
70 È. Ï. Ðÿçàíöåâà

ÓÄÊ 519.624

Î íåêîòîðîì ìåòîäå ðåãóëÿðèçàöèè ìîíîòîííûõ
óðàâíåíèé â ãèëüáåðòîâîì ïðîñòðàíñòâå
c⃝ È. Ï. Ðÿçàíöåâà1

Àííîòàöèÿ. Â ñòàòüå èçó÷àþòñÿ óðàâíåíèÿ ñ ìîíîòîííûìè îïåðàòîðàìè â ãèëüáåðòîâîì ïðî-
ñòðàíñòâå ñ âîçìóùåííûìè äàííûìè. Äëÿ ýòîé íåêîððåêòíîé çàäà÷è ñòðîèòñÿ íåÿâíûé ìåòîä
èòåðàòèâíîé ðåãóëÿðèçàöèè íà îñíîâå íåïðåðûâíîãî àíàëîãà ìåòîäà Íüþòîíà. Ïî ñðàâíåíèþ
ñ êëàññè÷åñêèì îïåðàòîðíûì ìåòîäîì ðåãóëÿðèçàöèè ìû ââîäèì â ïðàâóþ ÷àñòü ðåãóëÿðèçî-
âàííîãî óðàâíåíèÿ äîïîëíèòåëüíûå ñëàãàåìûå. Ñ ó÷åòîì àïðèîðíîé èíôîðìàöèè îá èñêîìîì
ðåøåíèè âûáèðàåì íà÷àëüíîå ïðèáëèæåíèå â ýòîì èòåðàòèâíîì ìåòîäå. Ïîëó÷åíû äîñòàòî÷-
íûå óñëîâèÿ ñèëüíîé ñõîäèìîñòè ïðåäëîæåííîãî ìåòîäà.
Êëþ÷åâûå ñëîâà: ìîíîòîííûé îïåðàòîð, âîçìóù¼ííûå äàííûå, èòåðàòèâíûé ìåòîä, ðåãó-
ëÿðèçàöèÿ, ñõîäèìîñòü

Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî, A : H → H - ìîíîòîííûé
õåìèíåïðåðûâíûé îïåðàòîð (ñì. [1], cc. 22, 23),D(A) = H.

Ðàññìîòðèì â H óðàâíåíèå
Ax = f. (1.1)

Ïóñòü (1.1) èìååò íåïóñòîå ìíîæåñòâî ðåøåíèé N, êîòîðîå ÿâëÿåòñÿ âûïóêëûì è çà-
ìêíóòûì ìíîæåñòâîì (ñì. [2], ñc. 29, 31). Â íàøèõ ïðåäïîëîæåíèÿõ óñòàíîâèòü íåïðåðûâ-
íóþ çàâèñèìîñòü ðåøåíèÿ (1.1) îò âîçìóùåíèé A è f íå óäà¼òñÿ, ïîýòîìó çàäà÷ó (1.1)
îòíåñ¼ì ê êëàññó íåêîððåêòíûõ è äëÿ å¼ ðåøåíèÿ ïðèìåíèì íåêîòîðûé ìåòîä ðåãóëÿðè-
çàöèè.

Ïóñòü äàííûå çàäà÷è (1.1) èçâåñòíû ïðèáëèæ¼ííî, à èìåííî, âìåñòî îïåðàòîðà
A : H → H è ýëåìåíòà f èçâåñòíû ïîñëåäîâàòåëüíîñòè {An} è {fn}, ïðè âñåõ n ≥ 1
îáëàäàþùèå ñëåäóþùèìè ñâîéñòâàìè :
(i) An : H → H - ìîíîòîííûé õåìèíåïðåðûâíûé îïåðàòîð,

∥Anx− Ax∥ ≤ hng(∥x∥) ∀x ∈ H, (1.2)

(ii) fn ∈ H,
∥fn − f∥ ≤ δn, (1.3)

ãäå {δn} è {hn} � áåñêîíå÷íî ìàëûå ïðè n → ∞, g(s) - ôóíêöèÿ, ïåðåâîäÿùàÿ îãðàíè-
÷åííîå ìíîæåñòâî â îãðàíè÷åííîå, s ≥ 0.

Áàçîâûì ìåòîäîì ðåãóëÿðèçàöèè äëÿ óðàâíåíèÿ (1.1) ÿâëÿåòñÿ îïåðàòîðíûé ìåòîä
ðåãóëÿðèçàöèè, îïðåäåëÿåìûé óðàâíåíèåì âèäà

Anx̃αn + αnx̃αn = fn, (1.4)

çäåñü {αn} � óáûâàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë, ïðè÷¼ì

lim
n→∞

αn = 0, (1.5)

lim
n→∞

δn
αn

= 0, (1.6)

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-
ñèòåò èì. Ð.Å. Àëåêñååâà, Íèæíèé Íîâãîðîä; lryazantseva@applmath.ru
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lim
n→∞

hn
αn

= 0. (1.7)

Â íàøèõ óñëîâèÿõ
lim
n→∞

∥x̃αn − x∗∥ = 0, (1.8)

ãäå x∗ � íîðìàëüíîå ðåøåíèå (1.1), ò.å. ýëåìåíò èç N ñ ìèíèìàëüíîé íîðìîé ([2], ñ.118).
Â ðàáîòå [3] äëÿ ìåòîäà Íüþòîíà [4]

vn+1 = vn − [A′(vn)]
−1(Avn − f), v0 ∈ H, (1.9)

ïîñòðîåí íåïðåðûâíûé àíàëîã âèäà

dv(t)

dt
= −[A′(v(t))]−1(Av(t)− f), v(t0) = v0 ∈ H. (1.10)

Â [5] ïðåäëîæåí ðåãóëÿðèçîâàííûé íåïðåðûâíûé àíàëîã ìåòîäà Íüþòîíà ñëåäóþùåãî
âèäà

(A(t)u(t) + α(t)u(t)− f(t))′t + γ(t)[A(t)u(t) + α(t)u(t)− f(t)] = 0, (1.11)

u(t0) = u0 ∈ H, (1.12)

ãäå A(t) è f(t) � íåêîòîðûå ïðèáëèæåíèÿ A è f ñîîòâåòñòâåííî, t ≥ t0, α(t) �
ïîëîæèòåëüíàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, ñóùåñòâîâàíèå (A(t)u)′t, f ′

t(t)
ïðè t ≥ t0 ïðåäïîëàãàåòñÿ.

Íà îñíîâå ìåòîäà (1.11), (1.12) ìîæíî ñòðîèòü ðàçëè÷íûå èòåðàòèâíûå ìåòîäû
ðåãóëÿðèçàöèè, çàìåíÿÿ ïðîèçâîäíûå íåêîòîðûìè ðàçäåë¼ííûìè ðàçíîñòÿìè. Çàìåíèâ â
(1.10) òîëüêî ïðîèçâîäíóþ dv(t)/dt ðàçäåë¼ííîé ðàçíîñòüþ (vn+1 − vn)/∆t ñ ∆t = 1 è
îñòàâèâ ïðîèçâîäíóþ A′(z), ïðèäåì ê ìåòîäó Íüþòîíà (1.9).

Â äàííîé çàìåòêå ìû ïðîèçâîäíóþ ïî t â (1.11) çàìåíèì ðàçäåë¼ííîé ðàçíîñòüþ è
ïðèä¼ì ê íåÿâíîìó èòåðàöèîííîìó ïðîöåññó ñëåäóþùåãî âèäà:

Anwn + αnwn − fn − (An−1wn−1 + αn−1wn−1 − fn−1)

τn
+ γn(Anwn + αnwn − fn) = 0, (1.13)

ãäå n = 1, 2, ... , ýëåìåíò w0 ∈ H çàäà¼òñÿ ïðîèçâîëüíî, {αn}, {γn}, {τn} �
ïîñëåäîâàòåëüíîñòè ïîëîæèòåëüíûõ ÷èñåë, äëÿ êîòîðûõ ñïðàâåäëèâû ñâîéñòâà (1.5) �
(1.7).

Óñòàíîâèì îäíîçíà÷íóþ ðàçðåøèìîñòü (1.13) îòíîñèòåëüíî wn ïðè èçâåñòíîì ýëåìåíòå
wn−1. Äëÿ ýòîãî ïåðåïèøåì (1.13) â ñëåäóþùåé ôîðìå

Anwn + αnwn − fn =
1

1 + γnτn
(An−1wn−1 + αn−1wn−1 − fn−1) . (1.14)

Òåïåðü, èñïîëüçóÿ ðåçóëüòàòû [1], [2], [6], äåëàåì âûâîä îá îäíîçíà÷íîé ðàçðåøèìîñòè
óðàâíåíèÿ (1.13). Èññëåäóåì ïîâåäåíèå ïîñëåäîâàòåëüíîñòè {wn} ïðè n→ ∞.

Ïóñòü â (1.1) îïåðàòîð A íåâîçìóù¼í (ò.å. An = A è hn = 0 ïðè âñåõ n ), à ïðàâàÿ
÷àñòü f âîçìóùåíà, ò.å. âìåñòî (1.13) èìååì

Avn + αnvn − fn − (Avn−1 + αn−1vn−1 − fn−1)

τn
+ γn(Avn + αnvn − fn) = 0. (1.15)

Ââåäåì îáîçíà÷åíèå
un = Avn + αnvn − fn (1.16)
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è îò (1.15) ïðèäåì ê ðàâåíñòâó

un(1 + γnτn) = un−1,

ò.å.
un = (1− βn)un−1, βn =

γnτn
1 + γnτn

.

Ñëåäîâàòåëüíî,
∥un∥ = (1− βn)∥un−1∥ ∀n ≥ 1.

Îòñþäà ïîëó÷àåì îöåíêó

∥un∥ ≤ ∥u0∥exp

(
−

n∑
i=1

βi

)
, (1.17)

ãäå u0 = Av0 + α0v0 − f0.

Çàïèøåì óðàâíåíèå (1.4) ñ òî÷íûìè äàííûìè

Axαn + αnxαn = f. (1.18)

Â ñèëó (1.8)
lim
n→∞

∥xαn − x∗∥ = 0. (1.19)

Íà îñíîâàíèè (1.16) è (1.18), ïðèíÿâ âî âíèìàíèå ìîíîòîííîñòü îïåðàòîðà A è óñëîâèå
(1.3), çàïèøåì ñîîòíîøåíèÿ

αn∥vn − xαn∥2 ≤ (Avn + αnvn − Axαn − αnxαn , vn − xαn) =

= (un + fn − f, vn − xαn) ≤ (∥un∥+ δn)∥vn − xαn∥.

Îòñþäà èìååì íåðàâåíñòâî

∥vn − xαn∥ ≤ ∥un∥
αn

+
δn
αn
.

Òåïåðü, ó÷èòûâàÿ óñòàíîâëåííóþ îöåíêó (1.17), ïîëó÷àåì íåðàâåíñòâî âèäà

∥vn − xαn∥ ≤ ∥u0∥
exp(−

∑n
i=1 βi)

αn
+
δn
αn
. (1.20)

Ñëåäîâàòåëüíî, óñòàíîâëåíî óòâåðæäåíèå.

Ò å î ð å ì à 1.1. Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî, A : H →
→ H � ìîíîòîííûé õåìèíåïðåðûâíûé îïåðàòîð, f ∈ H, óðàâíåíèå (1.1) èìååò íåïóñòîå
ìíîæåñòâî ðåøåíèé, âûïîëíåíû óñëîâèÿ (1.3), (1.5), (1.6), è

lim
n→∞

exp(−
∑n

i=1 βi)

αn
= 0, βn =

γnτn
1 + γnτn

. (1.21)

Òîãäà ïîñëåäîâàòåëüíîñòü {vn} , îïðåäåëÿåìàÿ ðàâåíñòâîì (1.15), ïðè n → ∞ ñèëüíî
ñõîäèòñÿ ê íîðìàëüíîìó ðåøåíèþ óðàâíåíèÿ (1.1) ïðè ëþáîì íà÷àëüíîì ýëåìåíòå v0 ∈
H .
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Ïóñòü òåïåðü è îïåðàòîð A çàäàí ñ îøèáêîé, òîãäà ïðè

ũn = Anwn + αnwn − fn

ñ ó÷åòîì ïðåäïîëîæåíèÿ (1.2) è ìîíîòîííîñòè îïåðàòîðîâ An èìååì

αn∥wn − xαn∥2 ≤ (Anwn + αnwn − Anxαn − αnxαn , wn − xαn) =

= (ũn + fn − f + Axαn − Anxαn , wn − xαn) ≤

≤
[
∥ũn∥+ δn + hng(∥xαn∥)

]
∥wn − xαn∥.

Êðîìå òîãî, îöåíêà âèäà (1.17) îñòà¼òñÿ ñïðàâåäëèâîé è äëÿ ÷ëåíîâ ïîñëåäîâàòåëüíîñòè
{ũn}, ò.å.

∥ũn∥ ≤ ∥ũ0∥exp

(
−

n∑
i=1

βi

)
, ũ0 = A0w0 + α0w0 − f0. (1.22)

Òåïåðü îãðàíè÷åííîñòü {xαn} (ñì. (1.19)) ïðèâîäèò ê îöåíêå

∥wn − xαn∥ ≤ a0

(
exp(−

∑n
i=1 βi)

αn
+
δn + hn
αn

)
, a0 > 0.

Òàêèì îáðàçîì, äîêàçàíî óòâåðæäåíèå.

Ò å î ð å ì à 1.2. Åñëè â óñëîâèÿõ òåîðåìû 1 îïåðàòîð A çàäàí ïðèáëèæåííî,
èìååò ìåñòî ïðåäåëüíîå ðàâåíñòâî (1.7), òî wn → x∗ ïðè n → ∞, ãäå ýëåìåíòû ïî-
ñëåäîâàòåëüíîñòè {wn} îïðåäåëÿþòñÿ èç óðàâíåíèÿ (1.13), x∗ � íîðìàëüíîå ðåøåíèå
óðàâíåíèÿ (1.1).

Èç ðàâåíñòâà (1.14) ñëåäóåò, ÷òî îøèáêà ïðàâîé ÷àñòè åãî íå íàêàïëèâàåòñÿ. Åñëè γn ≥
γ, τn ≥ τ ïðè âñåõ n, òî èìååì ñõîäèìîñòü ê íóëþ íåâÿçêè ðåãóëÿðèçîâàííîãî óðàâíåíèÿ
ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè, q = 1/(1+γτ). Â îáùåì ñëó÷àå áëèçîñòü íåâÿçêè
ê íóëþ îïðåäåëÿåòñÿ îöåíêîé (1.22). Çàìåòèì, ÷òî èç ïðåäåëüíîãî ðàâåíñòâà â (1.21) â ñèëó
(1.5) ñëåäóåò, ÷òî

∞∑
n=1

βn = +∞.

Îòìåòèì, ÷òî óðàâíåíèÿ (1.13) è (1.4) îòëè÷àþòñÿ ïðàâûìè ÷àñòÿìè, à èìåííî, ïî
ñðàâíåíèþ ñ (1.4) â óðàâíåíèè (1.13) â ïðàâóþ ÷àñòü ââîäèòñÿ äîïîëíèòåëüíîå âîçìóùåíèå

1

1 + γnτn
(An−1wn−1 + αn−1wn−1 − fn−1),

÷òî ïîçâîëÿåò ïðè çàäàíèè ýëåìåíòà w0 ó÷åñòü àïðèîðíóþ èíôîðìàöèþ îá èñêîìîì ðå-
øåíèè óðàâíåíèÿ (1.1). Íàëè÷èå òàêîé èíôîðìàöèè íåîáõîäèìî äëÿ íàõîæäåíèÿ ðåøåíèÿ
íåêîððåêòíîé çàäà÷è (1.1) (ñì. [7], [8]).
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On some method of regularization for monotone equations
in Hilbert space
c⃝ I. P. Ryazantseva2

Abstract. We study equations with monotone operators in Hilbert space with perturbed data.
We construct for this ill-posed problem implicit iterative regularized method using continuous
analogue of Newton method. In comparison with classical operator regularized method we introduce
supplementary terms in right-hand side of regularized equation. By using a priori information of
desired solution we choose initial approximation in this iterative method. We obtain su�cient
conditions of strong convergence for propose method.
Key Words: monotone operator, approximate data, iterative method, regularization, convergence
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