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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è èíôîðìàòèêà

ÓÄÊ 517.9

Íåëîêàëüíàÿ ðàçðåøèìîñòü ëèìèíàëüíîãî óðàâíåíèÿ
ïëîòíîñòè ïåðåïîëçàþùèõ äèñëîêàöèé è
òîïîëîãè÷åñêèé èíâàðèàíò ëèíåéíîãî
òåðìîäåôîðìèðîâàíèÿ îáîëî÷êè
c⃝ Ñ. Í. Àëåêñååíêî1, Ñ. Í. Íàãîðíûõ2, Ä. Â. Õèòåâà3

Àííîòàöèÿ. Ïðè îïèñàíèè äåôîðìèðîâàíèÿ îáîëî÷êè, êîòîðîìó ïîñâÿùåíà äàííàÿ ðàáîòà,
ââåäåí êîýôôèöèåíò, ñâÿçûâàþùèé ãðàäèåíò èçãèáà â äâóõ íàïðàâëåíèÿõ, ÷òî çíà÷èòåëüíî
óïðîñòèëî çàäà÷ó. Íàïðÿæåíèå îáîëî÷êè ïîëîæåíî ïðîïîðöèîíàëüíûì äåôîðìàöèè è êâàä-
ðàòó ãðàäèåíòà èçãèáà. Ñîîòâåòñòâóþùåå óðàâíåíèå äëÿ ñêàëÿðíîé ïëîòíîñòè äèñëîêàöèé
íàçâàíî ëèìèíàëüíûì. Äèñëîêàöèîííàÿ ñòðóêòóðà ðàññìàòðèâàåìîé çàäà÷è õàðàêòåðèçóåò-
ñÿ ñâîåîáðàçíûì òîïîëîãè÷åñêèì èíâàðèàíòîì äëÿ êðàåâûõ äèñëîêàöèé. Çíà÷åíèå îäíîãî èç
êîýôôèöèåíòîâ ëèìèíàëüíîãî óðàâíåíèÿ òåñíî ñâÿçàíî ñ õàðàêòåðèñòèêàìè ýòîãî òîïîëî-
ãè÷åñêîãî èíâàðèàíòà. Âûáðàííûå â ýòîé ðàáîòå õàðàêòåðèñòèêè ïîçâîëèëè äîêàçàòü ñóùå-
ñòâîâàíèå íåëîêàëüíîãî ðåøåíèÿ, îïèñûâàþùåãî ïðîöåññ, ïðè êîòîðîì ïëîòíîñòü äèñëîêà-
öèé ñòðåìèòñÿ ê íóëþ. Íî òàê êàê èç ôèçè÷åñêèé ñîîáðàæåíèé è ìàòåìàòè÷åñêèõ îñîáåí-
íîñòåé ëèìèíàëüíîãî óðàâíåíèÿ ïëîòíîñòü äèñëîêàöèé íå ìîæåò ðàâíÿòüñÿ íóëþ, òî âðåìÿ
ñóùåñòâîâàíèÿ ðåøåíèÿ îïðåäåëåíî èç óñëîâèÿ, ÷òî ïëîòíîñòü äèñëîêàöèé óìåíüøàåòñÿ äî
íåêîòîðîé âåëè÷èíû, õàðàêòåðèçóåìîé ìàëûì áåçðàçìåðíûì êîýôôèöèåíòîì δ . Ïðè òàêîì
ïðåäïîëîæåíèè ïîëó÷åíû íîâûå ãëîáàëüíûå îöåíêè, íà îñíîâå êîòîðûõ ëîêàëüíîå ðåøåíèå,
ñóùåñòâîâàíèå êîòîðîãî áûëî äîêàçàíî â ïðåäûäóùèõ ðàáîòàõ, ïðîäëåíî çà êîíå÷íîå ÷èñëî
øàãîâ íà âåñü èíòåðâàë, íà êîòîðîì ïëîòíîñòü äèñëîêàöèé íå ìåíüøå îïðåäåëåííîé âåëè÷èíû,
õàðàêòåðèçóåìîé êîýôôèöèåíòîì δ . Äëÿ îöåíêè äëèíû èíòåðâàëà ñóùåñòâîâàíèÿ ðåøåíèÿ
â ðàìêàõ ñäåëàííûõ ïðåäïîëîæåíèé è óñëîâèé ïîëó÷åíà ÿâíàÿ ôîðìóëà. Ìàòåìàòè÷åñêàÿ
÷àñòü èññëåäîâàíèÿ ðàññìàòðèâàåìîé ïðîáëåìû âûïîëíåíà íà îñíîâå ìåòîäà äîïîëíèòåëüíî-
ãî àðãóìåíòà.
Êëþ÷åâûå ñëîâà: ïëîòíîñòü äèñëîêàöèé, íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåð-
âîãî ïîðÿäêà â ÷àñòíûõ ïðîèçâîäíûõ, ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà, ëèìèíàëüíîñòü,
ãëîáàëüíûå îöåíêè, òîïîëîãè÷åñêèé èíâàðèàíò

Ïðè îïèñàíèè äåôîðìèðîâàíèÿ îáîëî÷êè [1] áûë ââåäåí êîýôôèöèåíò β , ñâÿçû-
âàþùèé ãðàäèåíò èçãèáà ζ â äâóõ íàïðàâëåíèÿõ y , x , ÷òî óïðîñòèëî çàäà÷ó äî çàäà÷è
èçãèáà îáîëî÷êè. Íàïðÿæåíèå îáîëî÷êè áûëî ïîëîæåíî ïðîïîðöèîíàëüíûì äåôîðìàöèè
è êâàäðàòó ãðàäèåíòà èçãèáà ζ [2]. Ñîîòâåòñòâóþùåå óðàâíåíèå äëÿ ñêàëÿðíîé ïëîòíîñòè
äèñëîêàöèé ν íàçâàíî ëèìèíàëüíûì ïîòîêîíåëèíåéíîãî òèïà. Äëÿ ïëîòíîñòåé âèäà [3] è
[4]

ν =
1

2dζ
, ν =

1− cos(α/2)

bζ cosχ
(1.1)

îíî èìååò âèä

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-
ñèòåò èì. Ð.Å.Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; sn-alekseenko@yandex.ru

2 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñè-
òåò èì. Ð.Å.Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; algoritm@sandy.ru

3 Ìàãèñòðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíè-
âåðñèòåò èì. Ð.Å.Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; geheimberater@yandex.ru
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∂ν

∂t
+
(
g − γ

ν

) 1

ν3

(
∂ν

∂x

)3

+Bν2 − Aν = 0, (1.2)

ãäå b - ìîäóëü âåêòîðà Áþðãåðñà, χ - óãîë ìåæäó ïëîñêîñòüþ ñêîëüæåíèÿ è ïîâåðõ-
íîñòüþ îáîëî÷êè, α - óãîë èçãèáà îáîëî÷êè, γ , g , B - ïîëîæèòåëüíûå êîýôôèöèåíòû.

Èçâåñòíî, ÷òî ïðè èçãèáå ïëàñòèíû âîçíèêàþò ïàðû êðàåâûõ äèñëîêàöèé ïðîòèâî-
ïîëîæíîãî çíàêà, ïàðàëëåëüíûõ îñè èçãèáà [4]. Ïîä äåéñòâèåì íàïðÿæåíèÿ äèñëîêàöèè
îäíîãî çíàêà âûòàëêèâàþòñÿ èç ïëàñòèíû, à äðóãîãî çíàêà äâèæóòñÿ âãëóáü ñ ìåíüøèì
íàïðÿæåíèåì. Âçàèìíîå îòòàëêèâàíèå è òåìïåðàòóðà ïðèâîäÿò ê âîçíèêíîâåíèþ äèñëî-
êàöèîííûõ ñòåíîê ïåðåïåíäèêóëÿðíî ëèíèÿì ñêîëüæåíèÿ.

Êîýôôèöèåíò A â (1.2) èìååò âèä:

A =
E

1 + σ
· Db

3

KT
· βl

2lxd2
· Pxx
Pxy

, (1.3)

ãäå ïåðâûé ìíîæèòåëü õàðàêòåðèçóåò óïðóãèå ñâîéñòâà, âòîðîé - äèôôóçèþ äèñëîêàöèé
è òî÷å÷íûõ äåôåêòîâ, òðåòèé - òðàåêòîðèè äâèæåíèÿ ñêàëÿðíîé ïëîòíîñòè äèñëîêàöèé,
÷åòâåðòûé - ñèëîâóþ íàãðóçêó îáîëî÷êè.

Èç òðåòüåãî ìíîæèòåëÿ A ïîëó÷èì

βl

2lxd2
=

β

2d2 cos(Φ)
,

ãäå cos(Φ) = lx/l , lx - ó÷àñòîê ðàçìíîæåíèÿ êðàåâûõ äèñëîêàöèé, l - ó÷àñòîê ñêîëüæåíèÿ.

Òîïîëîãè÷åñêèé èíâàðèàíò

Îáîçíà÷èì

ℵ =
1

cos(Φ)
, (1.4)

è íàçîâåì ℵ òîïîëîãè÷åñêèì èíâàðèàíòîì òèïà òî÷êè ðàçáèåíèÿ.
Èç (1.4) ñëåäóåò, ÷òî òðàåêòîðèÿ ïåðåïîëçàíèÿ ÎÀ, çàðîæäåíèÿ ÀÂ, ñêîëüæåíèÿ ÎÂ

çàìåíÿåòñÿ ÷åðåç ó÷àñòîê ñêîëüæåíèÿ ÎÂ â ñòîðîíó ÎÀÂÎ è â ïðîòèâîïîëîæíóþ ñòîðî-
íó ÎÑÂÎ. Ýòà êîëëåêòèâíàÿ ñòðóêòóðà åñòü àíàëîã ïàðû äèñëîêàöèé ïðîòèâîïîëîæíîãî
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çíàêà. Ïðè cos(Φ) = 0,±1 äàííàÿ ñòðóêòóðà ðàçðóøàåòñÿ. Ïðè lx = l èñ÷åçàåò îòðåçîê
ðàçáèåíèÿ ÎÂ è òðàåêòîðèÿ ïåðåïîëçàíèÿ ÎÀ çàìûêàåòñÿ ñ ñîñåäíåé ÂÑ ïðè äâèæåíèè â
îäíó ñòîðîíó ÎÀÂÑÎ. Ó÷àñòîê çàðîæäåíèÿ ÀÂ ýêðàíèðóåòñÿ ó÷àñòêîì ñêîëüæåíèÿ ÎÂ.
Ïðè lx = 0 êîýôôèöèåíò (1.3) íå èìååò ñìûñëà, ÷òî ñîîòâåòñòâóåò òî÷å÷íîìó èñòî÷íèêó
Ôðàíêà-Ðèäà. Òåðìîäåôîðìèðîâàíèåì îáîëî÷êè íàçîâåì òàêîå äåôîðìèðîâàíèå, â êîòî-
ðîì ïðèñóòñòâóåò òðåòèé ìíîæèòåëü (1.3). Äèñëîêàöèîííàÿ ñòðóêòóðà õàðàêòåðèçóåòñÿ
òîïîëîãè÷åñêèì èíâàðèàíòîì ℵ íà ïðèìåðå êðàåâûõ äèñëîêàöèé.

Èç (1.3) - (1.4) âûòåêàåò, ÷òî ïðè

π

2
≤ Φ ≤ π (1.5)

âûïîëíÿåòñÿ íåðàâåíñòâî

A ≤ 0. (1.6)

Êàê áóäåò ïîêàçàíî â äàëüíåéøåì, ýòî óñëîâèå ïðèâîäèò ê òîìó, ÷òî ïëîòíîñòü äèñî-
ëîêàöèé ñòðåìèòñÿ ê íóëþ.

Íà÷àëüíîå óñëîâèå äëÿ óðàâíåíèÿ (1.2) çàäàäèì â âèäå:

ν (0, x) = φ (x) , −∞ < x <∞. (1.7)

Òàêèì îáðàçîì, çàäà÷à (1.2), (1.7) îïðåäåëåíà â îáëàñòè

ΩT = {(t, x) : 0 ≤ t ≤ Ts,−∞ < x <∞}.
Äëÿ èññëåäîâàíèÿ ðàçðåøèìîñòè çàäà÷è (1.2), (1.7) ïðèìåíÿåòñÿ ìåòîä äîïîëíèòåëüíî-

ãî àðãóìåíòà. Â ñîîòâåòñòâèè ñ äàííûì ìåòîäîì çàäà÷à (1.2), (1.7) ñâîäèòñÿ ê ðàñøèðåííîé
õàðàêòåðèñòè÷åñêîé ñèñòåìå:

dη(s, t, x)

ds
= 2

gw0(s, t, x)− γ

w4
0(s, t, x)

w1(s, t, x), (1.8)

η(t, t, x) = x, (1.9)

dw1(s, t, x)

ds
=

3gw0(s, t, x)− 4γ

w5
0(s, t, x)

w3
1(s, t, x)− 2Bw0(s, t, x)w1(s, t, x) + Aw1(s, t, x), (1.10)

w1(0, t, x) = φ′(η(0, t, x)), (1.11)

dw0(s, t, x)

ds
= Aw0(s, t, x)−Bw2

0(s, t, x) +
gw0(s, t, x)− γ

w4
0(s, t, x)

w2
1(s, t, x), (1.12)

w0(0, t, x) = φ(η(0, t, x)). (1.13)

Â ðåçóëüòàòå ìû ïðèõîäèì ê ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé:

w1 = 3g

s∫
0

w3
1

w4
0

ds− 4γ

s∫
0

w3
1

w5
0

ds− 2B

s∫
0

w0w1ds+ A

s∫
0

w1ds+

+φ′

x+ 2γ

t∫
0

w1

w4
0

ds− 2g

t∫
0

w1

w3
0

ds

 , (1.14)
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w0 = g

s∫
0

w2
1

w3
0

ds− γ

s∫
0

w2
1

w4
0

ds−B

s∫
0

w2
0ds+ A

s∫
0

w0ds+

+φ

x+ 2γ

t∫
0

w1

w4
0

ds− 2g

t∫
0

w1

w3
0

ds

 . (1.15)

Ðåøåíèå ýòîé ñèñòåìû ïðè s = t äàåò ðåøåíèå èñõîäíîé çàäà÷è. Ïîäðîáíûé âûâîä
ñèñòåìû (1.8) - (1.13) ïðåäñòàâëåí â ðàáîòå [1].

Ñ ïîìîùüþ ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äîêàçûâàåòñÿ ëîêàëüíîå ñóùåñòâî-
âàíèå äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîãî ðåøåíèÿ ñèñòåìû èíòåãðàëüíûõ óðàâíå-
íèé (1.14) - (1.15). Ñîîòâåòñòâóþùàÿ òåîðåìà ïðèâåäåíà â ðàáîòå [1].

Òàêæå, ïðèìåíÿÿ ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà [5], ìû ïîëó÷èëè äîïîëíèòåëüíûå
óðàâíåíèÿ

dw2

ds
= −2

gw0 − γ

w4
0

w2
2 +

[
5
3gw0 − 4γ

w5
0

w2
1 + A− 2Bw0

]
w2 + 4

5γ − 3gw0

w6
0

w4
1 − 2Bw2

1, (1.16)

w2(0, t, x) = φ′′ (η(0, t, x)) , (1.17)

w2 = 6g

s∫
0

w2
1

w4
0

ds− 8γ

s∫
0

w2
1

w5
0

ds+ 20γ

s∫
0

w4
1

w6
0

ds− 12g

s∫
0

w4
1

w5
0

ds− 2B

s∫
0

w2
1ds+

+9g

s∫
0

w2
1

w4
0

w2ds− 12γ

s∫
0

w2
1

w5
0

w2ds− 2g

s∫
0

w2

w3
0

ds+ γ

s∫
0

w2

w4
0

ds− 2B

s∫
0

w2w0ds+

+A

s∫
0

w2ds+ φ′′

x+ 2γ

t∫
0

w1

w4
0

ds− 2g

t∫
0

w1

w3
0

ds

 . (1.18)

Ñ ïîìîùüþ ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äîêàçûâàåòñÿ ëîêàëüíîå ñóùåñòâî-
âàíèå òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìîãî ðåøåíèÿ ñèñòåìû èíòåãðàëüíûõ óðàâíå-
íèé (1.14), (1.15), (1.18). Ñîîòâåòñòâóþùàÿ òåîðåìà ïðèâåäåíà â ðàáîòå [5].

Îïðåäåëèì óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ çàäà÷à (1.2), (1.7) áóäåò èìåòü ðåøåíèå
íà âñåì ïðîìåæóòêå [0, Ts] .

Äëÿ ýòîãî íàì íóæíî ïîëó÷èòü ãëîáàëüíûå îöåíêè äëÿ ôóíêöèé w1 , w0 , w2 .
Èç (1.10) ñ ó÷åòîì (1.6) ïîëó÷èì

dw1

ds
=

(
3gw0 − 4γ

w5
0

w2
1 − 2Bw0 + A

)
w1,

Q =
3gw0 − 4γ

w5
0

w2
1 − 2Bw0 + A < 0,

w1 = φ′exp

−
s∫

0

Qdν

 > 0. (1.19)
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Èç (1.19) ñëåäóåò ïåðâàÿ ãëîáàëüíàÿ îöåíêà

|w1| ≤ Nφ, (1.20)

Nφ = max|sup|φ(x)|, sup|φ′(x)|, sup|φ′′(x)||.

Ïðèñòóïèì ê âûâîäó îöåíîê äëÿ ôóíêöèè w0 .
Èç óðàâíåíèÿ (1.12) ïîëó÷èì, ÷òî:

w0 = φ0exp

 s∫
0

(A−Bw0)dν −
s∫

0

(
γ − gw0

w5
0

w2
1

)
dν

 . (1.21)

Â ñèëó òîãî, ÷òî âñå ïîäûíòåãðàëüíûå âûðàæåíèÿ îòðèöàòåëüíû, ôóíêöèÿ w0 áóäåò
ñòðåìèòüñÿ ê íóëþ. Ò.å. çíà÷åíèå âûðàæåíèÿ (1.21) ñòàíåò óáûâàòü îòíîñèòåëüíî ñâîåãî
íà÷àëüíîãî çíà÷åíèÿ. Òîãäà ïîëó÷èì îöåíêó äëÿ w0 :

|w0| ≤ φ. (1.22)

Íî ïî ñìûñëó ðàññìàòðèâàåìîé çàäà÷è ïëîòíîñòü äèñëîêàöèé íå ìîæåò áûòü ðàâíîé
íóëþ. ×òîáû ðåøàòü ôèçè÷åñêóþ çàäà÷ó ïðè íåíóëåâîé ïëîòíîñòè äèñëîêàöèé, ââåäåì
óñëîâèå

|w0| ≥ δC∗
φ, (1.23)

ãäå δ - ìàëûé áåçðàçìåðíûé êîýôôèöèåíò.
Èç (1.12) ïîëó÷èì íåðàâåíñòâî

dw0

ds
≥ Aw0 −Bw2

0 −
γw2

1

(δC∗
φ)

4
. (1.24)

Ïðàâàÿ ÷àñòü â (1.24) ïðåäñòàâëÿåò ñîáîé êâàäðàòíûé òðåõ÷ëåí îòíîñèòåëüíî w0 . Íàé-
äåì åãî êîðíè:

w01 = − 1

2B

[
−A+

√
A2 − 4Bγw2

1

(δC∗
φ)

4

]
, w02 = − 1

2B

[
−A−

√
A2 − 4Bγw2

1

(δC∗
φ)

4

]

Â êà÷åñòâå óñëîâèÿ ãëîáàëüíîé ðàçðåøèìîñòè ïðèìåì, ÷òî

A2 − 4Bγ(Nφ)
2

(δC∗
φ)

4
≥ 0 (1.25)

ïðè âûïîëíåíèè (1.20).
Èç (1.25) ïîëó÷àåì

δC∗
φ ≥

√
−2Nφ

A

√
Bγ. (1.26)

Èñõîäÿ èç (1.23), íàéäåì âðåìÿ ñóùåñòâîâàíèÿ ôèçè÷åñêîé ìîäåëè. Ïðèìåì, ÷òî

C∗
φ ≤ φ ≤ Cφ. (1.27)

Èç (1.23) è (1.24) ñ ó÷åòîì (1.27) ïîëó÷èì
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s ≤
(1− δ)C∗

φ

BC2
φ + |A|Cφ + γ(Nφ)2

(δC∗
φ)

4

.

Îáîçíà÷èì

Ts =
(1− δ)C∗

φ

BC2
φ + |A|Cφ + γ(Nφ)2

(δC∗
φ)

4

. (1.28)

Íåðàâåíñòâî (1.28) îïðåäåëÿåò âðåìÿ ñóùåñòâîâàíèÿ ôèçè÷åñêîé ìîäåëè.
Òåïåðü ïîëó÷èì ãëîáàëüíóþ îöåíêó äëÿ w2 . Â ðàáîòå [6] äëÿ óðàâíåíèÿ, ïîäîáíîìó

(1.16), áûëè ïîëó÷åíû ãëîáàëüíûå îöåíêè. Àíàëîãè÷íî Ëåììå ¾Max2¿ èç [6] ñôîðìóëè-
ðóåì ñëåäóþùóþ ëåììó.

Ë å ì ì à 1.1. Åñëè

φ′′ > max[K2], (1.29)

òî íà âñåì èíòåðâàëå ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (1.8) - (1.13), (1.16), (1.17) ñïðà-
âåäëèâà îöåíêà

|w2| < K, (1.30)

ãäå K ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåãî óðàâíåíèÿ

dK

ds
= C(K −K1)(K −K2),

â êîòîðîì K1 , K2 - êîðíè ïðàâîé ÷àñòè óðàâíåíèÿ (1.16):

K1 =
−D −

√
D2 − 4CZ

2C
,

K2 =
−D +

√
D2 − 4CZ

2C
,

D = 5
3gφ− 4γ

(δC∗
φ)

5
(Nφ)

2 + A− 2Bφ,

C = −2
gφ− γ

(δC∗
φ)

4
,

Z = 4
5γ − 3gφ

(δC∗
φ)

6
(Nφ)

4 − 2B(Nφ)
2.

Â ðàáîòàõ [1], [5] áûëî äîêàçàíî, ÷òî w1(s, t, x) ÿâëÿåòñÿ ïåðâîé ïðîèçâîäíîé äëÿ ôóíê-
öèè ν(t, x) , à w2(s, t, x) ÿâëÿåòñÿ âòîðîé ïðîèçâîäíîé äëÿ ôóíêöèè ν(t, x) ïðè s = t .
Ñîîòâåòñòâåííî, îöåíêè (1.20), (1.22), (1.23), (1.30) ïðèìóò âèä

|ν(t, x)| ≤ φ, |ν(t, x)| ≥ δC∗
φ, |∂xν(t, x)| ≤ Nφ, |∂xxν(t, x)| < K. (1.31)

Ïîëó÷åííûå îöåíêè (1.31) äàþò âîçìîæíîñòü ïðîäëèòü ðåøåíèå íà âåñü èíòåðâàë
[0, Ts] .
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Áåðÿ â êà÷åñòâå íà÷àëüíîãî çíà÷åíèÿ ν(T 0
s , x) , ïðîäëèì ðåøåíèå íà íåêîòîðûé èíòåð-

âàë [T 0
s , T

1
s ] , à çàòåì áåðÿ â êà÷åñòâå íà÷àëüíîãî çíà÷åíèÿ ν(T 1

s , x) , ïðîäëèì ðåøåíèå íà
ïðîìåæóòîê [T 1

s , T
2
s ] . Äëèíà ïðîìåæóòêà ðàçðåøèìîñòè íå áóäåò óìåíüøàòüñÿ, òàê êàê

îíà îïðåäåëÿåòñÿ ãëîáàëüíûìè îöåíêàìè (1.31), ñïðàâåäëèâûìè íà ëþáîì ïðîìåæóòêå
ðàçðåøèìîñòè.

Â ÷àñòíîñòè, íà÷àëüíûå çíà÷åíèÿ

ν(T ks , x) ∈ C̄2(R1), |ν(T ks , x)| ≤ φ, |ν(T ks , x)| ≥ δC∗
φ,

|∂xν(T ks , x)| ≤ Nφ, |∂xxν(T ks , x)| < K

äëÿ âñåõ k = 1, 2, ..., n , x ∈ R1 .
Â ðåçóëüòàòå ðåøåíèå çà êîíå÷íîå ÷èñëî øàãîâ ìîæåò áûòü ïðîäëåíî íà âåñü çàäàííûé

ïðîìåæóòîê [0, Ts] .
Îáùèé èòîã èññëåäîâàíèÿ ïðåäñòàâèì â âèäå òåîðåìû.
Â åå ôîðìóëèðîâêå âîñïîëüçóåìñÿ îáîçíà÷åíèåì ìíîæåñòâà

∆T = {(s, t) : 0 ≤ s ≤ t ≤ Ts} .

Ò å î ð å ì à 1.1. Ïóñòü φ ∈ C̄3(R1) è âûïîëíåíû óñëîâèÿ

A ≤ 0,

A2 − 4Bγ(Nφ)
2

(δC∗
φ)

4
≥ 0.

Òîãäà çàäà÷à Êîøè (1.2), (1.4) íà âñåì ïðîìåæóòêå [0, Ts] , ãäå

Ts =
(1− δ)C∗

φ

BC2
φ + |A|Cφ + γ(Nφ)2

(δC∗
φ)

4

−

âðåìÿ ñóùåñòâîâàíèÿ ôèçè÷åñêîé ìîäåëè, èìååò åäèíñòâåííîå ðåøåíèå ν(t, x) ∈ C̄1,3

([0, Ts]× R1) , êîòîðîå îïðåäåëÿåòñÿ èç ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (1.14) - (1.15)
â âèäå ν(t, x) = w0(t, t, x) . Ïðè ýòîì ∂xν(t, x) = w1(t, t, x) , à ∂xxν(t, x) = w2(t, t, x) ,
ãäå ôóíêöèÿ w2(s, t, x) óäîâëåòâîðÿåò óðàâíåíèþ (1.16) è íà÷àëüíîìó óñëîâèþ (1.17).
Ãëàäêîñòü ôóíêöèé w0 , w1 , w2 îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè w0 ∈ C̄1,1,3 (∆T ×R1) ,
w1 ∈ C̄1,1,2 (∆T ×R1) , w2 ∈ C̄1,1,1 (∆T ×R1) .
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Äàòà ïîñòóïëåíèÿ 29.04.2016

Nonlocal solvability of the liminal equation of the creeping
dislocations density and the topological invariant of the
linear thermal deformation of the shell
c⃝ S. N. Alekseenko4, S. N. Nagornykh5, D. V. Khiteva6

Abstract. In the description of a deformation of a shell a coe�cient introduced that links the
gradient of bending in two directions. That greatly simpli�ed the task. The stress in the shell is
proportional to the expected shell deformation and to the square of the gradient of the curvature.
The corresponding equation for the scalar density of dislocations is referred to as liminal. A
dislocation structure of the considered problem is characterized by a kind of topological invariant
for edge dislocations. The value of one of coe�cients in liminal equation is closely related to the
characteristics of this topological invariant. Characteristics selected in this work allowed us to prove
the existence of nonlocal solutions describing the process by which the dislocation density tends
to zero. But because of physical grounds and mathematical features of the liminal equations the
dislocation density cannot be zero, and then the time of existence of the solution is determined
from the condition that the dislocation density decreases to a certain value, characterized by a
small dimensionless coe�cient δ . Under this assumption, the new global estimates are obtained,
based on which the local solution, the existence of which was proved in previous works, extended
over a �nite number of steps for the whole interval in which the dislocation density is not less than
a certain value, characterized by the coe�cient δ . An explicit formula to estimate the length of
the existence interval of the solution under the made assumptions and conditions is obtained. The
mathematical part of the study of the considered problem is made on the basis of the method of
an additional argument.
Key Words: dislocations density, nonlinear �rst-order partial di�erential equation, liminality,
method of an additional argument, global estimates, topological invariant
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