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Íåïàðàìåòðè÷åñêàÿ îöåíêà êâàäðàòà ïëîòíîñòè

âåðîÿòíîñòè è å¼ ñâîéñòâà â óñëîâèÿõ áîëüøèõ âûáîðîê

c⃝ Ò. Ê. Þëäàøåâ 1

Àííîòàöèÿ. Ýôôåêòèâíîñòü íåïàðàìåòðè÷åñêèõ àëãîðèòìîâ îáðàáîòêè èíôîðìàöèè, îñíî-
âàííûõ íà ÿäåðíûõ îöåíêàõ êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè è êîýôôèöèåíòà ðàçìûòîñòè,
âî ìíîãîì îïðåäåëÿåòñÿ îáúåìîì ñòàòèñòè÷åñêèõ äàííûõ. Ðàññìîòðåíû íåïàðàìåòðè÷åñêèå
îöåíêè êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè òèïà Ðîçåíáëàòòà-Ïàðçåíà. Èçó÷åíû àñèìïòîòè÷å-
ñêèå ñâîéñòâà íåïàðàìåòðè÷åñêîé îöåíêè êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè. Ïðîâåðåíà ñõî-
äèìîñòü íåïàðàìåòðè÷åñêîé îöåíêè êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè ñ óâåëè÷åíèåì îáúåìà
ýêñïåðèìåíòàëüíûõ äàííûõ ê èñêîìîé ôóíêöèè êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè. Ïîëó÷åíà
ôîðìóëà àñèìïòîòè÷åñêîé íåñìåùåííîñòè èñêîìîé îöåíêè. Äîêàçàíà ñõîäèìîñòü â ñðåäíå-
êâàäðàòè÷åñêîì è ñîñòîÿòåëüíîñòü îöåíêè êâàäðàòà ïëîòíîñòè. Ïðè ýòîì ïðîèçâåäåí âû÷èñ-
ëèòåëüíûé ýêñïåðèìåíò äëÿ âûÿâëåíèÿ çàâèñèìîñòè ñðåäíåêâàäðàòè÷åñêîé îøèáêè àïïðîê-
ñèìàöèè íåïàðàìåòðè÷åñêîé îöåíêè êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè îò îáúåìîâ ñòàòèñòè-
÷åñêèõ äàííûõ. Ïîëó÷åííàÿ â äàííîé ðàáîòå íåïàðàìåòðè÷åñêàÿ îöåíêà êâàäðàòà ïëîòíîñòè
âåðîÿòíîñòè ìîæåò áûòü èñïîëüçîâàíî ïðè ïîñòðîåíèè àëãîðèòìîâ ïðèíÿòèÿ ðåøåíèé, êîãäà
îñíîâíîé èñõîäíîé èíôîðìàöèåé ÿâëÿþòñÿ ñòàòèñòè÷åñêèå äàííûå.

Êëþ÷åâûå ñëîâà: êâàäðàò ïëîòíîñòè âåðîÿòíîñòè, íåïàðàìåòðè÷åñêàÿ îöåíêà, àñèìïòîòè-
÷åñêèå ñâîéñòâà, îöåíêà òèïà Ðîçåíáëàòòà-Ïàðçåíà, ÿäåðíàÿ ôóíêöèÿ

×àñòî èçó÷åíèå òåõíîëîãè÷åñêèõ, ýêîíîìè÷åñêèõ è ñîöèàëüíî-îðãàíèçàöèîííûõ ñèñòåì
ñâÿçàíî ñ óñëîæíåíèåì ïðîöåññîâ ïðèíÿòèÿ ðåøåíèé, ÷òî â çíà÷èòåëüíîé ìåðå õàðàêòåð-
íî äëÿ óñëîâèé àïðèîðíîé íåîïðåäåëåííîñòè â çàêîíîìåðíîñòÿõ ôóíêöèîíèðîâàíèÿ ñè-
ñòåì è èõ öåëåâûõ óñòàíîâêàõ. Èñïîëüçîâàíèå òðàäèöèîííûõ ìåòîäîâ ìîäåëèðîâàíèÿ è
óïðàâëåíèÿ ïóòåì ââåäåíèÿ ïîñëåäîâàòåëüíîñòè äîïóùåíèé íå âñåãäà ïîçâîëÿåò ïîëó÷àòü
óäîâëåòâîðèòåëüíûå ðåçóëüòàòû.

Òåîðåòè÷åñêóþ îñíîâó ïîñòðîåíèÿ îáó÷àþùèõñÿ àëãîðèòìîâ ñèíòåçà è àíàëèçà ñòðóê-
òóðû ñëîæíûõ ñèñòåì â óñëîâèÿõ àïðèîðíîé íåîïðåäåëåííîñòè ñîñòàâëÿåò çàäà÷à íåïàðà-
ìåòðè÷åñêîãî îöåíèâàíèÿ ïëîòíîñòè âåðîÿòíîñòè.

Íåïàðàìåòðè÷åñêàÿ îöåíêà êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè ìîæåò áûòü èñïîëüçîâàíî
ïðè ïîñòðîåíèè àëãîðèòìîâ ïðèíÿòèÿ ðåøåíèé, êîãäà îñíîâíîé èñõîäíîé èíôîðìàöèåé
ÿâëÿþòñÿ ñòàòèñòè÷åñêèå äàííûå.

Ïðèìåíåíèå íåïàðàìåòðè÷åñêîé îöåíêè ïëîòíîñòè âåðîÿòíîñòè è ìåòîäîâ âîññòàíîâ-
ëåíèÿ çàêîíîâ ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí ïîçâîëÿåò ïîëó÷èòü ñòàòèñòèêè ñ óëó÷-
øåííûìè àïïðîêñèìàöèîííûìè ñâîéñòâàìè ïðè óâåëè÷åíèè êîëè÷åñòâà íàáëþäåíèé [1]
� [5]. Çäåñü âàæíóþ ðîëü èãðàþò ìåòîäû, îñíîâàííûå íà îöåíêàõ ïëîòíîñòè âåðîÿòíîñòè
òèïà Ðîçåíáëàòòà-Ïàðçåíà [6] , [7].

1. Ïîñòàíîâêà çàäà÷è

Ïóñòü èìååòñÿ âûáîðêà V =
(
x i, i = 1, n

)
ñòàòèñòè÷åñêè íåçàâèñèìûõ íàáëþäåíèé

ñëó÷àéíîé âåëè÷èíû x , ðàñïðåäåëåííîé â ñîîòâåòñòâèè ñ íåèçâåñòíîé ïëîòíîñòüþ âåðî-
ÿòíîñòè p(x) .

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursunbay@rambler.ru
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Â êà÷åñòâå ïðèáëèæåíèÿ ïî ýìïèðè÷åñêèì äàííûì V ïëîòíîñòè âåðîÿòíîñòè p(x)
ïðèìåì ñòàòèñòèêó [6] , [7]:

p(x) =
1

nc

n∑
i=1

Φ
(x− x i

c

)
, (1.1)

ãäå Φ(u) � ÿäåðíàÿ ôóíêöèÿ, c � êîýôôèöèåíò ðàçìûòîñòè ÿäåðíîé ôóíêöèè.
Êîýôôèöèåíòû ðàçìûòîñòè c = c(n) ÿäåðíîé ôóíêöèè â íåïàðàìåòðè÷åñêîé îöåíêå

ïëîòíîñòè âåðîÿòíîñòè (1.1) óáûâàþò ñ ðîñòîì n .
Îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ ñòàòèñòèêà:

p 2(x) =

(
1

nc

n∑
i=1

Φ
(x− x i

c

)) 2

. (1.2)

Öåëü íàñòîÿùåé ðàáîòû çàêëþ÷àåòñÿ â èññëåäîâàíèè àñèìïòîòè÷åñêèõ ñâîéñòâ íåïàðà-
ìåòðè÷åñêîé îöåíêè êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè (1.2) è èõ ñðàâíåíèè ñî ñâîéñòâàìè
ñòàòèñòèêè (1.1).

2. Àñèìïòîòè÷åñêèå ñâîéñòâà íåïàðàìåòðè÷åñêîé îöåíêè p 2(x)

Ò å î ð å ì à 2.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1). Ôóíêöèÿ p(x) îãðàíè÷åíà è íåïðåðûâíà ñî âñåìè ñâîèìè ïðîèçâîäíûìè äî âòîðîãî

ïîðÿäêà âêëþ÷èòåëüíî;
2). ßäåðíàÿ ôóíêöèÿ Φ(u) ÿâëÿåòñÿ ïîëîæèòåëüíûì è ñèììåòðè÷íûì, à òàêæå

∞∫
−∞

Φ(u)du =
∞∫

−∞
u 2Φ(u)du = 1 ;

3). b ν,2µ =
∞∫

−∞
u 2µΦ ν(u)du <∞ , 1 ≤ µ ∈ N , ν ≥ 1 ;

4).
∞∫

−∞
u 2µ−1Φ ν(u)du = 0 , 1 ≤ µ ∈ N , ν ≥ 1 ;

5). limn→∞ c(n) = 0 , limn→∞ n · c(n) = ∞ .
Òîãäà:
1) Ìàòåìàòè÷åñêîå îæèäàíèå M íåïàðàìåòðè÷åñêîé îöåíêè p 2(x) ïðè óâåëè÷åíèè

îáúåìà ýêñïåðèìåíòàëüíûõ äàííûõ ñõîäèòñÿ ê èñêîìîé ôóíêöèè êâàäðàòà ïëîòíîñòè
âåðîÿòíîñòè p 2(x) , ò.å. ñïðàâåäëèâà ôîðìóëà àñèìïòîòè÷åñêîé íåñìåùåííîñòè îöåíêè
p 2(x) :

lim
n→∞

M
(
p 2(x)− p 2(x)

)
= 0; (2.1)

2) Èìåþò ìåñòî ñõîäèìîñòü â ñðåäíåêâàäðàòè÷åñêîì:

lim
n→∞

M
(
p 2(x)− p 2(x)

) 2

= 0; (2.2)

è ñîñòîÿòåëüíîñòü îöåíêè êâàäðàòà ïëîòíîñòè p 2(x) :

lim
n→∞

M
(
p 2(x)−M

(
p 2(x)

)) 2

= 0. (2.3)
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Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê

lim
n→∞

M
(
p 2(x)− p 2(x)

)
= lim

n→∞
M
(
p 2(x)

)
− lim

n→∞
M
(
p 2(x)

)
= lim

n→∞
M
(
p 2(x)

)
− p 2(x),

òî äëÿ äîêàçàòåëüñòâà ôîðìóëû (2.1) äîñòàòî÷íî ïîêàçàòü, ÷òî

lim
n→∞

M
(
p 2(x)

)
= p 2(x). (2.4)

Äëÿ M
(
p 2(x)

)
ñ ïîìîùüþ ñòàòèñòèêè (1.2) èìååì

M
(
p 2(x)

)
=M

(
1

nc

n∑
i=1

Φ
(x− x i

c

)) 2

=M

(
1

n 2c 2

n∑
i=1

Φ 2
(x− x i

c

))
+

+M

 1

n 2c 2

n∑
i=1

n∑
j=1
j ̸=i

Φ
(x− x i

c

)
Φ
(x− x j

c

) . (2.5)

Äëÿ ïåðâîãî ñëàãàåìîãî â (2.5) èìååì

M

(
1

n 2c 2

n∑
i=1

Φ 2
(x− x i

c

))
=

1

n 2c 2

n∑
i=1

∞∫
−∞

Φ 2
(x− x i

c

)
p(x i)dx i.

Òàê êàê âûáîðêà íåçàâèñèìûõ íàáëþäåíèé
(
x i, i = 1, n

)
èç ãåíåðàëüíîé ñîâîêóïíîñòè

X åñòü íàáëþäåíèÿ îäíîé è òîé æå ñëó÷àéíîé âåëè÷èíû, òî

p(x 1) = p(x 2) = . . . = p(xn) = p(t).

Îòñþäà

M

(
1

n 2c 2

n∑
i=1

Φ 2
(x− x i

c

))
=

1

nc

1
c

∞∫
−∞

Φ 2
(x− t

c

)
p(t)dt

 .
Ïðîèçâîäèì çàìåíó ïåðåìåííûõ

x− t

c
= u, t = x− cu, dt = −cdu.

Òîãäà, â ñèëó óñëîâèé òåîðåìû, ïîëó÷àåì

1

c

∞∫
−∞

Φ 2
(x− t

c

)
p(t)dt =

1

c

∞∫
−∞

Φ 2(u)p(x− cu)du.

Ðàçëîæèì ôóíêöèþ p(x− cu) â ðÿä Òåéëîðà â òî÷êå x :

p(x− cu) = p(x) + (x− cu− x)p (1)(x) +
(x− cu− x) 2

2
p (2)(x) + . . .+O(c 4),

ãäå p (k)(x) � ïðîèçâîäíàÿ k - ãî ïîðÿäêà ôóíêöèè p(x) .

Æóðíàë ÑÂÌÎ. 2015. Ò. 17, � 4



Íåïàðàìåòðè÷åñêàÿ îöåíêà êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè è å¼ ñâîéñòâà â . . . 63

Òîãäà èìååì

1

c

∞∫
−∞

Φ 2
(x− t

c

)
p(t)dt =

=

∞∫
−∞

Φ 2(u)
[
p(x)− cup (1)(x) +

c 2u 2

2!
p (2)(x) + . . .+O(c 4)

]
du.

Ïîýòîìó, â ñèëó óñëîâèé òåîðåìû, ñïðàâåäëèâî ñîîòíîøåíèå

M

(
1

n 2c 2

n∑
i=1

Φ 2
(x− x i

c

))
=

1

nc

[
p(x)b 2,0 +

c 2

2
p (2)(x)b 2,2 + . . .+O(c 4)

]
, (2.6)

ãäå b 2,0 =
∞∫

−∞
Φ 2(u)du , b 2,2 =

∞∫
−∞

u 2Φ 2(u)du .

Äëÿ âòîðîãî ñëàãàåìîãî â (2.5) èìååì

M

 1

n 2c 2

n∑
i=1

n∑
j=1
j ̸=i

Φ
(x− x i

c

)
Φ
(x− x j

c

) =

=
1

n 2c 2

n∑
i=1

n∑
j=1
j ̸=i

 ∞∫
−∞

∞∫
−∞

Φ
(x− x i

c

)
Φ
(x− x j

c

)
p
(
x i, x j

)
dx idx j

 =

=
1

n 2c 2

n∑
i=1

n∑
j=1
j ̸=i

∞∫
−∞

∞∫
−∞

Φ 2
(x− t

c

)
p 2(t)dt 2 =

n(n− 1)

n 2

1
c

∞∫
−∞

Φ
(x− t

c

)
p(t)dt

 2

=

=
n− 1

n

[
p(x) +

c 2

2
p (2)(x) + . . .+O(c 4)

] 2

=

=
n− 1

n

[
p 2(x) + c 2p(x)p (2)(x) +

c 4

4

(
p (2)(x)

) 2

+O(·)
]
. (2.7)

Ïîäñòàíîâêà ôîðìóë (2.6) è (2.7) â (2.5) äàåò

M
(
p 2(x)

)
∼ 1

nc

[
p(x)b 2,0 +

c 2

2
p (2)(x)b 2,2

]
+

+p 2(x) + c 2p(x)p (2)(x) +
c 4

4

(
p (2)(x)

) 2

. (2.8)

Ïåðåõîä ê ïðåäåëó ïðè n → ∞ â (2.8) c ó÷åòîì (1.2) äàåò (2.4). Èòàê, ìû äîêàçà-
ëè àñèìïòîòè÷åñêóþ íåñìåøåííîñòü íåïàðàìåòðè÷åñêîé îöåíêè p 2(x) . Òàêèì îáðàçîì,
äîêàçàíà ñïðàâåäëèâîñòü ôîðìóëû (2.1).

Òåïåðü äîêàæåì, ÷òî ìàòåìàòè÷åñêîå îæèäàíèå íåïàðàìåòðè÷åñêîé îöåíêè p 4(x) ïðè
óâåëè÷åíèè îáúåìà ýêñïåðèìåíòàëüíûõ äàííûõ ñõîäèòñÿ ê èñêîìîé ôóíêöèè ïëîòíîñòè
âåðîÿòíîñòè p 4(x) :

lim
n→∞

M
(
p 4(x)

)
= p 4(x). (2.9)
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Äåéñòâèòåëüíî, èìååì

M
(
p 4(x)

)
=M

(
1

nc

n∑
i=1

Φ
(x− x i

c

)) 4

=M

(
1

n 4c 4

n∑
i=1

Φ 4
(x− x i

c

))
+

+M

 1

n 4c 4

n∑
i=1

n∑
j=1
j ̸=i

Φ
(x− x i

c

)
Φ 3
(x− x j

c

)+

+M

 1

n 4c 4

n∑
i=1

n∑
j=1

n∑
k=1
k ̸=j

Φ
(x− x i

c

)
Φ
(x− x j

c

)
Φ 2
(x− x k

c

)+

+M

 1

n 4c 4

n∑
i=1

n∑
j=1

n∑
k=1

n∑
m=1
m ̸=k

Φ
(x− x i

c

)
Φ
(x− x j

c

)
Φ
(x− x k

c

)
Φ
(x− xm

c

) . (2.10)

Äëÿ ïåðâîãî ñëàãàåìîãî â (2.10) èñïîëüçóåì îïðåäåëåíèå ìàòåìàòè÷åñêîãî îæèäàíèÿ

M

(
1

n 4c 4

n∑
i=1

Φ 4
(x− x i

c

))
=

1

n 4c 4

n∑
i=1

∞∫
−∞

Φ 4
(x− x i

c

)
p(x i)dx i =

=
1

n 4c 3

n∑
i=1

1
c

∞∫
−∞

Φ 4
(x− t

c

)
p(t)dt

 =

=
1

n 3c 3

[
p(x)b 4,0 +

c 2

2
p (2)(x)b 4,2 + . . .+O(c 4)

]
. (2.11)

Äëÿ âòîðîãî ñëàãàåìîãî â (2.10), â ñèëó îïðåäåëåíèÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ, èìååì

M

 1

n 4c 4

n∑
i=1

n∑
j=1
j ̸=i

Φ
(x− x i

c

)
Φ 3
(x− x j

c

) =

=
1

n 4c 4

n∑
i=1

n∑
j=1
j ̸=i

∞∫
−∞

∞∫
−∞

Φ
(x− x i

c

)
Φ 3
(x− x j

c

)
p(x i, x j)dx idx j =

=
1

n 4c 4

n∑
i=1

n∑
j=1
j ̸=i

∞∫
−∞

∞∫
−∞

Φ 4
(x− t

c

)
p 2(t)dt 2 =

=
n(n− 1)

n 4c 2

1
c

∞∫
−∞

Φ 2
(x− t

c

)
p(t)dt

 2

∼ 1

n 2c 2

[
p(x)b 2,0 +

c 2

2
p (2)(x)b 2,2

] 2

=

=
1

n 2c 2

[
p 2(x)

(
b 2,0
) 2

+ c 2p (2)(x)p(x)b 2,2b 2,0 +
c 4

4

(
p (2)(x)

) 2(
b 2,2
) 2
]
. (2.12)
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Àíàëîãè÷íî è äëÿ òðåòüåãî ñëàãàåìîãî â (2.10), â ñèëó îïðåäåëåíèÿ ìàòåìàòè÷åñêîãî
îæèäàíèÿ, ïîëó÷àåì àñèìïòîòè÷åñêîå ðàçëîæåíèå

M

 1

n 4c 4

n∑
i=1

n∑
j=1

n∑
k=1
k ̸=j

Φ
(x− x i

c

)
Φ
(x− x j

c

)
Φ 2
(x− x k

c

) =

=
1

n 4c 4

n∑
i=1

n∑
j=1

n∑
k=1
k ̸=j

∞∫
−∞

∞∫
−∞

∞∫
−∞

Φ 4
(x− t

c

)
p 3(t)dt 3 =

=
n− 1

n 2c

1
c

∞∫
−∞

Φ
4
3

(x− t

c

)
p(t)dt

 3

∼ 1

nc

[
p(x)b

4
3
,0 +

c 2

2
p (2)(x)b

4
3
,2

] 3

=

=
1

nc

[
p 3(x)

(
b

4
3
,0
) 3

+
3c 2

2
p (2)(x)p 2(x)b

4
3
,2
(
b

4
3
,0
) 2

+

+
3c 4

4
p(x)

(
p (2)(x)

) 2(
b

4
3
,2
) 2

b
4
3
,0 +O(·)

]
. (2.13)

Äëÿ ÷åòâåðòîãî ñëàãàåìîãî â (2.10) èìååì ñëåäóþùóþ àïðîêñèìàöèîííóþ îöåíêó

M

 1

n 4c 4

n∑
i=1

n∑
j=1

n∑
k=1

n∑
m=1
m ̸=k

Φ
(x− x i

c

)
Φ
(x− x j

c

)
Φ
(x− x k

c

)
Φ
(x− xm

c

) =

=
n− 1

nc 4

∞∫
−∞

∞∫
−∞

∞∫
−∞

∞∫
−∞

Φ 4
(x− t

c

)
p 4(t)dt 4 ∼

∼

1
c

∞∫
−∞

Φ
(x− t

c

)
p(t)dt

 4

∼
[
p 2(x) + c 2p (2)(x)p(x) +

c 4

4

(
p (2)(x)

) 2
] 2

∼

∼ p 4(x) + 2c 2p (2)(x)p 3(x) +
c 4

2
p 2(x)

(
p (2)(x)

) 2

. (2.14)

Ñ ó÷åòîì ôîðìóë (2.11) � (2.14) èç (2.10) ïîëó÷àåì ñëåäóþùóþ àñèìïòîòè÷åñêóþ ôîð-
ìóëó

M
(
p 4(x)

)
∼ 1

n 3c 3

[
p(x)b 4,0 +

c 2

2
p (2)(x)b 4,2

]
+

+
1

n 2c 2

[
p 2(x)

(
b 2,0
) 2

+ c 2p (2)(x)p(x)b 2,2b 2,0 +
c 4

4

(
p (2)(x)

) 2(
b 2,2
) 2
]
+

+
1

nc

[
p 3(x)

(
b

4
3
,0
) 3

+
3c 2

2
p (2)(x)p 2(x)b

4
3
,2
(
b

4
3
,0
) 2

+
3c 4

4
p(x)

(
p (2)(x)

) 2(
b

4
3
,2
) 2

b
4
3
,0

]
+

+p 4(x) + 2c 2p (2)(x)p 3(x) +
c 4

2
p 2(x)

(
p (2)(x)

) 2

. (2.15)
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Ïåðåõîäÿ ê ïðåäåëó â (2.15) ïðè n → ∞ , â ñèëó óñëîâèé òåîðåìû, ïîëó÷àåì (2.9). Ñ
ïîìîùüþ ôîðìóëû (2.9) íåòðóäíî ïîêàçàòü, ÷òî èìååò ìåñòî ñõîäèìîñòü â ñðåäíåêâàäðà-
òè÷åñêîì äëÿ îöåíêè ïëîòíîñòè p 2(x) . Äåéñòâèòåëüíî, èç ñëåäóþùåãî ñîîòíîøåíèÿ

lim
n→∞

M
(
p 2(x)− p 2(x)

) 2

= lim
n→∞

M
(
p 4(x)

)
− 2 lim

n→∞
M
(
p 2(x)

)
p 2(x) + p 4(x)

ñ ó÷åòîì (2.4) è (2.9) ïîëó÷àåì, ÷òî ñïðàâåäëèâà ôîðìóëà (2.2).
Ïîñêîëüêó p 2(x) ÿâëÿåòñÿ àñèìïòîòè÷åñêè íåñìåùåííîé îöåíêîé äëÿ p 2(x) è ñõîäèòñÿ

â ñðåäíåêâàäðàòè÷åñêîì, òî îíà îáëàäàåò ñâîéñòâîì ñîñòîÿòåëüíîñòè, ò.å. ñïðàâåäëèâà
ôîðìóëà (2.3).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

3. Ìåðà áëèçîñòè ìåæäó èñêîìîé ïëîòíîñòüþ âåðîÿòíîñòåé p 2(x)
è åå îöåíêîé p 2(x)

Ñ ó÷åòîì ôîðìóë (2.8) è (2.15) èìååì

M
(
p 2(x)− p 2(x)

) 2

=M
(
p 4(x)

)
− 2M

(
p 2(x)

)
p 2(x) + p 4(x) ∼

∼ 1

n 3c 3

[
p(x)b 4,0 +

c 2

2
p (2)(x)b 4,2

]
+

+
1

n 2c 2

[
p 2(x)

(
b 2,0
) 2

+ c 2p (2)(x)p(x)b 2,2b 2,0 +
c 4

4

(
p (2)(x)

) 2(
b 2,2
) 2
]
+

+
1

nc

[
p 3(x)

(
b

4
3
,0
) 3

+
3c 2

2
p (2)(x)p 2(x)b

4
3
,2
(
b

4
3
,0
) 2

+
3c 4

4
p(x)

(
p (2)(x)

) 2(
b

4
3
,2
) 2

b
4
3
,0

]
+

+p 4(x) + 2c 2p (2)(x)p 3(x) +
c 4

2
p 2(x)

(
p (2)(x)

) 2

− 2p 2(x)

{
1

nc

[
p(x)b 2,0 +

c 2

2
p (2)(x)b 2,2

]
+

+p 2(x) + c 2p(x)p (2)(x) +
c 4

4

(
p (2)(x)

) 2
}
+ p 4(x)

èëè, ïðåíåáðåãàÿ ñëàãàåìûìè ìàëîñòè íåêîòîðûõ âåëè÷èí, ïîëó÷àåì

M
(
p 2(x)− p 2(x)

) 2

∼ 1

nc

{
p 3(x)

[(
b

4
3
,0
) 3

− 2b 2,0
]
+

+c 2p 2(x)p (2)(x)

[
3

2

(
b

4
3
,0
) 2

b
4
3
,2 − 2b 2,2

]
+

3c 4

4
p(x)

(
p (2)(x)

) 2(
b

4
3
,2
) 2

b
4
3
,0

}
. (3.1)

Äëÿ îïðåäåëåíèÿ óñëîâèé ñõîäèìîñòè íà âñåé îáëàñòè èçìåíåíèÿ x ïðîèíòåãðèðóåì
(3.1)

M

∞∫
−∞

(
p 2(x)− p 2(x)

) 2

dx ∼ 1

nc

{∥∥∥p 3(x)
∥∥∥ [(b 4

3
,0
) 3

− 2b 2,0
]
+

+c 2
∥∥∥p 2(x)p (2)(x)

∥∥∥ [3
2

(
b

4
3
,0
) 2

b
4
3
,2 − 2b 2,2

]
+

3c 4

4

∥∥∥p(x)(p (2)(x)
) 2∥∥∥(b 4

3
,2
) 2

b
4
3
,0

}
. (3.2)

ãäå
∥∥∥p(x)∥∥∥ =

∞∫
−∞

p(x)dx .

Âåëè÷èíà êðèòåðèÿ (3.2) ïðåäñòàâëÿåò ñîáîé ìåðó áëèçîñòè ìåæäó èñêîìîé ïëîòíî-
ñòüþ âåðîÿòíîñòåé p 2(x) è åå àñèìïòîòè÷åñêîé îöåíêîé p 2(x) . Ýòà âåëè÷èíà ïðè êîíå÷-
íîì îáúåìå âûáîðêè çàâèñèò îò êîýôôèöèåíòà ðàçìûòîñòè c è ÿäåðíîé ôóíêöèè Φ(u) .
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4. Àíàëèç ñâîéñòâ ñòàòèñòèêè p 2(x)

Ðàññìîòðèì ñëåäóþùóþ ôóíêöèþ [8]

W 1(n, c) =

M
∞∫

−∞

(
p(x)− p(x)

) 2

dx

∞∫
−∞

p 2(x)dx

∼
1
nc
∥Φ(u)∥ 2 + c 4∥p (2)(x)∥ 2

4

∥p 2(x)∥
. (4.1)

Ïðîâåäåì äëÿ êîíêðåòíûõ óñëîâèé àíàëèç àñèìïòîòè÷åñêèõ âûðàæåíèé îòíîñèòåëü-
íûõ ñðåäíåêâàäðàòè÷åñêèõ îøèáîê àïïðîêñèìàöèé (4.1). Ñ ýòîé öåëüþ ðàññìîòðèì ôóíê-
öèþ

W 2(n, c) =

M
∞∫

−∞

(
p 2(x)− p 2(x)

) 2

dx

∞∫
−∞

p 4(x)dx

∼ 1

nc∥p 4(x)∥
×

×
{∥∥∥p 3(x)

∥∥∥ [(b 4
3
,0
) 3

− 2b 2,0
]
+ c 2

∥∥∥p 2(x)p (2)(x)
∥∥∥ [3

2

(
b

4
3
,0
) 2

b
4
3
,2 − 2b 2,2

]
+

+
3c 4

4

∥∥∥p(x)(p (2)(x)
) 2∥∥∥(b 4

3
,2
) 2

b
4
3
,0

}
. (4.2)

Ïðèâåä¼ííûå âûøå îòíîøåíèÿ çàâèñÿò îò p(x) , âèäà ÿäåðíûõ ôóíêöèé è îáú¼ìà n
èñõîäíûõ ñòàòèñòè÷åñêèõ äàííûõ.

Â êà÷åñòâå âîññòàíàâëèâàåìîé ïëîòíîñòè âåðîÿòíîñòè ðàññìîòðèì íîðìèðîâàííóþ
ôóíêöèþ Ëàïëàñà

p(x) =
1√
2π

exp
[
−x

2

2

]
.

Â êà÷åñòâå ÿäåðíîé ôóíêöèè Φ(u) áóäåì èñïîëüçîâàòü îïòèìàëüíîå ÿäðî Åïàíå÷íè-
êîâà [1]

Φ(u) =


3

4
√
5
− 3u 2

20
√
5
, |u| <

√
5,

0, |u| ≥
√
5.

Â êà÷åñòâå êîýôôèöèåíòà ðàçìûòîñòè c â (4.1) è (4.2) áåðåì îïòèìàëüíûé êîýôôèöè-
åíò ðàçìûòîñòè [8]

c =

 b 2,0

n
∥∥∥(p (2)(x)

) 2∥∥∥


1
5

.

Òîãäà íåáîëüøîé âû÷èñëèòåëüíûé ýêñïåðèìåíò ïîêàçûâàåò, ÷òî ñðåäíåêâàäðàòè÷åñêèå
îøèáêè àïïðîêñèìàöèé (4.1) è (4.2) ñòàíîâÿòñÿ ìàëûìè äëÿ áîëüøèõ çíà÷åíèé n è ñòðå-
ìÿòñÿ ê íóëþ ïðè n → ∞ . Ïðè ýòîì ñðåäíåêâàäðàòè÷åñêàÿ îøèáêà àïïðîêñèìàöèè (4.2)
êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè ñòðåìèòñÿ ê íóëþ áûñòðåå, ÷åì ñðåäíåêâàäðàòè÷åñêàÿ
îøèáêà àïïðîêñèìàöèè (4.1) ïëîòíîñòè âåðîÿòíîñòè. Îòñþäà ñëåäóåò, ÷òî ñòàòèñòèêà (1.2)
îáëàäàåò ëó÷øèìè àñèìïòîòè÷åñêèìè ñâîéñòâàìè, ÷åì ñòàòèñòèêà (1.1).
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5. Çàêëþ÷åíèå

Íåïàðàìåòðè÷åñêàÿ îöåíêà êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè èñïîëüçóåòñÿ ïðè ïîñòðî-
åíèè îáó÷àþùèõñÿ àëãîðèòìîâ ñèíòåçà è àíàëèçà ñòðóêòóðû ñëîæíûõ ñèñòåì â óñëîâèÿõ
àïðèîðíîé íåîïðåäåëåííîñòè.

Â äàííîé ðàáîòå ïðîâåðÿåòñÿ ñõîäèìîñòü íåïàðàìåòðè÷åñêîé îöåíêè p 2(x) ñ óâåëè-
÷åíèåì îáúåìà ýêñïåðèìåíòàëüíûõ äàííûõ ê èñêîìîé ôóíêöèè êâàäðàòà ïëîòíîñòè âå-
ðîÿòíîñòè p 2(x) . Äîêàçûâàþòñÿ: àñèìïòîòè÷åñêàÿ íåñìåùåííîñòü, ñðåäíåêâàäðàòè÷åñêàÿ
ñõîäèìîñòü è ñîñòîÿòåëüíîñòü îöåíêè p 2(x) .

Âû÷èñëèòåëüíàÿ ýôôåêòèâíîñòü íåïàðàìåòðè÷åñêèõ àëãîðèòìîâ îáðàáîòêè èíôîðìà-
öèè, îñíîâàííûõ íà ÿäåðíûõ îöåíêàõ êâàäðàòà ïëîòíîñòè âåðîÿòíîñòè, âî ìíîãîì îïðå-
äåëÿåòñÿ îáúåìîì ñòàòèñòè÷åñêèõ äàííûõ. Îïðåäåëÿåòñÿ êðèòåðèé ìåðû áëèçîñòè ìåæäó
èñêîìîé ïëîòíîñòüþ âåðîÿòíîñòåé p 2(x) è åå îöåíêîé p 2(x) è ýòà âåëè÷èíà ïðè êîíå÷-
íîì îáúåìå âûáîðêè çàâèñèò îò êîýôôèöèåíòà ðàçìûòîñòè c è ÿäåðíîé ôóíêöèè Φ(u) . Â
óñëîâèÿõ áîëüøîãî îáúåìà âûáîðêè äîêàçûâàåòñÿ, ÷òî ñòàòèñòèêà (1.2) îáëàäàåò ëó÷øèìè
àñèìïòîòè÷åñêèìè ñâîéñòâàìè, ÷åì ñòàòèñòèêà (1.1).
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Nonparametric estimate of quadrate of the probability

densities and its properties under the large sample

c⃝ T. K. Yuldashev2

Abstract. E�ciency of nonparametric data processing algorithms, based on kernel estimators of
square of probability density and blur factor, largely determined by the volume of statistical data.
It is considered in this article the nonparametric estimate of quadrate of the probability densities
of Rosenblatt-Parzen type. It is studied the asymptotic properties of the nonparametric estimate
of quadrate of the probability densities. It is tested the convergence of nonparametric estimates of
the probability densities with increasing amount of experimental data to the desired probability
density function. It is obtained the formula of asymptotically unbiased of the desired estimates.
It is proved the mean-square convergence and the solvency of quadrate density. It is produced
the computer experiment to determine the dependence of mean square error of nonparametric
estimate approximation of the probability densities quadrate from the volume of statistical data.
The nonparametric estimate of quadrate of the probability densities, obtained in this article can
be used for constructing decision algorithms when the primary source of information is statistical
data.
Key Words: quadrate of probability density, nonparametric estimate, asymptotic properties,
Rosenblatt-Parzen type estimation, kernel function
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