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ëèíåéíûõ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ ñèñòåì ñ
ïîñëåäåéñòâèåì (ÃËÔÄÑÏ)
c⃝ Ï. Ì. Ñèìîíîâ 1

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ àáñòðàêòíàÿ ãèáðèäíàÿ ñèñòåìà ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé. Îäíî óðàâíåíèå ïî ÷àñòè ïåðåìåííûõ ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíîå, ïî äðóãîé ÷àñòè ïåðåìåííûõ � ðàçíîñòíîå, âòîðîå óðàâíåíèå ïî ÷àñòè
ïåðåìåííûõ ðàçíîñòíîå, ïî äðóãîé ÷àñòè ïåðåìåííûõ � ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå.
Âîçíèêàåò ñèñòåìà äâóõ óðàâíåíèé ñ äâóìÿ íåèçâåñòíûìè. Ïðèìåíåí W-ìåòîä Í.Â.Àçáåëåâà
ê äâóì óðàâíåíèÿì. Èçó÷åíû äâà ìîäåëüíûõ óðàâíåíèÿ: îäíî � ýòî ñèñòåìà ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé, âòîðîå � ýòî ñèñòåìà ðàçíîñòíûõ óðàâíåíèé. Èçó÷åíû ïðî-
ñòðàíñòâà ðåøåíèé. Ïîëó÷åíà òåîðåìà Áîëÿ � Ïåððîíà îá ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè
äëÿ ãèáðèäíîé ñèñòåìû ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé.
Êëþ÷åâûå ñëîâà: òåîðåìà Áîëÿ � Ïåððîíà, ãèáðèäíàÿ ëèíåéíàÿ ñèñòåìà ôóíöèîíàëüíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé, óñòîé÷èâîñòü, ìåòîä ìîäåëüíûõ óðàâíåíèé

1. Ââåäåíèå

Èññëåäîâàíèþ ïî óñòîé÷èâîñòè ðåøåíèé ÃËÔÄÑÏ ê íàñòîÿùåìó âðåìåíè ïîñâÿùåíî
êðàéíå ìàëî ðàáîò. Â ðàáîòå Â.Ì. Ìàð÷åíêî è Æ.Æ. Ëóàçî [1] èññëåäîâàíà çàäà÷à îá
óñòîé÷èâîñòè ðåøåíèé ëèíåéíûõ ñòàöèîíàðíûõ ÃËÔÄÑÏ. Äëÿ ñèñòåì âèäà

ẋ1(t) = A11x1(t) + A12x2(t),

x2(t) = A21x1(t) + A22x2(t− h),

x1(0) = x10 ∈ Rk, x2(τ) = ψ(τ), τ ∈ [−h, 0), A11 ∈ Rk×k, A12 ∈ Rk×(n−k), A21 ∈ R(n−k)×k,
A22 ∈ R(n−k)×(n−k), ψ : [−h, 0) → Rn−k � êóñî÷íî-íåïðåðûâíàÿ âåêòîð-ôóíêöèÿ, ïîëó÷åíû
íåîáõîäèìûå è äîñòàòî÷íîå óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè [1].

Ïðåäëîæåííàÿ ñòàòüÿ ïðîäîëæàåò èññëåäîâàíèå, íà÷àòîå â [2]�[4]. Ïîñòðîåííàÿ â íà-
ñòîÿùåå âðåìÿ îáùàÿ òåîðèÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé [5]�[8] ïîç-
âîëèëà äàòü ÿñíîå è ëàêîíè÷íîå îïèñàíèå îñíîâíûõ ñâîéñòâ ðåøåíèé, â òîì ÷èñëå, ñâîé-
ñòâà óñòîé÷èâîñòè ðåøåíèé. Â òî æå âðåìÿ øèðîêèå è àêòóàëüíûå äëÿ ïðèëîæåíèé êëàñ-
ñû ñèñòåì ÃËÔÄÑÏ, à èìåííî, ãèáðèäíûõ ëèíåéíûå ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ïîñëåäåéñòâèåì (ÃËÔÄÓÏ), ôîðìàëüíî íå îõâàòûâàþòñÿ ïîñòðîåííîé òåîðè-
åé è âî ìíîãîì îñòàþòñÿ âíå ïîëÿ çðåíèÿ ñïåöèàëèñòîâ, èñïîëüçóþùèõ ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûå è ðàçíîñòíûå ñèñòåìû ñ ïîñëåäåéñòâèåì äëÿ ìîäåëèðîâàíèÿ ðåàëüíûõ
ïðîöåññîâ. Íèæå ïðåäëàãàþòñÿ ãèáðèäíûå ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå àíàëîãè
îñíîâíûõ óòâåðæäåíèé òåîðèè ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ çàäà÷
óñòîé÷èâîñòè, â ÷àñòíîñòè, òåîðåìà Áîëÿ � Ïåððîíà.

1 Ïðîôåññîð êàôåäðû èíôîðìàöèîííûõ ñèñòåì è ìàòåìàòè÷åñêèõ ìåòîäîâ â ýêîíîìèêå, Ïåðìñêèé
ãîñóäàðñòâåííûé íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò, ã. Ïåðìü; simpm@mail.ru
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2. Ñõåìà W-ìåòîäà

Çäåñü è íèæå Rn � ïðîñòðàíñòâî âåêòîðîâ α = col{α1, ..., αn} ñ äåéñòâèòåëüíûìè
êîìïîíåíòàìè è ñ íîðìîé ||α||Rn .

Îáîçíà÷èì ÷åðåç
y = {y(−1), y(0), y(1), ..., y(N), . . .}

áåñêîíå÷íóþ ìàòðèöó ñî ñòîëáöàìè y(−1), y(0), y(1), ..., y(N), . . . , ðàçìåðà n, ãäå êàæäûé
ñòîëáåö ëåæèò â ïðîñòðàíñòâå Rn, à ÷åðåç g = {g(0), g(1), ..., g(N), . . .} áåñêîíå÷íóþ ìàò-
ðèöó ñî ñòîëáöàìè g(0), g(1), ..., g(N), . . . , ðàçìåðà n, g(i) ∈ Rn äëÿ êàæäîãî i = 0, 1, . . . .

Êàæäîé áåñêîíå÷íîé ìàòðèöå

y = {y(−1), y(0), y(1), ..., y(N), . . .}

ìîæíî ñîïîñòàâèòü âåêòîð-ôóíêöèþ

y(t) = y(−1)χ[−1,0)(t) + y(0)χ[0,1)(t) + y(1)χ[1,2)(t) + ...+ y(N)χ[N,N+1)(t) + . . . .

Àíàëîãè÷íî, êàæäîé áåñêîíå÷íîé ìàòðèöå g = {g(0), g(1), ..., g(N), . . .} ìîæíî ñîïî-
ñòàâèòü âåêòîð-ôóíêöèþ

g(t) = g(0)χ[0,1)(t) + g(1)χ[1,2)(t) + ...+ g(N)χ[N,N+1)(t) + . . . .

Ñèìâîëîì y(t) = y[t] îáîçíà÷èì âåêòîð-ôóíêöèþ y(t) = y([t]), t ∈ [−1,∞). Ñèìâîëîì
g[t] îáîçíà÷èì âåêòîð-ôóíêöèþ g(t) = g([t]), t ∈ [0,∞).

Ìíîæåñòâî òàêèõ âåêòîð-ôóíêöèé y[·] îáîçíà÷èì ñèìâîëîì ℓ0 . Ìíîæåñòâî òàêèõ
âåêòîð-ôóíêöèé g[·] îáîçíà÷èì ñèìâîëîì ℓ. Îáîçíà÷èì (∆y)(t) = y(t) − y(t − 1) =
y[t]− y[t− 1] ïðè t ≥ 1, (∆y)(t) = y(t) = y[t] = y(0) ïðè t ∈ [0, 1).

Çàïèøåì àáñòðàêòíóþ ãèáðèäíóþ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíóþ ñèñòåìó â âèäå

L11x+ L12y = ẋ− F11x− F12y = f,
L21x+ L22y = ∆y − F21x− F22y = g.

(2.1)

Ïóñòü ïðîñòðàíñòâî L ëîêàëüíî ñóììèðóåìûõ f : [0,∞) → Rn ñ ïîëóíîðìàìè

||f ||L[0,T ] =
T∫
0

||f(t)||Rn dt äëÿ âñåõ T > 0 . Ïðîñòðàíñòâî D ëîêàëüíî àáñîëþòíî íåïðå-

ðûâíûõ ôóíêöèé x : [0,∞) → Rn ñ ïîëóíîðìàìè ||x||D[0,T ] = ||ẋ||L[0,T ]+ ||x(0)||Rn äëÿ âñåõ
T > 0 .

Ïóñòü ïðîñòðàíñòâî ℓ áåñêîíå÷íûõ ìàòðèö g = {g(0), g(1), ..., g(N), . . .} ñ ïîëóíîð-

ìàìè ||g||ℓT =
T∑
i=0

||gi||Rn äëÿ âñåõ T ≥ 0 . Ïðîñòðàíñòâî ℓ0 áåñêîíå÷íûõ ìàòðèö y =

{y(−1), y(0), y(1), ..., y(N), . . .} ñ ïîëóíîðìàìè ||y||ℓ0T =
T∑

i=−1

||yi||Rn äëÿ âñåõ T ≥ −1 .

Îïåðàòîðû L11, F11 : D → L , L12, F12 : ℓ0 → L , L21, F21 : D → ℓ , L22, F22 : ℓ0 → ℓ
ïðåäïîëàãàþòñÿ ëèíåéíûìè íåïðåðûâíûìè è âîëüòåððîâûìè.

Åñëè ýëåìåíòû col{x, y} : [0,∞)×[−1,∞) → Rn×Rn îáðàçóþò áàíàõîâî ïðîñòðàíñòâî
D×M0

∼= (B×Rn)× (M×Rn) (ïðîñòðàíñòâî D ⊂ D, ïðîñòðàíñòâî M0 ⊂ ℓ0, ïðîñòðàí-
ñòâî B ⊂ L, ïðîñòðàíñòâî M ⊂ ℓ, B, M � áàíàõîâûå ïðîñòðàíñòâà) îáëàäàþò êàêèìè-
íèáóäü ñïåöèôè÷åñêèìè ñâîéñòâàìè, íàïðèìåð sup

t≥0
||x(t)||Rn + sup

k=−1,0,1,...
||y(k)||Rn < ∞, è

äëÿ óðàâíåíèÿ L{x, y} = col{f, g} ñ ëèíåéíûì îãðàíè÷åííûì îïåðàòîðîì L : D×M0 →
→ B×M îäíîçíà÷íî ðàçðåøèìà çàäà÷à Êîøè, òî è ðåøåíèÿ ýòîé çàäà÷è áóäóò îáëàäàòü
òàêèìè æå àñèìïòîòè÷åñêèìè ñâîéñòâàìè.
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Ïóñòü ìîäåëüíîå óðàâíåíèé [5]�[8] L11x = z è áàíàõîâî ïðîñòðàíñòâî B ñ ýëåìåíòàìè
èç ïðîñòðàíñòâà L (B ⊂ L è ýòî âëîæåíèå íåïðåðûâíî) âûáðàíû òàê, ÷òî ðåøåíèÿ ýòîãî
ðåøåíèÿ ýòîãî óðàâíåíèÿ îáëàäàþò èíòåðåñóþùèìè íàñ àñèìïòîòè÷åñêèìè ñâîéñòâàìè.

Íàïðèìåð, sup
t≥0

||x(t)||Rn < ∞ . Òîãäà, ïîëîæèâ L11x
def
= ẋ + x = z , ïðèíèìàåì â êà÷å-

ñòâå áàíàõîâà ïðîñòðàíñòâà B áàíàõîâî ïðîñòðàíñòâî L∞ èçìåðèìûõ è îãðàíè÷åííûõ â
ñóùåñòâåííîì ôóíêöèé z : [0,∞) → Rn ñ íîðìîé vrai sup

t≥0
||z(t)||Rn < ∞ . Ïðîñòðàíñòâî

D(L11, L∞) , ïîðîæäàåìîå ìîäåëüíûì óðàâíåíèåì, áóäåò ñîñòîÿòü èç ðåøåíèé âèäà

x(t) = (W11z) (t) + (U11α)(t) =

t∫
0

e−(t−s)z(s) ds+ αe−t (α ∈ Rn, z ∈ L∞).

Ýòè ðåøåíèÿ îãðàíè÷åíû ( sup
t≥0

||x(t)||Rn < ∞ ) è èõ ïðîèçâîäíàÿ ẋ = −x + z ïðèíàä-

ëåæèò ïðîñòðàíñòâó L∞ . Âñå ðåøåíèÿ ýòîãî óðàâíåíèÿ îáðàçóþò áàíàõîâî ïðîñòðàíñòâî
ñ íîðìîé

||x||D(L11,L∞) = vrai sup
t≥0

||ẋ(t) + x(t)||Rn + ||x(0)||Rn <∞,

êîòîðîå ëèíåéíî èçîìîðôíî ïðîñòðàíñòâó Ñ.Ë.Ñîáîëåâà W
(1)
∞ [0,∞) ñ íîðìîé

||x||
W

(1)
∞ [0,∞)

= sup
t≥0

||x(t)||Rn + vrai sup
t≥0

||ẋ(t)||Rn .

Äàëüøå áóäåì ýòî ïðîñòðàíñòâî îáîçíà÷àòü êàê WL∞ . Ïðè ýòîì WL∞ ⊂ D , è ýòî
âëîæåíèå íåïðåðûâíî.

Àíàëîãè÷íî äëÿ áàíàõîâà ïðîñòðàíñòâà B ⊂ L ìîæíî ââåñòè áàíàõîâî ïðîñòðàíñòâî
D(L11, B) ñ íîðìîé

||x||D(L11,B) = ||ẋ+ x||B + ||x(0)||Rn .

Çäåñü âëîæåíèå B ⊂ L íåïðåðûâíî. Ïðåäïîëîæèì, ÷òî îïåðàòîð W11 íåïðåðûâíî äåé-
ñòâóåò èç ïðîñòðàíñòâà B â ïðîñòðàíñòâî B , è îïåðàòîð U11 äåéñòâóåò èç ïðîñòðàíñòâà
Rn â ïðîñòðàíñòâî B . Ýòî óñëîâèå ýêâèâàëåíòíî òîìó [5], [8], ÷òî ïðîñòðàíñòâî D(L11, B)

ëèíåéíî èçîìîðôíî ïðîñòðàíñòâó Ñîáîëåâà W
(1)
B [0,∞) ñ íîðìîé

||x||
W

(1)
B [0,∞)

= ||ẋ||B + ||x||B.

Äàëüøå áóäåì ýòî ïðîñòðàíñòâî îáîçíà÷àòü êàê WB . Ïðè ýòîì WB ⊂ D , è ýòî âëîæå-
íèå íåïðåðûâíî.

Áóäåì ãîâîðèòü, ÷òî óðàâíåíèå L11x = z ñ îïåðàòîðîì L11 : D(L11) → B D(L11, B) -
óñòîé÷èâî, åñëè äëÿ êàæäîé ïðàâîé ÷àñòè z ∈ B êàæäîå ðåøåíèå x ∈ D(L11, B) [5].
D(L11) ⊂ D � îáëàñòü îïðåäåëåíèÿ îïåðàòîðà L11 .

Óðàâíåíèå L11x = z ñ îïåðàòîðîì L11 : D(L11, B) → B , óäîâëåòâîðÿþùåå óñëîâèþ
âûøå, D(L11, B) -óñòîé÷èâî òîãäà è òîëüêî òîãäà, åñëè îíî ñèëüíî B -óñòîé÷èâî. Óðàâ-
íåíèå L11x = z ñèëüíî B -óñòîé÷èâî, åñëè äëÿ ëþáîãî z ∈ B êàæäîå ðåøåíèå x ýòîãî
óðàâíåíèÿ îáëàäàåò ñâîéñòâîì: x ∈ B è ẋ ∈ B [5][ãë. IV, �4.6], [8].

Îïåðàòîðû L11 : D → L, L12 : ℓ0 → L, L21 : D → ℓ, L22 : ℓ0 → ℓ ðàññìàòðèâàþòñÿ êàê
ïðèâåäåíèÿ íà ïàðû (D(L11, B), B), (M0, B), (D(L11, B),M), (M0,M). Ýòè îïåðàòîðû
ïðåäïîëàãàþòñÿ ëèíåéíûìè âîëüòåððîâûìè è îãðàíè÷åííûìè.

Ïðåäïîëîæèì, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ L22y = g äëÿ g ∈ ℓ ïðèíàäëåæèò
ïðîñòðàíñòâó ℓ0 è ïðåäñòàâëÿåòñÿ ôîðìóëîé Êîøè: y[t] = (Y22y(−1))[t] + (C22g)[t] =

Y22[t]y(−1) +
t∑

s=0

C22[t, s]g[s], t ≥ 0 .
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Ââåäåì ïðîñòðàíñòâà: äëÿ 1 ≤ p < +∞ îáîçíà÷èì ïðîñòðàíñòâà:

ℓp0 =

y ∈ ℓ0 : ||y||ℓp0 =

(
+∞∑
k=−1

||y(k)||pRn

) 1
p

< +∞

 ,

ℓp =

g ∈ ℓ : ||g||ℓp : ||g||ℓp =

(
+∞∑
k=0

||g(k)||pRn

) 1
p

< +∞

 .

Äëÿ p = ∞ îáîçíà÷èì ïðîñòðàíñòâà:

ℓ∞0 = {y ∈ ℓ0 : ||y||ℓ∞0 = sup
k=−1,0,1,···

||y(k)||Rn < +∞},

ℓ∞ = {g ∈ ℓ : ||g||ℓ∞ = sup
k=0,1,···

||g(k)||Rn < +∞}.

Áàíàõîâû ïðîñòðàíñòâà ℓp0 è ℓp � ýòî ïðèìåðû ïðîñòðàíñòâ òèïà M0 è M .

Îáîçíà÷èì: L =

(
L11 L12

L21 L22

)
. Òîãäà (2.1) çàïèñûâàåòñÿ â âèäå L{x, y} = col{f, g}.

Ïðåäïîëîæèì, ÷òî äëÿ ëþáûõ x(0) ∈ Rn è y(−1) ∈ Rn îäíîçíà÷íî ðàçðåøèìà çàäà÷à
Êîøè äëÿ ¾ìîäåëüíîé¿ ñèñòåìû ẋ = F 0

11x+F
0
12z+z, ∆y = F 0

21z+F
0
22y+u, ãäå îïåðàòîðû

F 0
11 : D → L, F 0

12 : ℓ0 → L, F 0
21 : D → ℓ, F 0

22 : ℓ0 → ℓ ïðåäïîëàãàþòñÿ íåïðåðûâíûìè
è âîëüòåððîâûìè. Òîãäà ìîäåëüíóþ ñèñòåìó ìîæíî êîðîòêî çàïèñàòü òàê: L0{x, y} =
col{z, u}. Ïóñòü å¼ ðåøåíèå èìååò ïðåäñòàâëåíèå(

x
y

)
=

(
U11 U12

U21 U22

)(
x(0)
y(−1)

)
+

(
W11 W12

W21 W22

)(
z
u

)
.

Çäåñü W : L × ℓ → D × ℓ0 � íåïðåðûâíûé âîëüòåððîâ îïåðàòîð Êîøè äëÿ ñèñòåìû,

W =

(
W11 W12

W21 W22

)
, U : Rn × Rn → D × ℓ0 � ôóíäàìåíòàëüíàÿ ìàòðèöà äëÿ ñèñòåìû,

U =

(
U11 U12

U21 U22

)
.

3. Òåîðåìû Áîëÿ � Ïåððîíà

Äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ åùå â ìîíîãðàôèÿõ [9], [10], îòìå-
÷àëèñü ÿâëåíèÿ, êîòîðûå â òåðìèíàõ D(L11, B) -óñòîé÷èâîñòè ìîæíî ñôîðìóëèðîâàòü ñëå-
äóþùèì îáðàçîì. Ïðè îïðåäåëåííûõ óñëîâèÿõ îòíîñèòåëüíî îïåðàòîðà L11 èç D(L11, B) -
óñòîé÷èâîñòè ñëåäóåò áîëåå òîíêîå àñèìïòîòè÷åñêîå ñâîéñòâî, à èìåííî D(L11, B1) -
óñòîé÷èâîñòü, ãäå B1 � íåêîòîðîå ïîäïðîñòðàíñòâî ïðîñòðàíñòâà B .

Ñëåäóÿ òðàäèöèè Ïåðìñêîãî ñåìèíàðà [5]�[8], ñîîòâåòñòâóþùèå óòâåðæäåíèÿ áóäåì
íàçûâàòü òåîðåìàìè Áîëÿ � Ïåððîíà. Â îñíîâå ñëåäóþùèõ äîêàçàòåëüñòâ òàêèõ òåî-
ðåì ëåæàò ñâîéñòâà ïîäïðîñòðàíñòâà B ⊂ L , âûòåêàþùèå èç èõ ïîðÿäêîâîé ñòðóê-
òóðû, êîòîðóþ îïðåäåëèì ñëåäóþùèì îáðàçîì. Â âåêòîðíîì ïðîñòðàíñòâå Rn ââåäåì
÷àñòè÷íóþ óïîðÿäî÷åííîñòü: α = col{α1, . . . , αn} ≥ 0 , åñëè αi ≥ 0 , i = 1, . . . , n ;
α ≥ β , åñëè, α − β ≥ 0 . ×åðåç |α| áóäåì îáîçíà÷àòü âåêòîð, îïðåäåëÿåìûé ðàâåíñòâîì
|α| = col{|α1|, . . . , |αn|} . Áóäåì ïðåäïîëàãàòü, ÷òî â ïðîñòðàíñòâå Rn çàôèêñèðîâàíà íîð-
ìà || · ||Rn , îáëàäàþùàÿ ñâîéñòâîì ìîíîòîííîñòè: ||α||Rn ≤ ||β||Rn , åñëè |α| ≤ |β| . Â

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 1



Ê âîïðîñó î òåîðåìå Áîëÿ � Ïåððîíà äëÿ ãèáðèäíûõ ëèíåéíûõ . . . 79

ñîîòâåòñòâèè ñ ïîðÿäêîì â ïðîñòðàíñòâå Rn ââåäåì îòíîøåíèå ïîðÿäêà â ïðîñòðàíñòâå
L . À èìåííî y ≥ 0 , åñëè y(t) ≥ 0 ïî÷òè âñþäó íà [0,∞) ; y ≥ z , åñëè y − z ≥ 0 .
×åðåç |y| áóäåì îáîçíà÷àòü ôóíêöèþ, ïî÷òè âñþäó íà [0,∞) îïðåäåëÿåìóþ ðàâåíñòâîì
|y|(t) = |y(t)| . Îòíîñèòåëüíî áàíàõîâà ïðîñòðàíñòâà B ⊂ L áóäåì ïðåäïîëàãàòü, ÷òî íîð-
ìà â ïðîñòðàíñòâå B ñîãëàñîâàíà ñ ïîðÿäêîì ÷åðåç óñëîâèå èäåàëüíîñòè: åñëè z ∈ L ,
y ∈ B è |z| ≤ |y| , òî z ∈ B è ||z||B ≤ ||y||B .

Ñðåäè ïðî÷èõ ñâîéñòâ ïðîñòðàíñòâ, óäîâëåòâîðÿþùèõ ýòîìó óñëîâèþ (áàíàõîâûõ èäå-
àëüíûõ ïðîñòðàíñòâ [11]), îòìåòèì ñëåäóþùèå: 1) íîðìà â òàêîì ïðîñòðàíñòâå B îá-
ëàäàåò ñâîéñòâîì ìîíîòîííîñòè; 2) ëþáîå îãðàíè÷åííîå ïî ïîðÿäêó ïîäìíîæåñòâî ïðî-
ñòðàíñòâà B èìååò òî÷íûå ãðàíè (B � K �ïðîñòðàíñòâî); 3) â ïðîñòðàíñòâå B îïðåäå-
ëåíû�ñðåçêè� � îïåðàòîðû óìíîæåíèÿ íà õàðàêòåðèñòè÷åñêèå ôóíêöèè χM èçìåðèìîãî
ìíîæåñòâà M ⊂ [0,∞) ; 4) âëîæåíèå B ⊂ L íåïðåðûâíî.

4. Ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü

Âñþäó íèæå ÷åðåç Bγ îáîçíà÷èì ¾âåñîâîå ïðîñòðàíñòâî¿, ýëåìåíòû êîòîðîãî y ñâÿ-
çàíû ñ ýëåìåíòàìè z ïðîñòðàíñòâà B ñîîòíîøåíèåì y = zγ , ãäå zγ(t) = e−γtz(t) , z ∈ B ,
ïðè÷åì ||y||Bγ = ||z||B .

Âñþäó áóäåì ïðåäïîëàãàòü, ÷òî äëÿ ïðîñòðàíñòâà B è ìîäåëüíîãî óðàâíåíèÿ L0
11x = z

âûïîëíåíû óñëîâèÿ: ñóùåñòâóåò ÷èñëî òàêîå β > 0 , ÷òî
à) îïåðàòîð Êîøè W11 ìîäåëüíîãî óðàâíåíèÿ äåéñòâóåò èç ïðîñòðàíñòâà Bβ â ïðî-

ñòðàíñòâî Cβ è îãðàíè÷åí; á) ñòîëáöû ôóíäàìåíòàëüíîé ìàòðèöû U11 ïåðâîãî ìîäåëü-
íîãî óðàâíåíèÿ ïðèíàäëåæàò ïðîñòðàíñòâó Cβ . Çäåñü è íèæå C � ïðîñòðàíñòâî íåïðå-
ðûâíûõ è îãðàíè÷åííûõ ôóíêöèé x : [0,∞) → Rn ñ íîðìîé ||x||C = sup

t≥0
||x(t)||Rn , Cβ �

âåñîâîå ïðîñòðàíñòâî ôóíêöèé y , ïðåäñòàâèìûõ â âèäå y(t) = uβ , ãäå uβ(t) = e−βtu(t) ,
u ∈ C , ||y||Cβ

= ||u||C . Ïðèâåäåííûå óñëîâèÿ ãàðàíòèðóþò íåïðåðûâíîå âëîæåíèå
D(L0

11, Bβ) ⊂ Cβ . Òàêèì îáðàçîì, â ÷àñòíîñòè, ìîäåëüíîå óðàâíåíèå ýêñïîíåíöèàëüíî
óñòîé÷èâî: ||U11(t)||Rn ≤ Ne−βt ïðè âñåõ t ≥ 0 äëÿ íåêîòîðîãî ïîëîæèòåëüíîãî N .

Ñôîðìóëèðóåì ðàñïðîñòðàíåíèå òåîðåìû Áîëÿ � Ïåððîíà íà óðàâíåíèå L11x = f [5]�
[8].

Ò å î ð å ì à 4.1. Ïóñòü óðàâíåíèå L11x = f D(L0
11, B)− óñòîé÷èâî, à îïåðàòîð

L11 : D(L11) → L äåéñòâóåò èç ïðîñòðàíñòâà D(L0
11, Bα) â ïðîñòðàíñòâî Bα ïðè íåêî-

òîðîì α ∈ (0, β] , ïðè÷åì îïåðàòîð L11W11 : Bα → Bα ðåãóëÿðåí. Òîãäà ñóùåñòâóåò
òàêîå ÷èñëî γ0 ∈ (0, α] , ÷òî óðàâíåíèå L11x = f áóäåò D(L0

11, Bγ)− óñòîé÷èâûì äëÿ
âñåõ γ ∈ (0, γ0) .

Îïåðàòîð Q : Bα → Bα íàçûâàåòñÿ ðåãóëÿðíûì, åñëè ðàâåí ðàçíîñòè äâóõ ïîëîæè-
òåëüíûõ îïåðàòîðîâ.

Ââåäåì ℓγp ( ℓγp0 ) � âåñîâîå ïðîñòðàíñòâî, ýëåìåíòû êîòîðîãî y ñâÿçàíû ñ ýëåìåíòàìè
z ïðîñòðàíñòâà ℓγp ( ℓγp0 ) ñîîòíîøåíèåì y = zγ , ãäå zγ(t) = e−γtz(t) , z ∈ ℓp ( z ∈ ℓp0 ),
ïðè÷åì ||y||ℓγp = ||z||ℓp (||y||ℓγp0 = ||z||ℓp0) .

Âñþäó áóäåì ïðåäïîëàãàòü, ÷òî äëÿ ïðîñòðàíñòâà ℓγp , 1 ≤ p ≤ +∞ , è ìîäåëüíîãî
óðàâíåíèÿ L0

22y = g âûïîëíåíû óñëîâèÿ: ñóùåñòâóåò ÷èñëî òàêîå β > 0 , ÷òî
à) îïåðàòîð Êîøè W22 ìîäåëüíîãî óðàâíåíèÿ äåéñòâóåò èç ïðîñòðàíñòâà ℓβp â ïðî-

ñòðàíñòâî ℓβ∞0 è îãðàíè÷åí; á) ñòîëáöû ôóíäàìåíòàëüíîé ìàòðèöû U22 âòîðîãî ìîäåëüíî-
ãî óðàâíåíèÿ ïðèíàäëåæàò ïðîñòðàíñòâó ℓβ∞0 . Ïðèâåäåííûå óñëîâèÿ ãàðàíòèðóþò íåïðå-
ðûâíîå âëîæåíèå D(L0

22, ℓ
β
p ) ⊂ ℓβ∞0 . Òàêèì îáðàçîì, â ÷àñòíîñòè, ìîäåëüíîå óðàâíåíèå
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ýêñïîíåíöèàëüíî óñòîé÷èâî: ||U22(t)||Rn ≤Me−βt ïðè âñåõ t ≥ 0 äëÿ íåêîòîðîãî ïîëîæè-
òåëüíîãî M .

Ñôîðìóëèðóåì ðàñïðîñòðàíåíèå òåîðåìû Áîëÿ � Ïåððîíà íà óðàâíåíèå L{x, y} =
{f, g} .

Ò å î ð å ì à 4.2. Îïåðàòîðû L12 : ℓ0p → B , L21 : D(L0
11, B) → ℓp äåéñòâóþò

äëÿ íåêîòîðîãî 1 ≤ p ≤ +∞ . Ïóñòü, äàëåå, óðàâíåíèå L11x = f D(L0
11, B)− óñòîé÷èâî

è óðàâíåíèå L22y = g D(L0
22, ℓp)− óñòîé÷èâî, à îïåðàòîðû L11 : D(L11) → L , L22 :

D(L22) → ℓ äåéñòâóþò èç ïðîñòðàíñòâà D(L0
11, Bα) è D(L0

22, ℓ
α
p ) â ïðîñòðàíñòâà Bα è

ℓαp ïðè íåêîòîðîì α ∈ (0, β] , ïðè÷åì îïåðàòîðû L11W11 : Bα → Bα è L22W22 : ℓαp → ℓαp
ðåãóëÿðíû. Òîãäà ñóùåñòâóåò òàêîå ÷èñëî γ0 ∈ (0, α] , ÷òî óðàâíåíèå L{x, y} = col{f, g}
áóäåò D(L0, Bγ × ℓγp)− óñòîé÷èâûì äëÿ âñåõ γ ∈ (0, γ0) .

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÀÎ ¾ÏÐÎÃÍÎÇ¿.

Ñïèñîê ëèòåðàòóðû

1. Â.Ì. Ìàð÷åíêî, Æ.Æ. Ëóàçî, �Îá óñòîé÷èâîñòè ãèáðèäíûõ äèôôåðåíöèàëüíî-
ðàçíîñòíûõ ñèñòåì�, Äèôôåðåíö. óðàâíåíèÿ, 45:5 (2009), 728�740.

2. À.Ñ. Ëàðèîíîâ, Ï.Ì. Ñèìîíîâ, �Óñòîé÷èâîñòü ãèáðèäíûõ ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ ñèñòåì ñ ïîñëåäåéñòâèåì (ÃÔÄÑÏ)�, Âåñòíèê ÐÀÅÍ. Òåìàò.
íîìåð �Äèôôåðåíöèàëüíûå óðàâíåíèÿ�, 13:4 (2013), 34�37.

3. À.Ñ. Ëàðèîíîâ, Ï.Ì. Ñèìîíîâ, �Óñòîé÷èâîñòü ãèáðèäíûõ ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ ñèñòåì ñ ïîñëåäåéñòâèåì (ÃÔÄÑÏ). II�, Âåñòíèê ÐÀÅÍ. Òåìàò.
íîìåð �Äèôôåðåíöèàëüíûå óðàâíåíèÿ�, 14:5 (2014), 38�45.

4. À.Ñ. Ëàðèîíîâ, Ï.Ì. Ñèìîíîâ, �Óñòîé÷èâîñòü ãèáðèäíûõ ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ ñèñòåì ñ ïîñëåäåéñòâèåì (ÃÔÄÑÏ). III�, Âåñòíèê ÐÀÅÍ. Òå-
ìàò. íîìåð �Äèôôåðåíöèàëüíûå óðàâíåíèÿ�, 15:3 (2015), 63�69.

5. Í.Â. Àçáåëåâ, Ï.Ì. Ñèìîíîâ, Óñòîé÷èâîñòü ðåøåíèé óðàâíåíèé ñ îáûêíîâåííûìè
ïðîèçâîäíûìè, Ïåðì. óí-ò, Ïåðìü, 2001, 230 ñ.

6. Í.Â. Àçáåëåâ, Ë.Ì. Áåðåçàíñêèé, Ï.Ì. Ñèìîíîâ, À.Â. ×èñòÿêîâ, �Óñòîé÷èâîñòü
ëèíåéíûõ ñèñòåì ñ ïîñëåäåéñòâèåì. II�, Äèôôåðåíö. óðàâíåíèÿ, 27:4 (1991), 555�562.

7. Í.Â. Àçáåëåâ, Ë.Ì. Áåðåçàíñêèé, Ï.Ì. Ñèìîíîâ, À.Â. ×èñòÿêîâ, �Óñòîé÷èâîñòü
ëèíåéíûõ ñèñòåì ñ ïîñëåäåéñòâèåì. III�, Äèôôåðåíö. óðàâíåíèÿ, 27:10 (1991), 1659�
1668.

8. Í.Â. Àçáåëåâ, Ë.Ì. Áåðåçàíñêèé, Ï.Ì. Ñèìîíîâ, À.Â. ×èñòÿêîâ, �Óñòîé÷èâîñòü
ëèíåéíûõ ñèñòåì ñ ïîñëåäåéñòâèåì. IV�, Äèôôåðåíö. óðàâíåíèÿ, 29:2 (1993), 196�
204.

9. Å.À Áàðáàøèí, Ââåäåíèå â òåîðèþ óñòîé÷èâîñòè, Íàóêà, Ì., 1967, 224 ñ.

10. Õ.Ë Ìàññåðà, Õ.Õ. Øåôôåð, Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ è ôóíêöèî-
íàëüíûå ïðîñòðàíñòâà, Ìèð, Ì., 1970, 456 ñ.

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 1



81

11. Ë.Â Êàíòîðîâè÷, Ã.Ï. Àêèëîâ, Ôóíêöèîíàëüíûé àíàëèç. 4-å èçä., èñïð., Íåâñêèé
Äèàëåêò, ÁÕÂ-Ïåòåðáóðã, ÑÏá., 2004, 816 ñ.

Äàòà ïîñòóïëåíèÿ 4.05.2016

On the question of the theorem of Bohl � Perron of hybrid
linear functional di�erential systems with aftere�ect
(HLFDSA)
c⃝ P.M. Simonov2

Abstract. The abstract hybrid system of functional di�erential equations is given. One part of the
equation for variable functional di�erential, according to another of the variables is the di�erence
one, the second part of the equation for variable di�erential, according to another of the variables
is functional di�erential one. There is a system of two equations with two unknowns. Apply W-
method N.V. Azbelev's to two equations. Two model equations were studied: one is a system of
functional di�erential equations, and the second is a system of di�erential equations. We studied
the solutions spaces. Received Bohl � Perron theorem's for the exponential stability of the hybrid
system of functional di�erential equations.
Key Words: theorem of Bohl � Perron, hybrid linear system of functional di�erential equations,
stability, model equations' method
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