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Èññëåäîâàíèå äèíàìèêè îäíîé àýðîóïðóãîé ñèñòåìû
òèïà ¾òàíäåì¿
c⃝ À. Â. Àíêèëîâ1, Ï. À. Âåëüìèñîâ2

Àííîòàöèÿ. Â ñòàòüå ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü äèíàìè÷åñêîé ñèñòåìû, ñîñòîÿ-
ùåé èç n óïðóãèõ ïëàñòèí òèïà ¾òàíäåì¿, îáòåêàåìûõ äîçâóêîâûì ïîòîêîì ãàçà (æèäêî-
ñòè). Àýðîãèäðîäèíàìè÷åñêèå âîçäåéñòâèÿ íà ïëàñòèíû îïðåäåëÿþòñÿ èç àñèìïòîòè÷åñêèõ
óðàâíåíèé äâèæåíèÿ æèäêîñòè èëè ãàçà â ìîäåëè èäåàëüíîé íåñæèìàåìîé ñðåäû. Ïîâå-
äåíèå óïðóãîãî ìàòåðèàëà îïèñûâàåòñÿ ëèíåéíîé ìîäåëüþ. Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçó-
åòñÿ ïîäõîä, îñíîâàííûé íà ïîñòðîåíèè ðåøåíèÿ àýðîãèäðîäèíàìè÷åñêîé ÷àñòè äâóìåðíîé
êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà ìåòîäàìè êîìïëåêñíîãî àíàëèçà, ïðè ýòîì àýðî-
ãèäðîäèíàìè÷åñêàÿ íàãðóçêà (äàâëåíèå æèäêîñòè èëè ãàçà) îïðåäåëÿåòñÿ ÷åðåç ôóíêöèè,
îïèñûâàþùèå íåèçâåñòíûå ïðîãèáû ïëàñòèí. Ïðè ïîäñòàíîâêå âûðàæåíèÿ äëÿ äàâëåíèÿ â
óðàâíåíèÿ êîëåáàíèé ïëàñòèí ðåøåíèå çàäà÷è ñâîäèòñÿ ê èññëåäîâàíèþ ñèñòåìû ñâÿçàííûõ
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè äëÿ ôóíêöèé äåôîðìàöèé.
Íà îñíîâå ìåòîäà Áóáíîâà-Ãàëåðêèíà ñîçäàí ïðîãðàììíûé ïðîäóêò, ïîçâîëÿþùèé íàõîäèòü
ðåøåíèå ýòîé ñèñòåìû óðàâíåíèé è ïðîèçâîäèòü èññëåäîâàíèå äèíàìèêè ñèñòåìû ïëàñòèí.
Ïðîãðàììà ïîçâîëÿåò ñòðîèòü ãðàôèêè êîëåáàíèé, íà îñíîâàíèè êîòîðûõ ìîæíî ñóäèòü îá
àìïëèòóäå è ÷àñòîòå êîëåáàíèé è äåëàòü âûâîä îá èõ óñòîé÷èâîñòè. Íà îñíîâå ÷èñëåííî-
ãî ýêñïåðèìåíòà ïðîâîäèòñÿ àíàëèç çàâèñèìîñòè õàðàêòåðà êîëåáàíèé óïðóãèõ ïëàñòèí îò
ïàðàìåòðîâ ìåõàíè÷åñêîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: àýðîãèäðîóïðóãîñòü, äèíàìèêà, óïðóãàÿ ïëàñòèíà, ñèñòåìà òèïà ¾òàí-
äåì¿, äåôîðìàöèÿ, îáòåêàíèå, äîçâóêîâîé ïîòîê.

1. Ââåäåíèå

Ïðè ïðîåêòèðîâàíèè ðàçëè÷íûõ êîíñòðóêöèé, óñòðîéñòâ, ïðèáîðîâ, àïïàðàòîâ, ñèñòåì
è ò. ä., íàõîäÿùèõñÿ âî âçàèìîäåéñòâèè ñ ãàçîæèäêîñòíîé ñðåäîé (îáòåêàåìûõ ïîòîêîì
æèäêîñòè èëè ãàçà), íåîáõîäèìî ðåøàòü çàäà÷è, ñâÿçàííûå ñ èññëåäîâàíèåì äèíàìèêè
è óñòîé÷èâîñòè óïðóãèõ ýëåìåíòîâ, òðåáóåìîé äëÿ èõ êà÷åñòâåííîãî ôóíêöèîíèðîâàíèÿ
è íàä¼æíîñòè ýêñïëóàòàöèè. Âîçäåéñòâèå ïîòîêà ìîæåò ïðèâîäèòü ê ýôôåêòàì, ÿâëÿþ-
ùèìñÿ ïðè÷èíîé íàðóøåíèÿ ôóíêöèîíàëüíûõ ñâîéñòâ ýëåìåíòîâ, âïëîòü äî èõ ðàçðóøå-
íèÿ (íàïðèìåð, ïðèâîäèòü ê ñîñòîÿíèþ íåóñòîé÷èâîñòè âñëåäñòâèå óâåëè÷åíèÿ àìïëèòó-
äû èëè óñêîðåíèÿ êîëåáàíèé äî êðèòè÷åñêè äîïóñòèìûõ çíà÷åíèé). Òàêàÿ ïðîáëåìà, êîãäà
íåóñòîé÷èâîñòü ÿâëÿåòñÿ íåãàòèâíûì ÿâëåíèåì, âîçíèêàåò, íàïðèìåð, ïðè ïðîåêòèðîâàíèè
ñîñòàâíûõ ÷àñòåé ëåòàòåëüíûõ è ïîäâîäíûõ àïïàðàòîâ. Àíàëîãè÷íàÿ ïðîáëåìà âîçíèêàåò
ïðè èññëåäîâàíèè òå÷åíèé â ïðîòî÷íûõ êàíàëàõ, òðóáîïðîâîäàõ ðàçëè÷íîãî íàçíà÷åíèÿ,
ñîäåðæàùèõ óïðóãèå ýëåìåíòû.

Â òî æå âðåìÿ äëÿ ôóíêöèîíèðîâàíèÿ íåêîòîðûõ òåõíè÷åñêèõ óñòðîéñòâ ÿâëåíèå âîç-
áóæäåíèÿ êîëåáàíèé ïðè àýðîãèäðîäèíàìè÷åñêîì âîçäåéñòâèè, óêàçàííîå âûøå â êà÷å-
ñòâå íåãàòèâíîãî, ÿâëÿåòñÿ íåîáõîäèìûì. Ïðèìåðàìè ïîäîáíûõ óñòðîéñòâ, îòíîñÿùèõñÿ
ê âèáðàöèîííîé òåõíèêå è èñïîëüçóåìûõ äëÿ èíòåíñèôèêàöèè òåõíîëîãè÷åñêèõ ïðîöåñ-
ñîâ, ÿâëÿþòñÿ óñòðîéñòâà äëÿ ïðèãîòîâëåíèÿ îäíîðîäíûõ ñìåñåé è ýìóëüñèé, â ÷àñòíîñòè,

1 Äîöåíò êàôåäðû ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; ankil@ulstu.ru.

2 Çàâ. êàôåäðîé ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; velmisov@ulstu.ru.
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óñòðîéñòâà äëÿ ïîäà÷è ñìàçî÷íî-îõëàæäàþùåé æèäêîñòè â çîíó îáðàáîòêè (ñì., íàïðèìåð
[4]).

Â íàñòîÿùåå âðåìÿ ìåõàíèêà äåôîðìèðóåìîãî òâåðäîãî òåëà, ìåõàíèêà æèäêîñòè è ãà-
çà è àýðîãèäðîóïðóãîñòü ïðåäñòàâëÿþò ñîáîé õîðîøî ðàçâèòûå ðàçäåëû ìåõàíèêè ñïëîø-
íîé ñðåäû. Ìíîãî èññëåäîâàíèé ïîñâÿùåíî äèíàìèêå, óñòîé÷èâîñòè è ôëàòòåðó ïëàñòèí è
îáîëî÷åê, íàõîäÿùèõñÿ â ïîòîêå æèäêîñòè èëè ãàçà (ñðåäè ïîñëåäíèõ â êà÷åñòâå ïðèìåðà
îòìåòèì êàê ðîññèéñêèå [1, 5, 11], òàê è çàðóáåæíûå [9, 10, 12] èññëåäîâàíèÿ). Áîëüøèí-
ñòâî ðàáîò ïîñâÿùåíî èññëåäîâàíèþ ôëàòòåðà ïëàñòèí è îáîëî÷åê â ñâåðõçâóêîì ïîòîêå,
è òîëüêî íåáîëüøàÿ ÷àñòü ðàáîò ïîñâÿùåíà îáòåêàíèþ ïëàñòèí è îáîëî÷åê äîçâóêîâûì
ïîòîêîì ãàçà, ÷òî óêàçûâàåò íà ñëîæíîñòü èññëåäîâàíèÿ äèíàìèêè óïðóãèõ òåë ïðè óêà-
çàííîì ðåæèìå îáòåêàíèÿ è òðåáóåò áîëåå ïðèñòàëüíîãî è ãëóáîêîãî âíèìàíèÿ ê ýòèì
çàäà÷àì.

Â ñòàòüå ðàññìàòðèâàåòñÿ ïëîñêàÿ çàäà÷à àýðîãèäðîóïðóãîñòè î ìàëûõ êîëåáàíèÿõ ñè-
ñòåìû n óïðóãèõ ïëàñòèí òèïà ¾òàíäåì¿ (ðàñïîëîæåííûõ ïîñëåäîâàòåëüíî äðóã çà äðó-
ãîì âäîëü îäíîé ëèíèè) ïðè äîçâóêîâîì îáòåêàíèè èõ ïîòîêîì èäåàëüíîé íåñæèìàåìîé
ñðåäû (æèäêîñòè èëè ãàçà). Ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé óñòîé÷èâîñòè
äåôîðìèðóåìûõ ïëàñòèí, íàõîäÿùèõñÿ â ïîòîêå ãàçà èëè æèäêîñòè [3]. Â ÷àñòíîñòè, ïðî-
âåäåíî îáîáùåíèå ðåçóëüòàòîâ ðàáîòû [2] (ñëó÷àé äâóõ ïëàñòèí) íà ñëó÷àé ïðîèçâîëüíîãî
êîëè÷åñòâà ïëàñòèí. Íà îñíîâå ìåòîäà Áóáíîâà-Ãàëåðêèíà ñîçäàí ïðîãðàììíûé ïðîäóêò,
ïîçâîëÿþùèé ïðîèçâîäèòü èññëåäîâàíèå äèíàìèêè ñèñòåìû ïëàñòèí.

Ïîâåäåíèå óïðóãîãî ìàòåðèàëà â ðàáîòå îïèñûâàåòñÿ ëèíåéíîé ìîäåëüþ. Äëÿ ðåøåíèÿ
ñâÿçàííîé çàäà÷è àýðîãèäðîóïðóãîñòè èñïîëüçóåòñÿ ïîäõîä, îñíîâàííûé íà ïîñòðîåíèè
ðåøåíèÿ àýðîãèäðîäèíàìè÷åñêîé ÷àñòè äâóìåðíîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ëàïëà-
ñà ìåòîäàìè êîìïëåêñíîãî àíàëèçà, ïðè ýòîì àýðîãèäðîäèíàìè÷åñêàÿ íàãðóçêà (äàâëåíèå
æèäêîñòè èëè ãàçà) îïðåäåëÿåòñÿ ÷åðåç ôóíêöèè, îïèñûâàþùèå íåèçâåñòíûå ïðîãèáû ïëà-
ñòèí. Ïðè ïîäñòàíîâêå âûðàæåíèÿ äëÿ äàâëåíèÿ â óðàâíåíèÿ êîëåáàíèé ïëàñòèí ðåøåíèå
çàäà÷è ñâîäèòñÿ ê èññëåäîâàíèþ ñèñòåìû ñâÿçàííûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ ÷àñòíûìè ïðîèçâîäíûìè äëÿ ôóíêöèé ïðîãèáîâ.

Íà îñíîâå ÷èñëåííîãî ýêñïåðèìåíòà ïðîâîäèòñÿ àíàëèç çàâèñèìîñòè õàðàêòåðà êîëåáà-
íèé óïðóãèõ ïëàñòèí êàê îò ïàðàìåòðîâ ìåõàíè÷åñêîé ñèñòåìû, â ò.÷. îò çíà÷åíèÿ ñêîðîñòè
íàáåãàþùåãî ïîòîêà, òàê è îò èõ âçàèìíîãî âëèÿíèÿ äðóã íà äðóãà. Ýòîò àíàëèç ïîçâîëÿåò
ñäåëàòü âûâîä îá óñòîé÷èâîñòè èëè íåóñòîé÷èâîñòè êîëåáàíèé.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ïëîñêàÿ çàäà÷à àýðîãèäðîóïðóãîñòè î ìàëûõ êîëåáàíèÿõ ñèñòåìû n
óïðóãèõ ïëàñòèí òèïà ¾òàíäåì¿ (ðàñïîëîæåííûõ ïîñëåäîâàòåëüíî äðóã çà äðóãîì âäîëü
îäíîé ëèíèè) ïðè äîçâóêîâîì îáòåêàíèè èõ ïîòîêîì èäåàëüíîãî íåñæèìàåìîãî ãàçà. Ïóñòü
â ñîñòîÿíèè ïîêîÿ ïëàñòèíàì â ôèçè÷åñêîé ïëîñêîñòè xOy ñîîòâåòñòâóþò íà îñè Ox
îòðåçêè [ak, bk], k = 1÷ n, ãäå ak+1 > bk, k = 1÷ n− 1 (ðèñ. 2.1).

Ð è ñ ó í î ê 2.1

Äâóñòîðîííåå áåçîòðûâíîå îáòåêàíèå ñèñòåìû n óïðóãèõ ïëàñòèí

Æóðíàë ÑÂÌÎ. 2015. Ò. 17, � 1



10 À. Â. Àíêèëîâ, Ï. À. Âåëüìèñîâ

Â áåñêîíå÷íî óäàëåííîé òî÷êå ñêîðîñòü ãàçà ðàâíà V è èìååò íàïðàâëåíèå, ñîâïàäà-
þùåå ñ íàïðàâëåíèåì îñè Ox . Áóäåì ïðåäïîëàãàòü, ÷òî ïðîãèáû ïëàñòèí è âîçìóùåíèå
îäíîðîäíîãî ïîòîêà ìàëû, òî åñòü w̄k(x, t) = εwk(x, t) , ϕ̄(x, y, t) = V x+ εϕ(x, y, t), ε << 1,
k = 1÷ n. Çäåñü w̄1 ,..., w̄n è ϕ̄ � ñîîòâåòñòâåííî ïðîãèáû ïëàñòèí è ïîòåíöèàë ñêîðîñòè
âîçìóùåííîãî ïîòîêà ãàçà.

Ïîòåíöèàë ϕ óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà

ϕxx + ϕyy = 0, (x, y) ∈ G = R2\ ([a1, b1] ∪ .... ∪ [an, bn]) , (2.1)

óñëîâèþ îòñóòñòâèÿ âîçìóùåíèé â áåñêîíå÷íî óäàëåííîé òî÷êå(
ϕ2
x + ϕ2

y + ϕ2
t

)
∞ = 0 (2.2)

è ëèíåàðèçîâàííûì ãðàíè÷íûì óñëîâèÿì

ϕ±
y = ẇk + V w′

k, x ∈ (ak, bk), k = 1÷ n, (2.3)

ãäå ϕ±
y = lim

y→0±0
ϕy(x, y, t) .

Ëèíåàðèçóÿ èíòåãðàë Ëàãðàíæà-Êîøè, ïîëó÷èì ñëåäóþùåå âûðàæåíèå äëÿ ðåàêöèè
ãàçà íà ïëàñòèíû

Q = ρ(ϕ+
t − ϕ−

t ) + ρV (ϕ+
x − ϕ−

x ).

Àýðîäèíàìè÷åñêèå âîçäåéñòâèÿ íà ïëàñòèíû, çàâèñÿùèå îò ïîïåðå÷íûõ ñîñòàâëÿþùèõ èõ
äåôîðìàöèé wk(x, t), k = 1 ÷ n , âûðàæàþòñÿ ÷åðåç ïîòåíöèàë ñêîðîñòè ϕ(x, y, t) ïî
ôîðìóëàì

Pk(x, t) = ρ(ϕ+
t − ϕ−

t ) + ρV (ϕ+
x − ϕ−

x ), x ∈ (ak, bk), k = 1÷ n, y = 0. (2.4)

Äëÿ ïðèìåðà ðàññìîòðèì ëèíåéíóþ ìîäåëü óïðóãîãî òåëà:

Mkẅk(x, t) +Dkw
′′′′
k (x, t) +Nkw

′′
k(x, t) + β0kwk(x, t)+

+β1kẇk(x, t) + β2kẇ
′′′′
k (x, t) = Pk(x, t), k = 1÷ n. (2.5)

Èíäåêñû x, y, t ñíèçó îáîçíà÷àþò ÷àñòíûå ïðîèçâîäíûå ïî x, y, t ; øòðèõ è òî÷êà �
÷àñòíûå ïðîèçâîäíûå ïî x è t ñîîòâåòñòâåííî; ρ � ïëîòíîñòü æèäêîñòè â îäíîðîäíîì
íåâîçìóùåííîì ïîòîêå; Dk , Mk � èçãèáíûå æåñòêîñòè è ïîãîííûå ìàññû óïðóãèõ ïëà-
ñòèí; Nk � ñæèìàþùèå (ðàñòÿãèâàþùèå) óïðóãèå ïëàñòèíû ñèëû; β1k, β2k � êîýôôèöè-
åíòû âíåøíåãî è âíóòðåííåãî äåìïôèðîâàíèÿ ïëàñòèí; β0k � êîýôôèöèåíòû æåñòêîñòè
îñíîâàíèé.

3. Ðåøåíèå àýðîãèäðîäèíàìè÷åñêîé ÷àñòè çàäà÷è

Âûðàæàÿ ïîòåíöèàë ϕ(x, y, t) ÷åðåç ôóíêöèè ïðîãèáà wk(x, t) , çàïèøåì óðàâíåíèÿ
êîëåáàíèé ïëàñòèí (2.4), (2.5) îòíîñèòåëüíî ýòèõ ôóíêöèé. Ñ ýòîé öåëüþ â îáëàñòè G
ââåäåì êîìïëåêñíûé ïîòåíöèàë W = f(z, t) = ϕ+ iψ , ãäå ψ = ψ(x, y, t) � ôóíêöèÿ òîêà,
z = x+ iy . Äëÿ ôóíêöèè ñêîðîñòåé fz(z, t) = ϕx− iϕy ñîãëàñíî óñëîâèÿì (2.1), (2.3) èìååì
ñëåäóþùåå èíòåãðàëüíîå ïðåäñòàâëåíèå [8, ñ.52-54]

fz(z, t) =
1

π
√
h(z)

 n∑
k=1

(−1)k+1

bk∫
ak

vk(τ, t)

τ − z

√
h(τ)dτ +

n−1∑
k=1

γk(t)z
k−1

 , (3.1)
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ãäå h(z) = (z − a1)(z − b1)(z − a2)(z − b2)...(z − an−1)(z − bn−1)(z − an)(bn − z) , vk(τ, t) =
= ẇk(τ, t) + V w′

k(τ, t), k = 1 ÷ n; γ1(t), ..., γn−1(t) � äåéñòâèòåëüíûå ôóíêöèè, îïðå-
äåëÿþùèå öèðêóëÿöèþ ñêîðîñòè ãàçà âîêðóã êàæäîé ïëàñòèíû. Âåòâü êîðíÿ â ôîðìóëå
(3.1) ôèêñèðîâàíà óñëîâèåì√

h(z) = i
√
(x− a1)(x− b1)(x− a2)(x− b2)...(x− an)(x− bn), z = x > bn. (3.2)

Ðàçëîæåíèå ôóíêöèè fz(z, t) â îêðåñòíîñòè z = ∞ íà÷èíàåòñÿ ñ ÷ëåíà ïîðÿäêà 1/zn+1 ,
ïîýòîìó îáùàÿ öèðêóëÿöèÿ ðàâíà íóëþ. Öèðêóëÿöèÿ âîêðóã êàæäîé ïëàñòèíû ìîæåò
îòëè÷àòüñÿ îò íóëÿ. Çàìåòèì òàêæå, ÷òî (ϕ2

x + ϕ2
y)∞ = 0 .

Ïåðåéäåì â (3.1) ê ïðåäåëó ïðè z → x± i0 , x ∈ (a1, b1) . Ñîãëàñíî óñëîâèþ (3.2) èìååì√
h(z) = ±(−1)k

√
h(x), z = x± i0, x ∈ (ak, bk), k = 1÷ n. (3.3)

Ïðèìåíÿÿ ôîðìóëû Ñîõîöêîãî [7] è ó÷èòûâàÿ (3.3), ïîëó÷èì

ϕ±
x − iϕ±

y = ∓ 1

π
√
h(x)

 n∑
k=1

(−1)k+1

bk∫
ak

vk(τ, t)

τ − x

√
h(τ)dτ +

n−1∑
k=1

γk(t)x
k−1

− iv1(x, t),

x ∈ (a1, b1),

ñëåäîâàòåëüíî,

ϕ+
x − ϕ−

x = − 2

π
√
h(x)

 n∑
k=1

(−1)k+1

bk∫
ak

vk(τ, t)

τ − x

√
h(τ)dτ +

n−1∑
k=1

γk(t)x
k−1

 , (3.4)

x ∈ (a1, b1).

Àíàëîãè÷íî, ïðè z → x± i0 , x ∈ (am, bm) , íàõîäèì

ϕ+
x − ϕ−

x =
2(−1)s

π
√
h(x)

 n∑
k=1

(−1)k+1

bk∫
ak

vk(τ, t)

τ − x

√
h(τ)dτ +

n−1∑
k=1

γk(t)x
k−1

 , (3.5)

x ∈ (as, bs), s = 2÷ n.

Äëÿ êîìïëåêñíîãî ïîòåíöèàëà èìååì ñëåäóþùåå âûðàæåíèå

W = f(z, t) =

z∫
a1

fz(z, t)dz + C(t), (3.6)

ãäå C(t) � ïðîèçâîëüíàÿ ôóíêöèÿ âðåìåíè, z ∈ G . Òàê êàê G � n -ñâÿçíàÿ îáëàñòü,
òî èíòåãðàë, âîîáùå ãîâîðÿ, çàâèñèò îò ëèíèè èíòåãðèðîâàíèÿ. Ñëåäîâàòåëüíî, ïîòåíöèàë
ϕ , à çíà÷èò è àýðîäèíàìè÷åñêèå âîçäåéñòâèÿ (2.4) îäíîçíà÷íî íå îïðåäåëÿþòñÿ. Ïîäáåðåì
ôóíêöèè γ1(t), ..., γn−1(t) òàê, ÷òîáû öèðêóëÿöèÿ âîêðóã êàæäîé ïëàñòèíû ðàâíÿëàñü
íóëþ.

Ïðè îáõîäå ðàçðåçà [as, bs] ïðîòèâ ÷àñîâîé ñòðåëêè öèðêóëÿöèÿ Γs(t) =
bs∫
as

ϕ−
x dx +

as∫
bs

ϕ+
x dx =

bs∫
as

(ϕ−
x − ϕ+

x )dx , s = 1÷ n. Âîñïîëüçîâàâøèñü ôîðìóëàìè (3.4), (3.5), ïîëó÷èì

Γs(t) =
2(−1)s+1

π

bs∫
as

1√
h(x)

 n∑
k=1

(−1)k+1

bk∫
ak

vk(τ, t)

τ − x

√
h(τ)dτ +

n−1∑
k=1

γk(t)x
k−1

 dx. (3.7)
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Ïîêàæåì, ÷òî ñóììà öèðêóëÿöèé ðàâíà íóëþ. Ñîãëàñíî (3.7)

n∑
s=1

Γs(t) =
2

π

n∑
k=1

(−1)k
bk∫

ak

vk(τ, t)
√
h(τ)

 n∑
s=1

(−1)s+1

bs∫
as

dx√
h(x)(x− τ)

 dτ+

+
2

π

n−1∑
k=1

γk(t)

 n∑
s=1

(−1)s+1

bs∫
as

xk−1dx√
h(x)

. (3.8)

Â ïîëóïëîñêîñòè ðàññìîòðèì àíàëèòè÷åñêóþ ôóíêöèþ g1(z) = 1
/√

h(z) . Â ñèëó âû-

áîðà âåòâè êîðíÿ (3.2) íà ãðàíèöå ïîëóïëîñêîñòè ( Imz = y = 0) èìååì

Re {g1(z)} =

{
0, x ∈ (−∞, a1) ∪ (b1, a2) ∪ (b2, a3) ∪ ... ∪ (bn,+∞),

(−1)s
/√

h(x), x ∈ (as, bs), s = 1÷ n.

Ïðåäñòàâèì g1(z) ñ ïîìîùüþ èíòåãðàëà Øâàðöà [7]

g1(z) =
1√
h(z)

=
1

πi

n∑
s=1

(−1)s
bs∫

as

dτ√
h(τ)(τ − z)

. (3.9)

Ïðè z → x ∈ (a1, b1) ïîëó÷èì

1√
h(x)

=
1

πi

 πi√
h(x)

+
n∑

s=1

(−1)s
bs∫

as

dτ√
h(τ)(τ − x)

 .

Îòñþäà
n∑

s=1

(−1)s
bs∫

as

dτ√
h(τ)(τ − x)

= 0, x ∈ (a1, b1)

èëè
n∑

s=1

(−1)s
bs∫

as

dx√
h(x)(x− τ)

= 0, τ ∈ (a1, b1). (3.10)

Àíàëîãè÷íî ïðè z → x ∈ (as, bs), s = 2÷ n , ïîëó÷èì

n∑
s=1

(−1)s
bs∫

as

dx√
h(x)(x− τ)

= 0, τ ∈ (as, bs). (3.11)

Ïîëàãàÿ â (3.9) z = x > bn , áóäåì èìåòü

π√
−h(x)

=
n∑

s=1

(−1)s
bs∫

as

dτ√
h(τ)(τ − x)

.

Óìíîæèì íà x îáå ÷àñòè ýòîãî ðàâåíñòâà è ïåðåéäåì ê ïðåäåëó ïðè x → +∞ . Â
ðåçóëüòàòå ïîëó÷èì

n∑
s=1

(−1)s+1

bs∫
as

dτ√
h(τ)

= 0. (3.12)
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Â ïîëóïëîñêîñòè ðàññìîòðèì àíàëèòè÷åñêèå ôóíêöèè g2(z) = zk
/√

h(z), k = 1÷n− 2 . Â

ñèëó âûáîðà âåòâè êîðíÿ (3.2) íà ãðàíèöå ïîëóïëîñêîñòè ( Imz = y = 0) èìååì

Re {g2(z)} =

{
0, x ∈ (−∞, a1) ∪ (b1, a2) ∪ (b2, a3) ∪ ... ∪ (bn,+∞),

(−1)s+1xk
/√

h(x), x ∈ (as, bs).

Ïðåäñòàâèì g2(z) ñ ïîìîùüþ èíòåãðàëà Øâàðöà [7]

g2(z) =
zk√
h(z)

=
1

πi

n∑
s=1

(−1)s
bs∫

as

τ kdτ√
h(τ)(τ − z)

. (3.13)

Ïîëàãàÿ â (3.9) z = x > bn , áóäåì èìåòü

πxk√
−h(x)

=
n∑

s=1

(−1)s
bs∫

as

τ kdτ√
h(τ)(τ − x)

.

Óìíîæèì íà x îáå ÷àñòè ýòîãî ðàâåíñòâà è ïåðåéäåì ê ïðåäåëó ïðè x→ +∞ . Â ðåçóëü-
òàòå ïîëó÷èì

n∑
s=1

bs∫
as

τ kdτ√
h(τ)

= 0, k = 1÷ n− 2. (3.14)

Èç ðàâåíñòâ (3.10) � (3.12), (3.14) ñëåäóåò, ÷òî
n∑

s=1

Γs(t) = 0 .

Ïîëîæèì Γ1(t) = 0, ..., Γn−1(t) = 0 è íàéäåì ôóíêöèè γ1(t), ..., γn−1(t) êàê ðåøåíèå
ñèñòåìû

bs∫
as

1√
h(x)

 n∑
k=1

(−1)k+1

bk∫
ak

vk(τ, t)

τ − x

√
h(τ)dτ +

n−1∑
k=1

γk(t)x
k−1

 dx = 0, s = 1÷ n− 1. (3.15)

Ýëåìåíòû îñíîâíîé ìàòðèöû ñèñòåìû (3.15) ðàâíû

Hsk =

bs∫
as

xk−1√
h(x)

dx, s, k = 1÷ n− 1.

Ñëåäîâàòåëüíî, ðåøåíèå èìååò âèä

γk(t) =
n−1∑
s=1

n∑
p=1

H̃sk

bs∫
as

dx

bp∫
ap

(−1)pvp(τ, t)
√
h(τ)√

h(x)(τ − x)
dτ , k = 1÷ n− 1, (3.16)

ãäå ââåäåíî îáîçíà÷åíèå H̃ = H−1. Òîãäà èç ðàâåíñòâ Γ1(t) = 0, ..., Γn−1(t) = 0 ñëåäó-

åò, ÷òî Γn(t) = −
n−1∑
s=1

Γs(t) = 0 . Â ýòîì ñëó÷àå èíòåãðàë îò ôóíêöèè fz(z, t) ïî ëþáîìó

çàìêíóòîìó êîíòóðó, ïðèíàäëåæàùåìó îáëàñòè G , ðàâåí íóëþ. Îòñþäà ñëåäóåò, ÷òî çíà-
÷åíèå ïîòåíöèàëà W , îïðåäåëÿåìîå ôîðìóëîé (3.6), íå çàâèñèò îò ëèíèè èíòåãðèðîâàíèÿ,
ñîåäèíÿþùåé òî÷êè a1 è z . Ïîñêîëüêó

W = ϕ+ iψ = a0(t) +
a1(t)

z
+ ...
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â îêðåñòíîñòè z = ∞ , òî ôóíêöèþ C(t) â (3.6) ìîæíî ïîäîáðàòü òàê, ÷òîáû âûïîëíÿëîñü
óñëîâèå (ϕt)∞ = 0 .

×òîáû íàéòè ïðåäåëüíûå çíà÷åíèÿ ϕ(x, y, t) íà ãðàíèöå îáëàñòè G , ïðåîáðàçóåì êàæ-
äûé èç èíòåãðàëîâ â ïðàâîé ÷àñòè ôîðìóëû (3.1). Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì

fz(z, t) =
1

π
√
h(z)

 n∑
k=1

(−1)k
bk∫

ak

v̄k(τ, t)

(√
h(τ)

τ − z

)′

τ

dτ +
n−1∑
k=1

γk(t)z
k−1

 , (3.17)

ãäå v̄k(τ, t) =
τ∫

ak

vk(x, t)dx , k = 1÷ n .

Òàê êàê

(√
h(τ)

τ − z

)′

τ

=
(τ − z)h′(τ)− 2h(τ)

2(τ − z)2
√
h(τ)

,

(√
h(z)

τ − z

)′

z

=
(τ − z)h′(z) + 2h(z)

2(τ − z)2
√
h(z)

, òî

√
h(z)√
h(τ)

(√
h(z)

τ − z

)′

z

+

(√
h(τ)

τ − z

)′

τ

=
(τ − z)(h′(τ) + h′(z)) + 2(h(z)− h(τ))

2(τ − z)2
√
h(τ)

.

Ââåäåì îáîçíà÷åíèå

θ(z, τ) =
(τ − z)(h′(τ) + h′(z)) + 2(h(z)− h(τ))

2(τ − z)2
√
h(τ)

, (3.18)

Ïîýòîìó, ñ ó÷åòîì òîãî, ÷òî(√
h(τ)

τ − z

)′

τ

= −
√
h(z)√
h(τ)

(√
h(z)

τ − z

)′

z

+ θ(z, τ), (3.19)

èìååì

fz(z, t) =
1

π

 n∑
k=1

(−1)k+1

bk∫
ak

v̄k(τ, t)√
h(τ)

(√
h(z)

τ − z

)′

z

dτ+

+
n∑

k=1

(−1)k
bk∫

ak

v̄k(τ, t)θ(z, τ)√
h(z)

dτ +
n−1∑
k=1

γk(t)z
k−1

 . (3.20)

Ïîäñòàâëÿÿ (3.20) â (3.6), ïîëó÷èì

W = ϕ+ iψ =

√
h(z)

π

n∑
k=1

(−1)k+1

bk∫
ak

v̄k(τ, t)√
h(τ)

dτ

τ − z
+

1

π

n∑
k=1

(−1)k
bk∫

ak

v̄k(τ, t)dτ

z∫
a1

θ(z, τ)√
h(z)

dz+

+
1

π

n−1∑
k=1

γk(t)

z∫
a1

zk−1dz√
h(z)

+ C(t). (3.21)

Îòñþäà ïðè z → x± i0 , x ∈ (a1, b1) , íàõîäèì

ϕ± + iψ± =
∓
√
h(x)

π

±πiv̄1(x, t)√
h(x)

+
n∑

k=1

(−1)k+1

bk∫
ak

v̄k(τ, t)√
h(τ)

dτ

τ − x

+
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+
1

π

n∑
k=1

(−1)k
bk∫

ak

v̄k(τ, t)dτ

x∫
a1

θ(x, τ)

∓
√
h(x)

dx+
1

π

n−1∑
k=1

γk(t)

x∫
a1

xk−1dx

∓
√
h(x)

+ C(t),

ñëåäîâàòåëüíî,

ϕ+ − ϕ− =
2
√
h(x)

π

n∑
k=1

(−1)k
bk∫

ak

v̄k(τ, t)√
h(τ)

dτ

τ − x
+ (3.22)

+
2

π

n∑
k=1

(−1)k+1

bk∫
ak

v̄k(τ, t)dτ

x∫
a1

θ(x, τ)√
h(x)

dx− 2

π

n−1∑
k=1

γk(t)

x∫
a1

xk−1dx√
h(x)

, x ∈ (a1, b1).

Àíàëîãè÷íûì îáðàçîì, ñíà÷àëà èíòåãðèðóÿ (3.20) îò as äî z , çàòåì ïåðåõîäÿ ê ïðåäåëó
ïðè z → x± i0 , x ∈ (as, bs), s = 2÷ n , áóäåì èìåòü

ϕ+ − ϕ− =
2(−1)s+1

√
h(x)

π

n∑
k=1

(−1)k
bk∫

ak

v̄k(τ, t)√
h(τ)

dτ

τ − x
+ (3.23)

+
2(−1)s+1

π

n∑
k=1

(−1)k+1

bk∫
ak

v̄k(τ, t)dτ

x∫
am

θ(x, τ)√
h(x)

dx−2(−1)s+1

π

n−1∑
k=1

γk(t)

x∫
am

xk−1dx√
h(x)

, x ∈ (as, bs).

Ñîãëàñíî ôîðìóëàì (3.4), (3.5), (3.22), (3.23) àýðîäèíàìè÷åñêèå âîçäåéñòâèÿ (2.4) ïðè-
íèìàþò âèä

Ps(x, t) =
2ρ(−1)s+1

√
h(x)

π

n∑
k=1

(−1)k
bk∫

ak

ṽk(τ, t)√
h(τ)

dτ

τ − x
+

+
2ρ(−1)s+1

π

n∑
k=1

(−1)k+1

bk∫
ak

ṽk(τ, t)dτ

x∫
am

θ(x, τ)√
h(x)

dx−2ρ(−1)s+1

π

n−1∑
k=1

γ̇k(t)

x∫
am

xk−1dx√
h(x)

+ (3.24)

+
2ρV (−1)s

π
√
h(x)

 n∑
k=1

(−1)k+1

bk∫
ak

vk(τ, t)

τ − x

√
h(τ)dτ +

n−1∑
k=1

γk(t)x
k−1

 , x ∈ (as, bs), s = 1÷ n.

Â (3.24) ṽk(τ, t) =
∂v̄k
∂t

=

τ∫
ak

(ẅk(x, t) + V ẇ′
k(x, t))dx , γ1(t), ..., γn−1(t) îïðåäåëÿþòñÿ ðàâåí-

ñòâàìè (3.16), θ(z, τ) îïðåäåëÿåòñÿ ðàâåíñòâîì (3.18).
Òàêèì îáðàçîì, ó÷èòûâàÿ (2.5), ïîëó÷èëè ñâÿçàííóþ ñèñòåìó óðàâíåíèé îòíîñèòåëüíî

ôóíêöèé ïðîãèáà w1(x, t), ..., wn(x, t) :

Miẅi(x, t) +Diw
′′′′
i (x, t) +Niw

′′
i (x, t) + β0iwi(x, t)+

+β1iẇi(x, t) + β2iẇ
′′′′
i (x, t) =

2ρ(−1)i+1
√
h(x)

π

n∑
k=1

(−1)k
bk∫

ak

ṽk(τ, t)√
h(τ)

dτ

τ − x
+ (3.25)

+
2ρ(−1)i+1

π

n∑
k=1

(−1)k+1

bk∫
ak

ṽk(τ, t)dτ

x∫
ai

θ(x, τ)√
h(x)

dx−2ρ(−1)i+1

π

n−1∑
k=1

γ̇k(t)

x∫
ai

xk−1dx√
h(x)

+
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+
2ρV (−1)i

π
√
h(x)

 n∑
k=1

(−1)k+1

bk∫
ak

vk(τ, t)

τ − x

√
h(τ)dτ +

n−1∑
k=1

γk(t)x
k−1

 , x ∈ (ai, bi), i = 1÷ n.

Ñèñòåìà (3.25) ïîëó÷åíà ïðè ëþáûõ ñïîñîáàõ çàêðåïëåíèé êîíöîâ óïðóãèõ ïëàñòèí.
Ïóñòü êîíöû ïëàñòèí çàêðåïëåíû æåñòêî èëè øàðíèðíî, òîãäà ãðàíè÷íûå óñëîâèÿ äëÿ
wi(x, t) èìåþò âèä

wi(x, t) = w′
i(x, t) = 0, wi(x, t) = w′′

i (x, t) = 0; x = ai, x = bi, i = 1÷ n. (3.26)

4. Èññëåäîâàíèå äèíàìèêè ïëàñòèí

Ðåøåíèå ñèñòåìû óðàâíåíèé (3.25) áóäåì èñêàòü ìåòîäîì Ãàëåðêèíà, ïîä÷èíèâ êàæ-
äóþ èñêîìóþ ôóíêöèþ wi(x, t), i = 1 ÷ n êðàåâûì óñëîâèÿì (3.26). Çàäàäèì òàêæå
íà÷àëüíûå óñëîâèÿ

wi(x, 0) = f1i(x), ẇi(x, 0) = f2i(x), x ∈ [ai, bi], i = 1÷ n, (4.1)

êîòîðûå äîëæíû áûòü ñîãëàñîâàíû ñ êðàåâûìè óñëîâèÿìè.
Ñîãëàñíî ìåòîäó Ãàëåðêèíà êàæäóþ íåèçâåñòíóþ ôóíêöèþ ñèñòåìû óðàâíåíèé (3.25)

áóäåì èñêàòü â âèäå

wi(x, t) =
m∑
j=1

cij(t)gij(x), (4.2)

ãäå gij(x), x ∈ [ai, bi] � áàçèñíûå ôóíêöèè, ïîäîáðàííûå òàê, ÷òîáû âûïîëíÿëèñü çàäàí-
íûå êðàåâûå óñëîâèÿ, à ôóíêöèè cij(t), t ≥ 0 îïðåäåëÿþòñÿ èç óñëîâèÿ îðòîãîíàëüíîñòè
íåâÿçêè óðàâíåíèÿ êî âñåì áàçèñíûì ôóíêöèÿì.

Â êà÷åñòâå áàçèñíûõ âîçüìåì ôóíêöèè

gij(x) = Aij cos γij(x− ai) +Bij sin γij(x− ai) + Cijchγij(x− ai) +Dijshγij(x− ai), (4.3)

i = 1÷ n, j = 1, 2, 3, . . .

Êîýôôèöèåíòû Aij, Bij, Cij, Dij è ïàðàìåòð γij âûáåðåì òàê, ÷òîáû íà êàæäîì èç
êîíöîâ îòðåçêà [ai, bi] , â ñîîòâåòñòâèè ñ (3.26), âûïîëíÿëîñü îäíî èç ñëåäóþùèõ ócëîâèé:

1) gij(x) = g′ij(x) = 0; 2) gij(x) = g′′ij(x) = 0; j = 1, 2, 3, . . . (4.4)

Òîãäà ôóíêöèè wi(x, t) âèäà (4.2) áóäóò óäîâëåòâîðÿòü óñëîâèÿì (3.26). Çàìåòèì, ÷òî γij
è gij(x) � ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè êðàåâîé çàäà÷è

gIVi (x) = γ4i gi(x) (4.5)

ñ ãðàíè÷íûìè óñëîâèÿìè (4.4). Çàäà÷à (4.5), (4.4) � ñàìîñîïðÿæåííàÿ è ïîëíîñòüþ îïðå-
äåëåííàÿ, ñëåäîâàòåëüíî, ñèñòåìà ôóíêöèé {gij(x)}∞j=1 îðòîãîíàëüíà íà [ai, bi] [6], ò.å.
ñïðàâåäëèâû ðàâåíñòâà

bi∫
ai

gik(x)gis(x)dx =

{
∆ik, k = s;
0, k ̸= s,

bi∫
ai

g′′′′ik (x)gis(x)dx =

{
γ4ik∆ik, k = s;
0, k ̸= s,

(4.6)

i = 1,÷n, k, s = 1÷m.
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Óñëîâèÿ îðòîãîíàëüíîñòè íåâÿçîê i -ãî óðàâíåíèÿ ñèñòåìû (3.25) ê áàçèñíûì ôóíêöè-
ÿì {gis(x)}ms=1 ïîçâîëÿþò çàïèñàòü ñèñòåìó óðàâíåíèé äëÿ cis(t) :

n∑
k=1

m∑
j=1

(Aikjsc̈kj(t) +Bikjsċkj(t) + Cikjsckj(t)) = 0, i = 1, ..., n, s = 1, ...,m, (4.7)

Aikjs = δikδjs∆ikMi +
2ρ(−1)i+k

π

bi∫
ai

dx

bk∫
ak

 τ∫
ak

gkj(x)dx

 √
h(x)√

h(τ)(τ − x)
−

x∫
ai

θ(x, τ)√
h(x)

dx

×

×gis(x)dτ −
2ρ(−1)i+k

π

n−1∑
d=1

n−1∑
p=1

H̃dp

bd∫
ad

dx

bk∫
ak

gkj(τ)
√
h(τ)√

h(x)(τ − x)
dτ

 ·
bi∫

ai

gis(x)

 x∫
ai

xp−1dx√
h(x)

 dx;

Bikjs = δikδjs∆ik

(
β2iγ

4
ik + β1i

)
+

+
2ρV (−1)i+k

π

bi∫
ai

dx

bk∫
ak

gkj(τ)gis(x)

 h(x) + h(τ)√
h(x)

√
h(τ)(τ − x)

−
x∫

ai

θ(x, τ)√
h(x)

dx

 dτ−

−2ρV (−1)i+k

π

n−1∑
d=1

n−1∑
p=1

H̃dp

bd∫
ad

dx

bk∫
ak

g′kj(τ)
√
h(τ)√

h(x)(τ − x)
dτ

 ·
bi∫

ai

gis(x)

 x∫
ai

xp−1dx√
h(x)

 dx+

−2ρV (−1)i+k

π

n−1∑
d=1

n−1∑
p=1

H̃dp

bd∫
ad

dx

bk∫
ak

gkj(τ)
√
h(τ)√

h(x)(τ − x)
dτ

 ·
bi∫

ai

xp−1 · gis(x)√
h(x)

dx;

Cikjs = δikδjs∆ik

(
Diγ

4
ik + β0i

)
+ δikNi

ci∫
bi

g′′kj(x)g
′′
is(x)dx+

+
2ρV 2(−1)i+k

π

bi∫
ai

dx

bk∫
ak

g′kj(τ) · gis(x)
τ − x

√
h(τ)√
h(x)

dτ−

−2ρV 2(−1)i+k

π

n−1∑
d=1

n−1∑
p=1

H̃dp

bd∫
ad

dx

bk∫
ak

g′kj(τ)
√
h(τ)√

h(x)(τ − x)
dτ

 ·
bi∫

ai

xp−1 · gis(x)√
h(x)

dx,

ãäå δij � ñèìâîë Êðîíåêåðà.
Ïîëó÷èëè ñèñòåìó m·n îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà

äëÿ îïðåäåëåíèÿ m · n íåèçâåñòíûõ ôóíêöèé.
Óñëîâèÿ îðòîãîíàëüíîñòè íåâÿçêè íà÷àëüíûõ óñëîâèé (4.1) ê áàçèñíûì ôóíêöèÿì ïîç-

âîëÿþò íàéòè íà÷àëüíûå óñëîâèÿ ckj(0), c
′
kj(0) :

ckj(0) =
1

∆kj

bk∫
ak

f1k(x)gkj(x)dx, c′kj(0) =
1

∆kj

bk∫
ak

f2k(x)gkj(x)dx, k = 1÷n, j = 1÷m. (4.8)

Òàêèì îáðàçîì, ïîëó÷èëè çàäà÷ó Êîøè äëÿ ñèñòåìû óðàâíåíèé (4.7) ñ íà÷àëüíûìè
óñëîâèÿìè (4.8), íà îñíîâå ðåøåíèÿ êîòîðîé ìîæíî ïðîâîäèòü èññëåäîâàíèå äèíàìèêè
äëÿ êîíêðåòíûõ çíà÷åíèé ïàðàìåòðîâ ìåõàíè÷åñêîé ñèñòåìû.

Æóðíàë ÑÂÌÎ. 2015. Ò. 17, � 1



18 À. Â. Àíêèëîâ, Ï. À. Âåëüìèñîâ

5. ×èñëåííûé ýêñïåðèìåíò â çàäà÷å î äèíàìèêå óïðóãèõ ïëàñòèí

Íà îñíîâå ðåøåíèÿ çàäà÷è Êîøè (4.7), (4.8) ïðîâåäåí ÷èñëåííûé ýêñïåðèìåíò ïî èñ-
ñëåäîâàíèþ äèíàìèêè ïëàñòèí ïðè ðàçëè÷íûõ ïàðàìåòðàõ ìåõàíè÷åñêîé ñèñòåìû. Ðàñ-
ñìîòðèì ïðèìåð îäíîé òàêîé ñèñòåìû. Â ïîòîêå íàõîäÿòñÿ äâå ïëàñòèíû (n = 2 ). Ðà-
áî÷àÿ ñðåäà � âîçäóõ ( ρ = 1 ), ïëàñòèíû èçãîòîâëåíû èç àëþìèíèÿ (ìîäóëü óïðóãîñòè
E = 7 · 1010 , ëèíåéíàÿ ïëîòíîñòü ρpl = 8480 ).

Âîçüìåì ñëåäóþùèå ïàðàìåòðû ìåõàíè÷åñêîé ñèñòåìû: a1 = 2 ; b1 = 3 ; a2 = 7 ; b2 = 8 ;
β01 = β02 = 4 ; β11 = β12 = β21 = β22 = 0, 1 ; N1 = N2 = 0 (âñå çíà÷åíèÿ ïðèâåäåíû â
ñèñòåìå ÑÈ).

Ïóñòü êîíöû ïëàñòèí çàêðåïëåíû æåñòêî, òîãäà áàçèñíûå ôóíêöèè (4.3) ïðèìóò âèä

gij(x) = sin γij(x− ai)− shγij(x− ai) +
cos γij(bi − ai)− chγij(bi − ai)

sin γij(bi − ai) + shγij(bi − ai)
×

× (cos γij(x− ai)− chγij(x− ai)) , i = 1÷ n, j = 1, 2, 3, . . . ,

ãäå γij ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ

cos γij(bi − ai)chγij(bi − ai) = 1.

Çàäàäèì íà÷àëüíûå óñëîâèÿ â âèäå

w1 (x, 0) = 0, 01 · g11(x), ẇ1 (x, 0) = −0, 005 · g11(x),

w2 (x, 0) = −0, 01 · g21(x), ẇ1 (x, 0) = 0, 005 · g21(x).

Ñ ïîìîùüþ ìàòåìàòè÷åñêîé ñèñòåìû Mathematica íà îòðåçêå t ∈ [0; 10] ïîëó÷èì ãðà-

ôèêè ôóíêöèé w1(x, t) =
4∑

j=1

c1j(t)g1j(x) ïðè x = x1 = 2, 5 è w2(x, t) =
4∑

j=1

c2j(t)g2j(x)

ïðè x = x2 = 7, 5 ïðè ðàçëè÷íûõ ñêîðîñòÿõ íàáåãàþùåãî ïîòîêà äëÿ óïðóãèõ ïëàñòèí
ðàçëè÷íîé òîëùèíû (ðèñ. 5.1�5.4).

I. V = 40; h1 = h2 = h = 0, 002; D1 = D2 = Eh3

12
(
1− ν2

) = 51, 6; M1 = M2 = ρplh =

17, 0

Ð è ñ ó í î ê 5.1

Äåôîðìàöèÿ ïëàñòèí â òî÷êàõ x1 = 2, 5 è x2 = 7, 5

II. V = 40; h1 = 0, 0013;h2 = 0, 002; D1 = 14, 2; D2 = 51, 6; M1 = 11, 0;M2 = 17, 0

Æóðíàë ÑÂÌÎ. 2015. Ò. 17, � 1



Èññëåäîâàíèå äèíàìèêè îäíîé àýðîóïðóãîé ñèñòåìû òèïà ¾òàíäåì¿ 19

Ð è ñ ó í î ê 5.2

Äåôîðìàöèÿ ïëàñòèí â òî÷êàõ x1 = 2, 5 è x2 = 7, 5

III. V = 40; h1 = 0, 002;h2 = 0, 0013; D1 = 51, 6; D2 = 14, 2; M1 = 11, 0;M2 = 17, 0

Ð è ñ ó í î ê 5.3

Äåôîðìàöèÿ ïëàñòèí â òî÷êàõ x1 = 2, 5 è x2 = 7, 5

IV. V = 30; h1 = 0, 002;h2 = 0, 0013; D1 = 51, 6; D2 = 14, 2; M1 = 11, 0;M2 = 17, 0

Ð è ñ ó í î ê 5.4

Äåôîðìàöèÿ ïëàñòèí â òî÷êàõ x1 = 2, 5 è x2 = 7, 5

Àíàëèçèðóÿ ðèñóíêè 5.1�5.3, âèäèì, ÷òî ïðè óìåíüøåíèè òîëùèíû ïëàñòèí êîëåáàíèÿ
ìîãóò ñòàòü íåóñòîé÷èâûìè, ïðè÷åì íåóñòîé÷èâîñòü êîëåáàíèé õîòÿ áû îäíîé èç ïëàñòèí
ïðèâîäèò ê íåóñòîé÷èâîñòè âñåé ñèñòåìû. À èç àíàëèçà ðèñóíêîâ 5.3, 5.4 ñëåäóåò, ÷òî ïðè
óâåëè÷åíèè ñêîðîñòè íàáåãàþùåãî ïîòîêà êîëåáàíèÿ òàê æå ìîãóò ñòàòü íåóñòîé÷èâûìè.
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6. Çàêëþ÷åíèå

Íà îñíîâå ïðåäëîæåíîé ìàòåìàòè÷åñêîé ìîäåëè äèíàìè÷åñêîé ñèñòåìû òèïà ¾òàí-
äåì¿, ñîñòîÿùåé èç n óïðóãèõ ïëàñòèí, ïîñëåäîâàòåëüíî ðàñïîëîæåííûõ äðóã çà äðó-
ãîì âäîëü îäíîé ëèíèè è îáòåêàåìûõ äîçâóêîâûì ïîòîêîì ãàçà (æèäêîñòè), äàíî ðåøå-
íèå àýðîãèäðîäèíàìè÷åñêîé ÷àñòè çàäà÷è, îñíîâàííîå íà ìåòîäàõ òåîðèè ôóíêöèé êîì-
ïëåêñíîãî ïåðåìåííîãî. Íà îñíîâå ìåòîäà Áóáíîâà-Ãàëåðêèíà ñîçäàí ïðîãðàììíûé ïðî-
äóêò, ïîçâîëÿþùèé íàõîäèòü ðåøåíèå ïîëó÷åííîé ïîñëå ýòîãî ñâÿçàííîé ñèñòåìû èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ ïðîãèáîâ ïëàñòèí è ïðîèçâîäèòü èññëåäîâàíèå äèíà-
ìèêè ñèñòåìû ïëàñòèí. Ïðîãðàììà ïîçâîëÿåò ñòðîèòü ãðàôèêè êîëåáàíèé, íà îñíîâàíèè
êîòîðûõ ìîæíî ñóäèòü îá àìïëèòóäå è ÷àñòîòå êîëåáàíèé è äåëàòü âûâîä îá èõ óñòîé÷èâî-
ñòè. Â äàëüíåéøåì ïëàíèðóåòñÿ ðàçðàáîòàòü ïðîãðàììíûé ìîäóëü, ïîçâîëÿþùèé ñòðîèòü
îáëàñòè óñòîé÷èâîñòè íà ïëîñêîñòÿõ èçìåíåíèÿ äâóõ âûáðàííûõ ïàðàìåòðîâ ìåõàíè÷åñêîé
ñèñòåìû.

Ïðîâåäåííîå èññëåäîâàíèå ÿâëÿåòñÿ ôóíäàìåíòîì äëÿ ðåøåíèÿ çàäà÷ î äèíàìèêå óïðó-
ãèõ ýëåìåíòîâ ïðîèçâîëüíîãî êîëè÷åñòâà îòäåëüíî ðàñïîëîæåííûõ êîíñòðóêöèé ïðè îáòå-
êàíèè èõ ïîòîêîì ãàçà èëè æèäêîñòè, íàïðèìåð, î äèíàìèêå ýëåðîíîâ íåñêîëüêèõ êðûëüåâ
ëåòàòåëüíûõ àïïàðàòîâ, äâèæóùèõñÿ â ñëåäå äðóã çà äðóãîì.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ � 2014/232 Ìèíîáðíàóêè Ðîññèè
è ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 15-01-08599.
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Investigation of dynamic of one aeroelastical system of
¾tandem¿ species.
c⃝ A. V. Ankilov3, P. A. Velmisov4

Abstract. The article proposes a mathematical model of the dynamical system consisting of
the n elastic plates of ¾tandem¿ species �owing along of the subsonic �ow of gas (liquid). The
aerohydrodynamic impact on the plates is determined from the asymptotic equations of motion of
a liquid or gas in the model of an ideal incompressible environment. The behavior of the elastic
material is described by a linear model. For solving problem, the approach based on the construction
of the solutions of aerohydrodynamic part of the two-dimensional boundary-value problem for
Laplace's equation by methods of complex analysis is used. While the aerohydrodynamic load
(pressure of liquid or gas) is de�ned through the functions describing the unknown deformations of
the plates. Under the substitution of the pressure expression in the equation of oscillations of the
plates the solution of the problem is reduced to the study of systems of coupled integro-di�erential
equations with partial derivatives for the deformations functions. On the basis of the Bubnov-
Galerkin method a software product is created. This product allows to �nd the solution of system
of equations and to produce the investigation of the dynamics of the plates system. The program
may to build the oscillations graphics the based on which we can to discuss the amplitude and
frequency of oscillations and to make conclusions about their stability. On the basis of the numerical
experiment the dependences of the character of the oscillations of elastic plates are analyzed from
the parameters of the mechanical system.

KeyWords: aerohydroelastisity, dynamic, elastic plate, system of ¾tandem¿ species, deformation,
�ow along the plate, subsonic �ow
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