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Àííîòàöèÿ. Â äàííîé ñòàòüå ðàññìàòðèâàþòñÿ ñ÷åòíûå òîïîëîãè÷åñêèå ìàðêîâñêèå öå-
ïè (ÒÌÖ). Ïðåäïîëàãàåòñÿ, ÷òî ëþáàÿ ñòåïåíü ìàòðèöû ïåðåõîäîâ ÒÌÖ èìååò êîíå÷íûé
ñëåä è, òåì ñàìûì, äëÿ ÒÌÖ êîððåêòíî îïðåäåëåíà äèíàìè÷åñêàÿ äçåòà-ôóíêöèÿ Àðòèíà-
Ìàçóðà. Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî âûïîëíåíû äâà óñëîâèÿ: 1) ðàäèóñ ñõîäèìîñòè äçåòà-
ôóíêöèè ó ïîäñèñòåì ÒÌÖ, ñîîòâåòñòâóþùèõ ïîäìàòðèöàì ñ äîñòàòî÷íî áîëüøèìè íîìåðàìè
ñîñòîÿíèé, áîëüøå ðàäèóñà ñõîäèìîñòè r(A) äçåòà-ôóíêöèè èñõîäíîé ÒÌÖ c ìàòðèöåé ïåðå-
õîäîâ A , è 2) äçåòà-ôóíêöèÿ ÒÌÖ ìåðîìîðôíà â íåêîòîðîì äèñêå ðàäèóñà, áîëüøåãî r(A) .
Äàííûå óñëîâèÿ ÿâëÿþòñÿ åñòåñòâåííûìè, ò.ê. âûïîëíÿþòñÿ äëÿ ñ÷åòíûõ ÒÌÖ, ÿâëÿþùèõñÿ
ñèìâîëè÷åñêèìè ìîäåëÿìè îäíîìåðíûõ êóñî÷íî-ìîíîòîííûõ îòîáðàæåíèé ñ ïîëîæèòåëüíîé
òîïîëîãè÷åñêîé ýíòðîïèåé. Â ðàáîòå ïîêàçàíî, ÷òî ïðè äàííûõ óñëîâèÿõ äëÿ íåðàçëîæèìîé
ÒÌÖ å¼ ìàòðèöà ïåðåõîäîâ ÿâëÿåòñÿ r(A) -ïîëîæèòåëüíîé, è, êàê ñëåäñòâèå, äçåòà-ôóíêöèÿ
ÒÌÖ èìååò ïðîñòûå ïîëþñà íà îêðóæíîñòè |z| = r(A) êîìïëåêñíîé ïëîñêîñòè, à ÒÌÖ îá-
ëàäàåò îñíîâíûìè ýðãîäè÷åñêèìè ñâîéñòâàìè êîíå÷íûõ ÒÌÖ (â ÷àñòíîñòè, ó íå¼ ñóùåñòâóåò
è åäèíñòâåííà ìåðà ìàêñèìàëüíîé ýíòðîïèè).

Êëþ÷åâûå ñëîâà: òîïîëîãè÷åñêèå ìàðêîâñêèå öåïè, äçåòà-ôóíêöèÿ, òîïîëîãè÷åñêàÿ ýíòðî-
ïèÿ

1. Ââåäåíèå

Â äàííîé ñòàòüå ïðîäîëæåíî èññëåäîâàíèå (ñì. [8]) äèíàìè÷åñêèõ è ýðãîäè÷åñêèõ ñâîéñòâ
ñ÷åòíûõ òîïîëîãè÷åñêèõ ìàðêîâñêèõ öåïåé. Òîïîëîãè÷åñêèå ìàðêîâñêèå öåïè ñëóæàò ñèì-
âîëè÷åñêèìè ìîäåëÿìè äëÿ ðàçëè÷íûõ êëàññîâ äèíàìè÷åñêèõ ñèñòåì ñ ãèïåðáîëè÷åñêîé
ñòðóêòóðîé, âêëþ÷àÿ íåðàâíîìåðíî ãèïåðáîëè÷åñêèå è ÷àñòè÷íî ãèïåðáîëè÷åñêèå ñèñòå-
ìû, êîãäà ôàçîâîå ïðîñòðàíñòâî òàêèõ ñèñòåì îáû÷íî äîïóñêàåò ìàðêîâñêîå ðàçáèåíèå
(âîçìîæíî, ñ÷¼òíîå). Ê òàêèì êëàññàì ñèñòåì îòíîñÿòñÿ ñèñòåìû, óäîâëåòâîðÿþùèå àêñèî-
ìå À Ñ.Ñìåéëà, ãèïåðáîëè÷åñêèå áèëüÿðäû, ãåîìåòðè÷åñêèå ìîäåëè àòòðàêòîðà Ëîðåíöà,
îäíîìåðíûå êóñî÷íî-ìîíîòîííûå îòîáðàæåíèÿ ñ ïîëîæèòåëüíîé òîïîëîãè÷åñêîé ýíòðîïè-
åé è äð. (ñì. [1], [3],[4], [10], [2], [6] ). Â ÷àñòíîñòè, Ô. Õîôáàóýð äîêàçàë (ñì. [5]), ÷òî äëÿ
êóñî÷íî-ìîíîòîííîãî, êóñî÷íî-íåïðåðûâíîãî îòîáðàæåíèÿ f èíòåðâàëà I ñ ïîëîæèòåëü-
íîé òîïîëîãè÷åñêîé ýíòðîïèåé ìîæíî ïîñòðîèòü êîíå÷íóþ èëè ñ÷¼òíóþ ÒÌÖ (ΩA, σ) ñ
ìàòðèöåé ïåðåõîäîâ A , òàêóþ, ÷òî f : I → I òîïîëîãè÷åñêè ñîïðÿæåíî ñ îòîáðàæåíèåì
ñäâèãà σ : ΩA → ΩA . Òåì ñàìûì, èçó÷åíèå òîïîëîãè÷åñêèõ è ýðãîäè÷åñêèõ ñâîéñòâ îä-
íîìåðíûõ êóñî÷íî-ìîíîòîííûõ îòîáðàæåíèé ñ ïîëîæèòåëüíîé òîïîëîãè÷åñêîé ýíòðîïèåé
ìîæíî ñâåñòè ê ðàññìîòðåíèþ ñ÷¼òíûõ òîïîëîãè÷åñêèõ ìàðêîâñêèõ öåïåé.

Â îòëè÷èå îò êîíå÷íûõ òîïîëîãè÷åñêèõ ìàðêîâñêèõ öåïåé, ïðîñòðàíñòâî ΩA ñ÷åòíîé
ÒÌÖ íåêîìïàêòíî è ïîýòîìó âîçíèêàþò ïðîáëåìû ïðè îáîáùåíèè ðåçóëüòàòîâ òåîðèè
ìàðêîâñêèõ öåïåé, â îñíîâíîì � òåîðèè Ïåððîíà-Ôðîáåíèóñà. Äëÿ íåðàçëîæèìîé áåñ-
êîíå÷íîé ìàòðèöåé ïåðåõîäîâ A ñîîòâåòñòâóþùàÿ ÒÌÖ òîïîëîãè÷åñêè òðàíçèòèâíà, è
â ýòîì ñëó÷àå, êàê ïîêàçàëè Ä. Âåð-Äæîíñ è Á.Ì. Ãóðåâè÷ (ñì. [15], [13], [14]) óäàåòñÿ
÷àñòè÷íî îáîáùèòü ðåçóëüòàòû òåîðèè Ïåððîíà-Ôðîáåíèóñà. Îäíàêî äëÿ ÒÌÖ ñ áåñêî-
íå÷íîé ìàòðèöåé ïåðåõîäîâ, äàæå â ñëó÷àå å¼ íåðàçëîæèìîñòè, ìîãóò íå âûïîëíÿòüñÿ

1 Äîöåíò êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé è ìàòåìàòè÷åñêîãî àíàëèçà, Íèæåãîðîäñêèé ãîñó-
äàðñòâåííûé óíèâåðñèòåò èì. Í.È.Ëîáà÷åâñêîãî, Íèæíèé Íîâãîðîä; malkin@unn.ru
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âàæíûå ýðãîäè÷åñêèå ñâîéñòâà, èçâåñòíûå äëÿ êîíå÷íûõ ÒÌÖ, òàêèå, êàê ñóùåñòâîâàíèå
è åäèíñòâåííîñòü ìåðû ñ ìàêñèìàëüíîé ýíòðîïèåé. Êàê ñëåäóåò èç ðàáîòû Á.Ì. Ãóðåâè-
÷à, ñâîéñòâîì áåñêîíå÷íîé ìàòðèöû, îòâå÷àþùèì çà âîçìîæíîñòü òàêîãî îáîáùåíèÿ äëÿ
ñ÷åòíûõ ÒÌÖ, ÿâëÿåòñÿ R -ïîëîæèòåëüíîñòü ìàòðèöû ïåðåõîäîâ, ãäå R � ïàðàìåòð ñõî-
äèìîñòè ìàòðèöû, ñîâïàäàþùèé (ñì. [14], [8]) ñ ðàäèóñîì ñõîäèìîñòè r(A) äçåòà-ôóíêöèè
è ñî çíà÷åíèåì exp(−htop(A) , ãäå htop(A) � òîïîëîãè÷åñêàÿ ýíòðîïèÿ ÒÌÖ. Ìû äîêàçû-
âàåì â äàííîé ñòàòüå, ÷òî ýòî âàæíîå ñâîéñòâî R -ïîëîæèòåëüíîñòè èìååò ìåñòî äëÿ ÒÌÖ,
ó êîòîðûõ äçåòà-ôóíêöèÿ îáëàäàåò åñòåñòâåííûìè ñâîéñòâàìè, è, â ÷àñòíîñòè, äëÿ ÒÌÖ,
ÿâëÿþùèõñÿ ñèìâîëè÷åñêèìè ìîäåëÿìè êóñî÷íî-ìîíîòîííûõ, êóñî÷íî-íåïðåðûâíûõ îä-
íîìåðíûõ îòîáðàæåíèé ñ ïîëîæèòåëüíîé òîïîëîãè÷åñêîé ýíòðîïèåé.

Â ñòàòüå ðàññìàòðèâàþòñÿ ñ÷åòíûå ÒÌÖ ñ íåðàçëîæèìûìè ìàòðèöàìè ïåðåõîäîâ A .
Óñëîâèÿ, íàêëàäûâàåìûå íà ìàòðèöû ïåðåõîäîâ, ñëåäóþùèå. Ïðåäïîëàãàåòñÿ, ÷òî ëþ-
áàÿ ñòåïåíü ìàòðèöû ïåðåõîäîâ èìååò êîíå÷íûé ñëåä è, òåì ñàìûì, äëÿ ÒÌÖ êîððåêòíî
îïðåäåëåíà äèíàìè÷åñêàÿ äçåòà-ôóíêöèÿ Àðòèíà-Ìàçóðà ζA(z) . Êðîìå òîãî, ïðåäïîëà-
ãàåòñÿ, ÷òî ðàäèóñ ñõîäèìîñòè äçåòà-ôóíêöèè ó ïîäñèñòåì ÒÌÖ, ñîîòâåòñòâóþùèõ ïîä-
ìàòðèöàì ñ äîñòàòî÷íî áîëüøèìè íîìåðàìè ñîñòîÿíèé, áîëüøå ðàäèóñà ñõîäèìîñòè r(A)
äçåòà-ôóíêöèè èñõîäíîé ÒÌÖ; òî÷íåå, ïðåäïîëàãàåòñÿ, ÷òî

limn→∞ r(Â|n) > r(A), (∗)

ãäå Â|n � ýòî ïîäìàòðèöà ìàòðèöû A , ó êîòîðîé (áåñêîíå÷íîå) èíäåêñíîå ìíîæåñòâî åñòü
{n, n + 1, . . .} . Äàííîå óñëîâèå îçíà÷àåò, ÷òî "õâîñòîâàÿ"ïîäìàòðèöà ìàòðèöû ïåðåõîäîâ
ñòàíîâèòñÿ âñ¼ áîëåå ðàçðåæåííîé, êîãäà èíäåêñû ïðèíèìàþò äîñòàòî÷íî áîëüøèå çíà÷å-
íèÿ. Âòîðîå óñëîâèå, êîòîðîå ìû áóäåì ïðåäïîëàãàòü âûïîëíåííûì, ñîñòîèò â ñëåäóþùåì:

ζÂ|n
(z) ìåðîìîðôíà â äèñêå |z| < r(A) + ε äëÿ íåêîòîðîãî ε > 0 ïðè âñåõ n (∗∗)

Îòìåòèì, ÷òî óêàçàííûå óñëîâèÿ ÿâëÿþòñÿ åñòåñòâåííûìè, ò.ê. îíè âûïîëíÿþòñÿ äëÿ
ñ÷åòíûõ ÒÌÖ, ÿâëÿþùèõñÿ ñèìâîëè÷åñêèìè ìîäåëÿìè îäíîìåðíûõ êóñî÷íî-ìîíîòîííûõ
îòîáðàæåíèé ñ ïîëîæèòåëüíîé òîïîëîãè÷åñêîé ýíòðîïèåé. Áîëåå òîãî, äëÿ òàêèõ îòîáðà-
æåíèé óñëîâèå (**) íà ñàìîì äåëå âûïîëíÿåòñÿ â áîëåå ñèëüíîé ôîðìå (ñì. [5]), à èìåííî,
ìîæíî ïîêàçàòü ìåðîìîðôíîñòü óêàçàííûõ äçåòà-ôóíêöèé â îòêðûòîì åäèíè÷íîì äèñêå.
Â íàñòîÿùåé ðàáîòå ïîêàçàíî, ÷òî ïðè äàííûõ óñëîâèÿõ ìàòðèöà ïåðåõîäîâ ÿâëÿåòñÿ R -
ïîëîæèòåëüíîé. Òåì ñàìûì, äëÿ ÒÌÖ èìåþò ìåñòî ñèëüíûå õàîòè÷åñêèå (ýðãîäè÷åñêèå)
ñâîéñòâà è â ÷àñòíîñòè, â ÒÌÖ îáëàäàåò åäèíñòâåííîé ìåðîé ñ ìàêñèìàëüíîé ýíòðîïèåé,
ïðè÷åì ýòà ìåðà ìîæåò áûòü ýôôåêòèâíî âû÷èñëåíà â òåðìèíàõ ñîáñòâåííûõ âåêòîðîâ
ìàòðèöû ÒÌÖ. Äðóãèìè ñëîâàìè, ìåðîìîðôíîñòü äçåòà-ôóíêöèè ãàðàíòèðóåò âîçìîæ-
íîñòü ñóùåñòâåííîãî ïðîäâèæåíèÿ â òåîðèè Ïåððîíà-Ôðîáåíèóñà â ñëó÷àå áåñêîíå÷íûõ
ìàòðèö. Êðîìå òîãî, â ðàáîòå ïîêàçàíî, ÷òî äçåòà-ôóíêöèÿ ζA(z) èìååò ïðîñòûå ïîëþñà
íà îêðóæíîñòè |z| = r(A) è ïîëó÷åíà àïïðîêñèìàöèîííàÿ îöåíêà ÷èñëà ïåðèîäè÷åñêèõ
òî÷åê áîëüøèõ ïåðèîäîâ.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ è îñíîâíàÿ òåîðåìà

Ðàññìîòðèì áåñêîíå÷íóþ ìàòðèöó A = (ai,j)
∞
i,j=1 èç íóëåé è åäèíèö. Äàííîé ìàòðèöå

ñëåäóþùèì îáðàçîì ñòàâèòñÿ â ñîîòâåòñòâèå ñ÷åòíàÿ òîïîëîãè÷åñêàÿ ìàðêîâñêàÿ öåïü
(ÒÌÖ). Ïóñòü N = {1, 2, . . .} � ìíîæåñòâî ñèìâîëîâ (àëôàâèò) è ïóñòü ΩA ⊂ NZ � ìíî-
æåñòâî âñåõ áåñêîíå÷íûõ â îáå ñòîðîíû ïîñëåäîâàòåëüíîñòåé x = (xn)

+∞
n=−∞ íàòóðàëüíûõ

÷èñåë, äëÿ êîòîðûõ ïðè âñåõ n ∈ Z âûïîëíÿåòñÿ

axn,xn+1 = 1.
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Ìåòðèêà ρ íà ïðîñòðàíñòâå ΩA ââîäèòñÿ òàê:

ρ(x, y) =
+∞∑

n=−∞

1

2|n|
| 1

xn
− 1

yn
| . (2.1)

ÒÌÖ (ΩA, σ) åñòü òîïîëîãè÷åñêîå (ìåòðè÷åñêîå) ïðîñòðàíñòâî ΩA , íà êîòîðîì äåéñòâóåò
îòîáðàæåíèå ñäâèãà σ : ΩA → ΩA , çàäàâàåìîå ôîðìóëîé σ(x) = y , ãäå yn = xn+1 äëÿ âñåõ
n ∈ Z . Î÷åâèäíî, ìåòðèêà ρ ñîãëàñîâàíà ñ òîïîëîãèåé ïðÿìîãî (òèõîíîâñêîãî) ïðîèçâåäå-
íèÿ íà ïðîñòðàíñòâå NZ ; çäåñü ïðåäïîëàãàåòñÿ, ÷òî ìíîæåñòâî N íàäåëåíî äèñêðåòíîé
òîïîëîãèåé.

Òàêèì îáðàçîì, ïðîñòðàíñòâî ΩA íåêîìïàêòíî. ×òîáû êîìïàêòèôèöèðîâàòü ΩA , ðàñ-
ñìîòðèì ðàñøèðåííûé àëôàâèò ñ äîïîëíèòåëüíûì ñèìâîëîì ∞ , ò.å. N = N

∪
{∞} . Ìåò-

ðèêà íà N çàäàåòñÿ ïî ôîðìóëå d(n,m) =| 1
n
− 1

m
| , ãäå åñòåñòâåííî ïðåäïîëàãàåòñÿ, ÷òî

1
∞ = 0 . Äàëåå ðàññìàòðèâàåòñÿ çàìûêàíèå ïðîñòðàíñòâà ΩA â N

Z
, ò.å. ΩA = Clos(ΩA) .

Ëåãêî âèäåòü, ÷òî íà ïðîñòðàíñòâî ΩA êîððåêòíî ïðîäîëæàåòñÿ ìåòðèêà ρ , çàäàâàåìàÿ
ôîðìóëîé (1), è, êðîìå òîãî, ΩA ÿâëÿåòñÿ σ -èíâàðèàíòíûì.

Ìû âñþäó áåç îãðàíè÷åíèÿ îáùíîñòè ïðåäïîëàãàåì, ÷òî A � áåñêîíå÷íàÿ ìàòðèöà èç
íóëåé è åäèíèö, íå èìåþùàÿ íè íóëåâûõ ñòðîê, íè íóëåâûõ ñòîëáöîâ (èíà÷å ñîîòâåòñòâóþ-
ùèé ñèìâîë ñëåäóåò èñêëþ÷èòü èç àëôàâèòà). Äàëåå, ìû ïðåäïîëàãàåì, ÷òî äëÿ ìàòðèöû

A îïðåäåëåíû (êîíå÷íû) âñå ïîëîæèòåëüíûå ñòåïåíè, ò.å. Ak , i.e. a
(k)
i,j < +∞ ïðè ëþáûõ

i, j, k . Äëÿ I ⊂ N ìû îáîçíà÷àåì ÷åðåç A|I ïîäìàòðèöó ìàòðèöû A ñ èíäåêñíûì ìíîæå-
ñòâîì I . Äëÿ ïðîñòîòû çàïèñè ìû îáîçíà÷àåì ÷åðåç A|n êîíå÷íóþ ïîäìàòðèöó A|{1,2,...,n} ,
à ÷åðåç Â|k � áåñêîíå÷íóþ ïîäìàòðèöó A|{k,k+1,...} .

Ìàòðèöà A íàçûâàåòñÿ íåðàçëîæèìîé, åñëè äëÿ ëþáûõ i, j ∈ N íàéäåòñÿ íàòóðàëüíîå
÷èñëî k òàêîå, ÷òî a

(k)
i,j > 0 . Â ïðîòèâíîì ñëó÷àå ìàòðèöà A ðàçëîæèìà. Òî÷íî òàê æå,

êàê è â ñëó÷àå êîíå÷íûõ ÒÌÖ (ñì., íàïðèìåð, [11]), äîêàçûâàåòñÿ, ÷òî íåðàçëîæèìîñòü
ìàòðèöû A ýêâèâàëåíòíà òðàíçèòèâíîñòè ñèñòåìû (ΩA, σ) . Äëÿ íåðàçëîæèìîé ìàòðèöû
A îáîçíà÷èì ÷åðåç d = d(A) å¼ èíäåêñ öèêëè÷íîñòè (ïåðèîä). Â ñëó÷àå d > 1 ìíîæåñòâî
èíäåêñîâ N ìîæíî ðàçáèòü íà d ïîäìíîæåñòâ I1, I2, ...Id òàê, ÷òî äëÿ ëþáûõ äâóõ èí-
äåêñîâ i ∈ Is, j ∈ It áóäåò ñóùåñòâîâàòü k > 0 , óäîâëåòâîðÿþùåå óñëîâèþ a

(k)
i,j > 0 , â òîì

è òîëüêî â òîì ñëó÷àå, êîãäà k ≡ (s− t)mod d .
Ïóñòü h(A) � òîïîëîãè÷åñêàÿ ýíòðîïèÿ ñäâèãà σ íà êîìïàêòèôèêàöèè ΩA . Äëÿ

êîíå÷íîé ìàòðèöû B îáîçíà÷èì ÷åðåç h(B) òîïîëîãè÷åñêóþ ýíòðîïèþ îãðàíè÷åíèÿ
h(σ|ΩB) . Á.Ì. Ãóðåâè÷ ïîêàçàë (ñì. [13], [14]), ÷òî äëÿ íåðàçëîæèìîé ìàòðèöû A ñó-
ùåñòâóåò ïîñëåäîâàòåëüíîñòü êîíå÷íûõ íåðàçëîæèìûõ ïîäìàòðèö A|Jn , òàêàÿ, ÷òî

Jn ⊂ Jn+1 äëÿ âñåõ n ,
∪

Jn = N (2.2)

è âûïîëíÿåòñÿ
h(A) = lim

n→∞
h(A|Jn) = lim

n→∞
h(A|n). (2.3)

Â ðàáîòå [7] äîêàçàíî, ÷òî ðàâåíñòâî h(A) = limn→∞ h(A|n) ñïðàâåäëèâî è äëÿ ðàç-
ëîæèìûõ ìàòðèö. Äëÿ ðàçëîæèìîé ìàòðèöû A è èíäåêñà i ∈ N îáîçíà÷èì ÷åðåç I(i)
ìàêñèìàëüíîå ïîäìíîæåñòâî (âîçìîæíî, ïóñòîå) J ⊂ N òàêîå, ÷òî i ∈ J è ìàòðèöà A|J
íåðàçëîæèìà, ò.å.

I(i) = {j ∈ N : ∃k1 > 0, ∃k2 > 0 ò.÷. a
(k1)
ij > 0, a

(k2)
ji > 0}.

Îáîçíà÷èì äëÿ ïðîñòîòû ìàòðèöó A|I(i) ÷åðåç Ai . Çàìåòèì, ÷òî åñëè ìíîæåñòâî I(i)
êîíå÷íî, òî ΩAi

= ΩAi
, ãäå çàïèñü ΩAi

îçíà÷àåò çàìûêàíèå ìíîæåñòâà ΩAi
â ïðîñòðàíñòâå

ΩA .
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Â ðàáîòå [7] ïîêàçàíî òàêæå, ÷òî íåáëóæäàþùåå ìíîæåñòâà êîìïàêòèôèêàöèè
(ΩA, σ) èìååò ñëåäóþùåå ðàçëîæåíèå (â ôîðìóëèðîâêå èñïîëüçîâàíî îáîçíà÷åíèå (∞) =

(. . .∞∞∞ . . .) ∈ N
Z
):

Ò å î ð å ì à 2.1. Íåáëóæäàþùåå ìíîæåñòâî îòîáðàæåíèÿ ñäâèãà σ íà êîìïàê-
òèôèêàöèè ΩA ïðåäñòàâëÿåòñÿ â âèäå

NW (σ|ΩA) = (
∪

ΩAi
)
∪

P,

ãäå P = (∞) , êîãäà èíäåêñíîå ìíîæåñòâî I(i) êîíå÷íî äëÿ âñåõ i , è P = ∅ â ïðîòèâíîì
ñëó÷àå.

Íàì ïîòðåáóþòñÿ íåêîòîðûå ñîîòíîøåíèÿ äëÿ ïðîèçâîäÿùèõ ôóíêöèé, àññîöèèðîâàí-
íûõ ñ ìàòðèöåé A . Äëÿ ïðîèçâîëüíûõ èíäåêñîâ i, j ýòè ôóíêöèè îïðåäåëÿþòñÿ ñëåäóþ-
ùèì îáðàçîì):

Ti,j(z) =
∞∑
k=0

a
(k)
i,j z

k; Fi,j(z) =
∞∑
k=0

f
(k)
i,j z

k; Li,j(z) =
∞∑
k=0

l
(k)
i,j z

k (2.4)

ãäå a
(0)
i,j = δi,j; f

(0)
i,j = l

(0)
i,j = 0; a

(1)
i,j = f

(1)
i,j = l

(1)
i,j = ai,j

a
(k+1)
i,j =

∑
n

a
(k)
i,nan,j; f

(k+1)
i,j =

∑
n ̸=j

ai,nf
(k)
n,j ; l

(k+1)
i,j =

∑
n ̸=i

l
(k)
i,nan,j

Ñïðàâåäëèâû ñîîòíîøåíèÿ (ñì. [15]):

Ti,i(z) = 1/(1− Fi,i(z)) = 1/(1− Li,i(z)) (2.5)

Ti,j(z) = Ti,i(z) · Li,j(z) = Fi,j(z) · Tj,j(z), (i ̸= j) (2.6)

Fi,j(z) = zai,j(1−Fj,j(z))+z
∞∑
k=0

ai,kFk,j(z); Li,j(z) = z
∞∑
k=0

Li,k(z)ak,j+zai,j(1−Li,i(z)) (2.7)

∞∑
k=0

Li,k(z)Fk,i(z) = z
dFii(z)

dz
− Fii(z) · (1− Fii(z)) (2.8)

Ìû áóäåì òàêæå îáîçíà÷àòü äàííûå ôóíêöèè Ti,j(A, z), Fi,j(A, z), Li,j(A, z) , êîãäà òðå-
áóåòñÿ ïîä÷åðêíóòü çàâèñèìîñòü îò A . Íàïîìíèì íåêîòîðûå ñâîéñòâà íåðàçëîæèìûõ ìàò-
ðèö (ñì. [15]). Äëÿ ëþáûõ i, j ∈ N ñóùåñòâóåò ïðåäåë lim(a

(k)
i,j )

−1/k , êîãäà k → ∞ , íàõî-

äÿñü â òàêîì ïîäìíîæåñòâå èíäåêñîâ Im , äëÿ êîòîðîãî íå âñå ñòåïåíè a
(k)
i,j ðàâíû íóëþ.

Ýòîò ïðåäåë, ñêàæåì, R , íå çàâèñèò îò i , j è, êðîìå òîãî, îí ðàâåí ðàäèóñó ñõîäèìîñòè
ðÿäà

∑∞
k=1 a

(k)
i,j z

k . ×èñëî R = R(A) íàçûâàåòñÿ ïàðàìåòðîì ñõîäèìîñòè ìàòðèöû A .
Íåðàçëîæèìàÿ ìàòðèöà A ñ ïàðàìåòðîì ñõîäèìîñòè R íàçûâàåòñÿ

R -ðåêóððåíòíîé, åñëè ðÿä
∑∞

k=1 a
(k)
i,j R

k ðàñõîäèòñÿ, ò.å. Ti,j(R) = ∞ . Åñëè, êðîìå òîãî,

a
(k)
i,j R

k íå ñòðåìèòñÿ ê íóëþ ïðè k → ∞ , òî A íàçûâàåòñÿ R -ïîëîæèòåëüíîé (è ýòî
îïðåäåëåíèå êîððåêòíî, ò.ê. íå çàâèñèò îò i, j â ñèëó íåðàçëîæèìîñòè ìàòðèöû A ). Ïðè
äîêàçàòåëüñòâå îñíîâíîé òåîðåìû áóäåò èñïîëüçîâàí òàêîé ðåçóëüòàò èç [7].

Ë å ì ì à 2.1. Ïóñòü A � R -ðåêóððåíòíàÿ ìàòðèöà è ïóñòü B = A|J � å¼ R -
ðåêóððåíòíàÿ ïîäìàòðèöà. Òîãäà B = A .
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Äàëåå ìû áóäåè ïðåäïîëàãàòü, ÷òî äëÿ ëþáîãî k ñëåä Nk(A) =
∑∞

i=1 a
(k)
i,i êîíå÷åí. Ëåã-

êî âèäåòü, ÷òî Nk(A) ðàâíî ÷èñëó íåïîäâèæíûõ òî÷åê îòîáðàæåíèÿ σk|ΩA . Äëÿ ñèñòåìû
(ΩA, σ) äçåòà-ôóíêöèÿ Àðòèíà-Ìàçóðà ζA(z) îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

ζA(z) = exp(
∞∑
k=1

Nk(A)z
k

k
). (2.9)

Äðóãîå ïðåäñòàâëåíèå äçåòà-ôóíêöèè äàåòñÿ ôîðìóëîé :

ζA(z) =
∏
orb

(1− zp(orb))−1 (2.10)

ãäå áåñêîíå÷íîå ïðîèçâåäåíèå áåðåòñÿ ïî âñåì ïåðèîäè÷åñêèì îðáèòàì ñèñòåìû (ΩA, σ) ,
à p(orb) îáîçíà÷àåò ïåðèîä ñîîòâåòñòâóþùåé îðáèòû. Èç ýòîãî ïðåäñòàâëåíèÿ âûòåêàåò
ñëåäóþùàÿ ëåììà.

Ë å ì ì à 2.2. Äëÿ áåñêîíå÷íîé ìàòðèöû A âûïîëíÿåòñÿ:

ζA(z) =
∏

ζAi
(z),

ãäå ïðîèçâåäåíèå áåðåòñÿ ïî âñåì ìàêñèìàëüíûì íåðàçëîæèìûì ïîäìàòðèöàì Ai =
A|I(i) .

Ïóñòü r(A) � ðàäèóñ ñõîäèìîñòè ðÿäà (11), ò.å. r(A) = (limk→∞
k
√
Nk(A))

−1 . Èç îïðåäå-
ëåíèé ðàäèóñà è ïàðàìåòðà ñõîäèìîñòè ñ ïîìîùüþ ïðèâåäåííûõ ëåìì íåòðóäíî ïîëó÷èòü
ñëåäóþùèé ðåçóëüòàò.

Ë å ì ì à 2.3. Åñëè A � íåðàçëîæèìàÿ áåñêîíå÷íàÿ ìàòðèöà, òî r(A) ≤ R(A) <
1 .

Îáîáùåíèåì íà ðàçëîæèìûå ìàòðèöû ÿâëÿåòñÿ ñëåäóþùàÿ ëåììà.

Ë å ì ì à 2.4. Äëÿ áåñêîíå÷íîé ìàòðèöû A âûïîëíÿåòñÿ

r(A) ≤ exp(−h(A)). (2.11)

Äëÿ ïðîèçâîëüíîé ìàòðèöû B (íàä C ) îáîçíà÷èì ÷åðåç B∗
i,j ïîäìàòðèöó, êîòîðàÿ

ïîëó÷àåòñÿ èç B óäàëåíèåì i -îé ñòðîêè è j -ãî ñòîëáöà. Àíàëîãè÷íî, äëÿ ïîäìíîæåñòâ
I, J ⊂ N ïóñòü B∗

I,J îáîçíà÷àåò ìàòðèöó, êîòîðàÿ ïîëó÷àåòñÿ èç B óäàëåíèåì ñòðîê
è ñòîëáöîâ ñ èíäåêñàìè, ïðèíàäëåæàùèìè I è J ñîîòâåòñòâåííî. Èç ýòèõ îïðåäåëåíèé
íåòðóäíî ïîëó÷èòü ñîîòíîøåíèå:

ζA(z) = ζA∗
i,i
(z) · Tii(z). (2.12)

Òåïåðü ðàññìîòðèì áåñêîíå÷íûå ïîäìàòðèöû Â|n = A|{n,n+1...}. Î÷åâèäíî, ÷òî r(Â|n) ≤
r(Â|n+1) ïðè âñåõ n . Ìû áóäåì èñïîëüçîâàòü åñòåñòâåííîå îãðàíè÷åíèå íà ìàòðèöó A ,
îïðåäåëÿåìîå óñëîâèåì:

lim
n→∞

r(Â|n) > r(A). (∗)

Îñíîâíàÿ òåîðåìà î ñîâïàäåíèè èíâàðèàíòîâ ýíòðîïèéíîãî òèïà äëÿ ñ÷åòíûõ ÒÌÖ ñ
ìàòðèöåé ïåðåõîäîâ, óäîâëåòâîðÿþùåé óñëîâèþ (∗) , ñîñòîèò â ñëåäóþùåì (ñì. [8]).
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Ò å î ð å ì à 2.2. Åñëè ìàòðèöà ïåðåõîäîâ A óäîâëåòâîðÿåò óñëîâèþ (∗) , òî

r(A) = exp(−h(A)) = lim
n→∞

r(A|n) = inf
j
Rj,j(A) = inf

i
R(Ai) = inf

i
r(Ai),

è áîëåå òîãî, âñå íèæíèå ãðàíè â óêàçàííûõ ñîîòíîøåíèÿõ äîñòèãàþòñÿ.

Òåïåðü ìû áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíî è âòîðîå óñëîâèå � óñëîâèå (**)

ζÂ|n
(z) ìåðîìîðôíà â äèñêå |z| < r(A) + ε äëÿ íåêîòîðîãî ε > 0 ïðè âñåõ n (∗∗)

Ïðè ýòèõ óñëîâèÿõ äîêàæåì îñíîâíóþ òåîðåìó äàííîé ðàáîòû.

Ò å î ð å ì à 2.3. Ïóñòü A � íåðàçëîæèìàÿ ìàòðèöà ïåðèîäà d ñ ïàðàìåòðîì
ñõîäèìîñòè R è ïóñòü äëÿ A âûïîëíÿþòñÿ óñëîâèÿ (∗) è (∗∗) . Òîãäà
i) A ÿâëÿåòñÿ R -ïîëîæèòåëüíîé ìàòðèöåé;
ii) äçåòà-ôóíêöèÿ ζA(z) èìååò ðîâíî d ïîëþñîâ íà îêðóæíîñòè |z| = R , à èìåííî,
zj = R exp(2πij/d), j = 0, 1, . . . , d− 1 , è âñå ýòè ïîëþñà ïðîñòûå.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü n0 � íàèìåíüøåå íàòóðàëüíîå ÷èñëî, äëÿ êîòîðîãî
r(Â|n0) > r(A) = R . Òîãäà ζÂ|n0

(R) ̸= ∞ , è ζA(R) = ∞ , ïîñêîëüêó R � ïîëþñ äçåòà-

ôóíêöèè ζA(z) . Èç óñëîâèÿ (∗∗) ñëåäóåò, ÷òî

ζÂ|n0−1
(R) = ∞ è ζÂ|n0

(R) ̸= ∞

Îáîçíà÷èì B = Â|n0−1 , òîãäà r(B) = R . Ïîñêîëüêó ìàòðèöà B óäîâëåòâîðÿåò óñëîâèþ
(∗) , èç òåîðåìû 2.2. ñëåäóåò, ÷òî ñóùåñòâóåò íåðàçëîæèìàÿ ïîäìàòðèöà Bi0 ìàòðèöû B ,
îáëàäàþùàÿ òàêèìè ñâîéñòâàìè

R(Bi0) = r(Bi0) = R, ζBi0
(R) = ∞

Ñíà÷àëà ïîêàæåì, ÷òî ìàòðèöà Bi0 ÿâëÿåòñÿ R -ðåêóððåíòíîé. Ïóñòü C = Bi0 , à
ïîäìàòðèöà C∗

1,1 ïîëó÷åíà èç C óäàëåíèåì ïåðâîé ñòðîêè è ïåðâîãî ñòîëáöà. Òàêèì îá-

ðàçîì, C∗
1,1 åñòü ïîäìàòðèöà ìàòðèöû Â|n0 , è ïîýòîìó ζC∗

1,1
(R) < ∞ . Èç ñîîòíîøåíèÿ

(2.12) èìååì T1,1(C, z) = ζC(z)/ζC∗
1,1
(z) äëÿ âñåõ z èç äèñêà |z| < r(C) = R . Ñëåäîâà-

òåëüíî, limx↑R T1,1(C, x) = ∞ . Òàêèì îáðàçîì, ðÿä
∑∞

k=0 c
(k)
1,1R

k ðàñõîäèòñÿ, ÷òî îçíà÷àåò
R -ðåêóððåíòíîñòü ìàòðèöû C . Ïîñêîëüêó C � ïîäìàòðèöà ìàòðèöû A , îòñþäà ñëåäóåò,
÷òî Ti,i(A,R) = ∞ äëÿ íåêîòîðîãî i (à çíà÷èò, â ñèëó íåðàçëîæèìîñòè, äëÿ âñåõ i ).

Èç ëåììû 2 ñëåäóåò, ÷òî C íå ìîæåò áûòü ñîáñòâåííîé ïîäìàòðèöåé ìàòðèöû A .
Òàêèì îáðàçîì, C = A è n0 = 2 . Ñëåäîâàòåëüíî, r(Â|2) = r(A∗

1,1) > R , è ïîýòîìó
ôóíêöèÿ

T1,1(A, z) = ζA(z)/ζA∗
1,1
(z) (2.13)

ïðîäîëæàåòñÿ äî ìåðîìîðôíîé ôóíêöèè â îòêðûòîì åäèíè÷íîì äèñêå. Áîëåå òîãî, ôóíê-
öèè ζA(z) è T1,1(z) èìåþò íà îêðóæíîñòè |z| = R îäíè è òå æå ïîëþñÿ ñ îäèíàêîâûìè
êðàòíîñòÿìè. Â ÷àñòíîñòè, îñîáåííîñòü z = R ôóíêöèè T1,1(z) åñòü ïîëþñ è ïîýòîìó

ïîñëåäîâàòåëüíîñòü a
(k)
11 R

k íå ñòðåìèòñÿ ê íóëþ ïðè k → ∞ . Òàêèì îáðàçîì, ìàòðèöà A
ÿâëÿåòñÿ R -ïîëîæèòåëüíîé.

Äîêàæåì òåïåðü âòîðîå óòâåðæäåíèå òåîðåìû. Ñíà÷àëà ðàññìîòðèì ñëó÷àé, êîãäà A
� àïåðèîäè÷åñêàÿ ìàòðèöà, è ïóñòü z0 � ïîëþñ äçåòà-ôóíêöèè ζA(z) íà îêðóæíîñòè
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|z| = R . Òîãäà èç ðàâåíñòâà (2.13) ñëåäóåò, ÷òî z0 � ïîëþñ ôóíêöèè T1,1(z) , à èç (5)
ñëåäóåò, ÷òî z0 � ïîëþñ ôóíêöèè 1− F1,1(z) . Òàêèì îáðàçîì,

1 = |
∞∑
k=0

f
(k)
1,1 z

k
0 | ≤

∞∑
k=o

f
(k)
1,1R

k = 1

, ïîñêîëüêó A ÿâëÿåòñÿ R -ðåêóððåíòíîé ïî äîêàçàííîìó âûøå. Îòñþäà ñëåäóåò, ÷òî zk0 =

Rk äëÿ âñåõ k òàêèõ, ÷òî f
(k)
1,1 ̸= 0 . Òåïåðü ìû ìîæåì äîêàçàòü, ÷òî ÍÎÄ k : f

(k)
1,1 ̸= 0} = 1 .

Îò ïðîòèâíîãî, åñëè ýòîò ÍÎÄ ðàâåí íåêîòîðîìó k0 > 1 , òî ðÿä F1,1(z) èìååò íåíóëåâûå
êîýôôèöèåíòû ëèøü ïðè ñòåïåíÿõ z , êðàòíûõ k0 . Íî ýòî îçíà÷àëî áû, ÷òî ðÿä

T1,1(z) =
1

1− F1,1(z)
=

∞∑
k=0

(F1,1(z))
k

èìååò íåíóëåâûå êîýôôèöèåíòû ëèøü ïðè ýòèõ ñòåïåíÿõ z . Îäíàêî ýòî ïðîòèâîðå÷èò
àïåðèîäè÷íîñòè ìàòðèöû A . Òàêèì îáðàçîì, ñóùåñòâóþò ïîëîæèòåëüíûå öåëûå k1, . . . , kt
òàêèå, ÷òî ÍÎÄ (k1, . . . , kt) = 1 è zki0 = Rki , i = 1, . . . , t . Ïîýòîìó k1m1 + · · · + ktmt = 1
äëÿ íåêîòîðûõ öåëûõ m1, . . . ,mt , è çíà÷èò,

z0 = zk1m1+···+ktmt
0 = (zk10 )m1 · · · (zkt0 )mt = Rk1m1+···+ktmt = R

Ñëåäîâàòåëüíî, äçåòà-ôóíêöèÿ ζA(z) èìååò åäèíñòâåííûé ïîëþñ íà îêðóæíîñòè |z| =
R , è ýòîò ïîëþñ åñòü R . Îñòàëîñü ïîêàçàòü ÷òî ïîëþñ z = R ïðîñòîé. Èç (10),(11) è
ñîîòíîøåíèÿ F1,1(R) = 1 èìååì

lim
x↑R

(R− x)ζA(x) = ζA∗
1,1
(R) · lim

x↑R
(R− x)T1,1(x) =

ζA∗
1,1
(R)/ lim

x↑R

1− F1,1(x)

R− x
= ζA∗

1,1
(R)/(

dF1,1(x)

dx
|x=R−0)

Ïîñêîëüêó ïðîèçâîäíàÿ dF1,1(x)

dx
â òî÷êå R íå ðàâíà íóëþ äëÿ R -ïîëîæèòåëüíîé ìàòðèöû

(ñì. êðèòåðèé R -ïîëîæèòåëüíîñòè â ðàáîòå [15]), äîêàçàòåëüñòâî â àïåðèîäè÷åñêîì ñëó÷àå
çàâåðøåíî.

Ïóñòü òåïåðü A � ïåðèîäè÷åñêàÿ ìàòðèöà ïåðèîäà d è ïóñòü I0, I1, . . . , Id−1 å¼ èí-
äåêñíûå ìíîæåñòâà òàêèå, ÷òî σ(Ωj) = Ω(j+1)mod d , ãäå Ωj = {x = (xn) ∈ ΩA : x0 ∈ Ij}, j =
0, 1, . . . , d − 1 . Òîãäà σ òîïîëîãè÷åñêè ñîïðÿãàåò σd|Ωj ñ σd|Ωj+1 . Îòñþäà ñëåäóåò, ÷òî
ζA(z) = ζAd|Ij

(zd) ïðè âñåõ j . Ïîñêîëüêó ìàòðèöà Ad|Ij àïåðèîäè÷íà, ðåçóëüòàò ñëåäóåò
èç äîêàçàííîãî ðåçóëüòàòà â àïåðèîäè÷åñêîì ñëó÷àå.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ñ ë å ä ñ ò â è å 2.1. Â óñëîâèÿõ òåîðåìû 7

lim
k→∞

Nkd(A)R
kd = d

Ä î ê à ç à ò å ë ü ñ ò â î. Íàïîìíèì ñëåäóþùåå óòâåðæäåíèå èç ðàáîòû [9]: åñëè äçåòà-
ôóíêöèÿ ζ(z) ïðîäîëæàåòñÿ äî ìåðîìîðôíîé ôóíêöèè â íåêîòîðîì äèñêå disc |z| < R+ε ,
ãäå R � ðàäèóñ ñõîäèìîñòè ζ(z) , è åñëè z1, . . . , zs � å¼ ïîëþñà íà îêðóæíîñòè |z| = R
ñ êðàòíîñòÿìè a1, . . . , as; , òî Nk = a1z

−k
1 + . . . + asz

−k
s + o((R + ε)−k) . Òàêèì îáðàçîì,

ñëåäñòâèå âûòåêàåò èç òåîðåìû 7 è äàííîãî óòâåðæäåíèÿ.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 12-01-00672.

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 4



48 Ì. È. Ìàëêèí

Ñïèñîê ëèòåðàòóðû

1. R. Bowen., Equlibrium states and the ergodic theory of Anosov diffeomorphisms. Lecture
Notes Math. 470, Springer-Verlag, Berlin-New York, 1975.

2. W. de Melo, S. van Strien, One-Dimensional Dynamics, Springer-Verlag, New York, 1993.

3. Ë. À. Áóíèìîâè÷, Í. È. ×åðíîâ, ß. Ã. Ñèíàé, �Ìàðêîâñêèå ðàçáèåíèÿ äâóõìåðíûõ
ãèïåðáîëè÷åñêèõ áèëëèàðäîâ�, ÓÌÍ, 45 (1990), 97-134.

4. Y. Guivarch, J. Hardy, “Theorem limites pour une classe de chaines de Marcov et
applications aux classe de chaines de Marcov et applications aux diffeomorphismes
d’Anosov”, Ann. Inst. H.Poincare Probab. Statist., 24 (1988), 73-98.

5. F. Hofbauer, “On intrinsic ergodicity of piecewise monotone transformations with positive
entropy”, Israel J. Math., 34 (1979), 213-236.

6. M. Malkin, “On continuity of entropy of discontinuous mappings of the interval”, Selecta
Mathematica Sovietica, 8 (1989), 131-139.

7. Ì.È. Ìàëêèí, �Ðàçëîæåíèå íåáëóæäàþùåãî ìíîæåñòâà äëÿ íåòðàíçèòèâíûõ ñ÷åò-
íûõ òîïîëîãè÷åñêèõ ìàðêîâñêèõ öåïåé�, Æóðíàë ÑÂÌÎ, 15:2 (2013), 49-54.

8. Ì.È. Ìàëêèí, �Èíâàðèàíòû ýíòðîïèéíîãî òèïà äëÿ íåòðàíçèòèâíûõ ñ÷åòíûõ òîïî-
ëîãè÷åñêèõ ìàðêîâñêèõ öåïåé�, Æóðíàë ÑÂÌÎ, 15:4 (2013), 148-155.

9. J. Milnor, W. Thurston,On iterated maps of the interval. Lec. Notes Math. 1342, Springer-
Verlag, New York, 1988.

10. Â.Ñ. Àôðàéìîâè÷, Â.Â. Áûêîâ, Ë.Ï. Øèëüíèêîâ, �Î ïðèòÿãèâàþùèõ íåãðóáûõ ïðå-
äåëüíûõ ìíîæåñòâàõ òèïà àòòðàêòîðà Ëîðåíöà�, Òðóäû ÌÌÎ, 44 (1982), 150-212.

11. À.Á. Êàòîê, Á. Õàññåëüáëàò, Ââåäåíèå â ñîâðåìåííóþ òåîðèþ äèíàìè÷åñêèõ ñèñòåì,
Ôàêòîðèàë, Ì., 1999.

12. M.-C. Li, M. Malkin, “Smooth symmetric and Lorenz models for unimodal maps”, Int.
Jour. of Bifurcation and Chaos, 13 (2003), 3353-3372.

13. Á.Í. Ãóðåâè÷, �Òîïîëîãè÷åñêàÿ ýíòðîïèÿ ñ÷åòíîé öåïè Ìàðêîâà�, ÄÀÍ ÑÑÑÐ, 187
(1969), 715-718.

14. Á.Í. Ãóðåâè÷, �Ýíòðîïèÿ ñäâèãà è ìàðêîâñêèå ìåðû â ïðîñòðàíñòâå ñ÷åòíîãî ãðàôà�,
192 (1970), 963-965.

15. D. Vere-Jones, “Ergodic properties of nonnegative matrices”, Pacific Journ. Math., 22
(1967), 361-386.

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 4



49

Chaotic behavior countable topological Markov chains

with meromorphic zeta function

c⃝ M. I. Malkin2

Abstract. Ñountable topological Markov chains (TMC) are considered. It is assumed that any
power of the transition matrix of TMC has �nite trace and thus, for TMC, the dynamical Artin-
Mazur zeta function is well-de�ned. Furthermore, it is assumed that the following two conditions
are satis�ed: 1) the radius of convergence of zeta functions for subsystems of TMC corresponding to
submatrices with su�ciently large indexes is greater than r(A), the radius of convergence of zeta
function of original TMC, and 2) zeta function is meromorphic in a disk of radius greater than
r(A). These conditions are natural because they take place for countable TMC which are the
symbolic models of one-dimensional piecewise-monotone maps with positive topological entropy.
We show that under these conditions, the transition matrix of irreducible TMC is r(A) -positive
and, as a consequence, zeta function of TMC has simple poles on the circle |z| = r(A) of the
complex plane, and so, TMC has principal ergodic properties of �nite TMC (in particular, there
exists a unique measure of maximal entropy).

Key Words: topological Markov chains, zeta function, topological entropy

2 Associate Professor of Department of di�erential equations and mathematical Analysis, Nizhny Novgorod
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