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Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà ïîèñêó ÷èñëåííîãî ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé, êîòîðûå èìåþò ïëîõóþ îáóñëîâëåííîñòü ïðè îïðåäåëåííûõ çíà÷åíèÿõ ïà-
ðàìåòðà çàäà÷è, â êà÷åñòâå êîòîðîãî ìîæåò áûòü âðåìÿ. Ðåøåíèå òàêîé ñèñòåìû, íàïðèìåð,
ïî ïðàâèëó Êðàìåðà èëè ñ ïîìîùüþ ìåòîäà Ãàóññà íåâîçìîæíî â îêðåñòíîñòè ñèíãóëÿðíîñòè
ìàòðèöû ñèñòåìû. Ïðåäëîæåí àëãîðèòì, êîòîðûé ïîçâîëÿåò óñïåøíî ïðîõîäèòü êàê îêðåñò-
íîñòè ñèíãóëÿðíîñòè, òàê è ñàìè îñîáûå òî÷êè, â êîòîðûõ ìàòðèöà ñèñòåìû âûðîæäàåòñÿ.
Äàííûé àëãîðèòì ïðåäïîëàãàåò ïðèìåíåíèå ìåòîäà ïðîäîëæåíèÿ ðåøåíèÿ ïî íàèëó÷øåìó
ïàðàìåòðó.
Êëþ÷åâûå ñëîâà: ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ìåòîä ïðîäîëæåíèÿ ðå-
øåíèÿ ïî ïàðàìåòðó, íàèëó÷øèé ïàðàìåòð ïðîäîëæåíèÿ, îáûêíîâåííûå äèôôåðåíöèàëüíûå
óðàâíåíèÿ, íà÷àëüíàÿ çàäà÷à, ÷èñëåííûå ìåòîäû èíòåãðèðîâàíèÿ

1. Ââåäåíèå

Ðåøåíèå ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ) - îäíà èç îñíîâíûõ
çàäà÷ âû÷èñëèòåëüíîé ìàòåìàòèêè. Îò óìåíèÿ ýôôåêòèâíî ðåøàòü òàêèå ñèñòåìû ÷àñòî
çàâèñèò ñàìà âîçìîæíîñòü ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ñàìûõ ðàçíîîáðàçíûõ ïðîöåñ-
ñîâ ñ ïðèìåíåíèåì ÝÂÌ. Äîñòàòî÷íî ñêàçàòü, ÷òî íàèáîëåå ýôôåêòèâíûé íà ñåãîäíÿø-
íèé äåíü ÷èñëåííûé ìåòîä ðåøåíèÿ çàäà÷ ìåõàíèêè ñïëîøíîé ñðåäû � ìåòîä êîíå÷íûõ
ýëåìåíòîâ, ñâîäèòñÿ ê ðåøåíèþ ÑËÀÓ. Çíà÷èòåëüíàÿ ÷àñòü ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ
ðàçëè÷íûõ, â ÷àñòíîñòè íåëèíåéíûõ çàäà÷ âêëþ÷àåò â ñåáÿ ðåøåíèå ñèñòåì ëèíåéíûõ
óðàâíåíèé êàê ïðîìåæóòî÷íûé øàã ñîîòâåòñòâóþùåãî àëãîðèòìà.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ÷àñòíûé ñëó÷àé ðåøåíèÿ ÑËÀÓ, à èìåííî ñèñòåì,
ìàòðèöû êîòîðûõ ñòàíîâÿòñÿ ñèíãóëÿðíûìè ïðè íåêîòîðûõ çíà÷åíèÿõ ïàðàìåòðà çàäà÷è.
Â îêðåñòíîñòè òàêèõ òî÷åê çàäà÷è ñòàíîâÿòñÿ ïëîõî îáóñëîâëåííûìè, ò.å. ìàëûì èçìå-
íåíèÿì ýëåìåíòîâ ìàòðèöû îòâå÷àþò áîëüøèå èçìåíåíèÿ ýëåìåíòîâ ðåøåíèÿ. Íåñìîò-
ðÿ íà òî, ÷òî ïëîõî îáóñëîâëåííûå ñèñòåìû èìåþò åäèíñòâåííîå ðåøåíèå, íà ïðàêòèêå
ýòî ðåøåíèå ÷èñëåííî ïîëó÷èòü çàòðóäíèòåëüíî, òàê êàê äàæå íåçíà÷èòåëüíûå âû÷èñëè-
òåëüíûå îøèáêè îêðóãëåíèÿ, íåìèíóåìî íàêàïëèâàåìûå ïðè ðàñ÷åòå, ïðèâîäÿò ê áîëüøèì
ïîãðåøíîñòÿì. Â äàííîé ðàáîòå èññëåäóþòñÿ ïðåäåëüíûå îñîáûå òî÷êè, â êîòîðûõ ðàíã
ìàòðèöû n -ãî ïîðÿäêà ÑËÀÓ ñ n íåèçâåñòíûìè ïðèíèìàåò çíà÷åíèå, ðàâíîå n−1 . Òàêèå
ñèòóàöèè âîçíèêàþò ïðè ðåøåíèè çàäà÷ óïðóãîâÿçêîïëàñòè÷íîñòè ìàòåðèàëîâ â ìåõàíèêå
äåôîðìèðóåìîãî òâåðäîãî òåëà.

Çäåñü ïðåäëàãàåòñÿ àëãîðèòì, ïîçâîëÿþùèé ïðåîäîëåòü îòìå÷åííûå òðóäíîñòè.

1 Ñòóäåíò êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé, Ìîñêîâñêèé àâèàöèîííûé èíñòèòóò (íàöèîíàëüíûé
èññëåäîâàòåëüñêèé óíèâåðñèòåò), ã. Ìîñêâà; yourleo@yandex.ru,

2 Ïðîôåññîð êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé, Ìîñêîâñêèé àâèàöèîííûé èíñòèòóò (íàöèîíàëü-
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2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé âèäà:

A(t)x = b(t), (2.1)

ãäå A - ìàòðèöà ∥aij∥nn , x = (x1, ..., xn)
T , b = (b1, ..., bn)

T , ïàðàìåòð çàäà÷è t ∈ R .

Äëÿ ðåøåíèÿ ñèñòåìû (2.1) èñïîëüçóåì ïðàâèëî Êðàìåðà:

xi(t) =
∆i(t)

∆
, i = 1, n, (2.2)

ãäå △ (t) =

∣∣∣∣∣∣∣
a11 · · · a1n
...

. . .
...

an1 · · · ann

∣∣∣∣∣∣∣ ,△i (t) =

∣∣∣∣∣∣∣
a11 · · · b1i · · · a1n
...

...
...

an1 · · · bni · · · ann

∣∣∣∣∣∣∣ , (b1i, . . . , bni)
T - ñòîëáåö ïðà-

âîé ÷àñòè ñèñòåìû (2.1), ñòîÿùèé â i -ì ñòîëáöå ìàòðèöû A ñèñòåìû.

Ðàññìîòðèì ðåøåíèå ñèñòåìû (2.1) ñ ìàòðèöåé âèäà

A(t) =


a11 · · · a1n
... · · · ...

a11 + ε1(1− t) · · · a1n + εn(1− t)
... · · · ...
an1 · · · ann

 ,

ãäå ñòðîêà a11 + ε1(1− t), . . . , a1n + εn(1− t) � k -àÿ ñòðîêà, k = 1, n, εi ≪ 1 , i = 1, n .

3. Ìåòîä ðåøåíèÿ çàäà÷è

Â îêðåñòíîñòè çíà÷åíèÿ t = 1 ðåøåíèå xi(t) ñèñòåìû (2.1) áóäåò ïëîõî îáóñëîâ-
ëåííûì, à ïðè t = 1 ìàòðèöà ñèñòåìû ñòàíîâèòñÿ âûðîæäåííîé. Äëÿ ðåøåíèÿ ñèñòåìû
ïðèìåíèì ìåòîä ïðîäîëæåíèÿ ðåøåíèÿ ïî íàèëó÷øåìó ïàðàìåòðó [1].

Ïðîäèôôåðåíöèðóåì ñèñòåìó (2.1) ïî ïåðåìåííîé t :

A(t)ẋ = ḃ(t)− Ȧ(t)x. (3.1)

Çäåñü òî÷êà îáîçíà÷àåò ïðîèçâîäíóþ ôóíêöèè ïî ïàðàìåòðó çàäà÷è t .
Ðåøåíèå ïîëó÷åííîé ñèñòåìû ïî ïðàâèëó Êðàìåðà ïðèìåò ñëåäóþùèé âèä:

ẋi =
∆̃i(t)

∆i

,

è òàêæå áóäåì èìåòü ïëîõóþ îáóñëîâëåííîñòü â îêðåñòíîñòè çíà÷åíèÿ t = 1 . Ïðåîáðàçóåì
ñèñòåìó (3.1) ê íàèëó÷øåìó ïàðàìåòðó λ , êîòîðûé îïðåäåëÿåòñÿ óñëîâèåì

n∑
i=1

(x′i)
2 + (t′)2 = 1, i = 1, n, (3.2)

ãäå x′i è t′ � ïðîèçâîäíûå ôóíêöèé xi è t ïî ïàðàìåòðó λ .
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Òîãäà ñèñòåìà (3.1) çàïèøåòñÿ â âèäå

A(t)x′ = (ḃ(t)− Ȧ(t)x)t′, (3.3)

ãäå Ȧ(t) =


0 · · · 0
...

...
−ε1 · · · −εn
...

...
0 · · · 0

 .

Â ìàòðè÷íîì âèäå åå ìîæíî ïåðåïèñàòü òàê:
a11 · · · a1n
... · · · ...

a11 + ε1(1− t) · · · a1n + εn(1− t)
... · · · ...
an1 · · · ann




x1λ

...

xnλ

 =

=


ḃ1
...

ḃk + ε1x1+̇ · · ·+ εnxn
...

ḃn

 t′.

Çàïèøåì ðåøåíèå ñèñòåìû (3.3), âíîâü âîñïîëüçîâàâøèñü ïðàâèëîì Êðàìåðà:

x′i =
∆i(t)

∆
t′, (3.4)

ãäå ∆i =

∣∣∣∣∣∣∣∣∣∣∣∣

a11 · · · ḃ1 · · · a1n
...

...
...

a11 · · · ḃk + ε1x1 + · · ·+ εnxn · · · a1n
...

...
...

an1 · · · ḃn · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣
.

Ïîäñòàâèâ ïîëó÷åííîå ðåøåíèå x′i â óðàâíåíèå äëÿ íàèëó÷øåãî ïàðàìåòðà (3.2), èìååì:

∆i∆i

∆2
t′2 = 1 ⇒ t′2 =

∆2

∆2 +∆i∆i

, i = 1, n.

Òîãäà ñ ó÷åòîì (3.4) ïðèõîäèì ê ñèñòåìå óðàâíåíèé:
dxi
dλ

= ± ∆i√
∆2 +

∑n
i=1(∆i)2

dt

dλ
= ± ∆√

∆2 +
∑n

i=1(∆i)2

, i = 1, n (3.5)
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Ñèñòåìà (3.5) óæå íå èìååò îñîáåííîñòü ïðè t = 1 . Åå ìîæíî óñïåøíî ïðîèíòåãðèðî-
âàòü íà îòðåçêå t ∈ [0, 2] ëþáûì ÷èñëåííûì ìåòîäîì ðåøåíèÿ çàäà÷è Êîøè ñ íà÷àëüíûìè
óñëîâèÿìè {

xi(0) = xi0

t(0) = 0
, i = 1, n, (3.6)

ãäå xi0 � ðåøåíèå ñèñòåìû (2.1) ïðè t = 0 è ïàðàìåòð λ îòñ÷èòûâàåòñÿ îò íà÷àëüíîé
òî÷êè.

4. Ïðèìåð

Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàëàñü ñèñòåìà (2.1) ñ ìàòðèöåé A òðåòüåãî ïîðÿäêà
âèäà:

A(t) =

 2 1 3
2 + 0.1(1− t) 1 + 0.2(1− t) 3 + 0.3(1− t)

3 4 −1

 .

Ïðåîáðàçóÿ ñèñòåìó ê íàèëó÷øåìó ïàðàìåòðó, ïðèõîäèì ê ñëåäóþùåé ñèñòåìå îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:



dx1
dλ

=
13(0.1x1 + 0.2x2 + 0.3x3)√

(−2.4(1− t))2 + 315(0.1x1 + 0.2x2 + 0.3x3)2

dx2
dλ

=
−11(0.1x1 + 0.2x2 + 0.3x3)√

(−2.4(1− t))2 + 315(0.1x1 + 0.2x2 + 0.3x3)2

dx3
dλ

=
−5(0.1x1 + 0.2x2 + 0.3x3)√

(−2.4(1− t))2 + 315(0.1x1 + 0.2x2 + 0.3x3)2

dt

dλ
=

−2.4(0.1x1 + 0.2x2 + 0.3x3)√
(−2.4(1− t))2 + 315(0.1x1 + 0.2x2 + 0.3x3)2

,

,

êîòîðóþ ñëåäóåò èíòåãðèðîâàòü ñ íà÷àëüíûìè óñëîâèÿìè
x1(0) = −9

2

x2(0) =
121
26

x3(0) =
55
26

t(0) = 0

.

×èñëåííîå ðåøåíèå ýòîé íà÷àëüíîé çàäà÷è áûëî ïîëó÷åíî â âû÷èñëèòåëüíîé ñðåäå
MathCAD 14 íåñêîëüêèìè ÷èñëåííûìè ìåòîäàìè èíòåãðèðîâàíèÿ [2]. Ïðèìåíÿëèñü ñëå-
äóþùèå ìåòîäû:

1. Ìåòîä Ýéëåðà;
2. Ìåòîä Ðóíãå-Êóòòû ÷åòâåðòîãî ïîðÿäêà.
Îòìåòèì, ÷òî äîñòîâåðíîå ðåøåíèå íåïðåîáðàçîâàííîé çàäà÷è ýòèìè ìåòîäàìè ïîëó-

÷èòü íå óäàëîñü èç-çà ïåðåïîëíåíèÿ ïàìÿòè ÝÂÌ â îêðåñòíîñòè îñîáîé òî÷êè.
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5. Âûâîäû

Òàêèì îáðàçîì, ðàçðàáîòàí àëãîðèòì è ñîñòàâëåíû âû÷èñëèòåëüíûå ïðîãðàììû ðå-
øåíèÿ ÑËÀÓ, ìàòðèöû êîòîðûõ ìîãóò âûðîæäàòüñÿ ïðè íåêîòîðîì çíà÷åíèè ïàðàìåòðà
çàäà÷è.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò � 16-08-00943.
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Solution of ill-conditioned system of linear algebraic
equations
c⃝ L. B. Bolotin 3, E. B. Kuznetsov 4

Abstract. The paper deals with the numerical solution for a system of linear algebraic equations
which are ill-conditioned for some values of the problem parameter. For example, the parameter
may be time. The solution of such system according to Cramer's rule or the Gauss method, for
example, is impossible in the vicinity of singularity of the system matrix. An o�ered algorithm
allows to pass successfully the vicinity of the singularity and own singular point, where the system
matrix degenerates. This algorithm involves the method of solution continuation with respect to
the best parameter.
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numerical methods of integration
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