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VIK 517.9

3azmada Ha cOOCTBEHHBIE 3HAUEHNUs AJd omeparopa Jlammaaca

B s-MepHOM mape B R*"! co cMeleHuaMu B TpOU3BOIHBIX
I1

© A. B. I'epacumos', B. B. Jlorunos?, H. H. FOagames®

Annoranus. B kiacce HenpepbIBHBIX U HETPEPBIBHO MUDMEPEHITUPYEMBIX [0 2-TO TOPAIKa (DY HK-
Uil paccMaTpuBaeTcsa 3a7ava Ha COOCTBEHHBbIE 3HAYEHWd JJjid omeparopa Jlamnaca B S-MepHOM
equHUIHOM Mape () cOo CMEIeHUsIMU B IIPOM3BOAHBIX TI0 PAJANyCcaM KOHIEHTPpUYeCKuX chep pasu-
yeoB 0 <rg<1ml, ue C***Q) un a“(g:’@) = a"g?j@) . B mpeapitymeit pabore apropos [1]
OBbLIN HANIEHBI COOCTBEHHBIE 3HAYEHUS W IPH S = 2 COOCTBEHHBIE W TPHCOETUHEHHDIE (DYHKIINH
(3KOpPZIAHOBBI TIETIOYKY) TIPSAMO# 3a7a4K; MPUYEM UX JJIMHA HE MpeBblaer 3-X. B mannoil padore
BBIUKCJIEHBI YKOPIAHOBBI ETTOYKHU COMPSI2KEHHOM 331991 IPU S = 2 , MPSIMO# U COTIPSI?KEHHON 33134
mpu S > 2, U IOKA3aHO, UTO B CJIy4Yae S > 2 OHU OOPBIBAIOTCH HA BTOPBIX FJTEMEHTAX.

Karouepble ciioBa: oneparop Jlamnaca, equnmynbii map B R3T! | coberennbie snauenns, cob-
CTBEHHBIE W TPUCOETUHEHHbIE (DYHKIUH, YKOPIAHOBBI EMOYKH, TPsAMasg U COMPSIKEHHAA 331391
mpu s=2 u §> 2.

1. Bsenenmue

Hamnast paboTa sIBIsieTCsl HEMOCPEJICTBEHHBIM IPOJOJZKEHUEM Tpeabayeii paborst [1],
KpaTKOe Co/iepzKaHue KOTOPOil JIaHO0 B aHHOTAIUN.

Caemyer 3amerutb, uro B pabore [1]| Tperuii snement 2KII BBIYHCIEH B MPeIONOKEHIH
KpaTHOro cobcTBeHHOrO 3Ha4denus. [loaromy Tpebyerca mepecuer 3-ro snementa 2KII npsamoi
3a/1a9M.

2. Boraucsienne 3-ro ssemenTta 2KII npsamoit 3agaunm (s = 2) B ycJio-

Buax f(a) =0, f(a) =0, f'(a)=0

fle) = Ji(a) = J,(arg) =0, (2.1)
f'(a) = (n* — a®)roJu(a) + (ria® — n?)J,(arg) = 0, (2.2)
F'(@) = 2(ro Ju(aro) — Ju(@)) + a(rg — 1) J (@) =0, (2.3)

TIe « = » 03HAYAET «C TOUYHOCTHIO A0 MOCTOSHHOTO MHOKHATEIS>.
X (3)(7“) ABJIgeTCS pellleHneM HeOJHOPOJIHOTO YPaBHEeHHUs beccend ¢ yeJOBUAMHU CMeETEHUS
7 TJIaJIKOCTH

! Acnupant kadeapbl IPUKIaIHOI MaTeMaTuKy, qudepeHInaIbibIX yPABHEHIH U TeOPeTUYECKOH MeXaHu-
k1, Mopaosckuit rocynapcreennniii yansepcuter uM. H.II. Orapenra, . Capanck; gerasimov__artyom@mail.ru.

2 ITpodeccop kadeapor BoicHIeil MaTeMaTUKu, YJIbSHOBCKUN TOCYIAPCTBEHHBIH TEXHUYECKWI YHUBEDPCHUTET,
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2

1
X®"() 4 =X (r) + <a2 - ”_2> XO(r) = ——J' (ar),
T r 2a (2 4)
Ou(re,d)  Ou(l,0) .
), Q={rolr<1 L= .
U e C ( )7 {T7 |{r —_— }7 ar ar
CornacHo merony Jlarpanzka, perenue (2.4) pasblCKUBaeTCs B BH/IE
X0 () = { Ot () n(ar) + Gy () Na(ar), 0 <7 <1,
C5)(r)Ju(ar) + C%) (1) Nu(ar), 1o <7 <1,
rIe Ha JIEBOM MOJYyWHTEPBAJIE
) =£ [ P27, () Nafap)dp. C(r)=—£ [ p? T(ap)dp,
0
=0, 1k [XO@F) < oo,
CremnoBaTenbHO,
2
CiY(r) = —goz + E2Ju(ar) Ny (ar) — g2 ) (ar) Ny (ar) + Cp,
cB(r) = —%Jg(ar) + Zor? i (ar) .
AHaJIOrn4YHO, Ha OIPABOM IIOJIyUHTEPBAJIE
O (r) = = [ p2Jt(ap)Nu(ap)dp, C)(r) = =& [ 2T (ap)Ju(ap)dp.
T To
CnenoBaTenbHO,
02(?( ) =~ o+ ™ (ar)Ny(ar) — el (ar)Ni(ar) + 2 — T2 ] (arg) Ny (arg) +
AL )N’ (aro) + 05,
2
Coz (r) = = Talar) + a2 (ar) + Fr Talaro) = 4J2(a) + Cong
Takum o6pa30M Ha JIEBOM HOJIyI/IHTepBaJIe
X(3)(r) = —E’I’JI (ar) — 8a2r2J (ar) + CnoJ (ar),
1 T, NpaBOM —
XO@r)y = —WT‘J, (ar) — &X%ﬂtfn(&r) + 8a2J (ar) — %Jn(aro)Nn(arg)Jn(ar) +
rosr<1
g;g J! (a)N/! (arg) J, (ar) + 78r24 J2(arg) Ny (ar) — %J&Q(Q)N (ar) + C’élOJ (ar) + 0220 W (ar) .

N3 yciioBuit HenmpepbIBHOCTH X(g)(r) 1 eé IIPOU3BO/IHON B TOUKe T = 1 CJIejyeT

2

\

(C13h = C5t0) Jularo) = CiahNa(aro) + 52 Ju(aro) + 15 T4 @), (2.5)

(C®) — ot (o) = CE aN! (ary) + iy (a) + —2Jn(aro). (2.6)
110 210 220 n Sav n 4&47“0

CDopMyJIbI (2.5) u (2 6) MO3BOJISIIOT OTIPEJIETUTh 02(32)
Ol = G J72(a) = T2 (omo)

8a2 8a4
I/I3 yCJIOBI/IH CMeIIeHud B HpOI/ISBOﬂHBIX CﬂeﬂyeT

<OS% Ciadl(a) = CipaN! (a)— 12 J,(a )= sen(0)+ FIT (@) = T2 T () Ty (7o) Ni (arg) +

4ot 8a“n
7'l' T 2
+5B 2 (@) Ny (aro) + 25 J2(aro) Niy(0) — T2 (0) Nj (@) + 72 Jn(aro)

HO,H‘CTaHOBKa OIIpeJeJIECHHOI'O BbILI€ B YCJIOBHE CMeEIleHHd IIPOU3BOAHBIX OlIpeaesader CS)O

qepe3 C’élé
T 2

O = O+ 18 — ks — E2 (o) Ny (o) + 525 J1 (0) N (0r0) + s [ (a0) — o Ju()]
OTKYy/la COTJIaCHO

2n*(roJyu(a) — Ju(arg)) = —a’rg (1 = rg) Jo (@)
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wr? r3adJ! (a)—adrgJ! (a n2[Jn (arg)—roJn(a
C) = C) — 2 ] (ar) Ny (aro) + 8.7 (a) N, (o) + 2802l nggrijf(a)w (ar0)—roJn(@)] _

‘ 71"7"2 r
= 53 — T2 T (o) Na(aro) + Z5.7% () Niy (o) + 22 .
Oxkonvartenbno, Ha 0 <7r <1

XO(r) = TCZ;;Q Jnlar) — ;55 J) (ar) — %Jn(aro)Nn(aro)Jn(ar) + ;%éJ;L(a)N,’L(aro)Jn(ar) +
3

+C§12)Jn(ow") :
Bripazkenne CS% yepes Cﬁ% JIAET JIONIOTHUTEIbHOE YIIPOIIeHe

XO(r) = —LrJ)(ar) — &5rid,(ar) + CJy(ar) .

»

3. Ilpucoeamnénnbie (PyHKINN CONMPHAKEHHON 3amaum mpu s = 2 0e3
MPEANOJIOXKEH HENPEPBIBHOCTU (DYHKITUU B TOYKE T

Conpsizk€éHHas 3a/1a9a UMEeT BHU/T

Av + Av =0 B obnacrsx ., u Q\ Q.

80(7“0 — 0, 9) _ aU(TO +0, 9>7 aU(L 6) =0, (37)
or or or

ro|—v(ro +0,0) + v(ro — 0,0)] + v(1 —0,0) = 0.

Ec/in ke Kpome TOro npejinoioKuTh HenpepeiBHOCTL v(T, §) B TOUKe T = g, TO BOSHUKAIOT
YCIOBUA
Ov(rg —0,0)  Ov(rg+0,0)

v(rg — 0,0) = v(ro+0,0), o = o , v(1,0) = 0.

O,ZLHaKO IIpu TaKOM AOIOJHHUTEJIbHOM YCJIOBHH OKa3bIBa€TCd, ITO HpHCOGﬂI/IHéHHBIe JIEMEHTDI
OTCYTCTBYIOT.

B cuny orpanmdennoctu u nepuoguanocta v(r,6) mo 6 (3.7) umeer pemenne [1] v(r,0) =
= XD (r)[dn1 cos(n, 0) + dypsin(n, 0)], rae

X0 = {[Nuaro) — Ni(@)Jufar),  0<r<m,

J! (a)Np(ar) — Nl (a) J,(ar), 19 <1 <1, (3.8)

oTBevaroliee coOCTBeHHBIM 3HaueHusaAM A = o = a?(n), rae o gBjigeTcd KOpHAMH ypaBHEHHSA
(2.1).

3.1. Beruucaenue 2-ro 3JieMEeHTa >KOPAAHOBOH IEeHNOYKI

Tpucoeunennsie yRKH 1-ro Opsiaka nveor sug U (r,0) = X (r)[dp; cos(n, ) +
1

+dp2sin(n, 0)] ¢ ycaosuem ux cymecTBoBanus (OTCyTCTBUSA) I,Sl)(a) = [pXD(p) XY (p)dp =
0
= (n? — a®)roJn(a) + (r2a? — n?)J,(arg) = f'(a) =0 (£ 0).

X®)(r) onpenensercs Kax pemenne rpanmdHoii 3aja4n Beccess ¢ npasoit yacTbio (3.8)

2

1
XY + =X (1) + (a2 — n_2) X (r)y = xW (),
r T
dXP(rg—0)  dXP(rg+0) dX@(1)
dr N dr ’ ar
o[ X (rg — 0) = X@ (g 4+ 0)] + XP(1) = 0.
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Cormacuo Merony Jlarpamn:ka Bapuamuy IPOU3BOJILHBIX IIOCTOAHHBIX, IIPUMEHAEMOMY OT-
nenpHo B obmactax 0 <r <rg u 19 <71 < 1 pemenne X?)(r) mmerca B Buze

() = Dﬁ) (r)Jn(ar) + Dg)(T‘)Nn(ar), 0<r<r,
Dézl) (r)Jn(ar) + Dg) (r)Ny(ar), o <r<1,

= —2[Nj(aro) = Np(@)] { (7 = ) Jular) Nu(ar) + 72 (ar)Nyfar) } + DI,

= 2[Ni(aro) = Ny(@)]{ (1 = %) J(ar) + 12T (ar) }
Jo(@) [ pNi(ap)dp + 5N (@) bf pJn(ap) Nn(ap)dp =

3
=—2J(a) {7"2N;L2(a7“) + (7"2 — Z—;) N2(ar) — rdNZ?(ary) — (r% — Z—i) Ng(aro)} +
FIN (@) { (12 = ) Ju(ar)Nalar) + 12, (ar) N (ar) -
— (1= 23) Jularo) Nalaro) = 134 (@)N;(aro) | + DS,

J1(@) [ pJu(ap)Nalap)dp — TNL(@) [ pT2(cp)dp =

T0 0

— 273() {2 T (ar) Ny (ar) + (12 = %) Ju(ar)Na(ar) = 13T, (@)N; (aro) -

a?
2 n?

Jn(aro)Nn(aro)} — IN}(a) {TQJf(ozT) + <1“2 — Z—i) J2(ar) —r3J?(a)—

)
- (7”3 - Q—Q) Jg(m‘o)} + Dg)o
Taxmm obpaszom, npu 0 < r < r
XO)(r) = —50 [N} (aro) — N) ()] ) (ar) + DijgJu(ar),
I/?SI':;I;O ro<r<1

x@ (r) = —i]{l(a)r]\f,’l(ar) + iN;(a)TJT’L(ar) + 7TTT‘%JT’L(oz)Nq’f(cw*O)Jn(on“)—I—

ro<r<l1

1% — 22) Jo(@) N2 aro) Ju(ar) — ZE 71 (@) (@) Ny o) Jn(ar)—

r2 — Z—z) Nl (a)Jn(are)Nyp(arg) Jy(ar) — 7TTT‘Q)Jq’f(oz)]\TT’L(ow“o)]\fn(ow“)—
%) Jul@) Jularo) N 1) No(ar) + T2 J2(0) N, (@) Nu(ar) +

T3 — ”—) N/ () J%(aro) Ny (ar) + Dg%)Jn(ar) + Dg%]\fn(ar) )

a2

S Q

[

«

Ncnonb3ys rpannvHble yeaoBus (3.7), MOJydaeM CHCTeMY JIHHEHHBIX HeOTHOPOIHBIX aare6-
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. 2 2 2
panvecKux ypaBHEHHI JJIA ONpeJeJeHNd NOCTOAHHBIX HHTETPUPOBAHNST DB), Dél)o u DéQ)O

2

Ja(@) DRy = Ji(@) DG = Nifaro) DEy =~ (1= F7) = s (1= %) Ji(@) Nafaro) +
s (r% - %), (o)

Ja(@) DG+ Ni(@) Dy = 4 (1= 2 ) = SEI2(@)N2(aro) - 5 (18 — 2 ) J2(0) N2 (aro)+
+ LI (@)N ()N (aro) + 3 (18 = 22) Ju(@)Ni(a) Jularo) Nu(are) — T J2(a) N2 (a) -

S

Tu(e) = rou(aro)| Dy + [Na() = roN, (ar0)] Dz =
W@ N (arg) Jy(a) = T, (a )( 3= 23 ) N2(arg)Ju(a)+
+Z8. 77 () N () N (o) Ju () + ZN (@ (g n) (o) Niy(aurg) J () +

a?

F IR T (@) N, (o) Na(@) + 5T (0) (1 —%)J(amw (ar0) N () —
ﬂoN’( )2 () Ny, (O‘)—% ( ( )J2 (arg) N, (a)+
| +3 T4 (@) Ny (aro) = 57 (a >N;< )

. 2 2
C HyJIEBBIM Ollpe/iesinTesieM. Boipazkasd u3 MepBbIX JIBYX YPaBHEHUT CHCTEMbI Dglé n D§1)0 qepes

Dg)o U mosarast Dg)o = J!(a)D, onpemensem pemenne X ) (r) ¢ TOYHOCTBIO 70 CIAraEMOTO
DXW (7). Takum obpazom, X (r) npunumaer su:
XO(r) = =k [Ni(aro) = Ny@)] ri (ar) + 255578 g (ar) = 51 (73 = 22) Na(are) Ju(ar)+

matrsJl (o) 2arg

0<r<ro
+2alr0 <7‘8 — Z—;) ]L\][}g((a)) In(arg)Jp(ar) — 7TTT‘Z)J;L(oz)NT’LQ(ozro)Jn(ozr)—
—z (rg g—) T (a )N2(ar0)J (ar) + Z8.77 () N () N (aro) Ju (ar)+
+7 <r§ g—i) N/ () (arg) Ny (arg) I, (ar) — ”T%J;L(a)N,?(a)Jn(ar)—
—x (v - 22) M 2 (arg) (ar) + DING(aro) — Np(@)] (o)
i
XA (r) = =L T (a)rN] (ar) + 5= N. (a)rJ) (ar) + 2 J) (a) N (a) N}, (ar) Jn (ar)+
ro<r<1
+2 (7’8 — %) N,’L w(arg) Ny (arg) J,(ar) — ”T’%J;LQ(Q)N;(QTO)Nn(ar)—
% (18 - %) Jul@) Inlaro) Nularo) No(ar) + T2 J2(0) N, (@) Ny o) +
+z <r3 - Z—) N'(a J2 (ar0) Nu(ar) + =ty (1 - g—) To(ar) — Z8.7 (@) N22(a) J, (ar) —
—z (rg - g—) N2 12(crg) Ju(or) + D[J,g(a)zvn(m) - N;(a)J (ar)].

PaBeHcTBO (HE DaBEHCTBO) HYJIIO HHTErpasa I f/Y p) XY (p)dp maér ycmosue

cymiectBoBanust (oTcyreTBust) 3-10 daementa K1
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2a

~
S
—~
o
S~—
|
|
=~
—
o
S~—
5
O\H

P Ju(ap) Ny (ap)dp + Nofa) / PP Jn(ap) Ty (ap)dp+

1

T0

o
1

_ ij(a)]\f;(aro)/pJn(ap)Nn(ap)dp+

ro
1 1

7T n? e
+ 5 (7= ) M) tan) [ pa(anNatapyio + TEIH@N, @) [ plu(anNofap)ipt
0 o
1 1
+;/ J2(ap)d _n—2/ J2(ap)dp—
0 0
N/2< ) ; ;
m
2 (rg — ¥> 7 () J2(ar0)/pJ2(ap)dp— a)N?(a /pJ ap)dp—
0 0
N! (arg) 7 n? 7
n 0 2 / 2
— I J d _ J, dp—
) [ a(ap) oo + s / pJ2(ap)dp
0
1 , n? i 2 1 »  n*\ Ny(a) I 2
~ 2o (7’0 - ?> N, (arg) /pJ (ap)dp + Sare (7"0 — ?) mjn(m’o) /pJn(ozp)dp—
0

7TT2 77/2 ’
_ TOJ/ a)N2(arg / 2(ap)dp — ( 2 — ?) J! () N2 (arg) /pJZ(ap)d;H—
0

0
To

2
2 (18- ) M@naranian) [ prandps
0

T0

7TT2 / ! !
+ 0 (@) (@) N aro) / pT(ap)dp.
0

DopmMyTsl Juist Beraucaenns uarerpanos [ pJ2(ap)dp u [ pJ,(ap)Ny(ap)dp namer B cipa-
BounoM uzfanuu [2|. Marerpanst [ p*J,(ap)N. (ap)dp u [ p*Jn(ap)J)(ap)dp Bbramcaum me-
TOZIOM WHTETPUPOBAHMUS TIO qaCTHM

fr2J (ar)J), (ar) dr = % [(ar)?J,(ar)J, (ar) d(ar) =
= L(ar)?J2(ar) — &5 [ Ju( on") (2arJ,(ar) + (ar)?J! (ar)) d(ar) =

n
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= J2(ar 2 [rJ2(ar)dr — [ r?J,(ar)J) (ar)dr;
2 [, (ar)J),(ar) dr = JQ(ON’ 2 [rJ2(ar)dr

erJ )J’ (ar)dr = J2(ozr L [rJ2(ar)dr =

= JQ(ow“) - [J2(Oé’f‘) 3 JTQL(OH’) Jf(ozr)} = 2 J%(ar) — %Jf(ar).

2aYn 2«

erJ (ar)N} (ar)dr = [ r*[J,(ar)N}(ar) — J (ar)N,(ar)] dr + [ r?J, (ar)N,(ar) dr =
= fr = dr + f?“zJ’ (ar)N,(ar) d?“ =2 [rdr+ [ 2] (ar)N,(ar)dr =
—+ [ r2J (ar) N, (ar) d?" = ﬁ + (113 [(ar)?J (ar)Ny(ar) d(ar) =
% + %Jn(ow")N (ar) — fJ ar)[2arN, (ar) + (ar)*N! (ar)] d(ar) =
== + = J.(ar)Ny(ar) — 2 [rJy(ar)Ny(ar) dr — [ r?J,(ar)N),(ar) dr;

2 [r2J,(ar)N) (ar)dr = L an(ozr)Nn(ozr) — 2 [rdu(ar)N,(ar) dr;

uye;

f?“QJ r)N! (ar)dr = % + 5= J (ar)Ny(ar) = L [rJ,(ar)N,(or) dr =
= % + 3 J (ar)N,(ar) — % [J (ar)N (ar) — QQ—ZJn(ozr)Nn(ar) + J;L(ozr)N;L(ar)] =
= 5— nggJ (ar)Ny(ar) — %J,/L(ozr)N’ (ar).

[MocraHoBKa HaIEHHBIX I/IHTeI‘pa.HOB u npuMenenne yeaosuii (2.1) un (2.2) gaér okoHua-

[2n2rgJ, () — 2n% T, (aro) + alro(1 —

TeJbHBIH pe3yabrar Iy @ f X (p)dp =

4wa5

—18) I ()] = — sl 2J( )+2T0J (Oé?"o)+04(7"§—1)Jé(Oé)]-

3.2. Berancaenne 3-ro saementa XO)(r) 2KIT

B paGore [1| nokazano, uro ognospemennoe soinosnenue yeaosuii f*(a) =0, k=0,1,2,3
HEBO3MOXKHO. D10 o3Hadaer, 9r0o 7K1 oOpbiBaeTcs Ha 3-eM 3jIeMeHTe, T.e. UMeeT IJIHHY 3.

Mpu semosnernn (2.1), (2.2) n (2.3) X®)(r) apnsercsa pemennem HEOTHOPOJIHOTO yPaBHe-
nud Beccend ¢ TeMy »Ke KpaeBbIME YCJIOBUAMHU TJIAIKOCTH U CMEICHHUS.

2

1
Xy + =@ () + <oz2 — n_) XO(r) = x@ (),
r

T2
dX®(rg—0)  dX®(ry+0) dx® (1)
dr n dr T dr ’
ro[X® (rg — 0) — X (g +0)] + XP(1) = 0.

W UMeeT BUJI, COOTBeTCTBeHHO mpu 0 <7r <1y

X0 = —glNiaro) = Nia)r*da(ar) = galNifaro) = Ni(@)lrJ(ar)+

<r<ro

+%TJ’ (ar) + 4a§r0 (r% — Z—i) Ny (are)rJ! (ar)—
s (18— %) S au(aro)r i ar) T 1 (o) N o) T () +

+2 (13 = 2) (@) N2 (aro)rJ, (ar) - 8 71 (@) N () N, (o) T (o) —

~-L (r% — z> N/ ()T, (arg) Ny (arg)rJ) (ar) + = (7“3 — 2_2 ﬁf((;‘)) J2(arg)rJ! (ar)+
7;23 J (a)N2(a)rJ! (ar) + 8722 [N/ (arg) — N! ()] Jn(ar)+

trmNiar) = Ni@llaro)lar)  + S (- ) Bl (ar)+

Kypuaax CBMO. 2014. T. 16, Ne 4
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2 e
+ (7“3— Z—i) J;éc(”;g)N (arg)J,(ar) - =z (r% Z—j) %EQ;Jg(aro)Jn(ar)jL
2 v
ﬁ (r%—Z—i) [N/ (arg) — N'(a)]J.(ar) — T < 3—2—2) ]}[:((a))Jﬁ(aro)Nn(aro)Jn(ar)jL
2
5 7“3—2—?) T (@)Ny (arg) Ny (arg) Ju(ar) — + g2 (r%—g—i) Jn(oro)N2(ar) Jn (or) —
~at (78— ) Ni(@)NE(arg) Ja(aro) Jufar) + T (18 = 2 ) JR(@)N(@)N2 (aro) Ju(ar) +
+ oo (r% — $> J}fz(a)ﬁ(aro)(] (ar) + ”—7;) (7“3 - Z—i N2(a)J,(arg)Jn(ar)—
7rT2
—#}HJH(CW’) - Q;QJ’( a)N2(arg)J,(ar) - o5 Jr (a) N2 (arg) Jn (ar)—
— 2 N () Ju(aro) Ny(aro) Ju (o) + T (@) N (@) N (aro) Ju(ar)
2 (13— ) N3 (0) 2 o) N2(aro).Ju or) -
- (7"(2)—2—2 (@) Ny (@) Ny, (arg) Jn (o) Nu(aro) Jn (ar) —
— 2 (1= 22) Viaro) — Ny(@))Ju(ar) — T T2 (@) N, () Naars) [N ) — N} ) -
—ote (1= %) (18— %) BESN, (ar) Ju(ar)+
2

+ I8 (7 = 22) T ()N (o) Ju o) N (o) +

+71r_(25 (T(Q) - %)2 I (@) Jn(aro) Ny (arg) I (o) + %JAQ(Q)N;L3(arO)Jn(ar)+
+55 (7“8 ) 12 (@) Ny (o) [N, (aro) - N’ ()] Jn(ar)+
TN (1 - g—) (rg - g—) Nalo) 12 (o) Ju(ar) — Tond ( 2 — 22 J2(arg) N, () N2 (aro).J () —
e (1) S aufor) + 2 (12— 22) " 9 13 )N, (aro) Ju ) +

+28 (7 — 25 ) N2 (@) N (aro) J2(aro) Ju o) +
+5708 (v — 23) T (@) NZ(@) Jn(aro) Na (o) o) + %N () 72 () I (ar) -
— I8 1 (@)N2(a)J(ar) — ZBJ2(a)NB(a)d,(ar) — o ( = )N’3 ) J2(aro) Jo () —
n(a

22 (v~ 2) 200 i arg) g, (ar) + DIN (ar) - <>] )

7 COOTBETCTBEHHO mpu 79 < 7 < 1

X(g)@ = — LT (@)rNy(ar) + g2 Ny(0)r?Ju(ar) + g Ny (a)rJy(ar) — g Nj(a)Ju(ar) —
ro<r<

— N () T, Oﬂ”o)N (CWo)J (ar) + 4T () Ny ()N (o) Jn ar) -
~ (18~ ) M@ am)Natarorifer) = 5 (= ) M) ilam) Niamo)far) ~
_“28’"0 (To 2) J (a )N’( YN! (arg) Jn(arg) Ny (arg) T (ar) — 7;:3‘]1/1( YN! () N/ (arg)rJ! (ar) —
—ﬁJ,’f(a)Nr’L(a)Nf(arg)Jn(ar) + = (7‘0 — a—) J! ()T (aro) Ny (arg)r N (ar) +

Tg;? J?(a)N! (arg)rN! (ar) — = (r% - @> N/ () J%(aro)r N (ar) —
— T8 2() N ()r N, (ar) - m (1) rian) -
— (1 - Z—i) ré — Z—z) J;éf("g)))Nn(aro)Jn(ar) - e <1 — —) N/ (arg)Jn(ar) +
+E (rg—g—i) NI 2 ar)r Ty(or)  + %(rg—g) N2 13 aro) N (o) Ju(ar)  +
+208 (1 — ) N2(@)N (ar) 2(aro) Julor)  + ’;;3 T(QNZ(@)rTy(ar)  +
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+708 (13 = 2%) T (@)NZ (@) Ju(aro) Naforo) o)+ Z28J2(@)N2 ()N, (aro) Ju(ar) -
2

)
<r(2) — Z—z) Ta) Ny(a) Jz(ozro) W(ar) + 5% <1 — Z—j) N (a)Jn(ar) —
m N 2 (ag) Ju(ar) - “—T%Jua)zvf(awn(ar) -

8at J!( 8a?

= J2(0) N2 () Juar - 5 (v 2) N3 (@) 2(aro) Ju(ar) -
(- 2) M o) dlor)  — el N, (ar) 4 T (@)Nafar)

2 J1 ()T (7o) Nu(arg) Nu(ar) — Z8J2(a)N) (arg) Ny(ar) — 5N/ (a)J2(arg) Ny (ar) +
RN (@Nalar) = TR (v 5 J2(@)N (@) Ju(aro) Na(amg) Nyar)  —
2 (13- %) Blar)Naloro) Ny(@)Nalor) = TN @) Ny(arg)Nalar)  —

=2 (13 — 22) (@) N3 (@) N (aro).J2(aro) N () +
+32 (13 - 3—3)2J (0)J2(aro) N2(are) N (o) N
+W28TS (7“(2) - Z_z> T2 (@) Ny, (arg) Jy (arg) Ny (arg) N (ar) — + ﬁJ,’f(a)N{f(aro)Nn(ar) —
_% (1 - Z_;) Jn(a) N (ar) - 4a2J, ( - ) ( ;) J2(arg) N, (ar) +
+728 (13— ) T (@NZ(@) B (arg)Naar)  + %o (v - ”—) YA Ji(arg)Nular)  +
+ T T () N2 () Nu(ar) + DI Jj (0) No(ar) = Nj(a) Ju(ar)] .

4. CobcTBeHHBIE 3HAYEHNHA, COOCTBEHHBIE U MPUCOEINHEHHBIE (DYHK-
Oy Ipu s > 2

B obmem ciiyuae s-mepnoro mapa B R* s > 2 3amgada onpejie/ienusg cOOCTBEHHBIX (pyHKIHiT
JUIs orleparopa Jlamiaca co cMemennsgaMu B IPOU3BOIHBIX B KJIaCCe HEIIPEPBIBHBIX U HEIIPEPBIBHO
nuddepeHIupyeMbIX DYHKIHA 10 2-T0 MOPSAIKA BKIOIUTEIBHO OIPEeeISIOTCS YCIOBAIMA

1 1
(A+Nu= v % (7“5_1%) + T_QAGU + =0, ue C*Q),

du(rg,©)  0u(l,0)
or o
rie Ag — omeparop Jlamraca Ha exnangHOI chepe S°71 B RS,

Pasznensis nepementnie u(r,©) = X (r)Y(0), nonyyaem ypasHenue jijis m0ouchepuuecKunx
byuxuuit AgYs,+uYs, =0, tae pp=n(n+s—2), a g dyuxmuit X (r) muddepennuaabaoe
ypasuenue 2 X"(r) +r(s — 1)X'(r) + M\r?X(r) —n(n + s — 2)X(r) = 0, cBoggmeecs 1oce
noacranoskun X (r) = r~2*z(r) x ogmopoanomy ypasuennio Becceiis

(4.9)

s Q = {’I“,@|T S ]_,@ = (917-~~79n—1)}7

" (r) + %:c’(r) s pholnriml) 52_ 2 ] (r) = 0. (4.10)

[Tpu yuére HenpepbIBHOCTH U HepepbIBHOIT juddepennupyemoctn dyukuun X (1), a Tak-
JKe CMeIeHNsT B MPOM3BOIHBIX, PABEHCTBO HYJIIO ONpeIeTuTe sl MATPUIIBI TPAHUIHBIX YCJIOBUN
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onpeeageT cOOCTBEHHBIE 3HaUeHHd \ = a? KaK KOPHN ypaBHeHHs

fla) = afry 2 o) = T (o) +

S _s
+ (1 - 5) |:T’0 2Jn+§—1(OfTO) - Jn-}—%—l(a) =0 (411)

¢ coorsercTByIOmedt coberBennoit dynkumeit Xy s 1(r) =r 2 a(r) = r 2, = (ar).
ComnpstizkeHHas 3a1a49a

Av + \v = 0 B o6nacrax Q,, u Q\ Q,, ¢ ycroBusvu

ov(rg —0,0) _ dv(ro —f-O,@)7 ov(1,0) o, (4.12)
or or or

5 [=v(rg +0,0) + v(rg — 0,0)] +v(1 —0,0) = 0.

upu paszaesnenun nepemerabix v(r, 0) = X (r)Y(0) naér To xe ypasaenne aas nonucdepude-
ckux dynxnuit, a mis Gysaxmuan X (r) = r~2Ty(r) oamopomgmoe ypasuenue Beccess.
['pamunpie ycioBus OUPEAEIAIOT OAHOPOJAHYIO CHCTEMY aNre0pamdecKuX ypaBHeHIH

(
[(1 B 5) "o Jn+§71(047"0> +ar ;o J;L+S 1(0”0)] Dﬁ)

— [(1 — 5) 7o > Jnys—1(aro) + 047“0 J/ s 1(047“0)} DY —

— [(1 — g) ro_gNM%,l(aro) + 047’0 N’ s 1(ar0)] DY) =0,
8 1
[(1 - 5) Jnts—1(a) + O‘JI+S 1(04)} Dél) + [(1 - 5) Nigs—1(a) + aN’Jrs 1(04)] Dgz) =0,
7§ Tnsg1(0m) DY = |1 Juss1(aro) = Jur ()] DI =
|~ [T(?Nn%—l(mh) - Nn+%—1(04)} DY) =

JIUISL OLIPEJIeJIEHUs TOCTOSHHBIX B (DYyHKIUU

1
X = pm2t! Dgl)J”Jr%—l(O”)a 0<r <,
N Déll)‘]“%‘l(ar) + Déé)Nnﬂ-%—l(@T’)a ro <r <1

PaBeHCTBO ompe/ieTuTe st CHCTEMBI HYJIIO JAaéT TO YKe caMoe YCJIOBHE €€ pa3perrmMOCTH.
O011ee pereHne CUCTEMBI IMEET BH/I,

X0 () = D) =
( S -2
(1= 2) [ Nowptorg) - Nong ] 4

1
5+ N, s _1(arg) — N’%_l(a)} } Jnts-1(ar), 0 <r <,

n

— [(1=3) Nargoa(@) + al s (@)] o (ar)+

s
\ + [(1 — 5) Jnys—1(a) + on’+s 1(a)} Nogs—a(ar), ro <r < 1.

v (4.13)

Teopema 4.1. B cayuae s > 2 3sadaua (4.9) umeem cobemeennoe 3Havenue
A = a?(n,s), onpedeasemoe pasencmeom (4.11) ¢ cobemeenmvimu dyrruyuimu @%17)5(7“,@) =
= é}g(T)Yms(@) = r’%+1Jn+%,1(ar)Yn7s(®). Eta omeevwaem conpascennas zadava (4.12) ¢
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mep orce COOCMEBEHHVLMU ZHAYEHUAMU, KOMOPHLM coomaememeyiom cobcmeentvie YKy
(a s

\I/ns('r’ 0)= )(T)Yms(@) =r 2+1X%;(7’)Yn78(@) , 20e XT(LS( ) onpedeasemes (4.13). Yeaosue

CYWECMBOBAHUA (OMCYMEMBUA) NPUCOEOUHEHHBIT IACMEHTOE UMEET, GUOD

IW(a) = -3 5 2,2 5 2
ns(@) =14 Jn+§—1(047“0) 1- B +a Ty — n+§ -1 —
S\ 2

— Tz (@) {(1 - 5) ta?— (n + % - 1)2] > fi(a) =0 (£0). (4.14)

Joxkaszareanpbctso. JleficTBUTENBHO, YCJOBHEM CYIIECTBOBaHUST (OTCYTCTBHS)
NPUCOCTUHEHHBIX 3JIEMEHTOB CJIYKUT 06pameHI/Ie B HOJb (He DABEHCTBO HYJIIO) HWHTErpa-
1

1
ma L) = [ XD (p)x(p fm: Y (p)dp + [ pzD(p) XV (p)dp =
0

O<p<r0 0 ro<p<l

_ {(1_3) [rg%Nn+;_l(aro)—Nn+§_l( )}m[ro N sy (o) - N;W_l(a)]} x

Xfp ez (@p)dp - [(1—%) Nnpsi(a) +alN sy }fp nis—1(@p)dp +

2+1

1
+ _(1 —2) Jnts—1(a) + OzJ;LJr%_l(Oz)] fPJnJrg—l(Oéﬂ)Nmﬁ—l(a/))dp =

T0

_ {(1-;) [TO_%NH%_l(arO)—Nn+%_1(o¢)} +a[r0 N 1<ar0)—N,;+%,1(a)]} x

-TQ n—l—%—l 2 s
X ?Ojﬁ%rgq(mb) +3 (7”3 - (a—z)) JZ+S 1(0”0)} - [(1 -3) Nips-1(e) +04N;L+§—1(04)] X

( nts—1)°
b+ (1= CEE) @) - 02 (an)-
1o s’ J2 1—35)J J
2\ "o o? n+§>1(ar0) + ( 2) n-&-%—l(a) +a n+§—1(05) x

n+3—1 2
X {%J;H-;—l(a)N?/l-i-;—l(a) + % <1 - %) JnJr%fl(a)NnJr%fl(a)_

r2 n+2—-1 2
_70J7/L+§—1(CW0)N7,1+§—1(@7"0) - % (7"% - %) Jn+;—1(a7"0)Nn+S—1(<l?"0)} =

= L1—-%)rg 2J7/L2+5 (arg)Npys a(arg)  —  (1-3) TOJ,’Z%rs (aro)Nogs () +
+%arg’ 2J7’l+é 1(047“0)NnJrg 1(ary) — —aTOJﬁr& l(aro)NnJr%_l(Oz) +
s 1\2
-3 (r%——(”*; LY 1 s N -
s n+5-1 ’
5= (3= D) 2 o) Nars (o) +
s nts_ 2
+%ozr(1)7§ (7‘8—%) J2 s l(aro)an L(aro) —
n+3
“a (- EEL) @) -
_%( ;) Jl2 g 1<O‘)Nn+%*1(a) - 'O‘Jﬁr ()N s 1((1) -
n+3s—1 2 n 2
51— (1 L) @i - da (1 SO @ )+
,’,.2
=D arVorgnl@) e )V (@

s nts—1)°
% (1 - 5) (T(z) - (;—2>) Jg+§fl<aro)Nn+§—1(0‘)
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n -1 ?
—|—%o¢ (r% | +22 ) ) J +%,1(Oﬂ”o)N L (@) T
s nts-1 ’
#h1-3) (1- E5E) @) *
1 (""‘; 1)’ /
‘|‘§O./ 1-— p) Jn-&-%—l(a)‘]n—ks l(a)Nn'i‘%—l(a) T
+5 (1 — -) JI s _(a )Jn+§—1(a)Nn+§ (@) +

/ / s nts—1 :
+yadits ()N s () — 5 (1—3) Tg'—'ﬁ——a?—l-) Jnis-1() Jns s 1(aro) Not s —1(arg) —

n+s—1 ?
_%0‘ (7“3 - %) Jhg_l(Q)ng—l(OéTO)Nm;fl(WO) -

,’,,2
B (1= 3) Tues (@) s (@) Ny, (are) — Bard Tl s y(@) T s y(aro) N, s y(ary) =

s
2
2,§ 3— S
- %(1—%) T 2J;%r%_1(aro)Nn+§_1(arg) + §ozr0 2J7’l+5 1(a7“o)N,/l+%_1(a7"o) +

2 2
s n+s-1 -3 n+2—1
H(1-3) ﬁ—L%l)mZA;ﬁwwm?ww>—%O—Lﬁéﬁxﬂ4m>—
Flar 2 (g2 (m5-1)" J? (arg) N (arg) + L(1-25)J () —
2%70 0 a? n+5—1\710/ s 1 0 T 2/ Ynt+5-1 a
(ns51)
3 1-9) (8- CED) a0 s N -

2
+5-1
—%Oé (Tg - %) i 3—1(@) Jnss -1 (aro) Nops 1 (aro) -

B (1= 3) Jus g 1@y 51 (@70) Ny (o) — 33Tty 1 (@) sy(ar) N s (aro)
yCJIOBI/Ie Pa3pEIUMOCTH O3BOJISIET BHIIOJHUTD Hpeo6pa3013aHI/Ie B [IOJTy9€HHOM BBIPAYKEHUH
sard [TO J’ s _,(arg) — J’Jr%fl(oz)] Jl+%,1(OéT0)N;+%,1(OéT0) +

+1(1-3) ( - @) ro 2 s a(070) = Tuesa(@)] Jregma(@ro)Nugsalar) =
,’,.2 s -
_ —t (1 2) [ro s (arg) — J,H;_l(a)} Ty (aro)N . (ary) _
n+s—1 ? 1
g (rg _ %) [ s s (aro) - J{H%_l(a)} Jus s 1(ar9) N1 (ar).

Torpa ono npumer BuJ

2
% (1 B §> o Jn+5 1(0”‘0)Nn+§—1(0ﬂ‘0) -

s\ .,.2—%
—1(1=%)r 2Jn+§_1(aro)JT’H%fl(aro)N{%%fl(aro) +

+ %0 (1 - §) Jn+§—1(a)ﬂ];ﬂb+§71(O‘T0>N7/L+gfl(0”0) -

) +5-1 2
1o (rg - Q) Tt s 1(070) s 51 (o) No 51 (aro) +

«

+ %a (7“8 - ("JF;—Q)) J/+é, (o )Jn+%_1(ar0)Nn+;_1(a7‘g) +

—241 n+5—1
+ %O‘TO : g — (2—>) J2+i—1<O‘T0)N7;+§—1(0”0) + % ( ) J;L+2 (@) -

a? 5
n+5-1 ? n+s-1 2
(- e - e (- (o) -
g s s
-2 (1-3) Jn+§fl(04)*]7/1+§—1(0”0)N7;+§—1(O”O) = e (1=3) 70 JT,1+S ((arg)  +
s nt+3s— 2 nt+s—
+%r8§ <r(2) — %) Jn+g—1(a7“o) + = (1 — —) J . s (a) — % (1 — —( +;2 ) ) Jn+§—1(oz) —

N =
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-3 (""'2_1)2 (n+§_1)2
+%T0 2 (T(% N #) JnJr%_l(O”O) a % (1 - ;2_> Jn+§—1(a) =
_3 s 2 ) 5
= o2 {7‘0 *Inrg-1(aro) [(1 — 5 a2 (n+3-1) } _

Tz a(a )[(1—-) +a? —(n+§—1)2”.

B 1o ke Bpems

fla) = [ sang) = T @]+ L (ang) = T ()] +
S ! ! _§+1 / !

+ (1 - _) [ J +5 _y(arg) — Jn+§—1<a)] = To Jn+s (arg)  — +——1(O‘) -

2HJ’ _,(ary) — Oz?"o_%H (1 — %) Jn+§_1(047°0) + J,’hL () +

n+35—1 ? a s —-241
ta(1- u) Jusale) 4 (1= [t (en) T ()] —

s \2 s 1)?
= —on"o_g—i_2 (1 — (nzg—r,gl)) Jn+g—1(0zro) + o (1 — (-1-042—21)) Jn+§—1(04) —

5)2 [ _g
— é (1 — 5) _7“0 Jn+%,1(C¥T’0) - Jn+%,1(&>:| =

Takum 06pa30M, I,Sg(a) = f(a).

JlokazaTeabCcTBO 3aKOHTYEHO.

[1os106H0 BbIUUCIeHUIO COGCTBeHHbIX (byHKIMI 3aj1aua pasbickanns Pia(r, ©) (\117(122(7“, ©))
CBOJMTCS K DEIICHHUIO MPAHUIHBIX 33729 [T HEOTHOPOIHOTO ypaBHeHusi Beccess ¢ mpaBbiMu
qacTaAMH Jny s 1(ar) (COOTBETCTBEHHO Xy s(Q7)) M TPAHITTHBIMI YCJIOBHAME CMENIEHHS B TPO-
U3BOJHBIX, HEIPEPHLIBHOCTU W HENPEPbIBHON audpepeHiiupyeMocTu B TOYKe Ty Jjd HPAMOil
3aga49n 1 ycaopuamu (4.12) s conpszKGHHOI 33 1a4H.

4.1. Ilpsimag 3amada

2
Berancnenne Xég(r) KaK M paHee CBOJINTCS K PENeHHIO HEOTHOPOIHOTO YpaBHeH beccens

1
@ (r) + ;x@)’(r) + |a” — = Jpyz-1(ar)

2 (n‘f‘%_l)Q] 3:(2)(7,)

C TeMU Ke TpaHuIHbIME yeaoBusamu (4.9).
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2
[Ipumenenue MeTo/a Bapualuu MPOU3BOJILHBIX TOCTOSHHBIX OTPeeasdeT X,sg), (r) B caemy-

IOIIEM BHIE
1

XEr) = 5 = — o (o) + O o).

3
JIJ1s1 BBISICHEHHSI CYIIECTBOBAHUS (OTCYTCTBHYS ) Xég(r) Tpebyercs BBIYUCIUTH HHTErpaJl

1 0 1
) = f P XD (p) XD (p)dp = [ px@(p) XV (p)dp + [pzP(p) XV (p)dp =
0

0§p<7”0 70 ro<p<l
_ 2a{(1__) [rgiNm%,l(mO)—Nm%,l(a)} +a[r0 NG e () — Nf’l%fl(a)}} x
X fp2j7/l+ s 1 O‘IO)JnJr%—l(O‘P)dP + i [(1 - %) Nn+§—1(O‘) + O‘Nr/wrg—l(a)} X
2 7/ 1 s /

x fp Tsa@phesalapdp = R [(1=5) Jus (@) +ady, _m)] x
xfp2J’ s _(@p)Nnys a(ap)dp = =2n2ry 2 J,y s 1(arg) — 2a (1—2%)ry J’ s _,(arg) +
+ [(1 —rd)ad +2a (1 - %)] J’er o)+ [(1=73) (1= %) a® 4 2n7] nts-1(a).

[Tpu stom f”(«) TPYMOEMKAMHU BBLIUUCIEHUSME C UCIOJIH30BAHHEM yCJIOBI/H/I f =0
n f'(a) = 0 mpusomurcs Kk Buay f"(a) = [7(13( ) + 2Jnpsa(a )[(1—5 } —

—2J 51 (aro)ry [( - %)2 + a?rf — nﬂ = I2(a) + Ry ().

3
T0 03HAYAET, YTO BOIPOC O CYIECTBOBAHUI Xﬁg(r) CBOJIUTCA K Pa3pPENIMMOCTH CHCTEMBI
R, s(a), f'(a) =0, r.e. K CYIMECTBOBAHUIO PEICHHIT CJIeIYIONIECH OTHOPOIHON CHCTEMBI

2 s 2
Jnvs-1(a) {(1 — 2) +a® — HQ] — Juys—1(arg)rg ? [(1 — g) +a’rg — nzl =0,

Jn+%_1(a) [Qn (1 — g) e nQ] — Jn+%_1(ozro)r0_% [271 (1 — g) +a’rg — nz} =0,
¢ ompegesuTesen A = (1- 5)2 1 — ] + 2na?(1-%H[ - 1] =
(1= —r)[1-2—-2n]21-5—-2n#0.
TaKHM 00pa30M, Mbl MPUXOJIUM K CJICIYIONIEMY YTBEPKICHUIO

Teopewma 4.2. llpu s> 2 HKI[ umerom diuny dea.

Bameuanue 4.1. Oduako npu s =2 onpedesumens cucmemnv, (4.15) obpawaemca
8 HOAb, MO NOIMEePHcIaem CnPaseIAUBOCMb NPEUECNBYOULUL PESYADMAMOE.

4.2. ConpsKEéHHasg 33aa4a

2
Borancienne XTES) (r) momoGHO CBOMUTCS K PEIIeHH0 HEOTHOPOJIHOTO ypaBHeHust Beccess ¢

) 1
npaBoit YacToio X)) (r) u ¢ rpannanbivMu yeaosuamu (4.12) meromom Jlarpanxka. Pemenue na

JIEBOM TTPOMEKYTKE

X(2) (7“) = —i {(1 — %) |:T0_§Nn+%_1(057“0) — Nn+%_1(a)i| +
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Eigenvalue problem for the Laplace operator in
s-dimensional unit ball 2 C R*™! with displacements in
derivatives 11

© A. V. Gerasimov?, B. V. Loginov’®’, N. N. Yuldashev®

Abstract. In the class of continuous and continuously differentiable up to the second order
functions the boundary eigenvalue problem for the Laplace operator in s-dimensional unit ball
Q with displacements in derivatives along the radii 0 < 79 < 1 and 1 of the concentric spheres
is considered, i.e. u € C?T*(Q) and 8“(5;”9) = auéi,e) . In the previous work of the authors [1]
were found eigenvalues and for s = 2 eigen- and adjoint functions (Jordan chains) for the direct
problem; and their length does not exceed three. In this work, calculated Jordan chains for the
conjugate problem when s = 2, the direct and conjugate problems when s > 2, and it is proved

that if s > 2 they are terminated at the second elements.

Key Words: Laplace operator, unit ball in R**! | eigenvalues, eigen- and adjoint functions,
Jordan chains, direct and conjugate problems for s =2 and s > 2.
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