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Àííîòàöèÿ. Â ðàáîòå, äëÿ àíàëèçà óñòîé÷èâîñòè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé,
èñïîëüçóåòñÿ ìåòîä Å. Â. Âîñêðåñåíñêîãî, îñíîâàííûé íà ìåòîäå ñðàâíåíèÿ. Ïðåäëîæåííûé
ïîäõîä ñîñòîèò â ñëåäóþùåì: äëÿ èññëåäóåìûõ óðàâíåíèé ñòðîÿòñÿ óðàâíåíèÿ ñðàâíåíèÿ, ïî-
âåäåíèå ðåøåíèé êîòîðûõ èçâåñòíî. Çàòåì ÷åðåç ýòàëîííûå ôóíêöèè ñðàâíèâàþòñÿ ðåøåíèÿ
ýòèõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ìå-
òîä ñðàâíåíèÿ, ìîäåëü Ëóêàñà

1. Èññëåäîâàíèå óñòîé÷èâîñòè íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ïî ÷àñòè ïåðåìåííûõ íà îñíîâå
ìåòîäà ñðàâíåíèÿ

Ðàññìîòðèì äâå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dy

dt
= A(t)y (1.1)

è
dx

dt
= A(t)x+ f(t, x) (1.2)

ãäå A: [T, +∞ )→ Hom(Rn, Rn) � íåïðåðûâíîå îòîáðàæåíèå.
Âûÿñíèì: êàêèìè àñèìïòîòè÷åñêèìè ôîðìóëàìè ñâÿçàíû ðåøåíèÿ ýòèõ äâóõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé?
Ïóñòü N = {1, 2, ..., n } è N0 ⊆M ⊆M0 ⊆M0 ⊆ N,

R0 = {x : x ∈ Rn, x = colon(x1 , x2, ..., xn), xj = 0, j /∈M0}.

Ïðåäïîëîæèì òàê æå, ÷òî

|fj(t, x1, x2, ..., xn)| ≤ λj(t, |xj1 | , ...,
∣∣xjq ∣∣),

∀j ∈ N, f(t, x) = f(t, x1, ..., xn) = colon(f1(t, x1, ..., xn), ..., fn(t, x1, ..., xn)),

çäåñü
λj(t, r1, ..., ri, ..., rq) ≤ λj(t, r1, ..., ri, ..., rq), ri ≤ ri, i = 1, q

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé
ìåõàíèêè ÔÃÁÎÓ ÂÏÎ ¾Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í.Ï.Îãàð¼âà¿, ã. Ñàðàíñê;
mamedovatf@yandex.ru.

2 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìå-
õàíèêè ÔÃÁÎÓ ÂÏÎ ¾Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í.Ï.Îãàð¼âà¿, ã. Ñàðàíñê;
egorovadk@mail.ru.

3 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìå-
õàíèêè ÔÃÁÎÓ ÂÏÎ ¾Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í.Ï.Îãàð¼âà¿, ã. Ñàðàíñê;
desyaev@rambler.ru.
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ïðè âñåõ t ∈ [T,+∞) .
Ôóíäàìåíòàëüíàÿ ìàòðèöà Y (t) = (yij(t)), i, j ∈ 1, n óðàâíåíèÿ (1.1) áóäåì ñ÷èòàòü

íîðìèðîâàíà â òî÷êå t0 ∈ [T,+∞) è Y −1(t) = (yji(t)).
Ïóñòü íåïðåðûâíûå ôóíêöèè:

µi : [T,+∞) → R1
+,mi : [T,+∞) → R1

+

óäîâëåòâîðÿþò íåðàâåíñòâàì:

µi(t) ≥ max |yij(t)|
j∈N0

,mi(t) ≥ max{max
j∈M0

|yij(t)| , µi(t)},

ãäå T ≤ t < +∞, i ∈M0.
Òàêèì îáðàçîì, ôóíêöèè µi(t) áóäåì íàçûâàòü ýòàëîííûìè ôóíêöèÿìè ñðàâíåíèÿ.
Áóäåì ñ÷èòàòü i1 = 1, i2 = 2, ..., iq = q.

Ïóñòü ïðè ëþáîì c ≥ 0 ôóíêöèè

Pi = c
∑
k∈M0

|yik(t)|+
∫ t

t0

∣∣∣∣∣ ∑
j∈N,k∈B

yik(t)y
jk(s)

∣∣∣∣∣λj(s, cm(s))ds+

∫ +∞

t

∣∣∣∣∣ ∑
j∈N,k∈M

yik(t)y
jk(s)

∣∣∣∣∣λj(s, cm(s))ds,

ãäå i = q + 1, n ñóùåñòâóþò ïðè âñåõ t ≥ t0 ≥ T,B = N\M.
Ðàññìîòðèì ìíîæåñòâî

Ω = {φ : φ ∈ C(p)([T,+∞), Rn), |φi(t)| ≤ c1mi(t), i = 1, q, |φi(t)| ≤ c2pi(t), i = q + 1, n,

c1, c2 ∈ R+
1 , p ≥ 0}.

Çäåñü c1, c2 � ôèêñèðîâàííûå ïîëîæèòåëüíûå ÷èñëà.
Äîïóñòèì,

Ii(t, φ) =

∫ t

t0

∑
j∈N,k∈B

yik(t)y
jk(s)fj(s, φ(s))ds−

∫ +∞

t

∑
j∈N,k∈M

yik(t)y
jk(s)fj(s, φ(s))ds,B = N\M

(1.3)
ñóùåñòâóåò ïðè ëþáûõ i ∈ N, c ∈ R1

+, φ ∈ Ω . Êðîìå òîãî, íåñîáñòâåííûå èíòåãðàëû â (1.3)
ñõîäÿòñÿ ðàâíîìåðíî ïî t ïðè t ∈ [T,+∞). [1]

Ò å î ð å ì à 1.1. [2]. Ïóñòü äëÿ óðàâíåíèé (1.1) è (1.2) âûïîëíÿåòñÿ óñëîâèå
(1.3). Òîãäà ïðè äîñòàòî÷íî áîëüøîì t0 äëÿ ðåøåíèÿ y(t : t0y0), y0 ∈ R0, R0 = {x : x ∈ Rn}
ñóùåñòâóåò ðåøåíèå x(t : t0, x0), x0 ∈ R0 , äëÿ êîòîðîãî ñëåäóåò âûïîëíåíèå àñèìïòî-
òè÷åñêîãî ðàâåíñòâà:

xi(t) =
∑
j∈M0

yij(t)γj + o(µi(t))t→ +∞, ∀i ∈M0. (1.4)

Ò å î ð å ì à 1.2. [2]. Ïóñòü ïðè óñëîâèÿõ (1.3) äëÿ êàæäîãî ðåøåíèÿ óðàâíåíèÿ
(1.2) x(t : t0, x0), x0 ∈ R0 ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî:

xi(t : t0, x0) = o(mi(t)),

ãäå t→ +∞ è ∀ i ∈M0. Ñëåäîâàòåëüíî, äëÿ êàæäîãî ðåøåíèÿ x(t : t0, x0), x0 ∈ R0 (1.2)
ñóùåñòâóåò ðåøåíèå y(t : t0, y0), y0 ∈ R0 (1.1) òàêîå, ÷òî ñïðàâåäëèâî àñèìïòîòè÷åñêîå
ðàâåíñòâî (1.4).
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Ò å î ð å ì à 1.3. [2]. Åñëè âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 2 è óñëîâèå (1.3) èìååò

ìåñòî ðàâíîìåðíî îòíîñèòåëüíî 0 < c ≤ c0 è Ii(t,c)
µi(t)

→ 0, µi(t) ≤ k, k > 0, ∀i ∈
M0 ïðè A → 0, òî, åñëè óðàâíåíèå (1.1) óñòîé÷èâî ïî ÷àñòè ïåðåìåííûõ ∀i ∈ M0,òî
òðèâèàëüíîå ðåøåíèå óðàâíåíèÿ (1.2) òàêæå óñòîé÷èâî ïî ÷àñòè ïåðåìåííûõ è, åñëè
óðàâíåíèå (1.1) íåóñòîé÷èâî ïî ÷àñòè ïåðåìåííûõ i, i ∈ M0,òî òðèâèàëüíîå ðåøåíèå
óðàâíåíèÿ (1.2) òàêæå íåóñòîé÷èâî ïî ÷àñòè ïåðåìåííûõ.

2. Ïðèìåíåíèå ìåòîäà Å.Â. Âîñêðåñåíñêîãî ê àíàëèçó óñòîé÷èâî-
ñòè ìàòåìàòè÷åñêîé ìîäåëè Ëóêàñà ïî ÷àñòè ïåðåìåííûõ

Ðàññìîòðèì ïðèìåíåíèå äàííîãî ìåòîäà àíàëèçà óñòîé÷èâîñòè ñèñòåì äèôôåðåíöè-
àëüíûõ óðàâíåíèé ê ìàòåìàòè÷åñêîé ìîäåëè Ëóêàñà.

Ìàòåìàòè÷åñêàÿ ìîäåëü ýêîíîìè÷åñêîãî ðîñòà Ëóêàñà èìååò âèä [3]:

d
dt
K(t) = A(t)k(t)βh(t)1−β+γu(t)1−β+γ − (µK + n)k(t)− c(t)

d
dt
h(t) = δ(1− u(t))h(t)− µhh(t)

d
dt
c(t) = c(t)

σ
[βA(t)k(t)β−1h(t)1−β+γu(t)1−β+γ − (ρ+ µK)]

d
dt
u(t) = 1

β−γu(t)
{
P + δQ[1− u(t)]− β c(t)

k(t)

}
.

(2.1)

ãäå A(t) � ôóíêöèÿ, îïèñûâàþùàÿ òåõíîëîãè÷åñêèé ïðîãðåññ, k(t) � ôèçè÷åñêèé êà-
ïèòàë, β � äîëÿ ôèçè÷åñêîãî êàïèòàëà, h(t) � óðîâåíü ÷åëîâå÷åñêîãî êàïèòàëà, γ �
ïîëîæèòåëüíûé ïàðàìåòð, µK � íîðìà àìîðòèçàöèè ôèçè÷åñêîãî êàïèòàëà, n � òåìï
èçìåíåíèÿ ÷èñëåííîñòè ðàáî÷åé ñèëû, c(t) � óäåëüíîå ïîòðåáëåíèå, δ � ïîëîæèòåëü-
íûé òåõíîëîãè÷åñêèé ïàðàìåòð, u(t) � äîëÿ âðåìåíè èíäèâèäà, ïîñâÿùåííàÿ ïðîèçâîä-
ñòâåííîé äåÿòåëüíîñòè, µh � íîðìà àìîðòèçàöèè ÷åëîâå÷åñêîãî êàïèòàëà, σ � ïîñòî-
ÿííàÿ ìåðà îòíîñèòåëüíîé íåñêëîííîñòè ê ðèñêó, ρ � äèñêîíòèðóþùèé ôàêòîð, P =
α+ (1− β)(n+ µK) + δp− µh(1− β + γ) è Q = (q − p)− (β − γ).
Äëÿ èññëåäîâàíèÿ òðèâèàëüíîãî ðåøåíèÿ (1.2) íà óñòîé÷èâîñòü ïðåîáðàçóåì (2.1).
Îïðåäåëèì ïåðåìåííûå:

q(t) ≡ c(t)

k(t)
, x(t) ≡ k(t)

A(t)
1

1−βh(t)
1−β+γ
1−β

= k(t)A(t)
1

β−1h(t)
1−β+γ
β−1 .

Âû÷èñëÿÿ ëîãàðèôìè÷åñêóþ ïðîèçâîäíóþ è ïîäñòàâëÿÿ òåìïû ðîñòà ôóíêöèé:
k(t), h(t), c(t) , à òàêæå èñïîëüçóÿ (2.1), ïîëó÷èì:

1

x(t)

dx(t)

dt
= x(t)β−1u(t)1−β+γ − ψ[1− u(t)]− q(t)−M

1

q(t)

dq(t)

dt
= ϕx(t)β−1u(t)1−β+γ − q(t)− ξ,

ãäå

ψ = −δ1− β + γ

1− β
, ξ =

ρ

σ
− n− µK(1−

1

σ
),M =

α

1− β
+ n+ µK − µh

1− β + γ

1− β
, ϕ =

β

σ
− 1.
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Òàêèì îáðàçîì, ïîëó÷èì, ÷òî ìîäåëü Ëóêàñà (2.1) ïðèìåò âèä:

dx(t)
dt

= x(t)βu(t)1−β+γ + ψ[1− u(t)]x(t)− q(t)x(t)−Mx(t)
dq(t)
dt

= ϕx(t)β−1u(t)1−β+γq(t)− [q(t)]2 − ξq(t)
du(t)
dt

= 1
β−γu(t){P + δQ[1− u(t)]− βq(t)}

dc(t)
dt

= 1
σ
c(t)[βx(t)β−1u(t)1−β+γ − (ρ+ µK)]

(2.2)

ãäå

ψ = −δ 1−β+γ
1−β , ξ = ρ

σ
− n− µK(1− 1

σ
),M = α

1−β + n+ µK − µh
1−β+γ
1−β ,

ϕ = β
σ
− 1, P = α + (1− β)(n+ µK) + δp− µh(1− β + γ), Q = (q − p)− (β − γ).

Çàïèøåì îäíîðîäíóþ ñèñòåìó îáûêíîâåííóþ äèôôåðåíöèàëüíûõ óðàâíåíèé, ñîîòâåòñòâó-
þùóþ ñèñòåìå (2.2):

dx(t)
dt

= (ψ −M)x(t)
dq(t)
dt

= −ξq(t)
du(t)
dt

=
(

P
β−γ +

δQ
β−γ

)
u(t)

dc(t)
dt

= −ρ+µK
σ

c(t)

(2.3)

Ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé ñèñòåìû è ñîîòâåòñòâóþùàÿ åé îáðàòíàÿ èìåþò âèä:

Y (t) =


e(ψ−M)t 0 0 0

0 e−ξt 0 0

0 0 e
P+δQ
β−γ

t 0

0 0 0 e−
(ρ+µK )

σ
t



Y −1(s) =


e−(ψ−M)s 0 0 0

0 eξs 0 0

0 0 e−(
P+δQ
β−γ )s 0

0 0 0 e
(ρ+µK )

σ
s


Çäåñü èìååì: N = {1, 2, 3, 4},M0 = {1, 2, 3, 4}, B = N\M0 = {}.

Ñäåëàåì îöåíêó íåëèíåéíîé ÷àñòè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (2.2).
Èìååì:

∥f1(t, x)∥ =
∥∥x(t)βu(t)1−β+γ − ψx(t)u(t)− x(t)q(t)

∥∥ =

=
∥∥x(t)[k(t)β−1A(t)h(t)1−β+γu(t)1−β+γ − ψu(t)− − c(t)

k(t)
]

∥∥∥∥ .
Îòìåòèì, ÷òî äëÿ ðàçâèòûõ ýêîíîìèê ôóíêöèÿ A(t) ≥ 1 íà ðàññìàòðèâàåìîì ïðîìå-

æóòêå âðåìåíè. Ïðèìåì ýòî äîïóùåíèå.
Êðîìå òîãî, c(t) � óäåëüíîå ïîòðåáëåíèå � ïîëîæèòåëüíàÿ âåëè÷èíà, u(t) � äîëÿ âðå-

ìåíè èíäèâèäà, ïîñâÿùåííàÿ ïðîèçâîäñòâåííîé äåÿòåëüíîñòè � âåëè÷èíà, íàõîäÿùàÿñÿ â
ïðîìåæóòêå [0, 1] .

Ïîýòîìó, åñëè ψ ≥ 0 è 1− β + γ ≥ 0, òî ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî:

∥f1(t, x)∥ ≤
∥∥x(t)k(t)β−1h(t)1−β+γ

∥∥ .
Äàëüíåéøèå ðàññóæäåíèÿ ñïðàâåäëèâû äëÿ òàêèõ ôóíêöèé ÷åëîâå÷åñêîãî è ôèçè÷å-

ñêîãî êàïèòàëà, êîòîðûå ìîãóò áûòü ïðåäñòàâëåíû â âèäå ïîêàçàòåëüíûõ ôóíêöèé: aebt ,
ãäå a, b = const.
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Ïðåäïîëîæèì, ÷òî a1e
b1t � ôóíêöèÿ, îïèñûâàþùàÿ ôèçè÷åñêèé êàïèòàë, a2e

b2t �
ôóíêöèÿ, îïèñûâàþùàÿ ÷åëîâå÷åñêèé êàïèòàë.

Èìååì:

∥f1(t, x)∥ ≤
∥∥x(t)k(t)β−1h(t)1−β+γ

∥∥ =
∥∥x(t)a1a2e(b1(β−1)+b2(1−β+γ))t

∥∥ .
Ðàññìîòðèì óñëîâèÿ óñòîé÷èâîñòè ìîäåëè ïî ÷àñòè ïåðåìåííûõ ïî ìåòîäó Âîñêðåñåíñêîãî:

Ïî ïåðåìåííîé x(t) äîñòàòî÷íî, ÷òîáû:

b1(β − 1) + b2(1− β + γ) < 0.

Èòàê,

∥f1(t, x)∥ ≤
∥∥x(t)a1a2e(b1(β−1)+b2(1−β+γ))t

∥∥ = c1
∥∥x(t)e−c2t∥∥ = c1 |x(t)| e−c2t = λ1(t, |x|),

ãäå
c1 = a1a2 = const,
c2 = b1(β − 1) + b2(1− β + γ) = const.

Àíàëîãè÷íî, ðàññìîòðèì íåëèíåéíûå ÷àñòè îñòàëüíûõ óðàâíåíèé ñèñòåìû (2.2).

∥f2(t, x)∥ =

∥∥∥∥q(t)[ϕk(t)β−1A(t)h(t)1−β+γ − c(t)

k(t)
]

∥∥∥∥ ≤ ϕc1 |q(t)| e−c2t = λ2(t, |q|).

Ïî ïåðåìåííîé q(t) äîñòàòî÷íî, ÷òîáû:

1− β + γ ≥ 0,
b1(β − 1) + b2(1− β + γ) < 0.

Àíàëîãè÷íî,
∥f3(t, x)∥ ≤ λ3(t, |x3|).

Ïî ïåðåìåííîé u(t) äîñòàòî÷íî, ÷òîáû:

β

β − γ
≤ 0.

∥f4(t, x)∥ ≤ β

σ

∥∥c(t)k(t)β−1A(t)h(t)1−β+γu(t)1−β+γ
∥∥ ≤ β

σ
c1 |c(t)| e−c2(t) = λ4(t, |c|).

Ïî ïåðåìåííîé c(t) äîñòàòî÷íî, ÷òîáû:

b1(β − 1) + b2(1− β + γ) < 0,
1− β + γ ≥ 0 ⇔ β ≤ 1 + γ.

.

Èññëåäóåì ñõîäèìîñòü èíòåãðàëîâ (1.3):

I1(t) = −
∫ +∞

t

y11(t)y
11(s)f1(s, φ(s))ds,
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I2(t) = −
∫ +∞

t

y22(t)y
22(s)f2(s, φ(s))ds

I3(t) = −
∫ +∞

t

y33(t)y
33(s)f3(s, φ(s))ds

I4(t) = −
∫ +∞

t

y44(t)y
44(s)f4(s, φ(s))ds.

Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ

ψ −M < 0, (ψ −M + c2) > 0,
ξ > 0, (ξ − c2) < 0,
P+δQ
β−γ < 0, (P+δQ

β−γ + c3) > 0,
ρ+µK
σ

> 0, (ρ+µK
σ

− c2) < 0.

(2.4)

Òîãäà

||I1(t)|| ≤
∫ +∞

0

e(ψ−M)te−(ψ−M)sce−c2sds <∞,

||I2(t)|| ≤
∫ +∞

0

e−ξteξsce−c2sds <∞,

||I3(t)|| ≤
∫ +∞

0

e
P+δQ
β−γ

te−
P+δQ
β−γ

sce−c3sds <∞,

||I4(t)|| ≤
∫ +∞

0

e−
(ρ+µK )

σ
te

(ρ+µK )

σ
sce−c2sds <∞.

Òàêèì îáðàçîì âûðàæåíèÿ Ii(t) ñóùåñòâóþò äëÿ i = 1, 4 è íåñîáñòâåííûå èíòåãðàëû
ñõîäÿòñÿ ðàâíîìåðíî ïî t íà [T,+∞) ïðè âûïîëíåíèè óñëîâèé (2.4). Êðîìå òîãî Ii(t) → 0
ïðè A→ 0 äëÿ i = 1, 4 .

Ñëåäîâàòåëüíî, âñå óñëîâèÿ òåîðåìû 3 âûïîëíåíû è ðàññìàòðèâàåìàÿ ìàòåìàòè÷åñêàÿ
ìîäåëü óñòîé÷èâà ïî âñåì ïåðåìåííûì ïðè íàëîæåííûõ äîïóùåíèÿõ.
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Stability analysis of a mathematical model of Lucas some

of the variables.

c⃝ T. F. Mamedova4, D. K. Egorova5, E. V. Desyaev6

Abstract. In this article uses a method E. V. Voskresensky for analysis stability of the system
of di�erential equations. It is based on the method of comparison. Here the comparison equation
constructed for the test functions. We know the behavior of solutions of the comparison. Then
compares the solutions of the equations by reference function.

Key Words: nonlinear systems of the ordinary di�erential equations, a method of comparing,
model of Lucas
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