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Ðåãóëÿðèçîâàííûé íåïðåðûâíûé ìåòîä âòîðîãî ïîðÿäêà
äëÿ àêêðåòèâíûõ âêëþ÷åíèé
c⃝ È. Ï. Ðÿçàíöåâà1

Àííîòàöèÿ. Ðàññìîòðåíû óðàâíåíèÿ ñ ìíîãîçíà÷íûìè àêêðåòèâíûìè îïåðàòîðàìè â áàíàõî-
âîì ïðîñòðàíñòâå, ðåøåíèÿ êîòîðûõ ïîíèìàþòñÿ â ñìûñëå âêëþ÷åíèÿ. Ñ ïîìîùüþ ðåçîëüâåí-
òû ýòè óðàâíåíèÿ ñâîäÿòñÿ ê óðàâíåíèÿì ñ îäíîçíà÷íûìè îïåðàòîðàìè. Äëÿ ïîñòðîåííûõ çà-
äà÷ ïðåäëàãàåòñÿ ðåãóëÿðèçîâàííûé íåïðåðûâíûé ìåòîä âòîðîãî ïîðÿäêà, â íåêîòîðîì êëàññå
áàíàõîâûõ ïðîñòðàíñòâ ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ åãî ñèëüíîé ñõîäèìîñòè.

Êëþ÷åâûå ñëîâà: àêêðåòèâíûé îïåðàòîð, äóàëüíîå îòîáðàæåíèå, ðåçîëüâåíòà, íåïðåðûâ-
íûé ìåòîä, ñõîäèìîñòü.

1. Îñíîâíûå ïðåäïîëîæåíèÿ, âñïîìîãàòåëüíûå óòâåðæäåíèÿ è ïî-
ñòàíîâêà çàäà÷è

Ïóñòü X � ðàâíîìåðíî âûïóêëîå è ðàâíîìåðíî ãëàäêîå áàíàõîâî ïðîñòðàíñòâî, X∗

� åãî ñîïðÿæåííîå, ⟨x, y⟩ � çíà÷åíèå ëèíåéíîãî ôóíêöèîíàëà x ∈ X∗ íà ýëåìåíòå y ∈
X, Js : X → X∗ � äóàëüíîå îòîáðàæåíèå â X ñ ìàñøòàáíîé ôóíêöèåé µ(t) = ts−1, s ≥ 2,
ïðè s = 2 èìååì íîðìàëèçîâàííîå äóàëüíîå îòîáðàæåíèå J : X → X∗ (ñì. [1], c.65).

Ïðåäïîëîæèì, ÷òî îïåðàòîð A : X → X îáëàäàåò ñâîéñòâîì îáðàòíîé ñèëüíîé ïñåâäî-
àêêðåòèâíîñòè (ñì. [2])

⟨Js(u− v), Au− Av⟩ ≥M∥Au− Av∥s ∀u, v ∈ X, M > 0, (1.1)

à B : X → 2X � m-àêêðåòèâíîå îòîáðàæåíèå, ò.å. R(γB + E) = X ïðè âñåõ γ > 0, E :
X → X � åäèíè÷íûé îïåðàòîð.

Ðàññìîòðèì â X óðàâíåíèå
Ax+Bx = f (1.2)

ñ ìíîãîçíà÷íûì îïåðàòîðîì, ðåøåíèå êîòîðîãî ïîíèìàåòñÿ â ñìûñëå âêëþ÷åíèÿ

f − Ax ∈ Bx.

Ïóñòü (1.2) èìååò íåïóñòîå ìíîæåñòâî ðåøåíèé N. Â íàøèõ ïðåäïîëîæåíèÿõ îòíîñè-
òåëüíî ñâîéñòâ îïåðàòîðîâ A è B çàäà÷à ðåøåíèÿ óðàâíåíèÿ (1.2) ÿâëÿåòñÿ íåêîððåêòíîé,
ïîýòîìó äëÿ å¼ ðåøåíèÿ íåîáõîäèìî èñïîëüçîâàòü ìåòîäû ðåãóëÿðèçàöèè. Â íàñòîÿùåé
çàìåòêå äëÿ ðåøåíèÿ (1.2) ñòðîèòñÿ íåïðåðûâíûé ìåòîä ðåãóëÿðèçàöèè âòîðîãî ïîðÿäêà,
óñòàíàâëèâàþòñÿ äîñòàòî÷íûå óñëîâèÿ åãî ñèëüíîé ñõîäèìîñòè. Ìåòîäû ïåðâîãî ïîðÿäêà
äëÿ (1.2) èçó÷àëèñü â [2]. Èíòåðåñ ê ìåòîäàì âòîðîãî ïîðÿäêà âûçâàí âîçìîæíîñòüþ ïîëíåå
ó÷åñòü â íà÷àëüíûõ óñëîâèÿõ àïðèîðíóþ èíôîðìàöèþ î èñêîìîì ðåøåíèè. Äëÿ óðàâíåíèé
ñ îäíîçíà÷íûìè àêêðåòèâíûìè îïåðàòîðàìè ðåãóëÿðèçîâàííûå ìåòîäû âòîðîãî ïîðÿäêà
èçó÷àëèñü â [3], [4].

Ïðåäïîëîæèì, ÷òî îïåðàòîð Js îáëàäàåò ñâîéñòâîì

∥Jsu− Jsv∥ ≤ C(R)∥u− v∥σ, σ ∈ (0, 1], ∥u∥ ≤ R, ∥v∥ ≤ R, (1.3)

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-
ñèòåò èì. Ð.Å. Àëåêñååâà, Íèæíèé Íîâãîðîä; lryazantseva@applmath.ru
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ãäå C(R) � íåóáûâàþùàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ ïðè R ≥ 0.
Îòìåòèì, ÷òî èç (1.1) ñëåäóåò àêêðåòèâíîñòü îïåðàòîðà A è ñïðàâåäëèâîñòü äëÿ íåãî

óñëîâèÿ Ëèïøèöà ñ ïîñòîÿííîé L = 1/M, ò. å.

∥Au− Av∥ ≤ 1

M
∥u− v∥ ∀u, v ∈ X. (1.4)

Òàêèì îáðàçîì, îïåðàòîð A â íàøèõ óñëîâèÿõ íåïðåðûâåí.
Â [2], [5] íà îñíîâàíèè (1) è (1.3) óñòàíîâëåíî íåðàâåíñòâî

⟨Js(v − w), Au− Av⟩ ≤ Cm(R)

M̃
∥u− w∥mσ,

1

s
+

1

m
= 1, σ ∈ (0, 1], (1.5)

ãäå R ≥ max{∥v − w∥, ∥v − u∥}, M̃ = s1/(s−1)M.
Âîïðîñ î ñïðàâåäëèâîñòè (1.3) èññëåäîâàí â [5], ãäå â ïðîñòðàíñòâàõ Ëåáåãà lp, Lp(G)
(G � îãðàíè÷åííàÿ èçìåðèìàÿ îáëàñòü â Rn ) óñòàíîâëåíû íåðàâåíñòâà âèäà (1.3) ïðè
îïðåäåë¼ííûõ ñîãëàñîâàíèÿõ s è p.

Èññëåäîâàíèå ñõîäèìîñòè íåïðåðûâíîãî ìåòîäà ðåãóëÿðèçàöèè îïèðàåòñÿ íà óñòàíîâ-
ëåííóþ ñõîäèìîñòü îïåðàòîðíîãî ìåòîäà ðåãóëÿðèçàöèè, êîòîðûé äëÿ (1.2) îïðåäåëÿåòñÿ
ñëåäóþùèì óðàâíåíèåì [6]

Ax+Bx+ α(t)x = f, (1.6)

ãäå α(t) � ïîëîæèòåëüíàÿ ôóíêöèÿ ïðè t ≥ t0 ≥ 0, ïðè÷åì

lim
t→∞

α(t) = 0. (1.7)

Â íàøèõ ïðåäïîëîæåíèÿõ â [7] äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü (1.6) ïðè âñåõ t ≥ t0,
ò.å. ñóùåñòâóåò åäèíñòâåííûé ýëåìåíò xα(t) ∈ X òàêîé, ÷òî

f − Axα(t)− α(t)xα(t) ∈ Bxα(t) ∀t ≥ 0

èëè
Axα(t) + yα(t) + α(t)xα(t) = f, yα(t) ∈ Bxα(t), (1.8)

è
lim
t→∞

xα(t) = x∗, (1.9)

çäåñü x∗ ∈ N è îäíîçíà÷íî îïðåäåëÿåòñÿ íåðàâåíñòâîì

⟨Js(x∗ − x), x∗⟩ ≤ 0 ∀x ∈ N. (1.10)

Äàëåå ñ÷èòàåì, ÷òî óñëîâèÿ, ïðè êîòîðûõ ñïðàâåäëèâî (1.9), âûïîëíåíû.

2. Íåïðåðûâíûé ìåòîä ðåãóëÿðèçàöèè âòîðîãî ïîðÿäêà

Ïîñêîëüêó âñÿêèé ìåòîä ðåãóëÿðèçàöèè äîëæåí áûòü óñòîé÷èâ îòíîñèòåëüíî âîçìóùå-
íèé äàííûõ ðåøàåìîé çàäà÷è, òî ñ÷èòàåì, ÷òî âìåñòî A, B è f èçâåñòíû èõ ïðèáëèæåíèÿ
ñîîòâåòñòâåííî A(t), B(t) è f(t) ïðè t ≥ t0 ≥ 0, êîòîðûå ïðè êàæäîì t ≥ t0 îáëàäàþò
ñëåäóþùèìè ñâîéñòâàìè :
(I) âåëè÷èíû A(t)u, f(t) íåïðåðûâíû ïî t ïðè êàæäîì ôèêñèðîâàííîì u ∈ X;
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(II) îïåðàòîð A(t) : X → X îáëàäàåò ñâîéñòâîì îáðàòíîé ñèëüíîé ïñåâäîàêêðåòèâíîñòè,
ò. å.

⟨Js(u− v), A(t)u− A(t)v⟩ ≥M s−1∥A(t)u− A(t)v∥s ∀u, v ∈ X, s ≥ 2, M > 0, (2.1)

è
∥A(t)u− Au∥ ≤ h(t)p(∥u∥) ∀u ∈ X; (2.2)

(III) B(t) : X → 2X � m-àêêðåòèâíûé îïåðàòîð, îïåðàòîð B : X → 2X îãðàíè÷åííûé è
m-àêêðåòèâíûé,

rX(Bu,B(t)u) ≤ h̃(t)q(∥u∥) ∀u ∈ X, (2.3)

êðîìå òîãî, ñåìåéñòâî îïåðàòîðîâ {B(t)} îáëàäàåò ñâîéñòâîì: äëÿ ëþáîãî ôèêñèðîâàí-
íîãî ýëåìåíòà v ∈ X è ëþáîãî ÷èñëà ϵ > 0 íàéä¼òñÿ ÷èñëî δ̃(ϵ, v) > 0 òàêîå, ÷òî ïðè
|t1 − t2| < δ̃ äëÿ ëþáîãî ýëåìåíòà y ∈ B(t1)v ñóùåñòâóåò ýëåìåíò ỹ ∈ B(t2)v òàêîé, ÷òî
∥y − ỹ∥ < ϵ;
(IV) ∥f(t)− f∥ ≤ δ(t).
Çäåñü rX(M1,M2) � õàóñäîðôîâî ðàññòîÿíèå ìåæäó ìíîæåñòâàìè M1 è M2 èç X (ñì. [1],
ñ. 18), p(θ) è q(θ) � îãðàíè÷åííûå ôóíêöèè, ò. å. ïåðåâîäÿùèå îãðàíè÷åííûå ìíîæåñòâà â
îãðàíè÷åííûå, θ ≥ 0, h(t), h̃(t), δ(t) � íåîòðèöàòåëüíûå ôóíêöèè, ÿâëÿþùèåñÿ áåñêîíå÷íî
ìàëûìè ïðè t→ ∞.

Îòìåòèì, ÷òî èç (2.1) ñëåäóåò ïðè êàæäîì t ≥ t0 àêêðåòèâíîñòü îïåðàòîðà A(t) è
ñïðàâåäëèâîñòü äëÿ íåãî óñëîâèÿ Ëèïøèöà (ñðàâíè ñ (1.4))

∥A(t)u− A(t)v∥ ≤ 1

M
∥u− v∥ ∀u, v ∈ X, (2.4)

è ïðåäïîëîæåíèå (2.2) ïîçâîëÿåò ïîëó÷èòü èç (2.1) è (2.4) ñâîéñòâà (1.1) è (1.4) îïåðàòîðà
A. Êðîìå òîãî, èç (2.2), (2.3) è îãðàíè÷åííîñòè îòîáðàæåíèé A è B âûòåêàåò îãðàíè÷åí-
íîñòü â ñîâîêóïíîñòè ñåìåéñòâ îïåðàòîðîâ {A(t)} è {B(t)}.

Ïóñòü Iγ(t)B = (γ(t)B+E)−1 � ðåçîëüâåíòà îïåðàòîðà B, γ(t) � ïîëîæèòåëüíàÿ äâàæäû
äèôôåðåíöèðóåìàÿ óáûâàþùàÿ âûïóêëàÿ âíèç ïðè t ≥ t0 ôóíêöèÿ,

lim
t→∞

γ(t) = 0. (2.5)

Òîãäà îò (1.8) ïðèäåì ê óðàâíåíèþ

xα(t) = I
γ(t)
B (xα(t)− γ(t)[Axα(t) + α(t)xα(t)− f ])

ñ îäíîçíà÷íûìè îïåðàòîðàìè.
Äàëåå ôóíêöèþ α(t) äîïîëíèòåëüíî ñ÷èòàåì äâàæäû äèôôåðåíöèðóåìîé óáûâàþùåé

è âûïóêëîé âíèç íà [t0,+∞). Î÷åâèäíî, ÷òî ñâîéñòâà ôóíêöèé α(t) è γ(t) ñîõðàíÿþòñÿ
è äëÿ ôóíêöèè β(t) = α(t)γ(t) ïðè t ≥ t0.

Íåïðåðûâíûé ìåòîä âòîðîãî ïîðÿäêà äëÿ ïîñëåäíåãî óðàâíåíèÿ ïðè ïðèáëèæ¼ííîì
çàäàíèè äàííûõ èìååò âèä ñëåäóþùåé çàäà÷è Êîøè (ñì., íàïðèìåð, [8])

u′′(t) + µu′(t) + u(t) = I
γ(t)
B(t)(u(t)− γ(t)[A(t)u(t) + α(t)u(t)− f(t)]), µ > 0, (2.6)

u(t0) = u0 ∈ X, u′(t0) = u′0 ∈ X, (2.7)

çäåñü è äàëåå Iγ(t)B(t) = (γ(t)B(t) + E)−1.
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Îäíîçíà÷íàÿ ðàçðåøèìîñòü ýòîé çàäà÷è â êëàññå ôóíêöèé C2[t0,∞) óñòàíàâëèâàåòñÿ
â íàøèõ óñëîâèÿõ òåìè æå ðàññóæäåíèÿìè, ÷òî è â [9], [10] c ïðèìåíåíèåì ðåçóëüòàòîâ
[11], c. 399 � 401.

Èññëåäóåì ñòàáèëèçàöèþ u(t) ïðè t → ∞ ê ðåøåíèþ x∗ óðàâíåíèÿ (1.2), ïðè ýòîì
áóäåì èñïîëüçîâàòü èäåè èç [12], ãë. 2, �10.

Ïóñòü xα(τ) � ðåøåíèå (1.6) ïðè t = τ, ãäå τ � íåêîòîðîå äåéñòâèòåëüíîå ÷èñëî.
Çíà÷èò, ñîãëàñíî (1.8), âåðíî ðàâåíñòâî

Axα(τ) + yα(τ) + α(τ)xα(τ) = f. (2.8)

Îïðåäåëèì ôóíêöèþ
r(t, τ) = ∥u(t)− xα(τ)∥s/s, (2.9)

òîãäà
r′t(t, τ) = ⟨Js(u(t)− xα(τ)), u

′(t)⟩, (2.10)

r′′tt(t, τ) = ⟨Js(u(t)− xα(τ)), u
′′(t)⟩+

⟨
dJs(u(t)− xα(τ))

dt
, u′(t)

⟩
. (2.11)

Îò (2.6) ïåðåéäåì ê ýêâèâàëåíòíîìó óðàâíåíèþ

u′′(t) + µu′(t) + γ(t)[B(t)(u′′(t) + µu′(t) + u(t)) + A(t)u(t) + α(t)u(t)− f(t)]) = 0.

Ñëåäîâàòåëüíî, ïðè êàæäîì t ≥ t0 íàéä¼òñÿ ýëåìåíò ξ(t) ∈ B(t)(u′′(t) + µu′(t) + u(t))
òàêîé, ÷òî ñïðàâåäëèâî ðàâåíñòâî

u′′(t) + µu′(t) + γ(t)[ξ(t) + A(t)u(t) + α(t)u(t)− f(t)] = 0. (2.12)

Òåïåðü, ââåäÿ îáîçíà÷åíèå v(t) = u′′(t) + µu′(t) + u(t), èç (2.12) è (2.8), óìíîæåííîì íà
γ(t), èìååì

⟨Js(v(t) − xα(τ)), u
′′(t) + µu′(t)⟩+ γ(t)[⟨Js(v(t)− xα(τ)), ξ(t)− yα(τ)⟩+

+ ⟨Js(v(t)− xα(τ)), A(t)u(t)− Axα(τ)⟩] + β(τ)⟨Js(v(t)− xα(τ)), u(t)− xα(τ)⟩ =
= α(τ)[γ(t)− γ(τ)]⟨Js(v(t)− xα(τ)), xα(τ)⟩+
+ [β(τ)− β(t)]⟨Js(v(t)− xα(τ)), u(t)⟩+ γ(t)⟨Js(v(t)− xα(τ)), f(t)− f⟩. (2.13)

Äëÿ îöåíêè ñëàãàåìûõ, âõîäÿùèõ â (2.13), áóäåì èñïîëüçîâàòü ñâîéñòâî (1.3) äóàëüíîãî
îòîáðàæåíèÿ Js. Ïîñêîëüêó îíî âåðíî íà îãðàíè÷åííûõ ìíîæåñòâàõ, òî íàì íåîáõîäèìà
îãðàíè÷åííîñòü ∥xα(τ)∥, ∥u(t)∥, ∥u′(t)∥, ∥u′′(t)∥ ïðè t ≥ t0, τ ≥ t0. Ïðåæäå âñåãî îòìåòèì
îãðàíè÷åííîñòü ∥xα(τ)∥, âûòåêàþùóþ èç (1.9). Äëÿ óñòàíîâëåíèÿ îãðàíè÷åííîñòè îñòàëü-
íûõ ôóíêöèé ñäåëàåì äîïîëíèòåëüíîå ïðåäïîëîæåíèå ( ñðàâíè ñ [13]).

Ïóñòü äëÿ íåêîòîðîãî R > 0 è ëþáîé ôóíêöèè y(t) ∈ C2[t0,∞) ñïðàâåäëèâî íåðàâåí-
ñòâî

µ∥y′(t)∥2 − ⟨Jy(t), y′(t)⟩+ ⟨Jy′(t), y(t)− I
γ(t)
B(t)(y(t)− γ(t)[A(t)y(t) + α(t)y(t)− f(t)])⟩ ≥ 0

ïðè ∥y(t)∥2 + ∥y′(t)∥2 ≥ R2
0. (2.14)

Òåïåðü, ïîäîáíî [13], èñïîëüçóÿ (1.8), (2.2), (IV), (2.5), (2.6), (2.14) è íåðàñòÿæèìîñòü ðå-
çîëüâåíòû, óáåæäàåìñÿ â ñóùåñòâîâàíèè ïîëîæèòåëüíîé ïîñòîÿííîé R1 òàêîé, ÷òî

∥xα(τ)∥ ≤ R1, ∥w(t)∥ ≤ R1, ∥w′(t)∥ ≤ R2, ∥w′′(t)∥ ≤ R3 ∀τ ≥ t0, ∀t ≥ t0. (2.15)
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Ñëåäîâàòåëüíî, èç (2.12) âûòåêàåò íåðàâåíñòâî

∥u′′(t) + µu′(t)∥ ≤ a1γ(t), a1 > 0, t ≥ t0. (2.16)

Âñþäó äàëåå ak � ïîëîæèòåëüíûå ïîñòîÿííûå. Òåïåðü íàøà öåëü ñîñòîèò â ïîëó÷åíèè
èç (2.13) äèôôåðåíöèàëüíîãî íåðàâåíñòâà âòîðîãî ïîðÿäêà îòíîñèòåëüíî ôóíêöèè r(t, τ)
ïðè t ≤ τ, t, τ ∈ [t0,+∞). Äëÿ ýòîãî ïîñëåäîâàòåëüíî îöåíèì ñëàãàåìûå, âõîäÿùèå â
(2.13).
Ïîäîáíî [13] ñ ó÷¼òîì (2.10), (2.11) è ìîíîòîííîñòè îïåðàòîðà Js ïðèä¼ì ê íåðàâåíñòâó

⟨Js(v(t)− xα(τ)), u
′′(t) + µu′(t)⟩ ≥ r′′tt(t, τ) + µr′t(t, τ)−

⟨
d(Js(u(t)− xα(τ))

dt
, u′(t)

⟩
. (2.17)

Â ñèëó ïðåäïîëîæåíèÿ (2.3) äëÿ ýëåìåíòà yα(τ) ∈ Bxα(τ) íàéä¼òñÿ ýëåìåíò zα(t, τ) ∈
B(t)xα(τ) òàêîé, ÷òî

∥zα(t, τ)− yα(τ)∥ ≤ h̃(t)q(∥xα(τ)∥) ≤ a2h̃(t), t, τ ≥ t0.

Ïðè çàïèñè ïîñëåäíåãî íåðàâåíñòâà ó÷òåíû ñâîéñòâà ôóíêöèè q(s) è îãðàíè÷åííîñòü
∥xα(τ)∥ ïðè τ ≥ t0. Òåïåðü ñ ó÷åòîì àêêðåòèâíîñòè îïåðàòîðà B(t) è (2.15) èìååì

⟨Js(v(t)− xα(τ)), ξ(t)− yα(τ)⟩ ≥ −a2h̃(t). (2.18)

Ñâîéñòâî (1.5) îïåðàòîðà A, óñëîâèå (2.2) è äîêàçàííûå íåðàâåíñòâà (2.15) îáåñïå÷èâàþò
ñïðàâåäëèâîñòü ñëåäóþùèõ ñîîòíîøåíèé

⟨Js(v(t)− xα(τ)), A(t)u(t)− Axα(τ)⟩ = ⟨Js(v(t)− xα(τ)), [A(t)u(t)− Au(t)] +

+ [Au(t)− Axα(τ)]⟩ ≥ −a3 [h(t) + ∥u′′(t) + µu′(t)∥mσ] ,
1

m
+

1

s
= 1, σ ∈ (0, 1]. (2.19)

Äàëåå, èñïîëüçóÿ óñëîâèå (1.3), îïðåäåëåíèå (2.9) âåëè÷èíû r(t, τ) , ÷èñëîâîå íåðàâåíñòâî

ab ≤ am

m
+
bs

s
,

1

m
+

1

s
= 1, a > 0, b > 0, (2.20)

è (2.15), èìååì

⟨Js(v(t) − xα(τ)), u(t)− xα(τ)⟩ = ⟨Js(v(t)− xα(τ))− Js(u(t)− xα(τ)), u(t)− xα(τ)⟩+
+ ⟨Js(u(t)− xα(τ)), u(t)− xα(τ)⟩ ≥ ∥u(t)− xα(τ∥s −
− a4∥u′′(t) + µu′(t)∥σ∥u(t)− xα(τ)∥ ≥ (s− 1)r(t, τ)−
− a5∥u′′(t) + µu′(t)∥mσ. (2.21)

Òåïåðü íåðàâåíñòâà (ñì. [12], ñ. 266)

β(t)− β(τ) ≤ β′(t)(t− τ), γ(t)− γ(τ) ≤ γ′(t)(t− τ), t ≤ τ,

óñëîâèÿ (1.7), (2.5), (IV) è îöåíêè (2.15) � (2.19) è (2.21) ïîçâîëÿþò îò (2.13) ïåðåéòè ê
ñëåäóþùåìó íåðàâåíñòâó ïðè t ≤ τ

r′′tt(t, τ) + µr′t(t, τ) + (s− 1)β(τ)r(t, τ) ≤
⟨
d(Js(u(t)− xα(τ))

dt
, u′(t)

⟩
+

+ a6

{
γ(t)

[
(γ(t))mσ + δ(t) + h(t) + h̃(t)

]
+

+ β′(t)(t− τ) + α(t)γ′(t)(t− τ)} . (2.22)
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×òîáû óñòàíîâèòü îöåíêó ñâåðõó äëÿ ïåðâîãî ñëàãàåìîãî â ïðàâîé ÷àñòè ïî-
ñëåäíåãî íåðàâåíñòâà, ñäåëàåì äîïîëíèòåëüíîå ïðåäïîëîæåíèå îòíîñèòåëüíî ãåîìåòðèè
ïðîñòðàíñòâà X.

Ïóñòü ñïðàâåäëèâî íåðàâåíñòâî∥∥∥∥dJs(u(t)− xα(τ))

dt

∥∥∥∥ ≤ λ∥u′(t)∥, λ > 0 ∀t ≥ t0. (2.23)

Ñëåäîâàòåëüíî, ïîëó÷åíèå óêàçàííîé îöåíêè ñâåëîñü ê íàõîæäåíèþ îöåíêè ñâåðõó äëÿ
∥u′(t)∥2 ïðè t ≥ t0.
Âû÷èñëÿÿ çíà÷åíèå ëèíåéíîãî ôóíêöèîíàëà Ju′(t) íà ýëåìåíòàõ îáåèõ ÷àñòåé ðàâåíñòâà
(2.12) è èñïîëüçóÿ îãðàíè÷åííîñòü â ñîâîêóïíîñòè êàæäîãî èç ñåìåéñòâ îïåðàòîðîâ {A(t)}
è {B(t)}, ïðåäïîëîæåíèÿ (1.7), (IV) è äîêàçàííûå îöåíêè (2.15), ïðèõîäèì ê íåðàâåíñòâó

⟨Ju′(t), u′′(t)⟩+ µ⟨Ju′(t), u′(t)⟩ ≤ a7γ(t)∥u′(t)∥.

Îòñþäà (ñì. [13]) èìååì îöåíêó

∥u′(t)∥2 ≤ a8
[
exp(−2µt) + γ2(t)

]
∀t ≥ t0.

Òåïåðü íåðàâåíñòâî (2.22) ïåðåïèøåì â âèäå

r′′tt(t, τ) + µr′t(t, τ) + (s− 1)β(τ)r(t, τ) ≤ a9
{
γ(t)

[
δ(t) + h(t) + h̃(t)

]
+

+β′(t)(t− τ) + [γ(t)]η + exp(−2µt)
}
= a9Γ(t, τ), t ≥ τ, η = max{2, 1 +mσ}.

Îòñþäà ïîëó÷àåì îöåíêó (ñì. [13], [14])

r(t, τ) ≤ a10

[
exp(k2(τ)t) +

∫ t

t0

Γ(ξ, τ)exp(−k2(τ)(ξ − τ))dξ

]
, t ≤ τ,

çäåñü

k2(τ) = −β(τ)(s− 1)

µ
+ o(β(τ)).

Ïðè t = τ ïîñëåäíåå íåðàâåíñòâî ïðèíèìàåò âèä

r(τ, τ) ≤ a10

[
exp(k2(τ)τ) +

∫ τ

t0

Γ(ξ, τ)exp(−k2(τ)(ξ − τ))dξ

]
.

Îòñþäà, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ, äåëàåì âûâîä î òîì, ÷òî r(τ, τ) → 0 ïðè τ → ∞,
åñëè (tβ(t))′ > 0 õîòÿ áû ïðè äîñòàòî÷íî áîëüøèõ t,

lim
t→∞

β′(t)

β2(t)
= 0, lim

t→∞

γ(t)[δ(t)|+ h(t) + h̃(t)]

(tβ(t))′
= 0, (2.24)

lim
t→∞

γη(t)

(tβ(t))′
= 0, lim

t→∞

β′(t)

(tβ(t))′′ + [(tβ(t))′]2
= 0. (2.25)

Òåïåðü ñ ó÷¼òîì (1.9) ïðèõîäèì ê óòâåðæäåíèþ.
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Ò å î ð å ì à 2.1. Ïóñòü X � ðàâíîìåðíî âûïóêëîå è ðàâíîìåðíî ãëàäêîå áàíàõîâî
ïðîñòðàíñòâî, äóàëüíîå îòîáðàæåíèå Js ñ s ≥ 2 îáëàäàåò ñâîéñòâîì (1.3), B : X → 2X

� m-àêêðåòèâíûé îãðàíè÷åííûé îïåðàòîð, A : X → X � îäíîçíà÷íîå îòîáðàæåíèå,
óðàâíåíèå (1.2) èìååò íåïóñòîå ìíîæåñòâî ðåøåíèé N, ïðèáëèæ¼ííûå äàííûå (1.2)
A(t), B(t) è f(t) ïðè t ≥ t0 îáëàäàþò ñâîéñòâàìè (I) � (IV). Ïîëîæèòåëüíûå äâà-
æäû äèôôåðåíöèðóåìûå óáûâàþùèå âûïóêëûå âíèç ôóíêöèè α(t) è γ(t) óäîâëåòâîðÿ-
þò óñëîâèÿì (1.7), (2.5). Òîãäà çàäà÷à Êîøè (2.6), (2.7) èìååò åäèíñòâåííîå ðåøåíèå
u(t) ∈ C2[t0,∞). Ïóñòü èìåþò ìåñòî (2.14), (2.23), ôóíêöèÿ β(t) = α(t)γ(t) òàêîâà,
÷òî (tβ(t))′ > 0, õîòÿ áû ïðè äîñòàòî÷íî áîëüøèõ t, è îáëàäàåò ñâîéñòâàìè (2.24),
(2.25), òîãäà ïðè ëþáûõ u0 è u′0 èç X u(t) → x∗ ïðè t→ ∞, ãäå x∗ � ðåøåíèå óðàâíå-
íèÿ (1.2), îïðåäåëÿåìîå íåðàâåíñòâîì (1.10).

Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè ïîëîæèòåëüíûõ α, γ, δ, h, h̃ ôóíêöèè α(t) = t−α, γ(t) =

t−γ (ò.å. β(t) = t−(α+γ) ), δ(t) = t−δ, h(t) = t−h, h̃(t) = t−h̃ ïðè 0 < α < max{δ, h, h̃}, α <
γ(η− 1), α+ γ < 1 óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 2.1. Îòìåòèì òàêæå, ÷òî äëÿ ôóíê-
öèé α(t) è γ(t) ñòåïåííîãî òèïà âòîðîå ðàâåíñòâî â (2.24) ïðèíèìàåò âèä êëàññè÷åñêîãî
äîñòàòî÷íîãî óñëîâèÿ ñõîäèìîñòè îïåðàòîðíîãî ìåòîäà ðåãóëÿðèçàöèè

lim
t→∞

δ(t) + h(t) + h̃(t)

α(t)
= 0,

à äëÿ ôóíêöèé α(t) è γ(t) ýêñïîíåíöèàëüíîãî òèïà α(t) = exp(−αt), γ(t) = exp(−γt)
íàðóøàåòñÿ ïåðâîå ïðåäåëüíîå ðàâåíñòâî â (2.24).

Ç à ì å ÷ à í è å 2.1. Ïîÿñíèì, êàê óñòàíîâëåíî äîñòàòî÷íîå óñëîâèå îãðàíè÷åí-
íîñòè w(t) è w′(t) íà [t0,∞) â ôîðìå (2.14). Ëåãêî ïðîâåðèòü, ÷òî íåðàâåíñòâî

⟨Jy(t), C(t)y(t)− f(t)⟩ ≥ 0 ∀t ≥ t0 ïðè ∥y(t)∥ ≥ r0 > 0, C(t) : X → X, (2.26)

îáåñïå÷èâàåò îãðàíè÷åííîñòü íà [t0,∞) ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

y′(t) + C(t)y(t) = f(t). (2.27)

×òîáû èñïîëüçîâàòü ýòîò ôàêò, îò óðàâíåíèÿ (2.6) áûë ñäåëàí ïåðåõîä ê ñèñòåìå äâóõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà, äëÿ êîòîðîé óñëîâèå òèïà (2.26) â ïðîñò-
ðàíñòâå X×X ïðèíÿëî âèä (2.14). Êðîìå òîãî, (2.26) åñòü îäíî èç äîñòàòî÷íûõ óñëîâèé
ðàçðåøèìîñòè óðàâíåíèÿ C(t)x = f(t) ïðè t ≥ t0 (ñì. [1], ñ.158).

Óðàâíåíèÿ ñ ìíîãîçíà÷íûìè àêêðåòèâíûìè îïåðàòîðàìè èçó÷àëèñü ìíîãî÷èñëåííûìè
àâòîðàìè (ñì., íàïðèìåð, [15], [16] è ïðèâåä¼ííóþ òàì áèáëèîãðàôèþ).

Ñïèñîê ëèòåðàòóðû

1. Ðÿçàíöåâà È.Ï., Èçáðàííûå ãëàâû òåîðèè îïåðàòîðîâ ìîíîòîííîãî òèïà, ÍÃÒÓ,
Íèæíèé Íîâãîðîä, 2008.

2. Ðÿçàíöåâà È.Ï., �Ìåòîäû ðåãóëÿðèçàöèè ïåðâîãî ïîðÿäêà äëÿ àêêðåòèâíûõ âêëþ÷å-
íèé â áàíàõîâîì ïðîñòðàíñòâå�, Æóðíàë âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìà-
òè÷åñêîé ôèçèêè, 54:11 (2014), 1711�1723..

Æóðíàë ÑÂÌÎ. 2015. Ò. 17, � 1



118 È. Ï. Ðÿçàíöåâà

3. Ðÿçàíöåâà È.Ï., Áóáíîâà Î.Þ., �Íåïðåðûâíûé ìåòîä âòîðîãî ïîðÿäêà äëÿ íåëèíåé-
íûõ àêêðåòèâíûõ óðàâíåíèé â áàíàõîâîì ïðîñòðàíñòâå�, Òðóäû Ñðåäíåâîëæñêîãî
ìàòåìàòè÷åñêîãî îáùåñòâà, 3 - 4:6 (2002), 327�334..

4. Áóáíîâà Î.Þ., �Ìåòîäû èòåðàòèâíîé ðåãóëÿðèçàöèè âòîðîãî ïîðÿäêà äëÿ íåëèíåé-
íûõ àêêðåòèâíûõ óðàâíåíèé â áàíàõîâîì ïðîñòðàíñòâå�, Âåñòíèê ÍÍÃÓ. Ìàòåìà-
òè÷åñêîå ìîäåëèðîâàíèå è îïòèìàëüíîå óïðàâëåíèå, 2001, �2(24), 219�228.

5. Ðÿçàíöåâà È.Ï., �Íåïðåðûâíûé ìåòîä ïåðâîãî ïîðÿäêà äëÿ àêêðåòèâíûõ âêëþ÷åíèé
â áàíàõîâîì ïðîñòðàíñòâå�, Ñåòî÷íûå ìåòîäû äëÿ êðàåâûõ çàäà÷ è ïðèëîæåíèÿ.
Ìàòåðèàëû äåâÿòîé Âñåðîññèéñêîé êîíôåðåíöèè, 2012, 321�326.

6. Alber Ya., Ryazantseva I., Nonlinear ill-posed problems of monotone type, Springer,
Dordrecht, 2006.

7. Íãóåí Áûîíã, Íãóåí Òõè Õîíã Ôûîíã, �Ìåòîäû ðåãóëÿðèçàöèè äëÿ íåëèíåéíûõ
íåêîððåêòíûõ óðàâíåíèé, ñîäåðæàùèõ m-àêêðåòèâíûå îòîáðàæåíèÿ â áàíàõîâîì
ïðîñòðàíñòâå�, Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà, 2013, �2, 67�74..

8. Àíòèïèí À. Ñ., �Íåïðåðûâíûå è èòåðàòèâíûå ïðîöåññû ñ îïåðàòîðàìè ïðîåêòèðîâà-
íèÿ è òèïà ïðîåêòèðîâàíèÿ�, Âîïðîñû êèáåðíåòèêè. Âû÷èñë. âîïðîñû àíàëèçà áîëü-
øèõ ñèñòåì, 1989, 5 - 43.

9. Ðÿçàíöåâà È.Ï., �Íåïðåðûâíûé ìåòîä ïåðâîãî ïîðÿäêà äëÿ ñìåøàííûõ âàðèàöèîí-
íûõ íåðàâåíñòâ�, Ñåòî÷íûå ìåòîäû äëÿ êðàåâûõ çàäà÷ è ïðèëîæåíèÿ. Ìàòåðèàëû
âîñüìîé Âñåðîññèéñêîé êîíôåðåíöèè, 2010, 373 - 379.

10. Ðÿçàíöåâà È.Ï., �Î íåïðåðûâíûõ ìåòîäàõ ïåðâîãî ïîðÿäêà è èõ ðåãóëÿðèçîâàííûõ
âàðèàíòàõ äëÿ ñìåøàííûõ âàðèàöèîííûõ íåðàâåíñòâ�, Äèôôåðåíöèàëüíûå óðàâíå-
íèÿ, 48:7 (2012), 1020�1032.

11. Òðåíîãèí Â.À., Ôóíêöèîíàëüíûé àíàëèç, Íàóêà, Ìîñêâà, 1980.

12. Âàñèëüåâ Ô.Ï., Ìåòîäû ðåøåíèÿ ýêñòðåìàëüíûõ çàäà÷, Íàóêà, Ìîñêâà, 1981.

13. Ðÿçàíöåâà È.Ï., �Ìåòîäû âòîðîãî ïîðÿäêà äëÿ àêêðåòèâíûõ âêëþ÷åíèé â áàíàõîâîì
ïðîñòðàíñòâå�, Äèôôåðåíöèàëüíûå óðàâíåíèÿ, 50:9 (2014), 1264�1275.

14. Ðÿçàíöåâà È.Ï., �Íåïðåðûâíûé ìåòîä ðåøåíèÿ çàäà÷ óñëîâíîé ìèíèìèçàöèè�,Æóð-
íàë âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ôèçèêè, 39:5 (1999), 734�742..

15. t Morales C.H, “Surjectivity theorems for multi-valued mappings of accretive type”,
Comment. Math. Univ. Carolin., 26 (1985), 397 – 413.

16. He X., “On ϕ -strongly accretive mappings and some set-valued variational problems”, J.
Math. Anal. and Appl., 227 (2003), 504 – 511.

Æóðíàë ÑÂÌÎ. 2015. Ò. 17, � 1



119

Second-order regularized continuous method for accretive
inclusions
c⃝ I. P. Ryazantseva2

Abstract. We consider equations with set-valued accretive operators in Banach space, whose
solutions are understood in the sense of inclusion. By using the resolvent, we reduce these equations
to equations with single-valued operators. For the constructed problems, we suggest a regularized
continuous method and obtain su�cient conditions for their strong convergence in some class of
Banach spaces.
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