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Óñòîé÷èâîñòü è äèôôåðåíöèðóåìîñòü ïî ìàëîìó
ïàðàìåòðó ñìåøàííîé çàäà÷è äëÿ íåëèíåéíîãî
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âîñüìîãî ïîðÿäêà
c⃝ Ò. Ê. Þëäàøåâ 1

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû íåïðåðûâíîé çàâèñèìîñòè è äèôôåðåíöè-
ðóåìîñòè ïî ìàëîìó ïàðàìåòðó îáîáùåííîãî ðåøåíèÿ ñìåøàííîé çàäà÷è äëÿ íåëèíåéíîãî
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âîñüìîãî ïîðÿäêà, ëåâàÿ ÷àñòü êîòîðîãî ÿâëÿåòñÿ ñóïåð-
ïîçèöèåé äâóõ îïåðàòîðîâ ìàòåìàòè÷åñêîé ôèçèêè ÷åòâåðòîãî ïîðÿäêà. Ñ ïîìîùüþ ìåòî-
äà Ôóðüå ðàçäåëåíèÿ ïåðåìåííûõ ñìåøàííàÿ çàäà÷à ñâåäåíà ê èçó÷åíèþ ñ÷åòíîé ñèñòåìû
íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà âòîðîãî ðîäà ñ ìàëûì ïàðàìåòðîì. Äîêà-
çàíà íåïðåðûâíàÿ çàâèñèìîñòü îáîáùåííîãî ðåøåíèÿ ðàññìàòðèâàåìîé ñìåøàííîé çàäà÷è
ïî ìàëîìó ïîëîæèòåëüíîìó ïàðàìåòðó. Òàêæå äîêàçàíà äèôôåðåíöèðóåìîñòü îáîáùåííî-
ãî ðåøåíèÿ ðàññìàòðèâàåìîé ñìåøàííîé çàäà÷è ïî ìàëîìó ïàðàìåòðó. Ïðè äîêàçàòåëüñòâå
ñóùåñòâîâàíèÿ ïðîèçâîäíîé ïî ìàëîìó ïàðàìåòðó ñ÷åòíîé ñèñòåìû íåëèíåéíûõ èíòåãðàëü-
íûõ óðàâíåíèé Âîëüòåððà âòîðîãî ðîäà èñïîëüçîâàí ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.
Ðåçóëüòàòû, ïîëó÷åííûå â äàííîé ðàáîòå, èãðàþò âàæíóþ ðîëü ïðè ïîñòðîåíèè àñèìïòîòè-
÷åñêèõ ðàçëîæåíèé ïî ìàëîìó ïàðàìåòðó ðåøåíèÿ ñìåøàííîé çàäà÷è äëÿ ðàññìàòðèâàåìîãî
íåëèíåéíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âîñüìîãî ïîðÿäêà.
Êëþ÷åâûå ñëîâà: Ñìåøàííàÿ çàäà÷à, óðàâíåíèå âîñüìîãî ïîðÿäêà, ñóïåðïîçèöèÿ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ, óñòîé÷èâîñòü ðåøåíèÿ ïî ìàëîìó ïàðàìåòðó, äèôôåðåíöèðóåìîñòü
ðåøåíèÿ ïî ìàëîìó ïàðàìåòðó.

1. Ââåäåíèå

Òåîðèÿ ñìåøàííûõ è êðàåâûõ çàäà÷ äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ â ñèëó åå
ïðèêëàäíîé âàæíîñòè ÿâëÿåòñÿ îäíèì èç âàæíåéøèõ ðàçäåëîâ òåîðèè äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.

Ñìåøàííûå çàäà÷è â òåîðèè óïðóãîñòè âîçíèêàþò ïðè ðàñ÷åòå ðàçëè÷íûõ äåòàëåé ìà-
øèí è ýëåìåíòîâ êîíñòðóêöèé, íàõîäÿùèõñÿ âî âçàèìîäåéñòâèè, ïðè ðàñ÷åòå ôóíäàìåí-
òîâ è îñíîâàíèé ñîîðóæåíèé [1]. Ñìåøàííûìè çàäà÷àìè òàêæå ÿâëÿþòñÿ ìíîãèå çàäà÷è
êîíöåíòðàöèè íàïðÿæåíèé â îêðåñòíîñòè âñåâîçìîæíûõ òðåùèí, èíîðîäíûõ âêëþ÷åíèé,
ïîäêðåïëÿþùèõ ñòðèíãåðîâ è íàêëàäîê. Ìíîãî ñìåøàííûõ çàäà÷ è â ãèäðîäèíàìèêå. Ýòî
è íåëèíåéíûå çàäà÷è òåîðèè êðûëà è ãëèññèðîâàíèÿ, òåîðèè ñòðóéíûõ òå÷åíèé, òåîðèè
êà÷êè êîðàáëÿ è óäàðà òåë î ïîâåðõíîñòü æèäêîñòè, ôèëüòðàöèè, òåîðèè âçðûâà, ðÿä
çàäà÷ ãèäðîóïðóãîñòè.

Ïðåäñòàâëÿþò áîëüøîé èíòåðåñ ñ òî÷êè çðåíèÿ ôèçè÷åñêèõ ïðèëîæåíèé äèôôåðåíöè-
àëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ [2], [3].

Äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî, ïÿòîãî è øåñòî-
ãî ïîðÿäêîâ èçó÷àëèñü âî ìíîãèõ ðàáîòàõ, â ÷àñòíîñòè [4] � [18]. Äèôôåðåíöèàëüíûå
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ èçó÷àëèñü, â ÷àñòíîñòè, â [19] �
[25].

Ïðè èññëåäîâàíèè ðåàëüíûõ îáúåêòîâ çà÷àñòóþ ïðèõîäèòñÿ ïðèíèìàòü âî âíèìàíèå
ðàçíîîáðàçíûå ôàêòîðû, äåéñòâóþùèå íà äàííóþ ñèñòåìó. Ïðè ðàññìîòðåíèè ðàçëè÷íûõ

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursun.k.yuldashev@gmail.com
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çàäà÷ óïðàâëåíèÿ äâèæåíèåì ñóùåñòâåííóþ ðîëü èãðàåò òåîðèÿ óñòîé÷èâîñòè. Ïîä óñòîé-
÷èâîñòüþ îáû÷íî ïîíèìàþò ñâîéñòâî ñèñòåìû, êîòîðîå ñîõðàíèòñÿ ïðè ìàëûõ èçìåíåíèÿõ
íà÷àëüíûõ ñîñòîÿíèé, âíåøíèõ âîçäåéñòâèé, ïàðàìåòðîâ ñèñòåìû è ò.ä.

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû óñòîé÷èâîñòè è äèôôåðåíöèðóåìîñòè ïî
ìàëîìó ïàðàìåòðó îáîáùåííîãî ðåøåíèÿ ñìåøàííîé çàäà÷è äëÿ íåëèíåéíîãî óðàâíåíèÿ
â ÷àñòíûõ ïðîèçâîäíûõ âîñüìîãî ïîðÿäêà, ëåâàÿ ÷àñòü êîòîðîãî ÿâëÿåòñÿ ñóïåðïîçèöèåé
äâóõ îïåðàòîðîâ ìàòåìàòè÷åñêîé ôèçèêè ÷åòâåðòîãî ïîðÿäêà. Ðåçóëüòàòû äàííîé ðàáîòû
èãðàþò âàæíóþ ðîëü ïðè ïîñòðîåíèè àñèìïòîòè÷åñêèõ ðàçëîæåíèé ïî ìàëîìó ïàðàìåò-
ðó ðåøåíèÿ ñìåøàííîé çàäà÷è äëÿ ðàññìàòðèâàåìîãî íåëèíåéíîãî óðàâíåíèÿ â ÷àñòíûõ
ïðîèçâîäíûõ âîñüìîãî ïîðÿäêà.

Èñïîëüçóþòñÿ ñëåäóþùèå èçâåñòíûå ïîíÿòèÿ. Ðàññìàòðèâàåòñÿ áàíàõîâî ïðîñòðàíñòâî
B2(T ) ñ íîðìîé ∥∥∥a(t)∥∥∥

B2(T )
=

√√√√ ∞∑
n=1

(
max
t∈DT

|an(t)|
) 2

.

Äëÿ ïðîèçâîëüíîé ôóíêöèè g(x), x ∈ Dl â ïðîñòðàíñòâå L 2(Dl) èñïîëüçóåòñÿ íîðìà

∥∥∥g(x)∥∥∥
L2(Dl)

=

√∫ l

0

|g(y)| 2dy.

Äëÿ ÷èñëîâîé ïîñëåäîâàòåëüíîñòè φn â ïðîñòðàíñòâå ℓ2 ðàññìàòðèâàåòñÿ íîðìà

∥∥∥φ∥∥∥
ℓ2
=

√√√√ ∞∑
n=1

|φn| 2.

2. Ïîñòàíîâêà çàäà÷è

Â îáëàñòè D ðàññìàòðèâàåòñÿ óðàâíåíèå(
∂

∂ t
− ε

∂ 3

∂ t ∂ x 2
+

∂ 4

∂ x4

)(
∂ 2

∂ t 2
− ε

∂ 4

∂ t 2 ∂ x 2
+

∂ 4

∂ x4

)
u(t, x) = f (t, x, u(t, x)) (2.1)

ñî ñìåøàííûìè óñëîâèÿìè

u(0, x) = ϕ1(x), ut(0, x) = ϕ2(x), utt(0, x) = ϕ3(x), x ∈ Dl, (2.2)

u(t, 0) = u(t, l) =
∂ 2

∂ x2
u(t, 0) =

∂ 2

∂ x2
u(t, l) =

=
∂ 4

∂ x4
u(t, 0) =

∂ 4

∂ x4
u(t, l) =

∂ 6

∂ x6
u(t, 0) =

∂ 6

∂ x6
u(t, l) = 0, (2.3)

ãäå f(t, x, u) ∈ C(D×R) , ϕ i(x) ∈ C 9(Dl) , i = 1, 3 , D ≡ DT ×Dl , DT ≡ [0;T ] , Dl ≡ [0; l] ,
0 < T <∞ , 0 < l <∞ , 0 < ε � ìàëûé ïàðàìåòð.

Â äàííîé ðàáîòå îáîáùåííîå ðåøåíèå ñìåøàííîé çàäà÷è (2.1)�(2.3) çàïèñûâàåòñÿ â
âèäå ðÿäà:

u(t, x) =
∞∑
n=1

an(t)bn(x), (2.4)

ãäå bn(x) =
√

2
l
sinλnx , λn = nπ

l
.
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Êîýôôèöèåíòû ðàçëîæåíèÿ an(t) îáîáùåííîãî ðåøåíèÿ ñìåøàííîé çàäà÷è (2.1)�(2.3)
óäîâëåòâîðÿþò ñëåäóþùåé ñ÷åòíîé ñèñòåìå íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé
(ÑÑÍÈÓ) Âîëüòåððà âòîðîãî ðîäà [26]

an(t) = ψn(t, ε)+

+
1

ωn(ε)

t∫
0

l∫
0

f

(
s, y,

∞∑
i=1

a i(s)b i(y)

)
bn(y)Gn(t, s, ε)dyds, (2.5)

ãäå

ψn(t, ε) =
µ 2
n(ε)ϕ 1n + ϕ 3n

µ 2
n(ε) + µ 4

n(ε)
exp

{
−µ 2

n(ε)t
}
+
µ 4
n(ε)ϕ 1n − ϕ 3n

µ 2
n(ε) + µ 4

n(ε)
cosµn(ε)t+

+
µ 2
n(ε)ϕ 1n + (1 + µ 2

n(ε))ϕ 2n + ϕ 3n

µ 3
n(ε) + µ 5

n(ε)
sinµn(ε)t,

Gn(t, s, ε) = exp
{
−µ 2

n(ε)(t− s)
}
+ µn(ε) sinµn(ε)(t− s)− cosµn(ε)(t− s),

ωn(ε) = ρ 2
n(ε)µ

2
n(ε)(1 + µ 2

n(ε)), µ
2
n(ε) =

λ4n
ρn(ε)

, ρn(ε) = 1 + λ 2
nε,

íà÷àëüíûå äàííûå ϕ jn ïîäáèðàëèñü èç (2.2) òàê, ÷òî

ϕ jn(x) =
∞∑
n=1

ϕ jnbn(x), ϕ jn(x) ∈ L2(Dl), j = 1, 3.

Îòìåòèì, ÷òî â ðàáîòå [26] èçó÷åíà îäíîçíà÷íàÿ ðàçðåøèìîñòü ñìåøàííîé çàäà÷è
(2.1)�(2.3).

3. Óñòîé÷èâîñòü ðåøåíèÿ ñìåøàííîé çàäà÷è ïî ìàëîìó ïàðàìåò-

ðó

Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1)
T∫
0

∥f (t, x,
∑∞

i=1 ψ i(t, ε)b i(x))∥L2(Dl)
dt ≤ ∆ <∞ ;

2) f(t, x, u) ∈ Lip
{
L(t, x) |u

}
, ãäå 0 <

t∫
0

∥∥∥L(s, x)∥∥∥
L2(Dl)

ds <∞ ;

3)
∥∥∥ψ(t, ε)∥∥∥

B2(T )
<∞ ;

4)
∥∥∥λ−2

(
1 + (3 + T )λ−2

)∥∥∥
ℓ2

∥∥∥ϕ 1

∥∥∥
ℓ2
<∞ ,

∥∥∥λ−4
∥∥∥
ℓ2

∥∥∥ϕ 2

∥∥∥
ℓ2
<∞ ;

5)
∥∥∥λ−8

∥∥∥
ℓ2
M 2

1M 2

√
l <∞ ,

∥∥∥(λ−2 + λ−4 + λ−6
∥∥∥
ℓ2

∥∥∥ϕ 3

∥∥∥
ℓ2
<∞ ;

6)

(∥∥∥λ−2
∥∥∥
ℓ2
+
∥∥∥λ−4

(
1 + λ−2 + λ−4

)∥∥∥
ℓ2

∥∥∥λ−2 + (1 + T )λ−4 + λ−6T
∥∥∥
ℓ2

)
×

×M 2
1M 2

√
l
T∫
0

∥f (t, x,
∑∞

i=1 ψ i(t, ε 1)b i(x))∥L2(Dl)
dt <∞ ,

ãäå M 1 =

√
∞∑
n=1

1(
ωn(ε)

)2 , M 2 =
∥∥G(t, s)∥∥

B2(T )
.
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Òîãäà äëÿ ïðîèçâîëüíûõ ε 1, ε 2 ∈ [0, ε] ñïðàâåäëèâà îöåíêà:∣∣∣u(t, x, ε 1)− u(t, x, ε 2)
∣∣∣ ≤ A|ε 1 − ε 2|, 0 < A = const.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñ ó÷åòîì (2.5) ðàññìîòðèì ñëåäóþùóþ ðàçíîñòü:

an(t, ε 1)− an(t, ε 2) = ψn(t, ε 1)− ψn(t, ε 2)+

+

(
1

ωn(ε 1)
− 1

ωn(ε 2)

) t∫
0

l∫
0

f
(
s, y,

∞∑
i=1

ai(s, ε 1)b i(y)
)
bn(y)Gn(t, s, ε 1)dyds+

+
1

ωn(ε 2)

 t∫
0

l∫
0

(
f

(
s, y,

∞∑
i=1

a i(s, ε 1)b i(y)

)
− f

(
s, y,

∞∑
i=1

a i(s, ε 2)b i(y)

))
×

×bn(y)Gn(t, s, ε 2)dyds+

+

t∫
0

l∫
0

f

(
s, y,

∞∑
i=1

a i(s, ε 1)b i(y)

)
bn(y)

(
Gn(t, s, ε 1)−Gn(t, s, ε 2)

)
dyds

 , (3.1)

ãäå

ψn(t, ε 1)− ψn(t, ε 2) =

[
µ 2
n(ε 1)ϕ 1n + ϕ 3n

µ 2
n(ε 1) + µ 4

n(ε 1)
− µ 2

n(ε 2)ϕ 1n + ϕ 3n

µ 2
n(ε 2) + µ 4

n(ε 2)

]
exp

{
−µ 2

n(ε 2)t
}
+

+
µ 2
n(ε 1)ϕ 1n + ϕ 3n

µ 2
n(ε 1) + µ 4

n(ε 1)

[
exp

{
−µ 2

n(ε 1)t
}
− exp

{
−µ 2

n(ε 2)t
}]

+

+

[
µ 4
n(ε 1)ϕ 1n − ϕ 3n

µ 2
n(ε 1) + µ 4

n(ε 1)
− µ 4

n(ε 2)ϕ 1n − ϕ 3n

µ 2
n(ε 2) + µ 4

n(ε 2)

]
cosµn(ε 2)t+

+
µ 4
n(ε 1)ϕ 1n − ϕ 3n

µ 2
n(ε 1) + µ 4

n(ε 1)
[cosµn(ε 1)t− cosµn(ε 2)t] +

+

[
µ 2
n(ε 1)ϕ 1n + (1 + µ 2

n(ε 1))ϕ 2n + ϕ 3n

µ 3
n(ε 1) + µ 5

n(ε 1)
− µ 2

n(ε 2)ϕ 1n + (1 + µ 2
n(ε 2))ϕ 2n + ϕ 3n

µ 3
n(ε 2) + µ 5

n(ε 2)

]
sinµn(ε 2)t+

+
µ 2
n(ε 1)ϕ 1n + (1 + µ 2

n(ε 1))ϕ 2n + ϕ 3n

µ 3
n(ε 1) + µ 5

n(ε 1)
[sinµn(ε 1)t− sinµn(ε 2)t] ; (3.2)

Gn(t, s, ε 1)−Gn(t, s, ε 2) = exp
{
−µ 2

n(ε 1)(t− s)
}
− exp

{
−µ 2

n(ε 2)(t− s)
}
+

+ [µn(ε 1)− µn(ε 2)] sinµn(ε 2)(t− s) + µn(ε 1) [sinµn(ε 1)(t− s)− sinµn(ε 2)(t− s)]−
− [cosµn(ε 1)(t− s)− cosµn(ε 2)(t− s)] . (3.3)

Äëÿ îöåíêè ïî íîðìå ýòîé ðàçíîñòè (3.1) èñïîëüçóåì ñëåäóþùèå îöåíêè:

|µn(ε)| =

∣∣∣∣∣ λ2n√
1 + λ 2

nε

∣∣∣∣∣ ≤ λ2n;

∣∣∣∣ 1

ωn(ε)

∣∣∣∣ ≤ λ−8
n ; (3.4)

∣∣∣∣µ 2
n(ε)ϕ 1n + ϕ 3n

µ 2
n(ε) + µ 4

n(ε)

∣∣∣∣ ≤ ∣∣∣∣ ϕ 1n

1 + µ 2
n(ε)

∣∣∣∣+
∣∣∣∣∣∣ ϕ 3n

µ 2
n(ε)

(
1 + µ 2

n(ε)
)
∣∣∣∣∣∣ ≤ |ϕ 1n|+

1 + λ 2
n

λ 4
n

|ϕ 3n|;
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∣∣∣∣µ 4
n(ε)ϕ 1n − ϕ 3n

µ 2
n(ε) + µ 4

n(ε)

∣∣∣∣ ≤ |ϕ 1n|+
1 + λ 2

n

λ 4
n

|ϕ 3n|;∣∣∣∣µ 2
n(ε)ϕ 1n + (1 + µ 2

n(ε))ϕ 2n + ϕ 3n

µ 3
n(ε) + µ 5

n(ε)

∣∣∣∣ ≤ |ϕ 1n|+ |ϕ 2n|+ |ϕ 3n|;

|µn(ε 1)− µn(ε 2)| ≤ λ−4
n |ε 1 − ε 2|;

∣∣∣∣ 1

ωn(ε 1)
− 1

ωn(ε 2)

∣∣∣∣ ≤ λ−2
n |ε 1 − ε 2|; (3.5)

|sinµn(ε 1)t− sinµn(ε 2)t| ≤ λ−4
n T |ε 1 − ε 2|;

|cosµn(ε 1)t− cosµn(ε 2)t| ≤ λ−4
n T |ε 1 − ε 2|;∣∣∣exp [− µ 2

n(ε 1)t
]
− exp

[
− µ 2

n(ε 2)t
]∣∣∣ ≤ λ−2

n |ε 1 − ε 2|;∣∣∣∣µ 2
n(ε 1)ϕ 1n + ϕ 3n

µ 2
n(ε 1) + µ 4

n(ε 1)
− µ 2

n(ε 2)ϕ 1n + ϕ 3n

µ 2
n(ε 2) + µ 4

n(ε 2)

∣∣∣∣ ≤ λ−4
n

[
|ϕ 1n|+ |ϕ 3n|

]
|ε 1 − ε 2|;∣∣∣∣µ 4

n(ε 1)ϕ 1n − ϕ 3n

µ 2
n(ε 1) + µ 4

n(ε 1)
− µ 4

n(ε 2)ϕ 1n − ϕ 3n

µ 2
n(ε 2) + µ 4

n(ε 2)

∣∣∣∣ ≤ λ−4
n

[
|ϕ 1n|+ |ϕ 3n|

]
|ε 1 − ε 2|;

∣∣∣∣µ 2
n(ε 1)ϕ 1n + (1 + µ 2

n(ε 1))ϕ 2n + ϕ 3n

µ 3
n(ε 1) + µ 5

n(ε 1)
− µ 2

n(ε 2)ϕ 1n + (1 + µ 2
n(ε 2))ϕ 2n + ϕ 3n

µ 3
n(ε 2) + µ 5

n(ε 2)

∣∣∣∣ ≤
≤ λ−4

n

[
|ϕ 1n|+ ϕ 2n|+ |ϕ 3n|

]
|ε 1 − ε 2|.

Òîãäà äëÿ ðàçíîñòåé (3.3) è (3.2) ïîëó÷àåì îöåíêè

|Gn(t, s, ε 1)−Gn(t, s, ε 2)| ≤
(
λ−2
n + (1 + T )λ−4

n + λ−6
n T

)
|ε 1 − ε 2|; (3.6)

|ψn(t, ε 1)− ψn(t, ε 2)| ≤
[
λ−2
n

(
1 + (3 + T )λ−2

n

)
|ϕ 1n|+ λ−4

n (1 + T )|ϕ 2n|+

+(1 + T )
(
1 + λ−2

n + λ−4
n

)
|ϕ 3n|

]
|ε 1 − ε 2|. (3.7)

Â ñèëó óñëîâèé òåîðåìû, ñ ó÷åòîì îöåíîê (3.4)�(3.7) èç (3.1) èìååì∥∥a(t, ε 1)− a(t, ε 2)
∥∥
B2(T )

≤ A 0|ε 1 − ε 2|+

+K 0

t∫
0

∥L (s, x)∥L2(Dl)

∥∥a(s, ε 1)− a(s, ε 2)
∥∥
B2(t)

ds, (3.8)

ãäå

A 0 =
∥∥∥λ−2

(
1 + (3 + T )λ−2

)∥∥∥
ℓ2

∥∥ϕ 1

∥∥
ℓ2
+ (1 + T )

∥∥∥λ−4
∥∥∥
ℓ2

∥∥ϕ 2

∥∥
ℓ2
+

+(1 + T )
∥∥∥1 + λ−2 + λ−4

∥∥∥
ℓ2

∥∥ϕ 3

∥∥
ℓ2
+

+
[∥∥∥λ−2

∥∥∥
ℓ2
+
∥∥∥λ−4

(
1 + λ−2 + λ−4

)∥∥∥
ℓ2

∥∥∥λ−2 + (1 + T )λ−4 + Tλ−6
∥∥∥
ℓ2

]
×

×M 1M 2

√
lmax
t∈DT

t∫
0

∥∥∥∥∥f
(
s, x,

∞∑
i=1

a i(s, ε 1)b i(x)

)∥∥∥∥∥
L2(Dl)

ds, (3.9)
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K 0 =
∥∥∥λ−8

∥∥∥
ℓ2
M2

1M 2

√
l, M 1 =

√√√√ ∞∑
n=1

1(
ωn(ε)

)2 , M 2 =
∥∥G(t, s)∥∥

B2(T )
. (3.10)

Ïðèìåíÿÿ ê (3.8) íåðàâåíñòâà Ãðîíóîëëà-Áåëëìàíà, ïîëó÷èì∥∥a(t, ε 1)− a(t, ε 2)
∥∥
B2(T )

≤ A 1|ε 1 − ε 2|, (3.11)

ãäå A 1 = A 0 exp

{
K 0maxt∈DT

t∫
0

∥L (s, x)∥L2(Dl)
ds

}
.

Èç (3.11) ñ ó÷åòîì (2.4) ïîëó÷àåì, ÷òî

∣∣u(t, x, ε 1)− u(t, x, ε 2)
∣∣ ≤ ∞∑

n=1

∣∣an(t, ε 1)− an(t, ε 2)
∣∣ · ∣∣bn(x)∣∣ ≤M 3A 1|ε 1 − ε 2|,

ãäå M 3 =
∥∥b(x)∥∥

B2(l)
.

Åñëè ïîëîæèì M 3A 1 = A â ïîñëåäíåì íåðàâåíñòâå, òî îòñþäà ñëåäóåò óòâåðæäåíèå
òåîðåìû.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ñ ë å ä ñ ò â è å 3.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.1. Òîãäà äëÿ ε ∈
[0;α] , ε+ h ∈ (0;α) , 0 < α, h = const ñïðàâåäëèâà îöåíêà:∣∣∣∣u(t, x, ε+ h)− u(t, x, ε)

h

∣∣∣∣ ≤ A.

Ä î ê à ç à ò å ë ü ñ ò â î. Äåéñòâèòåëüíî, â ñèëó òåîðåìû 3.1. èìååì∣∣∣∣u(t, x, ε+ h)− u(t, x, ε)

h

∣∣∣∣ ≤ ∞∑
n=1

∣∣∣∣an(t, ε+ h)− an(t, ε)

h

∣∣∣∣ · ∣∣∣bn(x)∣∣∣ ≤
≤M 3

∥∥∥∥a(t, ε+ h)− a(t, ε)

h

∥∥∥∥
B2(T )

≤ A 1M 3
|ε+ h− ε|

h
= A.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

4. Äèôôåðåíöèðóåìîñòü ðåøåíèÿ ñìåøàííîé çàäà÷è ïî ìàëîìó

ïàðàìåòðó

Ò å î ð å ì à 4.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.1. Åñëè

T∫
0

∥∥∥∥∂f(t, x, u)∂u

∥∥∥∥
L2(Dl)

dt <∞,

òî ðåøåíèå ñìåøàííîé çàäà÷è (2.1)�(2.3) äèôôåðåíöèðóåìî ïî ìàëîìó ïàðàìåòðó ε .

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 1



88 Ò. Ê. Þëäàøåâ

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê ∂u(t,x,ε)
∂ε

=
∑∞

n=1
∂an(t,ε)

∂ε
· bn(x) , òî ôîðìàëüíî

äèôôåðåíöèðóåì ÑÑÍÈÓ (2.5) ïî ïàðàìåòðó ε

∂an(t, ε)

∂ε
= Bn(t, ε)+

+
1

ωn(ε)

t∫
0

l∫
0

∂f(s, y, u)

∂u

∞∑
i=1

∂a i(s, ε)

∂ε
b i(y)bn(y)Gn(t, s, ε)dyds, (4.1)

ãäå

Bn(t, ε) =
∂ψn(t, ε)

∂ε
+

(
1

ωn(ε)

)′

ε

t∫
0

l∫
0

f

(
s, y,

∞∑
i=1

a i(s, ε)b i(y)

)
bn(y)Gn(t, s, ε)dyds+

+
1

ωn(ε)

t∫
0

l∫
0

f

(
s, y,

∞∑
i=1

a i(s, ε)b i(y)

)
bn(y) (Gn(t, s, ε))

′
ε dyds, (4.2)

∂ψn(t, ε)

∂ε
=

∂

∂ ε

(
µ 2
n(ε)ϕ 1n + ϕ 3n

µ 2
n(ε) + µ 4

n(ε)

)
exp

{
−µ 2

n(ε)t
}
+

+
µ 2
n(ε)ϕ 1n + ϕ 3n

µ 2
n(ε) + µ 4

n(ε)

(
−µ 2

n(ε)t
)′
ε
exp

{
−µ 2

n(ε)t
}
+

∂

∂ ε

(
µ 4
n(ε)ϕ 1n − ϕ 3n

µ 2
n(ε) + µ 4

n(ε)

)
cosµn(ε)t−

−µ
4
n(ε)ϕ 1n − ϕ 3n

µ 2
n(ε) + µ 4

n(ε)
(µn(ε)t)

′
ε sinµn(ε)t+

+
∂

∂ ε

(
µ 2
n(ε)ϕ 1n + (1 + µ 2

n(ε))ϕ 2n + ϕ 3n

µ 3
n(ε) + µ 5

n(ε)

)
sinµn(ε)t+

+
µ 2
n(ε)ϕ 1n + (1 + µ 2

n(ε))ϕ 2n + ϕ 3n

µ 3
n(ε) + µ 5

n(ε)
(µn(ε)t)

′
ε cosµn(ε)t,

(Gn(t, s, ε))
′
ε = exp

{
−µ 2

n(ε)(t− s)
} (

−µ 2
n(ε)(t− s)

)′
ε
+

+(µn(ε))
′
ε sinµn(ε)(t− s) + µn(ε) (µn(ε)(t− s))′ε cosµn(ε)(t− s)+

+ (µn(ε)(t− s))′ε sinµn(ε)(t− s).

Â ñèëó óñëîâèé òåîðåìû èç (4.2) èìååì

∥B(t, ε)∥B2(T )
≤

∞∑
n=1

∥Bn(t, ε)∥C(DT ) ≤ A 0, (4.3)

ãäå A 0 îïðåäåëÿåòñÿ èç (3.9).
Òîãäà èç (4.1) ñëåäóåò

∥∥∥∥∂a(t, ε)∂ε

∥∥∥∥
B2(T )

≤ ∥B(t, ε)∥B2(T )
+K 0

t∫
0

∥∥∥∥∂f(s, x, u)∂u

∥∥∥∥
L2(Dl)

∥∥∥∥∂a(s, ε)∂ε

∥∥∥∥
B2(t)

ds, (4.4)

ãäå K 0 îïðåäåëÿåòñÿ èç (3.10).
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Ïðèìåíÿÿ ê (4.4) íåðàâåíñòâà Ãðîíóîëëà-Áåëëìàíà, ñ ó÷åòîì (4.3) ïîëó÷àåì

∂a(t, ε)

∂ε
∈ B 2(T ).

Ðàññìîòðèì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ:

∂a 0
n(t, ε)

∂ε
= Bn(t, ε),

∂a k+1
n (t, ε)

∂ε
= Bn(t, ε) +

1

ωn(ε)

t∫
0

l∫
0

∂f(s, y, u)

∂u
×

×

(
∞∑
i=1

∂a ki (s, ε)

∂ε
b i(y)

)
bn(y)Gn(t, s, ε)dyds, k = 0, 1, 2, . . . .

Òîãäà èç ñïðàâåäëèâîñòè îöåíîê∥∥∥∥∂a 1(t, ε)

∂ε
− ∂a 0(t, ε)

∂ε

∥∥∥∥
B2(T )

≤

≤ K 0

t∫
0

∥∥∥∥∂f(s, x, u)∂u

∥∥∥∥
L2(Dl)

∥∥∥∥∂a 0(s, ε)

∂ε

∥∥∥∥
B2(t)

ds ≤ K 0 ∥B(t, ε)∥B2(T )

t∫
0

∥∥∥∥∂f(s, x, u)∂u

∥∥∥∥
L2(Dl)

ds,

∥∥∥∥∂a k+1(t, ε)

∂ε
− ∂a k(t, ε)

∂ε

∥∥∥∥
B2(T )

≤

≤ K 0

t∫
0

∥∥∥∥∂f(s, x, u)∂u

∥∥∥∥
L2(Dl)

∥∥∥∥∂a k(s, ε)∂ε
− ∂a k−1(s, ε)

∂ε

∥∥∥∥
B2(t)

ds ≤

≤ (K 0)
k+1 ∥B(t, ε)∥B2(T )

[
t∫
0

∥∥∥∂f(s,x,u)∂u

∥∥∥
L2(Dl)

ds

] k+1

(k + 1)!

ñëåäóåò ñóùåñòâîâàíèå ðåøåíèÿ ñ÷åòíîé ñèñòåìû (4.1) â ïðîñòðàíñòâå B 2(T ) . Òåïåðü

ïðåäïîëîæèì, ÷òî ñèñòåìà (4.1) èìååò äâà ðåøåíèÿ ∂a(t,ε)
∂ε

è ∂ϑ(t,ε)
∂ε

. Òîãäà äëÿ èõ ðàç-
íîñòè ñïðàâåäëèâà îöåíêà ∥∥∥∥∂a(t, ε)∂ε

− ∂ϑ(t, ε)

∂ε

∥∥∥∥
B2(T )

≤

≤ K 0

t∫
0

∥∥∥∥∂f(s, x, u)∂u

∥∥∥∥
L2(Dl)

∥∥∥∥∂a(s, ε)∂ε
− ∂ϑ(s, ε)

∂ε

∥∥∥∥
B2(t)

ds. (4.5)

Ïðèìåíåíèå ê (4.5) íåðàâåíñòâà Ãðîíóîëëà-Áåëëìàíà äàåò åäèíñòâåííîñòü ýòîãî ðåøå-
íèÿ.

Ðàññìîòðèì ñëåäóþùåå ñîîòíîøåíèå

an(t, ε+ h)− an(t, ε)

h
=
ψn(t, ε+ h)− ψn(t, ε)

h
+

+
1

h

(
1

ωn(ε+ h)
− 1

ωn(ε)

) t∫
0

l∫
0

f
(
s, y,

∞∑
i=1

ai(s, ε+ h)b i(y)
)
bn(y)Gn(t, s, ε+ h)dyds+
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+
1

ωn(ε)

t∫
0

l∫
0

1

h

(
f

(
s, y,

∞∑
i=1

a i(s, ε+ h)b i(y)

)
− f

(
s, y,

∞∑
i=1

a i(s, ε)b i(y)

))
×

×bn(y)Gn(t, s, ε)dyds+

+
1

ωn(ε)

t∫
0

l∫
0

f

(
s, y,

∞∑
i=1

a i(s, ε+ h)b i(y)

)
bn(y)

Gn(t, s, ε+ h)−Gn(t, s, ε)

h
dyds, (4.6)

ãäå
ψn(t, ε+ h)− ψn(t, ε)

h
=

=
1

h

[
µ 2
n(ε+ h)ϕ 1n + ϕ 3n

µ 2
n(ε+ h) + µ 4

n(ε+ h)
− µ 2

n(ε)ϕ 1n + ϕ 3n

µ 2
n(ε) + µ 4

n(ε)

]
exp

{
−µ 2

n(ε)t
}
+

+
µ 2
n(ε+ h)ϕ 1n + ϕ 3n

µ 2
n(ε+ h) + µ 4

n(ε+ h)
· exp {−µ

2
n(ε+ h)t} − exp {−µ 2

n(ε)t}
h

+

+
1

h

[
µ 4
n(ε+ h)ϕ 1n − ϕ 3n

µ 2
n(ε+ h) + µ 4

n(ε+ h)
− µ 4

n(ε)ϕ 1n − ϕ 3n

µ 2
n(ε) + µ 4

n(ε)

]
cosµn(ε)t+

+
µ 4
n(ε+ h)ϕ 1n − ϕ 3n

µ 2
n(ε+ h) + µ 4

n(ε+ h)
· cosµn(ε+ h)t− cosµn(ε)t

h
+ sinµn(ε)t×

×1

h

[
µ 2
n(ε+ h)ϕ 1n + (1 + µ 2

n(ε+ h))ϕ 2n + ϕ 3n

µ 3
n(ε+ h) + µ 5

n(ε+ h)
− µ 2

n(ε)ϕ 1n + (1 + µ 2
n(ε))ϕ 2n + ϕ 3n

µ 3
n(ε) + µ 5

n(ε)

]
+

+
µ 2
n(ε+ h)ϕ 1n + (1 + µ 2

n(ε+ h))ϕ 2n + ϕ 3n

µ 3
n(ε+ h) + µ 5

n(ε+ h)
· sinµn(ε+ h)t− sinµn(ε)t

h
;

Gn(t, s, ε+ h)−Gn(t, s, ε)

h
=

exp {−µ 2
n(ε+ h)(t− s)} − exp {−µ 2

n(ε)(t− s)}
h

+

+
µn(ε+ h)− µn(ε)

h
sinµn(ε)(t− s) + µn(ε+ h)

sinµn(ε+ h)(t− s)− sinµn(ε)(t− s)

h
−

−cosµn(ε+ h)(t− s)− cosµn(ε)(t− s)

h
.

Ïåðåõîäÿ ê ïðåäåëó ïðè h→ 0 â (4.6), ïîëó÷àåì (4.1). Ñëåäîâàòåëüíî, èç òîãî, ÷òî∣∣∣∣u(t, x, ε+ h)− u(t, x, ε)

h
− ∂u(t, x, ε)

∂ε

∣∣∣∣ ≤M 3

∥∥∥∥a(t, ε+ h)− a(t, ε)

h
− ∂a(t, ε)

∂ε

∥∥∥∥
B 2(T )

ñëåäóåò óòâåðæäåíèå òåîðåìû.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Stability and di�erentiability with respect to small
parameter of mixed value problem for a nonlinear partial
di�erential equation of eighth order
c⃝ T. K. Yuldashev2

Abstract. Paper deals with continuous dependence and di�erentiability with respect to small
parameter of generalized solution of mixed value problem for nonlinear partial di�erential equation
of the eighth order, left-hand side of which is superposition of two operators of fourth order. By
the aid of Fourier method the mixed problem is reduced to the study of countable system of
nonlinear Volterra integral equations of the second kind with small parameter. We proved the
continuous dependence of generalized solution of considered mixed value problem with respect to
small positive parameter. Also we proved the di�erentiability of the solution with respect to small
positive parameter. While proo�ng the existence of derivative of countable system of nonlinear
Volterra integral equations of the second kind the method of successive approximations is used.
The results obtained in this paper play important role in construction of the asymptotic expansions
with respect to small parameter of solution of mixed value problem for considered nonlinear partial
di�erential equation of the eighth order.
Key Words: mixed value problem, equation of eighth order, superposition of di�erential
operators, stability of solution with respect to small parameter, di�erentiability of solution with
respect to small parameter
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