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Îá îäíîì èíòåãðî-äèôôåðåíöèàëüíîì óðàâíåíèè
ôðåäãîëüìà â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà
ñ âûðîæäåííûì ÿäðîì
c⃝ Ò. Ê. Þëäàøåâ 1 Î. Â. Íîâîñåëîâ2

Àííîòàöèÿ. Èçó÷åíà îäíîçíà÷íàÿ ðàçðåøèìîñòü ñìåøàííîé çàäà÷è äëÿ íåëèíåéíîãî
èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî ïî-
ðÿäêà ñ âûðîæäåííûì ÿäðîì. Ñíà÷àëà ìîäèôèöèðîâàí ìåòîä âûðîæäåííîãî ÿäðà èíòåãðàëü-
íîãî óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà äëÿ ñëó÷àÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé
Ôðåäãîëüìà â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà. Ïîñëå ðåøåíèÿ ñèñòåìû àëãåáðàè÷å-
ñêèõ óðàâíåíèé ïóòåì èíòíåãðèðîâàíèÿ ïîëó÷åíî èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà âòîðîãî
ðîäà. Äàëåå èñïîëüçîâàí ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé â ñî÷åòàíèè åãî ñ ìåòîäîì
ñæèìàþùèõ îòîáðàæåíèé.

Êëþ÷åâûå ñëîâà: Ñìåøàííàÿ çàäà÷à, èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, óðàâíåíèå
Ôðåäãîëüìà ñ âûðîæäåííûì ÿäðîì, ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé, îäíîçíà÷íàÿ ðàçðå-
øèìîñòü.

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ìíîãèõ ïðîöåññîâ, ïðîèñõîäÿùèõ â ðåàëüíîì ìèðå,
÷àñòî ïðèâîäèò ê èçó÷åíèþ ñìåøàííûõ çàäà÷ äëÿ óðàâíåíèé, íå èìåþùèõ àíàëîãîâ â
êëàññè÷åñêîé ìàòåìàòè÷åñêîé ôèçèêå. Òåîðèÿ ñìåøàííûõ çàäà÷ äëÿ óðàâíåíèé â ÷àñò-
íûõ ïðîèçâîäíûõ â ñèëó åå ïðèêëàäíîé âàæíîñòè â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ îäíèì èç
âàæíåéøèõ ðàçäåëîâ òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðåäñòàâëÿþò áîëüøîé èí-
òåðåñ ñ òî÷êè çðåíèÿ ôèçè÷åñêèõ ïðèëîæåíèé äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ
ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ. Èçó÷åíèå ìíîãèõ çàäà÷ ãàçîâîé äèíàìèêè, òåîðèè óïðóãî-
ñòè, òåîðèè ïëàñòèí è îáîëî÷åê ïðèâîäèò ê ðàññìîòðåíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ [1].

Èçó÷åíèþ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà ïîñâÿùåíî áîëüøîå
êîëè÷åñòâî ðàáîò (ñì., íàïð. [2] � [8]).

Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ ìåòîäèêà èçó÷åíèÿ ñìåøàííîé çàäà÷è äëÿ íåëèíåé-
íîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåð-
òîãî ïîðÿäêà ñ âûðîæäåííûì ÿäðîì. Äàííàÿ ðàáîòà ÿâëÿåòñÿ äàëüíåéøèì ðàçâèòèåì è
ñîâåðøåíñòâîâàíèåì ìåòîäèêè ðàáîò [9] � [13].

1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ â îáëàñòè Ω ≡ ΩT×R+ èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåä-
ãîëüìà âèäà

∂

∂ x

∂ 3u(t, x)

∂ t3
− λ

T∫
0

K(t, s)u(s, x)ds

 = p(t) · f

x, T∫
0

∞∫
0

H(s, y)u(s, y)dyds

 (1.1)

ñî ñìåøàííûìè óñëîâèÿìè

ux(0, x) = φ 1(x), ux(T, x) = φ 2(x), uxt(0, x) = φ 3(x), x ∈ R+, (1.2)

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursunbay@rambler.ru

2 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê
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u(t, 0) = ψ(t), t ∈ ΩT , (1.3)

ãäå p(t) ∈ C(ΩT ) , f(x, γ) ∈ C(R+×R) , φ k(x) ∈ C 1(R+), k = 1, 3 , K(t, s) =
n∑

i=1

a i(t)b i(s) ,

0 < a i(t), b i(s) ∈ C(ΩT ) , ψ(t) ∈ C(ΩT ) , ΩT ≡ [0, T ] , R+ ≡ [0,∞) , λ � ïàðàìåòð,

0 <
T∫
0

∞∫
0

|H(t, x)|dxdt <∞ .

Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ ìåòîäèêà èçó÷åíèÿ ñìåøàííîé çàäà÷è (1.1) � (1.3)
äëÿ íåëèíåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà â ÷àñòíûõ ïðîèç-
âîäíûõ ÷åòâåðòîãî ïîðÿäêà ñ âûðîæäåííûì ÿäðîì.

Ïîä ðåøåíèåì ñìåøàííîé çàäà÷è (1.1) � (1.3) ïîíèìàåì ôóíêöèþ u(t, x) ∈ C 3,1(Ω) ,
óäîâëåòâîðÿþùóþ óðàâíåíèþ (1.1) è ñìåøàííûì óñëîâèÿì (1.2) è (1.3).

2. Ñâåäåíèå çàäà÷ó (1.1) � (1.3) ê èíòåãðàëüíîìó óðàâíåíèþ

Â óðàâíåíèè (1.1) ñäåëàåì çàìåíó ux(t, x) = ϑ(t, x) . Òîãäà óðàâíåíèå (1.1) ïðèíèìàåò
âèä

∂ 3ϑ(t, x)

∂ t3
− λ

T∫
0

K(t, s)ϑ(s, x)ds = p(t) · f(x, γ), (2.1)

ãäå γ =
T∫
0

∞∫
0

H(s, y)u(s, y)dyds � íåèçâåñòíàÿ êîíñòàíòà.

Ñ ïîìîùüþ îáîçíà÷åíèÿ

c i(x) =

T∫
0

b i(s)u(s, x)ds (2.2)

óðàâíåíèå (2.1) ïåðåïèøåòñÿ â ñëåäóþùåì âèäå

∂ 3ϑ(t, x)

∂ t3
= λ

n∑
i=1

a i(t) · c i(x) + p(t) · f(x, γ). (2.3)

Äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (2.3) ãðàíè÷íûå óñëîâèÿ (1.2) ïðèíèìàþò âèä

ϑ(0, x) = φ 1(x), ϑ(T, x) = φ 2(x), ϑ t(0, x) = φ 3(x), x ∈ R+. (2.4)

Èñïîëüçîâàíèå îáîáùåííîé ôóíêöèè Ãðèíà ñ ó÷åòîì óñëîâèé (2.4) â (2.3) äàåò

ϑ(t, x) = h(t, x) + λ

n∑
i=1

µ i(t) · c i(x) + q(t) · f(x, γ), (2.5)

ãäå

h(t, x) =

(
1− t2

T 2

)
φ 1(x) +

t2

T 2
φ 2(x) +

(
t− t2

T 2

)
φ 3(x),

G(t, s) =

{
sT−ts
2T 2 (ts+ sT − 2tT ), 0 ≤ s ≤ t,

− t2

2T 2 (T − s)2, t ≤ s ≤ T,

µ i(t) =

T∫
0

G(t, s)a i(s)ds, q(t) =

T∫
0

G(t, s)p(s)ds.
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Ïîäñòàâëÿÿ (2.5) â (2.2), èìååì

c i(x) =

T∫
0

b i(s)

[
h(s, x) + λ

n∑
j=1

µ j(s) · c j(x) + q(s) · f(x, γ)

]
ds. (2.6)

Ïðèìåì îáîçíà÷åíèå

B i(x) =

T∫
0

b i(s) [h(s, x) + q(s) · f(x, γ)] ds. (2.7)

Ïóñòü

A ij =

T∫
0

b i(s)µ j(s)ds > 0. (2.8)

Òîãäà èç (2.6) ïîëó÷àåì îòíîñèòåëüíî c i(x) ñëåäóþùóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâ-
íåíèé (ÑÀÓ)

c i(x)− λ

n∑
j=1

A ij · c j(x) = B i(x), i = 1, n. (2.9)

Ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé (2.9) îäíîçíà÷íî ðàçðåøèìà ïðè ëþáûõ êîíå÷íûõ
B i(x) , åñëè âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå

∆(λ) =

∣∣∣∣∣∣∣∣∣
1− λA11 −λA12 . . . −λA1n

−λA21 1− λA22 . . . −λA2n
...

...
. . .

...
−λAn1 −λAn2 . . . 1− λAnn

∣∣∣∣∣∣∣∣∣ ̸= 0. (2.10)

Îïðåäåëèòåëü ∆(λ) â (2.10) åñòü ìíîãî÷ëåí îòíîñèòåëüíî λ ñòåïåíè íå âûøå n . Óðàâ-
íåíèå ∆(λ) = 0 èìååò íå áîëåå n ðàçëè÷íûõ êîðíåé. Ýòè êîðíè ÿâëÿþòñÿ ñîáñòâåííûìè
÷èñëàìè ÿäðà èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.1). Äðóãèå çíà÷åíèÿ λ ÿâëÿþò-
ñÿ ðåãóëÿðíûìè, ïðè êîòîðûõ óñëîâèå (2.10) âûïîëíÿåòñÿ. Äëÿ ðåãóëÿðíûõ çíà÷åíèé λ
ñèñòåìà (2.9) èìååò åäèíñòâåííîå ðåøåíèå ïðè ëþáîé êîíå÷íîé è íåíóëåâîé ïðàâîé ÷à-
ñòè. Â íàñòîÿùåé ðàáîòå äëÿ òàêèõ ðåãóëÿðíûõ çíà÷åíèé ïàðàìåòðà λ óñòàíàâëèâàåòñÿ
îäíîçíà÷íàÿ ðàçðåøèìîñòü ïîñòàâëåííîé ñìåøàííîé çàäà÷è (1.1) � (1.3).

Ñíà÷àëà ðåøåíèÿ ÑÀÓ (2.9) çàïèñûâàåì â âèäå

ci(x) =
∆i(λ, x)

∆(λ)
, i = 1, n, (2.11)

ãäå

∆i(λ, x) =

∣∣∣∣∣∣∣∣∣
1− λA11 . . . −λA1(i−1) B1(x) −λA1(i+1) . . . −λA1n

−λA21 . . . −λA2(i−1) B2(x) −λA2(i+1) . . . −λA2n
...

...
...

...
...

. . .
...

−λAn1 . . . −λAn(i−1) Bn(x) −λAn(i+1) . . . 1− λAnn

∣∣∣∣∣∣∣∣∣ .
Ñðåäè ýëåìåíòîâ îïðåäåëèòåëåé ∆i(λ, x) íàõîäÿòñÿ ôóíêöèè Bi(x) . Â ñâîþ î÷åðåäü,

ôóíêöèè Bi(x) ñîäåðæàò â ñåáÿ íåèçâåñòíóþ ôóíêöèþ u(t, x) â ñîñòàâå ôóíêöèè f(x, γ) .
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Â ñàìîì äåëå, ýòà íåèçâåñòíàÿ ôóíêöèÿ íàõîäèëàñü â ïðàâîé ÷àñòè ÑÀÓ (2.9). ×òîáû
âûâåñòè å¼ èç çíàêà îïðåäåëèòåëÿ âûðàæåíèå â (2.7) çàïèøåì â ñëåäóþùåì âèäå

B i(x) = B 1i(x) + f(x, γ) ·B 2i,

ãäå B 1i(x) =
T∫
0

h(s, x) · b i(s)ds , B 2i =
T∫
0

q(s) · b i(s)ds .

Â ýòîì ñëó÷àå, ñîãëàñíî ñâîéñòâó îïðåäåëèòåëÿ èìååì

∆i(λ, x) = ∆1i(λ, x) + f(x, γ) ·∆2i(λ),

ãäå

∆ki(λ) =

∣∣∣∣∣∣∣∣∣
1− λA11 . . . −λA1(i−1) B k1 −λA1(i+1) . . . −λA1n

−λA21 . . . −λA2(i−1) B k2 −λA2(i+1) . . . −λA2n
...

...
...

...
...

. . .
...

−λAn1 . . . −λAn(i−1) B kn −λAn(i+1) . . . 1− λAnn

∣∣∣∣∣∣∣∣∣ ,
k = 1, 2 , ∆1i(λ) = ∆1i(λ, x) , B 1i = B 1i(x) .

Òîãäà (2.11) ïðèîáðåòàåò âèä

ci(x) =
∆ 1i(λ, x)

∆(λ)
+ f(x, γ)

∆ 2i(λ)

∆(λ)
, i = 1, n. (2.12)

Ïîäñòàíîâêà (2.12) â (2.5) äàåò

ux(t, x) = Φ(t, x) + F (t) · f(x, γ), (2.13)

ãäå

Φ(t, x) = h(t, x) + λ

n∑
i=1

µ i(t)
∆ 1i(λ, x)

∆(λ)
, F (t) = λ

n∑
i=1

µ i(t)
∆ 2i(λ)

∆(λ)
+ q(t).

Èíòåãðèðóÿ ïî x , èç (2.13) ïîëó÷àåì

u(t, x) = D(t) +

x∫
0

Φ(t, y)dy + F (t)

x∫
0

f(y, γ)dy. (2.14)

Äëÿ îïðåäåëåíèÿ íåèçâåñòíîãî êîýôôèöèåíòà D(t) èñïîëüçóåì íà÷àëüíîå óñëîâèå
(1.3). Òîãäà èç (2.14) èìååì ñëåäóþùåå íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå

u(t, x) = Q(t, x) + F (t)

x∫
0

f(y, γ)dy, (2.15)

ãäå Q(t, x) = ψ(t) +
x∫
0

Φ(t, y)dy .

3. Òåîðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (1.1) � (1.3)

Äëÿ ïðîèçâîëüíîé ôóíêöèè l(t, x) ∈ C 3,1(Ω) ðàñìàòðèâàåòñÿ ñëåäóþùàÿ íîðìà∥∥l(t, x∥∥
C
= max

{∣∣l(t, x)∣∣ : (t, x) ∈ Ω
}
.
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Ò å î ð å ì à 3.1. Ïóñòü:
1) Âûïîëíÿþòñÿ óñëîâèÿ (2.8) è (2.10) ;

2) α = max
{∣∣Q(t, x)∣∣ : (t, x) ∈ Ω

}
<∞ ;

3) M = max

{∣∣∣∣F (t) x∫
0

f(y, γ)dy

∣∣∣∣ : (t, x) ∈ Ω

}
<∞ ;

4)
∣∣∣f(x, γ1)− f(x, γ2)

∣∣∣ ≤ L(x)
∣∣∣γ1 − γ2

∣∣∣ , 0 < L(x) ∈ C(R+) ;

5) ρ = δ1δ2 < 1 ,

ãäå δ1 =
T∫
0

∞∫
0

∣∣∣H(t, x)
∣∣∣dxdt <∞ , δ2 = max

{∣∣∣∣F (t) x∫
0

L(y)dy

∣∣∣∣ : (t, x) ∈ Ω

}
<∞ .

Òîãäà â îáëàñòè Ω ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå ñìåøàííîé çàäà÷è (1.1) �
(1.3) .

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ äëÿ óðàâíåíèÿ
(2.15)

u 0(t, x) = 0, u k+1(t, x) = Q(t, x) + F (t)

x∫
0

f(y, γ k)dy, k = 0, 1, 2, . . . , (3.1)

ãäå γ k =
T∫
0

∞∫
0

H(s, ξ)u k(s, ξ)dξds .

Â ñèëó óñëîâèé òåîðåìû, èç (3.1) ïîëó÷àåì ñëåäóþùèå îöåíêè∥∥∥u 1(t, x)− u 0(t, x)
∥∥∥

C
≤ α +M, (3.2)∥∥∥u k+1(t, x)− u k(t, x)
∥∥∥

C
≤

≤ δ1 max

∣∣F (t)∣∣
x∫

0

L(y) ·
∥∥∥u k(t, y)− u k−1(t, y)

∥∥∥
C
dy : (t, x) ∈ Ω

 ≤

≤ ρ ·
∥∥∥u k(t, x)− u k−1(t, x)

∥∥∥
C
<
∥∥∥u k(t, x)− u k−1(t, x)

∥∥∥
C
. (3.3)

Èç îöåíîê (3.2) è (3.3) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (2.15) ÿâëÿåòñÿ ñæèìà-
þùèì. Ñëåäîâàòåëüíî, â îáëàñòè Ω ñìåøàííàÿ çàäà÷à (1.1) � (1.3) èìååò åäèíñòâåííîå
ðåøåíèå.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

4. Çàêëþ÷åíèå

Â çàêëþ÷åíèè îòìåòèì, ÷òî òåîðèÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Ôðåäãîëü-
ìà â ÷àñòíûõ ïðîèçâîäíûõ â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ îäíèì èç âàæíåéøèõ ðàçäåëîâ ñî-
âðåìåííîé òåîðèè óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè. Ðàññìîòðåíî íåëèíåéíîå èíòåãðî-
äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåäãîëüìà â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà,
äëÿ ðåøåíèÿ êîòîðîãî íå ïðèìåíèì ìåòîä Ôóðüå ðàçäåëåíèÿ ïåðåìåííûõ. Äîêàçàíà òåî-
ðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè ñìåøàííîé çàäà÷è (1) � (3). Ãëàâíîé îñîáåííîñòüþ
ýòîãî óðàâíåíèÿ, êîòîðàÿ ïîçâîëÿåò ñâåñòè äàííîå óðàâíåíèå ê áîëåå ïðîñòîìó è óäîáíî-
ìó äëÿ âû÷èñëåíèÿ âèäó, ÿâëÿåòñÿ òî, ÷òî ÿäðî âûðîæäåííîå. Äàííàÿ ðàáîòà ìîæåò áûòü
ïðèìåíåíà ïðè òåîðåòè÷åñêèõ èññëåäîâàíèÿõ ïî èíòåãðî-äèôôåðåíöèàëüíûì óðàâíåíèÿì
ìàòåìàòè÷åñêîé ôèçèêè.
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On a fredholm partial integro-di�erential equation of
fourth order with degenerate kernel
c⃝ T. K. Yuldashev3 O. V. Novoselov4

Abstract. It is studying the one value solvability of the mixed value problem for a nonlinear
partial Fredholm integro-di�erential equation of the fourth order with degenerate kernel. First, it
is modi�ed to the case of partial Fredholm integro-di�erential equations of the fourth order the
method of degenerate kernel designed for Fredholm integral equations of the second kind. After
solving the system of algebraic equations it is obtained by the aid of integration the Volterra
integral equation of the second kind. Further it is used the method of successive approximations
combined it with the method of compressing maps.

Key Words: Initial value problem, integro-di�erential equation, Fredholm equation with
degenerate kernel, system of algebraic equations, one valued solvability.
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