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Î íåëèíåéíûõ çàäà÷àõ äëÿ
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ
c⃝ À. Ñ. Ëàðèîíîâ1, Ï. Ì. Ñèìîíîâ2

Àííîòàöèÿ. Ïðèâîäÿòñÿ óòâåðæäåíèÿ î ðàçðåøèìîñòè íåëèíåéíûõ çàäà÷ äëÿ äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñ çàïàçäûâàþùèì àðãóìåíòîì. Óòâåðæäåíèÿ ïîëó÷åíû
íà îñíîâå ìîíîòîííîé èòåðàòèâíîé òåõíèêè.

Êëþ÷åâûå ñëîâà: èçîòîííûå è àíòèòîííûå îïåðàòîðû, âåðõíåå è íèæíåå ðåøåíèÿ, îïåðà-
òîð âíóòðåííåé ñóïåðïîçèöèè, çàäà÷à Êîøè � Íèêîëåòòè, ìîäåëü Ìýêêè � Ãëàñà.

1. Ââåäåíèå

Íåëèíåéíûå íà÷àëüíûå è êðàåâûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé íà ïðîòÿ-
æåíèè äëèòåëüíîãî âðåìåíè ÿâëÿþòñÿ îáúåêòîì èíòåíñèâíîãî èçó÷åíèÿ áëàãîäàðÿ ìíîãî-
÷èñëåííûì ïðèëîæåíèÿì (â áèîëîãèè, õèìèè, ìàòåìàòè÷åñêîé ýêîíîìèêå, ýêîëîãèè, çàäà-
÷àõ óïðàâëåíèÿ òåõíè÷åñêèìè ñèñòåìàìè è ò.ä.). Òàêèå çàäà÷è åñòåñòâåííî âîçíèêàþò ïðè
ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ÿâëåíèé, äëÿ êîòîðûõ ëèíåéíûå ìîäåëè äàþò ñëèøêîì
ãðóáîå îïèñàíèå èëè âîâñå íåâîçìîæíû. Çíà÷èòåëüíàÿ ÷àñòü ðåçóëüòàòîâ èññëåäîâàíèé
íåëèíåéíûõ çàäà÷ è áèáëèîãðàôèÿ ïðèâåäåíà â ìîíîãðàôèÿõ [10], [6], [16], [11] è îáçîðàõ
[13], [14].

Öåíòðàëüíîå ìåñòî ïðè èçó÷åíèè êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíå-
íèé çàíèìàþò âîïðîñû ðàçðåøèìîñòè. Äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé øèðîêî èçâåñòåí àíàëèòè÷åñêèé ìåòîä èíòåãðèðîâàíèÿ � ìåòîä ×àïëûãèíà, â îñíî-
âå êîòîðîãî ëåæèò òåîðåìà î äèôôåðåíöèàëüíîì íåðàâåíñòâå äëÿ ñêàëÿðíîãî óðàâíåíèÿ
ẋ = f(t, x), t ∈ [a, b] . Ýòà òåîðåìà íå ïðåäïîëàãàåò íèêàêèõ ñïåöèàëüíûõ îãðàíè÷åíèé íà
ôóíêöèþ f . Åñòåñòâåííûì îáðàçîì âîçíèê âîïðîñ î ïåðåíåñåíèè ìåòîäà ×àïëûãèíà íà
äðóãèå êëàññû óðàâíåíèé, â ÷àñòíîñòè, íà ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå óðàâíåíèÿ.

Îäíèì èç ýôôåêòèâíûõ ìåòîäîâ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ íåëèíåéíîé
êðàåâîé èëè íà÷àëüíîé çàäà÷è ÿâëÿåòñÿ, êàê îòìå÷åíî â îáçîðå [12], ìîíîòîííûé èòåðà-
òèâíûé ìåòîä. Â îñíîâå ýòîãî ìåòîäà ëåæèò ðåäóêöèÿ èñõîäíîé çàäà÷è ê óðàâíåíèþ

x = Ax (1.1)

c ìîíîòîííûì îïåðàòîðîì A , îïðåäåëåííûì íà íåêîòîðîì ÷àñòè÷íî óïîðÿäî÷åííîì
ìíîæåñòâå. Ñóùåñòâóåò ðÿä ñõåì, ïîçâîëÿþùèõ ñâåñòè ðàññìàòðèâàåìóþ çàäà÷ó ê îïåðà-
òîðíîìó óðàâíåíèþ (1.1). Ðàçëè÷íûå âàðèàíòû ýòèõ ñõåì, ïî�âèäèìîìó, âïåðâûå ñòàë ñè-
ñòåìàòè÷åñêè èñïîëüçîâàòü â ñâîèõ ðàáîòàõ Í.Â.Àçáåëåâ. Âïîñëåäñòâèè ýòè ñõåìû íàøëè
øèðîêîå ïðèìåíåíèå â èññëåäîâàíèÿõ î äèôôåðåíöèàëüíûõ, èíòåãðàëüíûõ, ðàçíîñòíûõ è
äðóãèõ íåðàâåíñòâàõ, âîøëè â ñîâðåìåííûå ìîíîãðàôèè è îáçîðû.

Õàðàêòåðíûå ñâîéñòâà óðàâíåíèÿ (1.1) ñ èçîòîííûì (èç x1 ≤ x2 ñëåäóåò, ÷òî Ax1 ≤
Ax2 ) îïåðàòîðîì A ñîñòîÿò â òîì, ÷òî ïðè íåêîòîðûõ åñòåñòâåííûõ ïðåäïîëîæåíèÿõ äëÿ
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ýòîãî óðàâíåíèÿ ñïðàâåäëèâà òåîðåìà Òàðñêîãî � Áèðêãîôà � Êàíòîðîâè÷à [9] î ðàçðå-
øèìîñòè ýòîãî óðàâíåíèÿ è î ñóùåñòâîâàíèè óïîðÿäî÷åííîé ïàðû ðåøåíèé. Îñíîâíûì
âñïîìîãàòåëüíûì àïïàðàòîì ïðè òàêîì ïîäõîäå ê èññëåäîâàíèþ ðàçðåøèìîñòè íåëèíåé-
íûõ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ ìåòîä äèôôåðåíöèàëü-
íûõ íåðàâåíñòâ (ìåòîä âåðõíèõ è íèæíèõ ðåøåíèé). Ðàñïðîñòðàíåíèå íà ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûå óðàâíåíèÿ óïîìÿíóòîãî ìåòîäà èçó÷åíèÿ íåëèíåéíûõ çàäà÷ ïîòðåáî-
âàëî ñïåöèàëüíûõ èññëåäîâàíèé óñëîâèé ñîõðàíåíèÿ çíàêà ôóíêöèè Ãðèíà âñïîìîãàòåëü-
íûõ ëèíåéíûõ êðàåâûõ çàäà÷ (ôóíêöèè Êîøè âñïîìîãàòåëüíîãî ëèíåéíîãî óðàâíåíèÿ)
[4].

Çíà÷èòåëüíûé âêëàä â ïîñòðîåíèå îáùåé òåîðèè ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ
óðàâíåíèé âíîñÿò ïðåäñòàâèòåëè íàó÷íîé øêîëû Í.Â. Àçáåëåâà. Ïðåäëàãàåìàÿ ðàáîòà
ïðèìûêàåò ê èññëåäîâàíèÿì ïåðìñêèõ ìàòåìàòèêîâ ïî óïîìÿíóòîé ïðîáëåìå.

2. Îñíîâíûå òåîðåìû

Âñþäó íèæå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ.
Lp = Lp[a, b] , 1 ≤ p < ∞ � áàíàõîâî ïðîñòðàíñòâî ôóíêöèé z : [a, b] → R , ñóì-

ìèðóåìûõ íà [a, b] ñî ñòåïåíüþ p ; L∞ = L∞[a, b] � áàíàõîâî ïðîñòðàíñòâî ôóíêöèé
z : [a, b] → R èìåðèìûõ è îãðàíè÷åííûõ â ñóùåñòâåííîì; ACp = ACp[a, b] � áàíàõî-
âî ïðîñòðàíñòâî òàêèõ àáñîëþòíî íåïðåðûâíûõ ôóíêöèé x : [a, b] → R , ÷òî ẋ ∈ Lp ;
C = C[a, b] � ïðîñòðàíñòâî íåïðåðûâíûõ íà [a, b] ôóíêöèé x : [a, b] → R .

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

(Lx)(t) ≡ ẋ(t)− b(t)ẋg(t) + p(t)xh(t) = f(t, xh(t)), t ∈ [a, b], (2.1)

ãäå îáîçíà÷åíî

yr(t) =

{
y[r(t)], åñëè r(t) ∈ [a, b],

0, åñëè r(t) /∈ [a, b].

Äîïîëíèòåëüíîå óñëîâèå äëÿ óðàâíåíèÿ (2.1) çàäàäèì â âèäå ðàâåíñòâà

x(a) = α, α ∈ R. (2.2)

Íà÷àëüíóþ çàäà÷ó (2.1), (2.2) ðàññìîòðèì â ñëåäóþùèõ ïðåäïîëîæåíèÿõ: ôóíêöèÿ
b : [a, b] → R èçìåðèìà è îãðàíè÷åíà â ñóùåñòâåííîì; ôóíêöèè g, h : [a, b] → R èçìåðèìû
g(t) ≤ t , h(t) ≤ t ïðè ïî÷òè âñåõ t ∈ [a, b] , ôóíêöèÿ f : [a, b] × R → R óäîâëåòâî-
ðÿåò óñëîâèÿì Êàðàòåîäîðè. Áóäåì ïðåäïîëàãàòü òàêæå, ÷òî ôóíêöèÿ g óäîâëåòâîðÿåò
óñëîâèÿì:

(i) mes g−1(e) = 0 (çäåñü g−1(e) = {t ∈ [a, b] : g(t) ∈ e}) (2.3)

äëÿ ëþáîãî ìíîæåñòâà e ⊂ [a, b] íóëåâîé ìåðû è, êðîìå òîãî, äëÿ 1 ≤ p <∞ èìååò ìåñòî

µ =

{
sup

e⊂[a,b]

mes g−1(e)

mes e

} 1
p

<∞,

ãäå âåðõíÿÿ ãðàíü áåðåòñÿ ïî âñåì òàêèì ïîäìíîæåñòâàì e îòðåçêà [a, b] , ÷òî mes e > 0 ;
(ii) ñóùåñòâóåò òàêîå τ > 0 , ÷òî ëèáî ìíîæåñòâî κ = {t ∈ [a, b] : t − g(t) ≤ τ, g(t) ≥ a}
ïóñòî, ëèáî µ vrai sup

t∈κ
|b(t)| < 1.

Óñëîâèå (i) îáåñïå÷èâàåò [3], [1], [2] íåïðåðûâíîå äåéñòâèå îïåðàòîðà âíóòðåííåé ñó-
ïåðïîçèöèè S , îïðåäåëÿåìîãî ðàâåíñòâîì (Sy)(t) = b(t)yg(t) â ïðîñòðàíñòâå Lp[a, b] ,

Æóðíàë ÑÂÌÎ. 2015. Ò. 17, � 1



84 À. Ñ. Ëàðèîíîâ, Ï. Ì. Ñèìîíîâ

1 ≤ p < ∞ ; ïðè ýòîì ÷èñëî µ , îïðåäåëåííîå â óñëîâèè (i) , ÿâëÿåòñÿ íîðìîé îïåðàòî-
ðà S â ïðîñòðàíñòâå Lp[a, b] , 1 ≤ p < ∞ . Äëÿ íåïðåðûâíîãî äåéñòâèÿ îïåðàòîðà S â
ïðîñòðàíñòâå L∞ äîñòàòî÷íî [3] âûïîëíåíèÿ óñëîâèÿ (2.3), ïðè ýòîì µ = ∥S∥L∞→L∞

= 1
(ñì. òàêæå [1], [2]). Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ îïåðàòîð L íåïðåðûâíî äåéñòâóåò èç
ïðîñòðàíñòâà ACp â ïðîñòðàíñòâî Lp è âîëüòåððîâ.

Ïðè âûïîëíåíèè óñëîâèÿ (ii) ñïåêòðàëüíûé ðàäèóñ îïåðàòîðà S ìåíüøå åäèíèöû [3].
Ðåøåíèåì çàäà÷è (2.1), (2.2) áóäåì íàçûâàòü ôóíêöèþ x ∈ ACp, óäîâëåòâîðÿþùóþ

íà÷àëüíîìó óñëîâèþ (2.2) è ïî÷òè âñþäó íà [a, b] óðàâíåíèþ (2.1).
Äëÿ v, z ∈ L∞[a, b] îáîçíà÷èì [v, z] = {x ∈ L∞ : v ≤ x ≤ z} .
Áóäåì ãîâîðèòü [4], [1], ÷òî ôóíêöèÿ f(t, u) óäîâëåòâîðÿåò óñëîâèþ L1[v, z] (L2[v, z]) ,

åñëè ñóùåñòâóþò òàêèå ôóíêöèè r1(t) (r2(t)), r1, r2 ∈ Lp , ÷òî îïåðàòîð Íåìûöêîãî
M1 : [v, z] → Lp (M2 : [v, z] → Lp) , îïðåäåëÿåìûé ðàâåíñòâîì (M1u)(t) = f(t, u) + r1(t)u
((M2u)(t) = f(t, u) + r2(t)u) , èçîòîíåí (àíòèòîíåí).

Îáîçíà÷èì

σr(t) =

{
1, åñëè r(t) ∈ [a, b],
0, åñëè r(t) /∈ [a, b]

è ïðèâåäåì óòâåðæäåíèå î ðàçðåøèìîñòè íà÷àëüíîé çàäà÷è (2.1), (2.2) â íåêîòîðîì
ïîðÿäêîâîì îòðåçêå.

Òåîðåìà 1. Ïóñòü b(t)σg(t) ≥ 0 è âûïîëíåíû óñëîâèÿ:
1) ñóùåñòâóþò ôóíêöèè v, z ∈ L∞ òàêèå, ÷òî v ≤ z è ïðè ïî÷òè âñåõ t ∈ [a, b]

ñïðàâåäëèâû íåðàâåíñòâà

(Lv)(t) ≤ f(t, vh(t)), (Lz)(t) ≥ f(t, zh(t)), v(a) ≤ x(a) ≤ z(a);

2) ôóíêöèÿ f(t, u) óäîâëåòâîðÿåò óñëîâèþ L1[vh, zh] ñ òàêèì êîýôôèöèåíòîì r1(t),
÷òî ôóíêöèÿ Êîøè C1(t, s) óðàâíåíèÿ

(L1x)(t)≡(Lx)(t) + r1(t)xh(t) = η1(t), t ∈ [a, b] (2.4)

íåîòðèöàòåëüíà â îáëàñòè ∆ = {(t, s) ∈ [a, b]× [a, b] : a ≤ s ≤ t ≤ b} .
Òîãäà çàäà÷à (2.1), (2.2) èìååò ðåøåíèå x , óäîâëåòâîðÿþùåå íåðàâåíñòâàì v ≤ x ≤ z .
Åñëè, êðîìå òîãî,
3) ôóíêöèÿ f(t, u) óäîâëåòâîðÿåò óñëîâèþ L2[vh, zh] ñ òàêèì êîýôôèöèåíòîì r2(t),

÷òî ôóíêöèÿ Êîøè C2(t, s) óðàâíåíèÿ

(L2x)(t)≡(Lx)(t) + r2(t)xh(t) = η2(t), t ∈ [a, b] (2.5)

íåîòðèöàòåëüíà â îáëàñòè ∆ , òî ýòî ðåøåíèå åäèíñòâåííî.
Äîêàçàòåëüñòâî. Ïðè âûïîëíåíèè óñëîâèÿ 2 òåîðåìû 1 íà÷àëüíàÿ çàäà÷à (2.1), (2.2)

ýêâèâàëåíòíà óðàâíåíèþ (1.1), ãäå îïåðàòîð A : [v, z] → C îïðåäåëåí ðàâåíñòâîì

(Ax)(t) =

t∫
a

C1(t, s)M1(s, xh(s)) ds+ ξ1(t).

Çäåñü ξ1(t) � ðåøåíèå ïîëóîäíîðîäíîé çàäà÷è (L1x)(t) = 0, t ∈ [a, b], x(a) = α. .
Îïåðàòîð A èçîòîíåí è âïîëíå íåïðåðûâåí. Ïîêàæåì, ÷òî èç íåðàâåíñòâ

(Lv)(t) ≤ f(t, vh(t)), v(a) ≤ x(a)

ñëåäóåò, ÷òî v ≤ Av . Äåéñòâèòåëüíî, èç ïåðâîãî íåðàâåíñòâà âûòåêàåò
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(Lv)(t) ≤
t∫

a

C1(t, s)M1(s, xh(s)) ds+ v1(t),

ãäå v1(t) � ðåøåíèå çàäà÷è (L1x)(t) = η1(t), t ∈ [a, b], x(a) = v(a). .
Îáîçíà÷èâ θ(t) = ξ1(t) − v1(t), ïîëó÷àåì, ÷òî θ(t) ÿâëÿåòñÿ íåòðèâèàëüíûì ðåøåíè-

åì óðàâíåíèÿ (L1x)(t) = 0 . Â ðàáîòå [7] ïîêàçàíî, ÷òî íåîòðèöàòåëüíîñòü ôóíêöèè Êî-
øè óðàâíåíèÿ (L1x)(t) = η(t) ýêâèâàëåíòíà òîìó, ÷òî íåòðèâèàëüíîå ðåøåíèå óðàâíåíèÿ
(L1x)(t) = 0 íå îáðàùàåòñÿ â íóëü íà [a, b] . Òàê êàê v(a) ≤ x(a) , òî îòñþäà çàêëþ÷àåì,
÷òî θ(t) ≥ 0 , òî åñòü ξ1(t) ≥ v1(t) , ñëåäîâàòåëüíî, íåðàâåíñòâî v ≤ Av óñòàíîâëåíî. Íåðà-
âåíñòâî z ≥ Az ïîëó÷àåòñÿ àíàëîãè÷íî. Òàêèì îáðàçîì, âïîëíå íåïðåðûâíûé îïåðàòîð
A îòîáðàæàåò ìíîæåñòâî [v, z] â ñåáÿ, ñëåäîâàòåëüíî, îïåðàòîð A èìååò íåïîäâèæíóþ
òî÷êó, ïðèíàäëåæàùóþ [v, z] . Ñóùåñòâîâàíèå ðåøåíèÿ êðàåâîé çàäà÷è (1.1), (2.1) â ïî-
ðÿäêîâîì èíòåðâàëå äîêàçàíî.

Äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè ðåøåíèÿ êðàåâîé çàäà÷è (1.1), (2.1) â ïîðÿäêîâîì
îòðåçêå [v, z] çàìåòèì, ÷òî â óñëîâèÿõ òåîðåìû ñóùåñòâóþò �âåðõíåå� x̄ è �íèæíåå� x
ðåøåíèÿ ýòîé çàäà÷è, ïðè÷åì v ≤ x ≤ x ≤ x ≤ z . Ïðè âûïîëíåíèè óñëîâèÿ 3 òåîðåìû
1 èñõîäíàÿ çàäà÷à (2.1), (2.2) ðåäóöèðóåòñÿ ê ýêâèâàëåíòíîìó óðàâíåíèþ x = Bx , ãäå
îïåðàòîð B : [v, z] → C îïðåäåëÿåòñÿ ðàâåíñòâîì

(Bx)(t) =

t∫
a

C2(t, s)M2(s, xh(s)) ds+ ξ2(t). (2.6)

Çäåñü ôóíêöèÿ ξ2(t) åñòü ðåøåíèå êðàåâîé çàäà÷è

(L2x)(t) = 0, t ∈ [a, b], x(a) = α.

Îïåðàòîð B àíòèòîíåí. Îòñþäà ìîæíî ïîëó÷èòü ïðîòèâîïîëîæíîå íåðàâåíñòâî x ≥
x , ÷òî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû.

Â ïðèâîäèìîé íèæå òåîðåìå äîêàçûâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ íà÷àëüíîé çàäà÷è
(2.1), (2.2).

Òåîðåìà 2. Ïóñòü b(t) σg(t) ≥ 0 è ñóùåñòâóþò ôóíêöèè v, z ∈ L∞ òàêèå, ÷òî v ≤ z
è ïðè ïî÷òè âñåõ t ∈ [a, b] âûïîëíåíû óñëîâèÿ:

1) ôóíêöèÿ f(t, u) óäîâëåòâîðÿåò óñëîâèþ L2[vh, zh] ñ òàêèì êîýôôèöèåíòîì r2(t),
÷òî ôóíêöèÿ Êîøè C2(t, s) óðàâíåíèÿ (2.5) íåîòðèöàòåëüíà â îáëàñòè ∆ ;

2) ïðè ïî÷òè âñåõ t ∈ [a, b] ñïðàâåäëèâû äèôôåðåíöèàëüíûå íåðàâåíñòâà

(L2v)(t)≡(Lv)(t) + r2(t)vh(t) ≤ f(t, zh(t)) + r2(t)zh(t),

(L2z)(t)≡(Lz)(t) + r2(t)zh(t) ≥ f(t, vh(t)) + r2(t)vh(t), t ∈ [a, b], v(a) ≤ x(a) ≤ z(a).

Òîãäà íà÷àëüíàÿ çàäà÷à (2.1), (2.2) èìååò ðåøåíèå x , óäîâëåòâîðÿþùåå íåðàâåíñòâàì
v ≤ x ≤ z .

Ïðèâåäåì ñõåìó äîêàçàòåëüñòâà òåîðåìû 2. Ïðè âûïîëíåíèè óñëîâèÿ 1 òåîðåìû 2
íà÷àëüíàÿ çàäà÷à (2.1), (2.2) ýêâèâàëåíòíà óðàâíåíèþ x = Bx , ãäå îïåðàòîð B : [v, z] → C
îïðåäåëåí ðàâåíñòâîì (2.6). Îïåðàòîð B àíòèòîíåí è âïîëíå íåïðåðûâåí. Èç äèôôåðåí-
öèàëüíûõ íåðàâåíñòâ, âõîäÿùèõ â óñëîâèå 2 òåîðåìû 2, ñëåäóåò, ÷òî v ≤ Bz è z ≥ Bv ,
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òî åñòü âïîëíå íåïðåðûâíûé îïåðàòîð B îòîáðàæàåò ìíîæåñòâî [v, z] â ñåáÿ, ñëåäîâà-
òåëüíî, îïåðàòîð B èìååò íåïîäâèæíóþ òî÷êó, ïðèíàäëåæàùóþ [v, z] . Ñóùåñòâîâàíèå
ðåøåíèÿ êðàåâîé çàäà÷è (2.1), (2.2) â ïîðÿäêîâîì èíòåðâàëå [v, z] äîêàçàíî.

Ðàññìîòðèì äëÿ óðàâíåíèÿ (2.1) çàäà÷ó Êîøè � Íèêîëåòòè ñ êðàåâûì óñëîâèåì

x(b) = α. (2.7)

Ïðèåäåì óòâåðæäåíèÿ î ðàçðåøèìîñòè êðàåâîé çàäà÷è (2.1), (2.7).
Òåîðåìà 3. Ïóñòü b(t)σg(t) ≥ 0 è ñóùåñòâóþò ôóíêöèè v, z ∈ L∞ òàêèå, ÷òî v ≤ z

è ïðè ïî÷òè âñåõ t ∈ [a, b] âûïîëíåíû óñëîâèÿ:
1) ôóíêöèÿ f(t, u) óäîâëåòâîðÿåò óñëîâèþ L2[vh, zh] ñ òàêèì êîýôôèöèåíòîì r2(t),

÷òî êðàåâàÿ çàäà÷à

(L2x)(t)≡(Lx)(t) + r2(t)xh(t) = η2(t), t ∈ [a, b], x(b) = 0 (2.8)

îäíîçíà÷íî ðàçðåøèìà è åå ôóíêöèÿ Ãðèíà G2(t, s) íåïîëîæèòåëüíà â êâàäðàòå [a, b] ×
[a, b] ;

2) ïðè ïî÷òè âñåõ t ∈ [a, b] ñïðàâåäëèâû äèôôåðåíöèàëüíûå íåðàâåíñòâà

(L2v)(t)≡(Lv)(t) + r2(t)vh(t) ≤ f(t, zh(t)) + r2(t)zh(t),

(L2z)(t)≡(Lz)(t) + r2(t)zh(t) ≥ f(t, vh(t)) + r2(t)vh(t), t ∈ [a, b], v(b) ≤ x(b) ≤ z(b).

Òîãäà êðàåâàÿ çàäà÷à (2.1), (2.7) èìååò ðåøåíèå x , óäîâëåòâîðÿþùåå íåðàâåíñòâàì
v ≤ x ≤ z .

Åñëè, êðîìå òîãî, ôóíêöèÿ f(t, u) óäîâëåòâîðÿåò óñëîâèþ L1[vh, zh] ñ òàêèì êîýôôè-
öèåíòîì r1(t), ÷òî êðàåâàÿ çàäà÷à

(L1x)(t)≡(Lx)(t) + r1(t)xh(t) = η1(t), t ∈ [a, b], x(b) = 0 (2.9)

îäíîçíà÷íî ðàçðåøèìà è åå ôóíêöèÿ Ãðèíà G1(t, s) íåïîëîæèòåëüíà â êâàäðàòå [a, b] ×
[a, b] , òî ýòî ðåøåíèå åäèíñòâåííî.

Òåîðåìà 4. Ïóñòü b(t)σg(t) ≥ 0 è ñóùåñòâóþò ôóíêöèè v, z ∈ L∞ òàêèå, ÷òî v ≤ z
è ïðè ïî÷òè âñåõ t ∈ [a, b] âûïîëíåíû óñëîâèÿ:

1) ôóíêöèÿ f(t, u) óäîâëåòâîðÿåò óñëîâèþ L1[vh, zh] ñ òàêèì êîýôôèöèåíòîì r1(t),
÷òî êðàåâàÿ çàäà÷à (2.9) îäíîçíà÷íî ðàçðåøèìà è åå ôóíêöèÿ Ãðèíà G1(t, s) íåïîëîæè-
òåëüíà â êâàäðàòå [a, b]× [a, b] ;

2) ïðè ïî÷òè âñåõ t ∈ [a, b] ñïðàâåäëèâû äèôôåðåíöèàëüíûå íåðàâåíñòâà

(L1v)(t)≡(Lv)(t) + r1(t)vh(t) ≤ f(t, zh(t)) + r1(t)zh(t),

(L1z)(t)≡(Lz)(t) + r1(t)zh(t) ≥ f(t, vh(t)) + r1(t)vh(t), t ∈ [a, b], v(a) ≤ x(a) ≤ z(a).

Òîãäà êðàåâàÿ çàäà÷à (2.1), (2.7) èìååò ðåøåíèå x x, óäîâëåòâîðÿþùåå íåðàâåíñòâàì
v ≤ x ≤ z .

Äîêàçàòåëüñòâà òåîðåì 3 è 4 ïðîâîäÿòñÿ ïî òåì æå ñõåìàì, ÷òî è äîêàçàòåëüñòâà òåîðåì
1 è 2.
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Çàìå÷àíèå. Ýôôåêòèâíûå ïðèçíàêè íåîòðèöàòåëüíîñòè ôóíêöèè Êîøè C(t, s) âñïî-
ìîãàòåëüíûõ ëèíåéíûõ óðàâíåíèé ïðèâåäåíû â ðàáîòàõ [7], [5]; óñëîâèÿ íåïîëîæèòåëüíî-
ñòè ôóíêöèè Ãðèíà âñïîìîãàòåëüíûõ ëèíåéíûõ êðàåâûõ çàäà÷ ñôîðìóëèðîâàíû â ðàáîòå
[7].

Â êà÷åñòâå ïðèìåíåíèÿ òåîðåìû 1 ðàññìîòðèì ìàòåìàòè÷åñêóþ ìîäåëü ïðîèçâîäñòâà
êëåòîê êðîâè [15], [8], ÿâëÿþùåéñÿ ÷àñòíûì ñëó÷àåì ïðèâåäåííîé âûøå íà÷àëüíîé çàäà÷è
(2.1), (2.2)

ẋ(t) + px(t) =
mx(t− τ)

c+ xn(t− τ)
, t ∈ [a, b], (2.10)

x(a) = α, α ∈ R, (2.11)

ãäå p > 0 , m > 0 , c > 0 , n > 1 , 0 ≤ τ <∞ .

Îáîçíà÷èì στ (t) =

{
1, åñëè t− τ ∈ [a, b],
0, åñëè t− τ /∈ [a, b]

è ïðèâåäåì óòâåðæäåíèå î ðàç-

ðåøèìîñòè çàäà÷è (2.10), (2.11).
Òåîðåìà 5. Ïóñòü âûïîëíåíû óñëîâèÿ:

1) èìååò ìåñòî íåðàâåíñòâî p ≥ 1
t

[
m(t−τ)
c+(t−τ)n

− 1
]
, t ∈ [a, b] ,

2) ñóùåñòâóåò òàêàÿ ôóíêöèÿ r(t) ≥ 0 , ÷òî ñïðàâåäëèâî íåðàâåíñòâî p + r(t)στ (t) ≤
1
e
, t ∈ [a, b] .
Òîãäà ñóùåñòâóåò ðåøåíèå çàäà÷è (2.10), (2.11), óäîâëåòâîðÿþùåå íåðàâåíñòâàì

0 ≤ x ≤ t.

Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ñâîäèòñÿ ê ïðîâåðêå óñëîâèé òåîðåìû 1, ãäå â
êà÷åñòâå ôóíêöèé v è z âûáðàíû ñîîòâåòñòâåííî v = 0 , z = t .
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On nonlinear problems for functional di�erential equation
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Abstract. Given the approval of the solvability of nonlinear problems for �rst order di�erential
equation with retarded argument. The statements are derived from the monotone iterative
technique.
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