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Àííîòàöèÿ. Â ðàáîòå ïðåäëîæåíà íåÿâíàÿ ìåòîäèêà äëÿ ðàçðûâíîãî ìåòîäà Ãàëåðêèíà, îñ-
íîâàííàÿ íà ïðåäñòàâëåíèè ñèñòåìû ñåòî÷íûõ óðàâíåíèé â ¾äåëüòà-ôîðìå¿. Äëÿ èññëåäî-
âàíèÿ ÷èñëåííîãî ïîðÿäêà òî÷íîñòè ïðåäëîæåííîãî ìåòîäà âûïîëíåíû ñåðèè ðàñ÷åòîâ äëÿ
îäíîìåðíîé çàäà÷è î âîëíå, â êîòîðîé ñîõðàíÿþòñÿ ýíòðîïèÿ è èíâàðèàíò Ðèìàíà.

Êëþ÷åâûå ñëîâà: ðàçðûâíûé ìåòîä Ãàëåðêèíà, íåÿâíàÿ ñõåìà, óðàâíåíèÿ ãàçîâîé äèíà-
ìèêè.

1. Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ìåòîä Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè [1] ÿâëÿåò-
ñÿ îäíèì èç øèðîêî èñïîëüçóåìûõ ÷èñëåííûõ ìåòîäîâ, ïðèìåíÿåìûõ äëÿ ðåøåíèÿ çàäà÷
ãàçîâîé äèíàìèêè. Íî, êàê èçâåñòíî, ïðè èñïîëüçîâàíèè ÿâíûõ ñõåì íàêëàäûâàþòñÿ æåñò-
êèå îãðàíè÷åíèÿ íà øàã äèñêðåòèçàöèè ïî âðåìåíè. Ýòî äåëàåò ïåðñïåêòèâíûì ðàçâèòèå
íåÿâíûõ ìåòîäèê, ãäå îãðàíè÷åíèå íà øàã ïî âðåìåíè îáóñëîâëåíî òîëüêî òðåáóåìîé òî÷-
íîñòüþ. Â äàííîé ðàáîòå ïðåäëîæåíà íåÿâíàÿ ìåòîäèêà äëÿ ðàçðûâíîãî ìåòîäà Ãàëåðêèíà,
îñíîâàííàÿ íà ïðåäñòàâëåíèè ñèñòåìû ñåòî÷íûõ óðàâíåíèé â ¾äåëüòà-ôîðìå¿. Äëÿ èññëå-
äîâàíèÿ ÷èñëåííîãî ïîðÿäêà òî÷íîñòè ïðåäëîæåííîãî ìåòîäà âûïîëíåíû ñåðèè ðàñ÷åòîâ
äëÿ îäíîìåðíîé çàäà÷è î ïðîñòîé âîëíå, ñîõðàíÿþùåé ýíòðîïèþ è èíâàðèàíò Ðèìàíà [2].
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2. Íåÿâíàÿ ñõåìà äëÿ ðàçðûâíîãî ìåòîäà Ãàëåðêèíà

Ðàññìîòðèì îäíîìåðíóþ ñèñòåìó óðàâíåíèé ãàçîâîé äèíàìèêè â ïåðåìåííûõ Ýéëåðà

∂U

∂t
+
∂F (U)

∂x
= 0, (2.1)

ãäå

U =

 ρ
ρu
ρE

 , F (U) =

 ρu
ρu2 + p

(ρE + p)u

 ,

E = ϵ+
u2

2
, p = ρϵ(γ − 1).

Çäåñü ρ � ïëîòíîñòü, p � äàâëåíèå, u � ñêîðîñòü, ϵ � óäåëüíàÿ âíóòðåííÿÿ ýíåðãèÿ,
γ � ïîêàçàòåëü àääèàáàòû. Ñèñòåìà (2.1) ðàññìàòðèâàåòñÿ âìåñòå ñ ñîîòâåòñòâóþùèìè
íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè.

Ñèñòåìó (2.1) áóäåì ðåøàòü ðàçðûâíûì ìåòîäîì Ãàëåðêèíà íà îòðåçêå [a, b] . Äëÿ ýòîãî
ðàñìîòðèì ñåòêó

a = x1/2 < x3/2 < · · · < xi−1/2 < xi+1/2 < · · · < xN+1/2 = b

ñ øàãîì hi = xi+1/2 − xi−1/2 .
Â êàæäîé ÿ÷åéêå Ii = [xi−1/2, xi+1/2] ïðèáëèæåííîå ðåøåíèå ñèñòåìû óðàâíåíèé (2.1)

áóäåì èñêàòü â âèäå ïðîåêöèè íà ïðîñòðàíñòâî ïîëèíîìîâ ñòåïåíè p â áàçèñå {ψk(x)} :

Uh(x, t) =

p∑
k=0

uk(t)ψk(x). (2.2)

Áóäåì ðàññìàòðèâàòü ñëó÷àè p = 1 è p = 2 . Â êà÷åñòâå áàçèñà âûáåðåì ñèñòåìó ôóíêöèé:

ψ0(x) = 1, ψ1(x) =
x− xi
hi

, ψ2(x) =
(x− xi)

2

h2i
, x ∈ Ii, i = 1, . . . , N, (2.3)

ãäå xi = (xi−1/2 + xi+1/2)/2 .
Ñîãëàñíî ðàçðûâíîìó ìåòîäó Ãàëåðêèíà ïîëó÷èì ñëåäóþùóþ ñèñòåìó [1]:

xi+1/2∫
xi−1/2

∂Uh

∂t
ψl(x)dx−

xi+1/2∫
xi−1/2

F (Uh)
∂
∂x
ψl(x)dx+

+Fi+1/2ψl(xi+1/2)− Fi−1/2ψl(xi−1/2) = 0, i = 1, . . . , N, l = 0, . . . , p.

(2.4)

Çäåñü Fi−1/2, Fi+1/2 � äèñêðåòíûå ïîòîêè, êîòîðûå âû÷èñëÿþòñÿ êàê ðåøåíèÿ çàäà÷è î
ðàñïàäå ðàçðûâà [3].

Îáîçíà÷èì M̃i � ìàòðèöó, ñîñòàâëåííóþ èç ýëåìåíòîâ mkl =
xi+1/2∫
xi−1/2

ψk(x)ψl(x)dx, k, l =

0, . . . , p äëÿ êàæäîé ÿ÷åéêè Ii, i = 1, . . . , N . Äàëåå îáîçíà÷èì Mi � áëî÷íî-äèàãîíàëüíóþ
ìàòðèöó

Mi =

 M̃i . . . 0
... M̃i

...
0 . . . M̃i

 ,
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è Un
i � âåêòîð ñîñòàâëåííûé èç êîýôôèöèåíòîâ ðàçëîæåíèÿ êîìïîíåíò âåêòîðà êîíñåð-

âàòèâíûõ ïåðåìåííûõ U íà n -ì âðåìåííîì ñëîå â ÿ÷åéêå Ii .
Çàòåì ñ ó÷åòîì ââåäåííûõ îáîçíà÷åíèé çàïèøåì íåÿâíóþ ñõåìó äëÿ (2.4):

p∑
k=0

(uk)
n+1
i − (uk)

n
i

τ

xi+1/2∫
xi−1/2

ψk(x)ψl(x)dx−
xi+1/2∫
xi−1/2

F (Un+1
i ) ∂

∂x
ψl(x)dx+

+F n+1
i+1/2ψl(xi+1/2)− F n+1

i−1/2ψl(xi−1/2) = 0, i = 1, . . . , N, l = 0, . . . , p,

(2.5)

èëè â ìàòðè÷íîé çàïèñè:

M
Un+1 − Un

τ
− L(Un+1) = 0, (2.6)

ãäå Un = (Un
1 , . . . , U

n
N) .

Ïðåäñòàâèì

F (Un+1) = F (Un) +
∂F

∂U
∆U,

F n+1
i+1/2 = F n

i+1/2 + A+∆Ui + A−∆Ui+1,

ãäå ∆U = Un+1 − Un , A± = RΛ±L , Λ± = (Λ ± |Λ|)/2 , R,L � ìàòðèöû, ñîñòàâëåí-
íûå, ñîîòâåòñòâåííî, èç ïðàâûõ è ëåâûõ ñîáñòâåííûõ âåêòîðîâ ìàòðèöû A = ∂F

∂U
, à Λ �

äèàãîíàëüíàÿ ìàòðèöà, ñîñòàâëåííàÿ èç ñîáñòâåííûõ çíà÷åíèé A . Â ðåçóëüòàòå ïîëó÷èì
ëèíåéíóþ ñèñòåìó, êîòîðàÿ â ìàòðè÷íîé ôîðìå çàïèøåòñÿ ñëåäóþùèì îáðàçîì:(

1

τ
M − ∂L

∂U

)
∆U = L(Un). (2.7)

Çíà÷åíèå íà íîâîì âðåìåííîì ñëîå íàõîäèòñÿ ñëåäóþùèì îáðàçîì:

Un+1 = ΛΠh(α)(U
n +∆U), (2.8)

ãäå ΛΠh(α) � îãðàíè÷èòåëü Êîêáóðíà ( 1 ≤ α ≤ 2 ) [1, 2], êîòîðûé èñïîëüçóåòñÿ äëÿ
ïîäàâëåíèÿ îñöèëëÿöèé âáëèçè ðàçðûâîâ.

Äëÿ ðåøåíèÿ ñèñòåìû (2.7) èñïîëüçîâàëèñü ðåøàòåëè GMRES è BoomerAMG èç áèá-
ëèîòåêè HYPRE [5].Áîëåå ïîäðîáíî èñïîëüçîâàíèå äàííûõ ðåøàòåëåé â ðàìêàõ äàííîé
ìåòîäèêè ðàññìîòðåíî â ðàáîòå [6].

3. Ðåçóëüòàòû ðàñ÷åòîâ

Â êà÷åñòâå òåñòîâîé çàäà÷è äëÿ èññëåäîâàíèÿ ïîðÿäêà òî÷íîñòè ìåòîäà áûëà âûáðàíà
çàäà÷à ñ ïðîñòîé âîëíîé [2], â êîòîðîé ýíòðîïèÿ p/ργ è èíâàðèàíò Ðèìàíà R+ = u+ 2

γ−1

ÿâëÿþòñÿ ïîñòîÿííûìè.
Â íà÷àëüíûé ìîìåíò çàäà¼òñÿ ïëîòíîñòü:

ρ =

{
1 + e

2−2 l2

l2−x2 , |x| < l, x ∈ [−1, 1], l = 0.2, γ = 5/3
1, èíà÷å.

(3.1)

Îñòàëüíûå ïàðàìåòðû îïðåäåëÿþòñÿ ñîãëàñíî óñëîâèþ ïîñòîÿíñòâà ýíòðîïèè è èíâàðè-
àíòà Ðèìàíà:

ϵ = ργ−1, u =
−2
√
ϵ(γ − 1)γ

γ − 1
. (3.2)

Áûëè âûïîëíåíû ñåðèè ðàñ÷åòîâ íà ïîñëåäîâàòåëüíîñòè ñãóùàþùèõñÿ ñåòîê. Çíà÷åíèÿ
òî÷íîãî ðåøåíèÿ, èñïîëüçóåìûå äëÿ îïðåäåëåèÿ ïîãðåøíîñòè, âû÷èñëÿëèñü àíàëîãè÷íî
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ðàáîòå [2]. ×èñëåííûå ðåøåíèÿ áûëè ïîëó÷åíèû îïèñàííûì âûøå ìåòîäîì ñ ãðàíè÷íûìè
óñëîâèÿìè:

ρ(−1, t) = 1, u(−1, t) = −
√
10, E(−1, t) = 6,

ρ(1, t) = 1, u(1, t) = −
√
10, E(1, t) = 6.

(3.3)

Ïîãðåøíîñòü ðåøåíèÿ îöåíèâàëàñü â ñëåäóþùèõ íîðìàõ:

||Uh − UT ||L1 =
b∫
a

|Uh − UT | dx,

||Uh − UT ||L2 =

(
b∫
a

|Uh − UT |2 dx
)1/2

,

ãäå Uh � âû÷èñëåííûå çíà÷åíèÿ ñåòî÷íîé ôóíêöèè, UT � òî÷íûå çíà÷åíèÿ èñêîìîãî ðå-
øåíèÿ.

Â òàáëèöàõ 1 � 8 ïðåäñòàâëåíû ïîãðåøíîñòè è ïîðÿäêè òî÷íîñòè ïîëó÷åííûõ ðåçóëü-
òàòîâ. Ïðè ðåøåíèè ñèñòåìû (2.7) îòíîñèòåëüíàÿ ïîãðåøíîñòü íàõîæäåíèÿ ðåøåíèÿ çàäà-
âàëàñü ðàâíîé 10−4 .

Ïî ðåçóëüòàòàì ðàñ÷åòîâ ìîæíî ñäåëàòü âûâîä, ÷òî ïðåäëîæåííàÿ ñõåìà ñîñòîÿòåëüíà
è ïîêàçûâàåò óäîâëåòâîðèòåëüíûå ðåçóëüòàòû. Ïðè îñëàáëåíèè ïàðàìåòðîâ îãðàíè÷èòåëÿ
(α = 2 ) ïîëó÷àåòñÿ ïîðÿäîê òî÷íîñòè âûøå ïåðâîãî. Òîò ôàêò, ÷òî íå äîñòèãàåòñÿ, êà-
çàëîñü áû, îæèäàåìûé ïîðÿäîê òî÷íîñòè (âòîðîé èëè âûøå) ìîæíî îáúÿñíèòü âëèÿíèåì
îãðàíè÷èòåëÿ Êîêáóðíà, î ÷åì ïîäðîáíî ãîâîðèòñÿ â ðàáîòå [2]. Ýòî ïîçâîëÿåò ãîâîðèòü î
âîçìîæíîñòè ïîâûøåíèÿ ïîðÿäêà òî÷íîñòè ìåòîäèêè çà ñ÷åò èñïîëüçîâàíèÿ îãðàíè÷èòå-
ëåé, êîòîðûå óìåíüøàþò ïîðÿäîê òî÷íîñòè â ìåíüøåé ñòåïåíè, ÷òî ÿâëÿåòñÿ çàäåëîì äëÿ
äàëüíåéøåãî èññëåäîâàíèÿ.

Èñïîëüçóåìûå ìåòîäû ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé íå îêà-
çûâàþò çàìåòíîãî âëèÿíèÿ íà ïîðÿäîê òî÷íîñòè, íî ìåòîä GMRES äåìîíñòðèðóåò ìèíè-
ìàëüíîå ïðåèìóùåñòâî ïåðåä àëãåáðàè÷åñêèì ìíîãîñåòî÷íûì ìåòîäîì (AMG). Ïðè ýòîì,
ñëåäóåò çàìåòèòü, ÷òî èñïîëüçîâàíèå BoomerAMG òðåáîâàëî â ñðåäíåì â 1.5 ðàçà ìåíüøåå
êîëè÷åñòâî èòåðàöèé ïðè ðåøåíèè ñèñòåìû (2.7) (äëÿ GMRES ðàçìåðíîñòü ïðîñòðàíñòâà
Êðûëîâà çàäàâîëàñü ðàâíîé 20; äëÿ BoomerAMG äîïóñòèìàÿ ãëóáèíà âëîæåííûõ ñåòîê
çàäàâàëàñü ðàâíîé 20).

Òàáëèöà 1: Ïîðÿäîê òî÷íîñòè ( p = 2 , α = 1.5 , GMRES)

N || · ||L1 Order, || · ||L1 || · ||L2 Order, || · ||L2

50 7.051978E-002 - 1.219065E-001 -
100 3.789902E-002 0.8959 7.689797E-002 0.6648
200 2.005818E-002 0.9180 4.602746E-002 0.7405
400 1.053435E-002 0.9291 2.663442E-002 0.7893
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Òàáëèöà 2: Ïîðÿäîê òî÷íîñòè ( p = 2 , α = 2.0 , GMRES)

N || · ||L1 Order, || · ||L1 || · ||L2 Order, || · ||L2

50 5.684439E-002 - 1.062554E-001 -
100 2.647765E-002 1.1022 5.847784E-002 8.6157
200 1.085581E-002 1.2863 2.733743E-002 1.0970
400 4.137819E-003 1.3915 1.151226E-002 1.2477

Òàáëèöà 3: Ïîðÿäîê òî÷íîñòè ( p = 2 , α = 1.5 , BoomerAMG)

N || · ||L1 Order, || · ||L1 || · ||L2 Order, || · ||L2

50 7.051859E-002 - 1.218947E-001 -
100 3.790927E-002 0.8955 7.690993E-002 0.6644
200 2.006011E-002 0.9182 4.603179E-002 0.7405
400 1.053347E-002 0.9293 2.663405E-002 0.7894

Òàáëèöà 4: Ïîðÿäîê òî÷íîñòè ( p = 2 , α = 2.0 , BoomerAMG)

N || · ||L1 Order, || · ||L1 || · ||L2 Order, || · ||L2

50 5.681484E-002 - 1.062139E-001 -
100 2.643151E-002 1.1040 5.842460E-002 0.8623
200 1.084692E-002 1.2850 2.731513E-002 1.0969
400 4.162216E-003 1.3819 1.151728E-002 1.2459

Òàáëèöà 5: Ïîðÿäîê òî÷íîñòè ( p = 3 , α = 1.5 , GMRES)

N || · ||L1 Order, || · ||L1 || · ||L2 Order, || · ||L2

50 8.177310E-002 - 1.347056E-001 -
100 4.486013E-002 0.8662 8.702407E-002 0.6303
200 2.430233E-002 0.8843 5.349442E-002 0.7020
400 1.293719E-002 0.9096 3.161057E-002 0.7590
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Òàáëèöà 6: Ïîðÿäîê òî÷íîñòè ( p = 3 , α = 2.0 , GMRES)

N || · ||L1 Order, || · ||L1 || · ||L2 Order, || · ||L2

50 6.638527E-002 - 1.166230E-001 -
100 3.105487E-002 1.0960 6.545680E-002 0.8332
200 1.321185E-002 1.2330 3.167177E-002 1.0473
400 4.934820E-003 1.4208 1.340976E-002 1.2399

Òàáëèöà 7: Ïîðÿäîê òî÷íîñòè ( p = 3 , α = 1.5 , BoomerAMG)

N || · ||L1 Order, || · ||L1 || · ||L2 Order, || · ||L2

50 8.181598E-002 - 1.347550E-001 -
100 4.493047E-002 0.8647 8.711857E-002 0.6293
200 2.438070E-002 0.8820 5.363114E-002 0.6999
400 1.302655E-002 0.9043 3.177319E-002 0.7553

Òàáëèöà 8: Ïîðÿäîê òî÷íîñòè ( p = 3 , α = 2.0 , BoomerAMG)

N || · ||L1 Order, || · ||L1 || · ||L2 Order, || · ||L2

50 6.641629E-002 - 1.166640E-001 -
100 3.110548E-002 1.0944 6.558310E-002 0.8310
200 1.327554E-002 1.2284 3.184349E-002 1.0423
400 5.016678E-003 1.4040 1.361815E-002 1.2255
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Ñïèñîê ëèòåðàòóðû

1. Bernardo Cockburn, “An Introduction to the Discontinuous Galerkin Method for
Convection - Dominated Problems, Advanced Numerical Approximation of Nonlinear
Hyperbolic Equations”, Lecture Notes in Mathematics, 1697 (1998), 151 – 268.

2. Ëàäîíêèíà Ì.Å., Íåêëþäîâà Î.À., Òèøêèí Â.Ô., �Èññëåäîâàíèå âëè-
ÿíèÿ ëèìèòåðà íà ïîðÿäîê òî÷íîñòè ðåøåíèÿ ðàçðûâíûì ìåòîäîì Ãà-
ëåðêèíà�, Ïðåïðèíòû ÈÏÌ èì. Ì.Â. Êåëäûøà, 2012, �34, 31 ñ., URL:
http://library.keldysh.ru/preprint.asp?id=2012-34.

3. Ãîäóíîâ Ñ.Ê., �Ðàçíîñòíûé ìåòîä ÷èñëåííîãî ðàñ÷åòà ðàçðûâíûõ ðåøåíèé óðàâíå-
íèé ãèäðîäèíàìèêè�, Ìàòåì. ñá., 47(89):3 (1959), 271 � 306.

4. Æàëíèí Ð.Â., Ìàñÿãèí Â.Ô., Ñàëüíèêîâ Â.Ä., Ïåñêîâà Å.Å., �Ðåøåíèå çàäà÷ ãà-
çîâîé äèíàìèêè ñ èñïîëüçîâàíèåì íåÿâíîé ñõåìû äëÿ ìåòîäà ãàëåðêèíà ñ ðàçðûâ-
íûìè áàçèñíûìè ôóíêöèÿìè�, Àíàëèòè÷åñêèå è ÷èñëåííûå ìåòîäû ìîäåëèðîâà-
íèÿ åñòåòâåííî-íàó÷íûõ è ñîöèàëüíûõ ïðîáëåì: ñá. ñò. IX Ìåæäóíàð. íàó÷.-òåõí.

Æóðíàë ÑÂÌÎ. 2015. Ò. 17, � 1



54

êîíô. (Ðîññèÿ, ã. Ïåíçà, 28�31 îêòÿáðÿ 2014 ã.), Èçä-âî ÏÃÓ, Ïåíçà, 2014, 100 � 104,
276 ñ.

5. E. Chow, A.J. Cleary, and R.D. Falgout, “Design of the hypre Preconditioner Library”,
Proc. of the SIAM Workshop on Object Oriented Methods for Inter-operable Scientific
and Engineering Computing (Workshop held at the IBM T.J. Watson Research Center,
Yorktown Heights, NY, October 21-23, 1998), SIAM, Philadelphia, PA, 1998, 100 – 104,
276 pp.

6. Æàëíèí Ð.Â., Ìàñÿãèí Â.Ô., �Èññëåäîâàíèå âëèÿíèÿ ðåøàòåëåé ñèñòåì ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé íà òî÷íîñòü ðåøåíèÿ çàäà÷ ãàçîâîé äèíàìèêè ðàçðûâ-
íûì ìåòîäîì Ãàëåðêèíà ñ íåÿâíîé äèñêðåòèçàöèåé ïî âðåìåíè.�, Ïðåïðèíò Ñðåäíå-
Âîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà, 2014, �126, 8 ñ.

Research of the order of accuracy of an Implicit
Discontinuous Galerkin method for solving problems of gas
dynamics
c⃝ R. V. Zhalnin8, A. V. Maksimkin9, V. F. Masyagin10, A. I. Pantyushin11,
E. E. Peskova12, V. D. Salnikov13, V. F. Tishkin14

Abstract. In this paper we propose a method for implicit discontinuous Galerkin method, based on
the idea of di�erence equations in the form named "delta-form". We perform a series of calculations
for one-dimensional problem of the wave which conserves the entropy and Riemann invariant to
study the numerical order of accuracy of the proposed method.
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