ .

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê u(t) ∈ B 2(T ) � ðåøåíèå ÑÑÍÈÓ (2.13), òîãäà ìû
ïîëîæèì, ÷òî ∥∥u j(t, µ)− u(t, µ)

∥∥
B 2(T )

≤ ε

δ 3
,

ãäå 0 < ε � ìàëûé ïàðàìåòð. Òîãäà äëÿ ðàçíîñòè ôóíêöèé (4.2) è (4.1) ñ ïðèìåíåíèåì
íåðàâåíñòâà Ãåëüäåðà ïîëó÷àåì

∣∣U j(t, x)− U(t, x)
∣∣ ≤ ∞∑

n=1

∣∣u j
n(t)− un(t)

∣∣ · ∣∣∣ϑn(x)
∣∣∣ ≤

≤ δ 3 ·
∥∥u j(t)− u(t)

∥∥
B 2(T )

≤ δ 3 ·
ε

δ 3
= ε.

Òàê êàê äëÿ îïåðàòîðà (3.9) ñïðàâåäëèâî
∂ 2

∂ t 2
u(t) ∈ B 2(T ) , òî ñ ïðèìåíåíèåì íåðà-

âåíñòâà Ãåëüäåðà èìååì îöåíêó∣∣∣∣ ∂ 2

∂ t 2
U(t, x)

∣∣∣∣ ≤ ∞∑
n=1

∣∣∣∣ ∂ 2

∂ t 2
un(t)

∣∣∣∣ · ∣∣∣ϑn(x)
∣∣∣ ≤ δ 3 ·

∥∥∥∥ ∂ 2

∂ t 2
u(t)

∥∥∥∥
B 2(T )

<∞.
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Äèôôåðåíöèðóÿ (4.1) äâà ðàçà ïî x è ñ ó÷åòîì (2.3) ïîëó÷èì

∂ 2U(t, x)

∂ x 2
=

∞∑
n=1

un(t) ·
∂ 2ϑn(x)

∂ x 2
= −

∞∑
n=1

λ 2
n · un(t) · ϑn(x). (4.3)

Ìû ïîêàæåì, ÷òî ðÿä (4.3) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî. Äâà ðàçà èíòåãðèðóÿ ïî
÷àñòÿì ñëåäóþùèé èíòåãðàë

un(t) =

l∫
0

U(t, y)ϑn(y)dy,

ïîëó÷àåì

un(t) = − 1

λ 2
n

l∫
0

∂ 2U(t, y)

∂ y 2
ϑn(y)dy. (4.4)

Ïîäñòàâëÿÿ (4.4) â (4.3) è èñïîëüçóÿ íåðàâåíñòâà Ãåëüäåðà è íåðàâåíñòâà Áåññåëÿ, èìå-
åì îöåíêó ∣∣∣∣∣−

∞∑
n=1

λ 2
n · un(t) · ϑn(x)

∣∣∣∣∣ =
∣∣∣∣∣∣

∞∑
n=1

l∫
0

∂ 2U(t, y)

∂ y 2
ϑn(y)dy · ϑn(x)

∣∣∣∣∣∣ ≤

≤

√√√√ ∞∑
n=1

∣∣∣ϑn(x)
∣∣∣ 2 ·
√√√√√ ∞∑

n=1

 l∫
0

∣∣∣∣∂ 2U(t, y)

∂ y 2

∣∣∣∣ · ∣∣∣ϑn(y)
∣∣∣dy
 2

≤

≤ δ 3 ·
∥∥∥∥∂ 2U(t, x)

∂ x 2

∥∥∥∥
L 2(Ωl)

<∞.

Ýòî è çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû.
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Äàòà ïîñòóïëåíèÿ 16.04.2016

On solvability of a Boussinesq type integro-di�erential

equation with nonlocal integral conditions

c⃝ T. K. Yuldashev3 K. H. Shabadikov4

Abstract. This article considers the questions of one value solvability of the nonlocal boundary
value problem for a nonlinear Boussinesq type fourth-order integro-di�erential equation. The
Fourier method of separation of variables is employed. The countable system of nonlinear integral
equations (CSNIE) is obtained. To prove the theorem of one-value solvability of CSNIE the method
of successive approximations is used. The convergence of the Fourier series to an unknown function
of considering nonlocal boundary value problem is shown. This paper advances the theory of
Boussinesq type di�erential equations.
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