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ÓÄÊ 517.9

Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòîðà Ëàïëàñà

â s -ìåðíîì øàðå â Rs+1 ñî ñìåùåíèÿìè â ïðîèçâîäíûõ

II

c⃝ À. Â. Ãåðàñèìîâ1, Á. Â. Ëîãèíîâ2, Í. Í. Þëäàøåâ3

Àííîòàöèÿ. Â êëàññå íåïðåðûâíûõ è íåïðåðûâíî äèôôåðåíöèðóåìûõ äî 2-ãî ïîðÿäêà ôóíê-
öèé ðàññìàòðèâàåòñÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòîðà Ëàïëàñà â s -ìåðíîì
åäèíè÷íîì øàðå Ω ñî ñìåùåíèÿìè â ïðîèçâîäíûõ ïî ðàäèóñàì êîíöåíòðè÷åñêèõ ñôåð ðàäè-

óñîâ 0 < r0 < 1 è 1, u ∈ C2+α(Ω) è ∂u(r0,Θ)
∂r = ∂u(1,Θ)

∂r . Â ïðåäûäóùåé ðàáîòå àâòîðîâ [1]
áûëè íàéäåíû ñîáñòâåííûå çíà÷åíèÿ è ïðè s = 2 ñîáñòâåííûå è ïðèñîåäèíåííûå ôóíêöèè
(æîðäàíîâû öåïî÷êè) ïðÿìîé çàäà÷è; ïðè÷¼ì èõ äëèíà íå ïðåâûøàåò 3-õ. Â äàííîé ðàáîòå
âû÷èñëåíû æîðäàíîâû öåïî÷êè ñîïðÿæ¼ííîé çàäà÷è ïðè s = 2 , ïðÿìîé è ñîïðÿæ¼ííîé çàäà÷
ïðè s > 2 , è äîêàçàíî, ÷òî â ñëó÷àå s > 2 îíè îáðûâàþòñÿ íà âòîðûõ ýëåìåíòàõ.

Êëþ÷åâûå ñëîâà: îïåðàòîð Ëàïëàñà, åäèíè÷íûé øàð â Rs+1 , ñîáñòâåííûå çíà÷åíèÿ, ñîá-
ñòâåííûå è ïðèñîåäèíåííûå ôóíêöèè, æîðäàíîâû öåïî÷êè, ïðÿìàÿ è ñîïðÿæ¼ííàÿ çàäà÷è
ïðè s = 2 è s > 2 .

1. Ââåäåíèå

Äàííàÿ ðàáîòà ÿâëÿåòñÿ íåïîñðåäñòâåííûì ïðîäîëæåíèåì ïðåäûäóùåé ðàáîòû [1],
êðàòêîå ñîäåðæàíèå êîòîðîé äàíî â àííîòàöèè.

Ñëåäóåò çàìåòèòü, ÷òî â ðàáîòå [1] òðåòèé ýëåìåíò ÆÖ âû÷èñëåí â ïðåäïîëîæåíèè
êðàòíîãî ñîáñòâåííîãî çíà÷åíèÿ. Ïîýòîìó òðåáóåòñÿ ïåðåñ÷åò 3-ãî ýëåìåíòà ÆÖ ïðÿìîé
çàäà÷è.

2. Âû÷èñëåíèå 3-ãî ýëåìåíòà ÆÖ ïðÿìîé çàäà÷è ( s = 2 ) â óñëî-
âèÿõ f(α) = 0 , f ′(α) = 0 , f ′′(α) = 0

f(α) = J ′
n(α)− J ′

n(αr0) = 0, (2.1)

f ′(α) ∼= (n2 − α2)r0Jn(α) + (r20α
2 − n2)Jn(αr0) = 0, (2.2)

f ′′(α) ∼= 2(r0Jn(αr0)− Jn(α)) + α(r20 − 1)J ′
n(α) = 0, (2.3)

ãäå ¾∼= ¿ îçíà÷àåò ¾ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ¿.
X(3)(r) ÿâëÿåòñÿ ðåøåíèåì íåîäíîðîäíîãî óðàâíåíèÿ Áåññåëÿ ñ óñëîâèÿìè ñìåùåíèÿ

è ãëàäêîñòè

1 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíè-
êè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í.Ï. Îãàðåâà, ã. Ñàðàíñê; gerasimov_artyom@mail.ru.

2 Ïðîôåññîð êàôåäðû âûñøåé ìàòåìàòèêè, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; bvllbv@yandex.ru.

3 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Òàøêåíòñêèé èíñòèòóò òåêñòèëüíîé è ëåãêîé ïðîìûøëåííîñòè,
ã. Òàøêåíò; nurilla1956@mail.ru.

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 4



8 À. Â. Ãåðàñèìîâ, Á. Â. Ëîãèíîâ, Í. Í. Þëäàøåâ

X(3)′′(r) +
1

r
X(3)′(r) +

(
α2 − n2

r2

)
X(3)(r) = − r

2α
J ′
n(αr),

u ∈ C2+α(Ω), Ω = {r, θ|r ≤ 1}, ∂u(r0, θ)
∂r

=
∂u(1, θ)

∂r
.

(2.4)

Ñîãëàñíî ìåòîäó Ëàãðàíæà, ðåøåíèå (2.4) ðàçûñêèâàåòñÿ â âèäå

X(3)(r) =

{
C

(3)
11 (r)Jn(αr) + C

(3)
12 (r)Nn(αr), 0 ≤ r ≤ r0,

C
(3)
21 (r)Jn(αr) + C

(3)
22 (r)Nn(αr), r0 ≤ r ≤ 1,

ãäå íà ëåâîì ïîëóèíòåðâàëå

C
(3)
11 (r) =

π
4α

r∫
0

ρ2J ′
n(αρ)Nn(αρ)dρ , C

(3)
12 (r) = − π

4α

r∫
0

ρ2J ′
n(αρ)Jn(αρ)dρ ,

C
(3)
120 = 0 , ò.ê. |X(3)(r)| <∞ .
Ñëåäîâàòåëüíî,

C
(3)
11 (r) = − r2

8α2 +
πn2

8α4 Jn(αr)Nn(αr)− π
8α2 r

2J ′
n(αr)N

′
n(αr) + C

(3)
110 ,

C
(3)
12 (r) = −πn2

8α4 J
2
n(αr) +

π
8α2 r

2J ′2
n (αr) .

Àíàëîãè÷íî, íà ïðàâîì ïîëóèíòåðâàëå

C
(3)
21 (r) =

π
4α

r∫
r0

ρ2J ′
n(αρ)Nn(αρ)dρ , C

(3)
22 (r) = − π

4α

r∫
r0

ρ2J ′
n(αρ)Jn(αρ)dρ .

Ñëåäîâàòåëüíî,

C
(3)
21 (r) = − r2

8α2 + πn2

8α4 Jn(αr)Nn(αr) − π
8α2 r

2J ′
n(αr)N

′
n(αr) +

r20
8α2 − πn2

8α4 Jn(αr0)Nn(αr0) +

+
πr20
8α2J

′
n(α)N

′
n(αr0) + C

(3)
210 ,

C
(3)
22 (r) = −πn2

8α4 J
2
n(αr) +

π
8α2 r

2J ′2
n (αr) +

πn2

8α4 J
2
n(αr0)−

πr20
8α2J

′2
n (α) + C

(3)
220 .

Òàêèì îáðàçîì, íà ëåâîì ïîëóèíòåðâàëå
X(3)(r)
0≤r≤r0

= − 1
4α3 rJ

′
n(αr)− 1

8α2 r
2Jn(αr) + C

(3)
110Jn(αr) ,

è íà ïðàâîì �

X(3)(r)
r0≤r≤1

= − 1
4α3 rJ

′
n(αr) − 1

8α2 r
2Jn(αr) +

r20
8α2Jn(αr) − πn2

8α4 Jn(αr0)Nn(αr0)Jn(αr) +

+
πr20
8α2J

′
n(α)N

′
n(αr0)Jn(αr) +

πn2

8α4 J
2
n(αr0)Nn(αr)− πr20

8α2J
′2
n (α)Nn(αr) +C

(3)
210Jn(αr) +C

(3)
220Nn(αr) .

Èç óñëîâèé íåïðåðûâíîñòè X(3)(r) è å¼ ïðîèçâîäíîé â òî÷êå r = r0 ñëåäóåò

(C
(3)
110 − C

(3)
210)Jn(αr0) = C

(3)
220Nn(αr0) +

r20
8α2

Jn(αr0) +
r0
4α3

J ′
n(α). (2.5)

(C
(3)
110 − C

(3)
210)αJ

′
n(α) = C

(3)
220αN

′
n(αr0) +

r20
8α
J ′
n(α) +

n2

4α4r0
Jn(αr0). (2.6)

Ôîðìóëû (2.5) è (2.6) ïîçâîëÿþò îïðåäåëèòü C
(3)
220

C
(3)
220 =

πr20
8α2J

′2
n (α)− πn2

8α4 J
2
n(αr0) .

Èç óñëîâèÿ ñìåùåíèÿ â ïðîèçâîäíûõ ñëåäóåò

(C
(3)
110−C

(3)
210)αJ

′
n(α) = C

(3)
220αN

′
n(α)− n2

4α4Jn(α)− 1
8α
J ′
n(α)+

r20
4α
J ′
n(α)− πn2

8α3 J
′
n(α)Jn(αr0)Nn(αr0)+

+
πr20
8α
J ′2
n (α)N

′
n(αr0) +

πn2

8α3 J
2
n(αr0)N

′
n(α)−

πr20
8α
J ′2
n (α)N

′
n(α) +

n2

4α4r0
Jn(αr0) .

Ïîäñòàíîâêà îïðåäåëåííîãî âûøå â óñëîâèå ñìåùåíèÿ ïðîèçâîäíûõ îïðåäåëÿåò C
(3)
110

÷åðåç C
(3)
210

C
(3)
110 = C

(3)
210+

r20
4α2 − 1

8α2 − πn2

8α4 Jn(αr0)Nn(αr0)+
πr20
8α2J

′
n(α)N

′
n(αr0)+

n2

4α5r0J ′
n(α)

[Jn(αr0)−r0Jn(α)] ,
îòêóäà ñîãëàñíî

2n2(r0Jn(α)− Jn(αr0)) = −α3r0
(
1− r20

)
J ′
n(α)
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C
(3)
110 = C

(3)
210 − πn2

8α4 Jn(αr0)Nn(αr0) +
πr20
8α2J

′
n(α)N

′
n(αr0) +

2r30α
3J ′

n(α)−α3r0J ′
n(α)+2n2[Jn(αr0)−r0Jn(α)]

8α5r0J ′
n(α)

=

= C
(3)
210 − πn2

8α4 Jn(αr0)Nn(αr0) +
πr20
8α2J

′
n(α)N

′
n(αr0) +

r20
8α2 .

Îêîí÷àòåëüíî, íà 0 ≤ r ≤ 1

X(3)(r) =
r20−r2
8α2 Jn(αr) − r

4α3J
′
n(αr) − πn2

8α4 Jn(αr0)Nn(αr0)Jn(αr) +
πr20
8α2J

′
n(α)N

′
n(αr0)Jn(αr) +

+C
(3)
210Jn(αr) .

Âûðàæåíèå C
(3)
210 ÷åðåç C

(3)
110 äà¼ò äîïîëíèòåëüíîå óïðîùåíèå

X(3)(r) = − 1
4α3 rJ

′
n(αr)− 1

8α2 r
2Jn(αr) + CJn(αr) .

3. Ïðèñîåäèí¼ííûå ôóíêöèè ñîïðÿæ¼ííîé çàäà÷è ïðè s = 2 áåç
ïðåäïîëîæåíèÿ íåïðåðûâíîñòè ôóíêöèè â òî÷êå r0

Ñîïðÿæ¼ííàÿ çàäà÷à èìååò âèä

∆v + λv = 0 â îáëàñòÿõ Ωr0 è Ω \ Ωr0 ,

∂v(r0 − 0, θ)

∂r
=
∂v(r0 + 0, θ)

∂r
,
∂v(1, θ)

∂r
= 0,

r0[−v(r0 + 0, θ) + v(r0 − 0, θ)] + v(1− 0, θ) = 0.

(3.7)

Åñëè æå êðîìå òîãî ïðåäïîëîæèòü íåïðåðûâíîñòü v(r, θ) â òî÷êå r = r0 , òî âîçíèêàþò
óñëîâèÿ

v(r0 − 0, θ) = v(r0 + 0, θ),
∂v(r0 − 0, θ)

∂r
=
∂v(r0 + 0, θ)

∂r
, v(1, θ) = 0.

Îäíàêî ïðè òàêîì äîïîëíèòåëüíîì óñëîâèè îêàçûâàåòñÿ, ÷òî ïðèñîåäèí¼ííûå ýëåìåíòû
îòñóòñòâóþò.

Â ñèëó îãðàíè÷åííîñòè è ïåðèîäè÷íîñòè v(r, θ) ïî θ (3.7) èìååò ðåøåíèå [1] v(r, θ) =
= X (1)(r)[dn1 cos(n, θ) + dn2 sin(n, θ)] , ãäå

X (1)(r) =

{
[N ′

n(αr0)−N ′
n(α)]Jn(αr), 0 ≤ r < r0,

J ′
n(α)Nn(αr)−N ′

n(α)Jn(αr), r0 < r ≤ 1,
(3.8)

îòâå÷àþùåå ñîáñòâåííûì çíà÷åíèÿì λ = α2 = α2(n) , ãäå α ÿâëÿåòñÿ êîðíÿìè óðàâíåíèÿ
(2.1).

3.1. Âû÷èñëåíèå 2-ãî ýëåìåíòà æîðäàíîâîé öåïî÷êè

Ïðèñîåäèíåííûå ôóíêöèè 1-ãî ïîðÿäêà èìåþò âèä Ψ
(2)
n (r, θ) = X (2)(r)[dn1 cos(n, θ) +

+dn2 sin(n, θ)] ñ óñëîâèåì èõ ñóùåñòâîâàíèÿ (îòñóòñòâèÿ) I
(1)
n (α) =

1∫
0

ρX (1)(ρ)X(1)(ρ)dρ =

= (n2 − α2)r0Jn(α) + (r20α
2 − n2)Jn(αr0) ∼= f ′(α) = 0 ( ̸= 0) .

X (2)(r) îïðåäåëÿåòñÿ êàê ðåøåíèå ãðàíè÷íîé çàäà÷è Áåññåëÿ ñ ïðàâîé ÷àñòüþ (3.8)

X (2)′′(r) +
1

r
X (2)′(r) +

(
α2 − n2

r2

)
X (2)(r) = X (1)(r),

dX (2)(r0 − 0)

dr
=
dX (2)(r0 + 0)

dr
,
dX (2)(1)

dr
= 0,

r0[X (2)(r0 − 0)−X (2)(r0 + 0)] + X (2)(1) = 0.
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Ñîãëàñíî ìåòîäó Ëàãðàíæà âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ, ïðèìåíÿåìîìó îò-
äåëüíî â îáëàñòÿõ 0 ≤ r < r0 è r0 < r ≤ 1 ðåøåíèå X (2)(r) èùåòñÿ â âèäå

X (2)(r) =

{
D

(2)
11 (r)Jn(αr) +D

(2)
12 (r)Nn(αr), 0 ≤ r < r0,

D
(2)
21 (r)Jn(αr) +D

(2)
22 (r)Nn(αr), r0 < r ≤ 1,

ãäå

D
(2)
11 (r) = −π

2
[N ′

n(αr0)−N ′
n(α)]

r∫
0

ρJn(αρ)Nn(αρ)dρ =

= −π
4
[N ′

n(αr0)−N ′
n(α)]

{(
r2 − n2

α2

)
Jn(αr)Nn(αr) + r2J ′

n(αr)N
′
n(αr)

}
+D

(2)
110 ,

D
(2)
12 (r) =

π
2
[N ′

n(αr0)−N ′
n(α)]

r∫
0

ρJ2
n(αρ)dρ =

= π
4
[N ′

n(αr0)−N ′
n(α)]

{(
r2 − n2

α2

)
J2
n(αr) + r2J ′2

n (αr)
}
,

D
(2)
21 (r) = −π

2
J ′
n(α)

r∫
r0

ρN2
n(αρ)dρ+

π
2
N ′
n(α)

r∫
0

ρJn(αρ)Nn(αρ)dρ =

= −π
4
J ′
n(α)

{
r2N ′2

n (αr) +
(
r2 − n2

α2

)
N2
n(αr)− r20N

′2
n (αr0)−

(
r20 − n2

α2

)
N2
n(αr0)

}
+

+π
4
N ′
n(α)

{(
r2 − n2

α2

)
Jn(αr)Nn(αr) + r2J ′

n(αr)N
′
n(αr)−

−
(
r20 − n2

α2

)
Jn(αr0)Nn(αr0)− r20J

′
n(α)N

′
n(αr0)

}
+D

(2)
210 ,

D
(2)
22 (r) =

π
2
J ′
n(α)

r∫
r0

ρJn(αρ)Nn(αρ)dρ− π
2
N ′
n(α)

r∫
r0

ρJ2
n(αρ)dρ =

= π
4
J ′
n(α)

{
r2J ′

n(αr)N
′
n(αr) +

(
r2 − n2

α2

)
Jn(αr)Nn(αr)− r20J

′
n(α)N

′
n(αr0)−

−
(
r20 − n2

α2

)
Jn(αr0)Nn(αr0)

}
− π

4
N ′
n(α)

{
r2J ′2

n (αr) +
(
r2 − n2

α2

)
J2
n(αr)− r20J

′2
n (α)−

−
(
r20 − n2

α2

)
J2
n(αr0)

}
+D

(2)
220 .

Òàêèì îáðàçîì, ïðè 0 ≤ r < r0
X (2)(r)
0≤r<r0

= − 1
2α

[N ′
n(αr0)−N ′

n(α)] rJ
′
n(αr) +D

(2)
110Jn(αr) ,

è ïðè r0 < r ≤ 1

X (2)(r)
r0<r≤1

= − 1
2α
J ′
n(α)rN

′
n(αr) +

1
2α
N ′
n(α)rJ

′
n(αr) +

πr20
4
J ′
n(α)N

′2
n (αr0)Jn(αr)+

+π
4

(
r20 − n2

α2

)
J ′
n(α)N

2
n(αr0)Jn(αr)−

πr20
4
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr)−

−π
4

(
r20 − n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)Jn(αr)− πr20

4
J ′2
n (α)N

′
n(αr0)Nn(αr)−

−π
4

(
r20 − n2

α2

)
J ′
n(α)Jn(αr0)Nn(αr0)Nn(αr) +

πr20
4
J ′2
n (α)N

′
n(α)Nn(αr)+

+π
4

(
r20 − n2

α2

)
N ′
n(α)J

2
n(αr0)Nn(αr) +D

(2)
210Jn(αr) +D

(2)
220Nn(αr) .

Èñïîëüçóÿ ãðàíè÷íûå óñëîâèÿ (3.7), ïîëó÷àåì ñèñòåìó ëèíåéíûõ íåîäíîðîäíûõ àëãåá-
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ðàè÷åñêèõ óðàâíåíèé äëÿ îïðåäåëåíèÿ ïîñòîÿííûõ èíòåãðèðîâàíèÿ D
(2)
110 , D

(2)
210 è D

(2)
220

J ′
n(α)D

(2)
110 − J ′

n(α)D
(2)
210 −N ′

n(αr0)D
(2)
220 = − 1

πα2

(
1− n2

α2r20

)
− 1

2αr0

(
r20 − n2

α2

)
J ′
n(α)Nn(αr0)+

+ 1
2αr0

(
r20 − n2

α2

)
Jn(αr0)N

′
n(α),

J ′
n(α)D

(2)
210 +N ′

n(α)D
(2)
220 =

1
πα2

(
1− n2

α2

)
− πr20

4
J ′2
n (α)N

′2
n (αr0)− π

4

(
r20 − n2

α2

)
J ′2
n (α)N

2
n(αr0)+

+
πr20
2
J ′2
n (α)N

′
n(α)N

′
n(αr0) +

π
2

(
r20 − n2

α2

)
J ′
n(α)N

′
n(α)Jn(αr0)Nn(αr0)− πr20

4
J ′2
n (α)N

′2
n (α)−

−π
4

(
r20 − n2

α2

)
J2
n(αr0)N

′2
n (α),

r0Jn(αr0)D
(2)
110 + [Jn(α)− r0Jn(αr0)]D

(2)
210 + [Nn(α)− r0Nn(αr0)]D

(2)
220 =

= −πr20
4
J ′
n(α)N

′2
n (αr0)Jn(α)− π

4
J ′
n(α)

(
r20 − n2

α2

)
N2
n(αr0)Jn(α)+

+
πr20
4
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(α) +

π
4
N ′
n(α)

(
r20 − n2

α2

)
Jn(αr0)Nn(αr0)Jn(α)+

+
πr20
4
J ′2
n (α)N

′
n(αr0)Nn(α) +

π
4
J ′
n(α)

(
r20 − n2

α2

)
Jn(αr0)Nn(αr0)Nn(α)−

−πr20
4
N ′
n(α)J

′2
n (α)Nn(α)− π

4
N ′
n(α)

(
r20 − n2

α2

)
J2
n(αr0)Nn(α)+

+
r20
2α
J ′
n(α)N

′
n(αr0)−

r20
2α
J ′
n(α)N

′
n(α),

ñ íóëåâûì îïðåäåëèòåëåì. Âûðàæàÿ èç ïåðâûõ äâóõ óðàâíåíèé ñèñòåìû D
(2)
110 è D

(2)
210 ÷åðåç

D
(2)
220 è ïîëàãàÿ D

(2)
220 = J ′

n(α)D , îïðåäåëÿåì ðåøåíèå X (2)(r) ñ òî÷íîñòüþ äî ñëàãàåìîãî
DX (1)(r) . Òàêèì îáðàçîì, X (2)(r) ïðèíèìàåò âèä:

X (2)(r)
0≤r<r0

= − 1
2α

[N ′
n(αr0)−N ′

n(α)] rJ
′
n(αr)+

n2(1−r20)
πα4r20J

′
n(α)

Jn(αr)− 1
2αr0

(
r20 − n2

α2

)
Nn(αr0)Jn(αr)+

+ 1
2αr0

(
r20 − n2

α2

)
N ′

n(α)
J ′
n(α)

Jn(αr0)Jn(αr)− πr20
4
J ′
n(α)N

′2
n (αr0)Jn(αr)−

−π
4

(
r20 − n2

α2

)
J ′
n(α)N

2
n(αr0)Jn(αr) +

πr20
2
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr)+

+π
2

(
r20 − n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)Jn(αr)− πr20

4
J ′
n(α)N

′2
n (α)Jn(αr)−

−π
4

(
r20 − n2

α2

)
N ′2

n (α)
J ′
n(α)

J2
n(αr0)Jn(αr) +D[N ′

n(αr0)−N ′
n(α)]Jn(αr)

è
X (2)(r)
r0<r≤1

= − 1
2α
J ′
n(α)rN

′
n(αr) +

1
2α
N ′
n(α)rJ

′
n(αr) +

πr20
4
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr)+

+π
4

(
r20 − n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)Jn(αr)− πr20

4
J ′2
n (α)N

′
n(αr0)Nn(αr)−

−π
4

(
r20 − n2

α2

)
J ′
n(α)Jn(αr0)Nn(αr0)Nn(αr) +

πr20
4
J ′2
n (α)N

′
n(α)Nn(αr)+

+π
4

(
r20 − n2

α2

)
N ′
n(α)J

2
n(αr0)Nn(αr) +

1
πα2J ′

n(α)

(
1− n2

α2

)
Jn(αr)− πr20

4
J ′
n(α)N

′2
n (α)Jn(αr)−

−π
4

(
r20 − n2

α2

)
N ′2

n (α)
J ′
n(α)

J2
n(αr0)Jn(αr) +D[J ′

n(α)Nn(αr)−N ′
n(α)Jn(αr)] .

Ðàâåíñòâî (íå ðàâåíñòâî) íóëþ èíòåãðàëà I
(2)
n (α) =

1∫
0

X (2)(ρ)X(1)(ρ)dρ äà¼ò óñëîâèå

ñóùåñòâîâàíèÿ (îòñóòñòâèÿ) 3-ãî ýëåìåíòà ÆÖ.
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I(2)n (α) = −J
′
n(α)

2α

1∫
r0

ρ2Jn(αρ)N
′
n(αρ)dρ+

N ′
n(α)

2α

1∫
0

ρ2Jn(αρ)J
′
n(αρ)dρ+

+
π

4

(
r20 −

n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)

1∫
r0

ρJ2
n(αρ)dρ+

+
πr20
4
J ′
n(α)N

′
n(α)N

′
n(αr0)

1∫
r0

ρJ2
n(αρ)dρ−

− π

4

(
r20 −

n2

α2

)
J ′
n(α)Jn(αr0)Nn(αr0)

1∫
r0

ρJn(αρ)Nn(αρ)dρ−

− πr20
4
J ′2
n (α)N

′
n(αr0)

1∫
r0

ρJn(αρ)Nn(αρ)dρ+

+
π

4

(
r20 −

n2

α2

)
N ′
n(α)J

2
n(αr0)

1∫
r0

ρJn(αρ)Nn(αρ)dρ+
πr20
4
J ′2
n (α)N

′
n(α)

1∫
r0

ρJn(αρ)Nn(αρ)dρ+

+
1

πα2J ′
n(α)

1∫
r0

ρJ2
n(αρ)dρ−

n2

πα4J ′
n(α)

1∫
0

ρJ2
n(αρ)dρ−

− π

4

(
r20 −

n2

α2

)
N ′2
n (α)

J ′
n(α)

J2
n(αr0)

1∫
0

ρJ2
n(αρ)dρ−

πr20
4
J ′
n(α)N

′2
n (α)

1∫
0

ρJ2
n(αρ)dρ−

− N ′
n(αr0)

2α

r0∫
0

ρ2Jn(αρ)J
′
n(αρ)dρ+

n2

πα4r20J
′
n(α)

r0∫
0

ρJ2
n(αρ)dρ−

− 1

2αr0

(
r20 −

n2

α2

)
Nn(αr0)

r0∫
0

ρJ2
n(αρ)dρ+

1

2αr0

(
r20 −

n2

α2

)
N ′
n(α)

J ′
n(α)

Jn(αr0)

r0∫
0

ρJ2
n(αρ)dρ−

− πr20
4
J ′
n(α)N

′2
n (αr0)

r0∫
0

ρJ2
n(αρ)dρ−

π

4

(
r20 −

n2

α2

)
J ′
n(α)N

2
n(αr0)

r0∫
0

ρJ2
n(αρ)dρ+

+
π

2

(
r20 −

n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)

r0∫
0

ρJ2
n(αρ)dρ+

+
πr20
2
J ′
n(α)N

′
n(α)N

′
n(αr0)

r0∫
0

ρJ2
n(αρ)dρ.

Ôîðìóëû äëÿ âû÷èñëåíèÿ èíòåãðàëîâ
∫
ρJ2

n(αρ)dρ è
∫
ρJn(αρ)Nn(αρ)dρ äàíû â ñïðà-

âî÷íîì èçäàíèè [2]. Èíòåãðàëû
∫
ρ2Jn(αρ)N

′
n(αρ)dρ è

∫
ρ2Jn(αρ)J

′
n(αρ)dρ âû÷èñëèì ìå-

òîäîì èíòåãðèðîâàíèÿ ïî ÷àñòÿì.∫
r2Jn(αr)J

′
n(αr) dr =

1
α3

∫
(αr)2Jn(αr)J

′
n(αr) d(αr) =

= 1
α3 (αr)

2J2
n(αr)− 1

α3

∫
Jn(αr) (2αrJn(αr) + (αr)2J ′

n(αr)) d(αr) =
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= r2

α
J2
n(αr)− 2

α

∫
rJ2

n(αr) dr −
∫
r2Jn(αr)J

′
n(αr) dr ;

2
∫
r2Jn(αr)J

′
n(αr) dr =

r2

α
J2
n(αr)− 2

α

∫
rJ2

n(αr) dr ;∫
r2Jn(αr)J

′
n(αr) dr =

r2

2α
J2
n(αr)− 1

α

∫
rJ2

n(αr) dr =

= r2

2α
J2
n(αr)− r2

2α

[
J2
n(αr)− n2

α2r2
J2
n(αr) + J ′2

n (αr)
]
= n2

2α3J
2
n(αr)− r2

2α
J ′2
n (αr) .∫

r2Jn(αr)N
′
n(αr) dr =

∫
r2[Jn(αr)N

′
n(αr)− J ′

n(αr)Nn(αr)] dr +
∫
r2J ′

n(αr)Nn(αr) dr =
=
∫
r2 2

παr
dr +

∫
r2J ′

n(αr)Nn(αr) dr =
2
πα

∫
r dr +

∫
r2J ′

n(αr)Nn(αr) dr =

= r2

πα
+
∫
r2J ′

n(αr)Nn(αr) dr =
r2

πα
+ 1

α3

∫
(αr)2J ′

n(αr)Nn(αr) d(αr) =

= r2

πα
+ r2

α
Jn(αr)Nn(αr)− 1

α3

∫
Jn(αr)[2αrNn(αr) + (αr)2N ′

n(αr)] d(αr) =

= r2

πα
+ r2

α
Jn(αr)Nn(αr)− 2

α

∫
rJn(αr)Nn(αr) dr −

∫
r2Jn(αr)N

′
n(αr) dr ;

2
∫
r2Jn(αr)N

′
n(αr) dr =

r2

πα
+ r2

α
Jn(αr)Nn(αr)− 2

α

∫
rJn(αr)Nn(αr) dr ;∫

r2Jn(αr)N
′
n(αr) dr =

r2

2πα
+ r2

2α
Jn(αr)Nn(αr)− 1

α

∫
rJn(αr)Nn(αr) dr =

= r2

2πα
+ r2

2α
Jn(αr)Nn(αr)− r2

2α

[
Jn(αr)Nn(αr)− n2

α2r2
Jn(αr)Nn(αr) + J ′

n(αr)N
′
n(αr)

]
=

= r2

2πα
+ n2

2α3Jn(αr)Nn(αr)− r2

2α
J ′
n(αr)N

′
n(αr) .

Ïîäñòàíîâêà íàéäåííûõ èíòåãðàëîâ è ïðèìåíåíèå óñëîâèé (2.1) è (2.2) äà¼ò îêîí÷à-

òåëüíûé ðåçóëüòàò I
(2)
n (α) =

1∫
0

X (2)(ρ)X(1)(ρ)dρ = 1
4πα5r0

[2n2r0Jn(α)− 2n2Jn(αr0)+α
3r0(1−

−r20)J ′
n(α)] = − 1

4πα3 [−2Jn(α) + 2r0Jn(αr0) + α(r20 − 1)J ′
n(α)] .

3.2. Âû÷èñëåíèå 3-ãî ýëåìåíòà X (3)(r) ÆÖ

Â ðàáîòå [1] äîêàçàíî, ÷òî îäíîâðåìåííîå âûïîëíåíèå óñëîâèé f (k)(α) = 0 , k = 0, 1, 2, 3
íåâîçìîæíî. Ýòî îçíà÷àåò, ÷òî ÆÖ îáðûâàåòñÿ íà 3-åì ýëåìåíòå, ò.å. èìååò äëèíó 3.

Ïðè âûïîëíåíèè (2.1), (2.2) è (2.3) X (3)(r) ÿâëÿåòñÿ ðåøåíèåì íåîäíîðîäíîãî óðàâíå-
íèÿ Áåññåëÿ ñ òåìè æå êðàåâûìè óñëîâèÿìè ãëàäêîñòè è ñìåùåíèÿ.

X (3)′′(r) +
1

r
X (3)′(r) +

(
α2 − n2

r2

)
X (3)(r) = X (2)(r),

dX (3)(r0 − 0)

dr
=
dX (3)(r0 + 0)

dr
,
dX (3)(1)

dr
= 0,

r0[X (3)(r0 − 0)−X (3)(r0 + 0)] + X (3)(1) = 0.

è èìååò âèä, ñîîòâåòñòâåííî ïðè 0 ≤ r < r0
X (3)(r)
0≤r<r0

= − 1
8α2 [N

′
n(αr0) − N ′

n(α)]r
2Jn(αr) − 1

4α3 [N
′
n(αr0) − N ′

n(α)]rJ
′
n(αr)+

+
n2(r20−1)

2πα5r20J
′
n(α)

rJ ′
n(αr) + 1

4α2r0

(
r20 − n2

α2

)
Nn(αr0)rJ

′
n(αr)−

− 1
4α2r0

(
r20 − n2

α2

)
N ′

n(α)
J ′
n(α)

Jn(αr0)rJ
′
n(αr) +

πr20
8α
J ′
n(α)N

′2
n (αr0)rJ

′
n(αr)+

+ π
8α

(
r20 − n2

α2

)
J ′
n(α)N

2
n(αr0)rJ

′
n(αr) − πr20

4α
J ′
n(α)N

′
n(α)N

′
n(αr0)rJ

′
n(αr)−

− π
4α

(
r20 − n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)rJ

′
n(αr) + π

8α

(
r20 − n2

α2

)
N ′2

n (α)
J ′
n(α)

J2
n(αr0)rJ

′
n(αr)+

+
πr20
8α
J ′
n(α)N

′2
n (α)rJ

′
n(αr) +

r20
8α2 [N

′
n(αr0) − N ′

n(α)]Jn(αr)+

+ n2

4α5r0J ′
n(α)

[N ′
n(αr0) − N ′

n(α)]Jn(αr0)Jn(αr) +
n2(r20−1)

2πα5r30

(
r20 − n2

α2

)
Jn(αr0)
J ′2
n (α)

Jn(αr)+
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+ 1
4α2r20

(
r20 − n2

α2

)2
Jn(αr0)
J ′
n(α)

Nn(αr0)Jn(αr) − 1
4α2r20

(
r20 − n2

α2

)2
N ′

n(α)
J ′2
n (α)

J2
n(αr0)Jn(αr)+

+ 1
4α2

(
r20 − n2

α2

)
[N ′

n(αr0) − N ′
n(α)]Jn(αr) − π

4αr0

(
r20 − n2

α2

)2
N ′

n(α)
J ′
n(α)

J2
n(αr0)Nn(αr0)Jn(αr)+

+πr0
8α

(
r20 − n2

α2

)
J ′
n(α)N

′
n(αr0)Nn(αr0)Jn(αr) + π

8αr0

(
r20 − n2

α2

)2
Jn(αr0)N

2
n(αr0)Jn(αr)−

−π2r20
16

(
r20 − n2

α2

)
N ′
n(α)N

′2
n (αr0)J

2
n(αr0)Jn(αr) +

π2r20
16

(
r20 − n2

α2

)
J ′2
n (α)N

′
n(α)N

2
n(αr0)Jn(αr)+

+ π
8αr0

(
r20 − n2

α2

)2
N ′2

n (α)
J ′2
n (α)

J3
n(αr0)Jn(αr) + πr0

8α

(
r20 − n2

α2

)
N ′2
n (α)Jn(αr0)Jn(αr)−

− n2

2πα6J ′
n(α)

Jn(αr) + πn2

8α4 J
′
n(α)N

2
n(αr0)Jn(αr) − πr20

8α2J
′
n(α)N

′2
n (αr0)Jn(αr)−

−πn2

4α4N
′
n(α)Jn(αr0)Nn(αr0)Jn(αr) +

πr20
4α2J

′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr)−

−3π2

16

(
r20 − n2

α2

)2
N ′
n(α)J

2
n(αr0)N

2
n(αr0)Jn(αr)−

−π2r20
4

(
r20 − n2

α2

)
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr0)Nn(αr0)Jn(αr)−

− r20
2α2

(
1− n2

α2

)
[N ′

n(αr0)−N ′
n(α)]Jn(αr)−

3π2r40
16

J ′2
n (α)N

′
n(α)N

′
n(αr0)[N

′
n(αr0)−N ′

n(α)]Jn(αr)−

− 1
2α2

(
1− n2

α2

)(
r20 − n2

α2

)
Jn(αr0)
J ′
n(α)

Nn(αr0)Jn(αr)+

+
π2r20
16

(
r20 − n2

α2

)
J ′
n(α)N

′2
n (αr0)Jn(αr0)Nn(αr0)Jn(αr)+

+π2

16

(
r20 − n2

α2

)2
J ′
n(α)Jn(αr0)N

3
n(αr0)Jn(αr) +

π2r40
16
J ′2
n (α)N

′3
n (αr0)Jn(αr)+

+
π2r20
16

(
r20 − n2

α2

)
J ′2
n (α)N

2
n(αr0)[N

′
n(αr0) − N ′

n(α)]Jn(αr)+

+ 1
2α2

(
1− n2

α2

)(
r20 − n2

α2

)
N ′

n(α)
J ′2
n (α)

J2
n(αr0)Jn(αr) −

π2r20
16

(
r20 − n2

α2

)
J2
n(αr0)N

′
n(α)N

′2
n (αr0)Jn(αr)−

− 1
2πα3

(
1− n2

α2

)2
Jn(α)
J ′2
n (α)

Jn(αr) + 3π2

16

(
r20 − n2

α2

)2
N ′2

n (α)
J ′
n(α)

J3
n(αr0)Nn(αr0)Jn(αr)+

+
3π2r20
16

(
r20 − n2

α2

)
N ′2
n (α)N

′
n(αr0)J

2
n(αr0)Jn(αr)+

+
3π2r20
16

(
r20 − n2

α2

)
J ′
n(α)N

′2
n (α)Jn(αr0)Nn(αr0)Jn(αr) +

πn2

8α4

N ′2
n (α)
J ′
n(α)

J2
n(αr0)Jn(αr)−

−πr20
8α2J

′
n(α)N

′2
n (α)Jn(αr) − π2r40

16
J ′2
n (α)N

′3
n (α)Jn(αr) − π2r20

8

(
r20 − n2

α2

)
N ′3
n (α)J

2
n(αr0)Jn(αr)−

−π2

16

(
r20 − n2

α2

)2
N ′3

n (α)
J ′2
n (α)

J4
n(αr0)Jn(αr) +D[N ′

n(αr0)−N ′
n(α)]Jn(αr)

è ñîîòâåòñòâåííî ïðè r0 < r ≤ 1

X (3)(r)
r0<r≤1

= − 1
4α3J

′
n(α)rN

′
n(αr) +

1
8α2N

′
n(α)r

2Jn(αr) +
1

4α3N
′
n(α)rJ

′
n(αr) −

r20
8α2N

′
n(α)Jn(αr) −

−πn2

8α4N
′
n(α)Jn(αr0)Nn(αr0)Jn(αr) +

πr20
8α2J

′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr) −

− π
8α

(
r20 − n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)rJ

′
n(αr) − π2

16

(
r20 − n2

α2

)2
N ′
n(α)J

2
n(αr0)N

2
n(αr0)Jn(αr) −

−π2r20
8

(
r20 − n2

α2

)
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr0)Nn(αr0)Jn(αr)− πr20

8α
J ′
n(α)N

′
n(α)N

′
n(αr0)rJ

′
n(αr)−

−π2r40
16
J ′2
n (α)N

′
n(α)N

′2
n (αr0)Jn(αr) + π

8α

(
r20 − n2

α2

)
J ′
n(α)Jn(αr0)Nn(αr0)rN

′
n(αr) +

+
πr20
8α
J ′2
n (α)N

′
n(αr0)rN

′
n(αr) − π

8α

(
r20 − n2

α2

)
N ′
n(α)J

2
n(αr0)rN

′
n(αr) −

−πr20
8α
J ′2
n (α)N

′
n(α)rN

′
n(αr) − 1

2πα3J ′
n(α)

(
1− n2

α2

)
rJ ′

n(αr) −

− 1
4α2

(
1− n2

α2

)(
r20 − n2

α2

)
Jn(αr0)
J ′
n(α)

Nn(αr0)Jn(αr) − r20
4α2

(
1− n2

α2

)
N ′
n(αr0)Jn(αr) +

+ π
8α

(
r20 − n2

α2

)
N ′2

n (α)
J ′
n(α)

J2
n(αr0)rJ

′
n(αr) + π2

8

(
r20 − n2

α2

)2
N ′2

n (α)
J ′
n(α)

J3
n(αr0)Nn(αr0)Jn(αr) +

+
π2r20
8

(
r20 − n2

α2

)
N ′2
n (α)N

′
n(αr0)J

2
n(αr0)Jn(αr) +

πr20
8α
J ′
n(α)N

′2
n (α)rJ

′
n(αr) +
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+
π2r20
8

(
r20 − n2

α2

)
J ′
n(α)N

′2
n (α)Jn(αr0)Nn(αr0)Jn(αr) +

π2r40
8
J ′2
n (α)N

′2
n (α)N

′
n(αr0)Jn(αr) −

− n2

2πα6J ′
n(α)

Jn(αr) +
1

2α2

(
1− n2

α2

)(
r20 − n2

α2

)
N ′

n(α)
J ′2
n (α)

J2
n(αr0)Jn(αr) +

r20
2α2

(
1− n2

α2

)
N ′
n(α)Jn(αr) −

− 1
2πα3

(
1− n2

α2

)2
Jn(α)
J ′2
n (α)

Jn(αr) + πn2

8α4

N ′2
n (α)
J ′
n(α)

J2
n(αr0)Jn(αr) − πr20

8α2J
′
n(α)N

′2
n (α)Jn(αr) −

−π2r40
16
J ′2
n (α)N

′3
n (α)Jn(αr) − π2r20

8

(
r20 − n2

α2

)
N ′3
n (α)J

2
n(αr0)Jn(αr) −

−π2

16

(
r20 − n2

α2

)2
N ′3

n (α)
J ′2
n (α)

J4
n(αr0)Jn(αr) − 1

8α2J
′
n(α)r

2Nn(αr) +
r20
8α2J

′
n(α)Nn(αr) +

+πn2

8α4 J
′
n(α)Jn(αr0)Nn(αr0)Nn(αr) − πr20

8α2J
′2
n (α)N

′
n(αr0)Nn(αr) − πn2

8α4N
′
n(α)J

2
n(αr0)Nn(αr) +

+
πr20
8α2J

′2
n (α)N

′
n(α)Nn(αr) − π2r20

8

(
r20 − n2

α2

)
J ′2
n (α)N

′
n(α)Jn(αr0)Nn(αr0)Nn(αr) −

−π2

8

(
r20 − n2

α2

)2
J3
n(αr0)Nn(αr0)N

′
n(α)Nn(αr) − π2r40

8
J ′3
n (α)N

′
n(α)N

′
n(αr0)Nn(αr) −

−π2r20
8

(
r20 − n2

α2

)
J ′
n(α)N

′
n(α)N

′
n(αr0)J

2
n(αr0)Nn(αr) +

+π2

16

(
r20 − n2

α2

)2
J ′
n(α)J

2
n(αr0)N

2
n(αr0)Nn(αr) +

+
π2r20
8

(
r20 − n2

α2

)
J ′2
n (α)N

′
n(αr0)Jn(αr0)Nn(αr0)Nn(αr) +

π2r40
16
J ′3
n (α)N

′2
n (αr0)Nn(αr) −

− r20
4α2

(
1− n2

α2

)
J ′
n(α)Nn(αr) − 1

4α2J ′
n(α)

(
1− n2

α2

)(
r20 − n2

α2

)
J2
n(αr0)Nn(αr) +

+
π2r20
8

(
r20 − n2

α2

)
J ′
n(α)N

′2
n (α)J

2
n(αr0)Nn(αr) + π2

16

(
r20 − n2

α2

)2
N ′2

n (α)
J ′
n(α)

J4
n(αr0)Nn(αr) +

+
π2r40
16
J ′3
n (α)N

′2
n (α)Nn(αr) +D[J ′

n(α)Nn(αr)−N ′
n(α)Jn(αr)] .

4. Ñîáñòâåííûå çíà÷åíèÿ, ñîáñòâåííûå è ïðèñîåäèíåííûå ôóíê-
öèè ïðè s ≥ 2

Â îáùåì ñëó÷àå s -ìåðíîãî øàðà â Rs s ≥ 2 çàäà÷à îïðåäåëåíèÿ ñîáñòâåííûõ ôóíêöèé
äëÿ îïåðàòîðà Ëàïëàñà ñî ñìåùåíèÿìè â ïðîèçâîäíûõ â êëàññå íåïðåðûâíûõ è íåïðåðûâíî
äèôôåðåíöèðóåìûõ ôóíêöèé äî 2-ãî ïîðÿäêà âêëþ÷èòåëüíî îïðåäåëÿþòñÿ óñëîâèÿìè

(∆ + λ)u =
1

rs−1

∂

∂r

(
rs−1∂u

∂r

)
+

1

r2
∆Θu+ λu = 0, u ∈ C2+α(Ω),

∂u(r0,Θ)

∂r
=
∂u(1,Θ)

∂r
, Ω = {r,Θ|r ≤ 1,Θ = (θ1, . . . , θn−1)},

(4.9)

ãäå ∆Θ � îïåðàòîð Ëàïëàñà íà åäèíè÷íîé ñôåðå Ss−1 â Rs .
Ðàçäåëÿÿ ïåðåìåííûå u(r,Θ) = X(r)Y (Θ) , ïîëó÷àåì óðàâíåíèå äëÿ ïîëèñôåðè÷åñêèõ

ôóíêöèé ∆ΘYs,n+µYs,n = 0 , ãäå µ = n(n+s−2) , à äëÿ ôóíêöèé X(r) äèôôåðåíöèàëüíîå
óðàâíåíèå r2X ′′(r) + r(s − 1)X ′(r) + λr2X(r) − n(n + s − 2)X(r) = 0 , ñâîäÿùååñÿ ïîñëå
ïîäñòàíîâêè X(r) = r−

s
2
+1x(r) ê îäíîðîäíîìó óðàâíåíèþ Áåññåëÿ

x′′(r) +
1

r
x′(r) +

[
λ−

(
n+ s

2
− 1
)2

r2

]
x(r) = 0. (4.10)

Ïðè ó÷¼òå íåïðåðûâíîñòè è íåïðåðûâíîé äèôôåðåíöèðóåìîñòè ôóíêöèè X(r) , à òàê-
æå ñìåùåíèÿ â ïðîèçâîäíûõ, ðàâåíñòâî íóëþ îïðåäåëèòåëÿ ìàòðèöû ãðàíè÷íûõ óñëîâèé
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îïðåäåëÿåò ñîáñòâåííûå çíà÷åíèÿ λ = α2 êàê êîðíè óðàâíåíèÿ

f(α) ≡ α
[
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
+

+
(
1− s

2

) [
r
− s

2
0 Jn+ s

2
−1(αr0)− Jn+ s

2
−1(α)

]
= 0 (4.11)

ñ ñîîòâåòñòâóþùåé ñîáñòâåííîé ôóíêöèåé Xn+ s
2
−1(r) = r−

s
2
+1x(r) = r−

s
2
+1Jn+ s

2
−1(αr) .

Ñîïðÿæåííàÿ çàäà÷à

∆v + λv = 0 â îáëàñòÿõ Ωr0 è Ω \ Ωr0 ñ óñëîâèÿìè

∂v(r0 − 0,Θ)

∂r
=
∂v(r0 + 0,Θ)

∂r
,
∂v(1,Θ)

∂r
= 0,

rs−1
0 [−v(r0 + 0,Θ) + v(r0 − 0,Θ)] + v(1− 0,Θ) = 0.

(4.12)

ïðè ðàçäåëåíèè ïåðåìåííûõ v(r,Θ) = X (r)Y (Θ) äà¼ò òî æå óðàâíåíèå äëÿ ïîëèñôåðè÷å-
ñêèõ ôóíêöèé, à äëÿ ôóíêöèè X (r) = r−

s
2
+1χ(r) îäíîðîäíîå óðàâíåíèå Áåññåëÿ.

Ãðàíè÷íûå óñëîâèÿ îïðåäåëÿþò îäíîðîäíóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé

[(
1− s

2

)
r
− s

2
0 Jn+ s

2
−1(αr0) + αr

− s
2
+1

0 J ′
n+ s

2
−1(αr0)

]
D

(1)
11 −

−
[(

1− s

2

)
r
− s

2
0 Jn+ s

2
−1(αr0) + αr

− s
2
+1

0 J ′
n+ s

2
−1(αr0)

]
D

(1)
21 −

−
[(

1− s

2

)
r
− s

2
0 Nn+ s

2
−1(αr0) + αr

− s
2
+1

0 N ′
n+ s

2
−1(αr0)

]
D

(1)
22 = 0,[(

1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
D

(1)
21 +

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
D

(1)
22 = 0,

r
s
2
0 Jn+ s

2
−1(αr0)D

(1)
11 −

[
r

s
2
0 Jn+ s

2
−1(αr0)− Jn+ s

2
−1(α)

]
D

(1)
21 −

−
[
r

s
2
0Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
D

(1)
22 = 0.

äëÿ îïðåäåëåíèÿ ïîñòîÿííûõ â ôóíêöèè

X (1)
n,s = r−

s
2
+1

{
D

(1)
11 Jn+ s

2
−1(αr), 0 ≤ r < r0,

D
(1)
21 Jn+ s

2
−1(αr) +D

(1)
22 Nn+ s

2
−1(αr), r0 < r ≤ 1.

Ðàâåíñòâî îïðåäåëèòåëÿ ñèñòåìû íóëþ äà¼ò òî æå ñàìîå óñëîâèå å¼ ðàçðåøèìîñòè.
Îáùåå ðåøåíèå ñèñòåìû èìååò âèä

X (1)
n,s (r) = Dr−

s
2
+1χ

(1)
n+ s

2
−1(r) =

= Dr−
s
2
+1



{(
1− s

2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+

+α
[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
Jn+ s

2
−1(αr), 0 ≤ r < r0,

−
[(

1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr)+

+
[(

1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
Nn+ s

2
−1(αr), r0 < r ≤ 1.

(4.13)

Ò å î ð å ì à 4.1. Â ñëó÷àå s ≥ 2 çàäà÷à (4.9) èìååò ñîáñòâåííîå çíà÷åíèå

λ = α2(n, s) , îïðåäåëÿåìîå ðàâåíñòâîì (4.11) ñ ñîáñòâåííûìè ôóíêöèÿìè Φ
(1)
n,s(r,Θ) =

= X
(1)
n,s(r)Yn,s(Θ) = r−

s
2
+1Jn+ s

2
−1(αr)Yn,s(Θ) . Åé îòâå÷àåò ñîïðÿæåííàÿ çàäà÷à (4.12) ñ
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òåìè æå ñîáñòâåííûìè çíà÷åíèÿìè, êîòîðûì ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè
Ψ

(1)
n,s(r,Θ) = X (1)

n,s (r)Yn,s(Θ) = r−
s
2
+1χ

(1)
n,s(r)Yn,s(Θ) , ãäå X (1)

n,s (r) îïðåäåëÿåòñÿ (4.13). Óñëîâèå
ñóùåñòâîâàíèÿ (îòñóòñòâèÿ) ïðèñîåäèíåííûõ ýëåìåíòîâ èìååò âèä

I(1)n,s(α) = r
− s

2
0 Jn+ s

2
−1(αr0)

[(
1− s

2

)2
+ α2r20 −

(
n+

s

2
− 1
)2]

−

− Jn+ s
2
−1(α)

[(
1− s

2

)2
+ α2 −

(
n+

s

2
− 1
)2] ∼= f ′(α) = 0 ( ̸= 0). (4.14)

Ä î ê à ç à ò å ë ü ñ ò â î. Äåéñòâèòåëüíî, óñëîâèåì ñóùåñòâîâàíèÿ (îòñóòñòâèÿ)
ïðèñîåäèíåííûõ ýëåìåíòîâ ñëóæèò îáðàùåíèå â íîëü (íå ðàâåíñòâî íóëþ) èíòåãðà-

ëà I
(1)
n,s(α) =

1∫
0

ρs−1X(1)(ρ)X (1)(ρ)dρ =
r0∫
0

ρx(1)(ρ) χ(1)

0≤ρ<r0
(ρ)dρ +

1∫
r0

ρx(1)(ρ) χ(1)

r0<ρ≤1
(ρ)dρ =

=
{(

1− s
2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+ α

[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
×

×
r0∫
0

ρJ2
n+ s

2
−1(αρ)dρ −

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

] 1∫
r0

ρJ2
n+ s

2
−1(αρ)dρ +

+
[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

] 1∫
r0

ρJn+ s
2
−1(αρ)Nn+ s

2
−1(αρ)dρ =

=
{(

1− s
2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+ α

[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
×

×
[
r20
2
J ′2
n+ s

2
−1(αr0) +

1
2

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)

]
−
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
×

×
{

1
2
J ′2
n+ s

2
−1(α) +

1
2

(
1− (n+ s

2
−1)

2

α2

)
J2
n+ s

2
−1(α)−

r20
2
J ′2
n+ s

2
−1(αr0)−

−1
2

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)

}
+

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
×

×
{

1
2
J ′
n+ s

2
−1(α)N

′
n+ s

2
−1(α) +

1
2

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α)Nn+ s

2
−1(α)−

− r20
2
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)− 1

2

(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0)

}
=

= 1
2

(
1− s

2

)
r
2− s

2
0 J ′2

n+ s
2
−1(αr0)Nn+ s

2
−1(αr0) −

(
1− s

2

) r20
2
J ′2
n+ s

2
−1(αr0)Nn+ s

2
−1(α) +

+1
2
αr

3− s
2

0 J ′2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) − 1

2
αr20J

′2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(α) +

+1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
r
− s

2
0 J2

n+ s
2
−1(αr0)Nn+ s

2
−1(αr0) −

−1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)Nn+ s

2
−1(α) +

+1
2
αr

1− s
2

0

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) −

−1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(α) −

−1
2

(
1− s

2

)
J ′2
n+ s

2
−1(α)Nn+ s

2
−1(α) − 1

2
αJ ′2

n+ s
2
−1(α)N

′
n+ s

2
−1(α) −

−1
2

(
1− s

2

)(
1− (n+ s

2
−1)

2

α2

)
J2
n+ s

2
−1(α)Nn+ s

2
−1(α)− 1

2
α

(
1− (n+ s

2
−1)

2

α2

)
J2
n+ s

2
−1(α)N

′
n+ s

2
−1(α) +

+
(
1− s

2

) r20
2
J ′2
n+ s

2
−1(αr0)Nn+ s

2
−1(α) + 1

2
αr20J

′2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(α) +

+1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)Nn+ s

2
−1(α) +

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 4



18 À. Â. Ãåðàñèìîâ, Á. Â. Ëîãèíîâ, Í. Í. Þëäàøåâ

+1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(α) +

+1
2

(
1− s

2

)(
1− (n+ s

2
−1)

2

α2

)
J2
n+ s

2
−1(α)Nn+ s

2
−1(α) +

+1
2
α

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α)J

′
n+ s

2
−1(α)Nn+ s

2
−1(α) +

+1
2

(
1− s

2

)
J ′
n+ s

2
−1(α)Jn+ s

2
−1(α)N

′
n+ s

2
−1(α) +

+1
2
αJ ′2

n+ s
2
−1(α)N

′
n+ s

2
−1(α) − 1

2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) −

−1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J ′
n+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) −

− r20
2

(
1− s

2

)
Jn+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) − 1

2
αr20J

′
n+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) =

= 1
2

(
1− s

2

)
r
2− s

2
0 J ′2

n+ s
2
−1(αr0)Nn+ s

2
−1(αr0) + 1

2
αr

3− s
2

0 J ′2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) +

+1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
r
− s

2
0 J2

n+ s
2
−1(αr0)Nn+ s

2
−1(αr0) − 1

π

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) −

+1
2
αr

1− s
2

0

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) + 1

πα

(
1− s

2

)
J ′
n+ s

2
−1(α) −

−1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) −

−1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J ′
n+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) −

− r20
2

(
1− s

2

)
Jn+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)− 1

2
αr20J

′
n+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) .

Óñëîâèå ðàçðåøèìîñòè ïîçâîëÿåò âûïîëíèòü ïðåîáðàçîâàíèå â ïîëó÷åííîì âûðàæåíèè
1
2
αr20

[
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) +

+1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)[
r
− s

2
0 Jn+ s

2
−1(αr0)− Jn+ s

2
−1(α)

]
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) =

= − r20
2

(
1− s

2

) [
r
− s

2
0 Jn+ s

2
−1(αr0)− Jn+ s

2
−1(α)

]
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) −

−1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)[
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) .

Òîãäà îíî ïðèìåò âèä
1
2

(
1− s

2

)
r
− s

2
+2

0 J ′2
n+ s

2
−1(αr0)Nn+ s

2
−1(αr0)−

− 1
2

(
1− s

2

)
r
2− s

2
0 Jn+ s

2
−1(αr0)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) +

+
r20
2

(
1− s

2

)
Jn+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)−

− 1
2
αr

− s
2
+1

0

(
r20 −

(n+ s
2
−1)

2

α2

)
J ′
n+ s

2
−1(αr0)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) +

+ 1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J ′
n+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) +

+ 1
2
αr

− s
2
+1

0

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) + 1

πα

(
1− s

2

)
J ′
n+ s

2
−1(α) −

− 1
π

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) − 1

2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J ′
n+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) −

− r20
2

(
1− s

2

)
Jn+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) = − 1

πα

(
1− s

2

)
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0) +

+ 1
π
r
− s

2
0

(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(αr0) +

1
πα

(
1− s

2

)
J ′
n+ s

2
−1(α)− 1

π

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) =
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= − α
πα2

(
1− s

2

) [
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
+ 1

π
r
− s

2
0

(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(αr0) −

− 1
π

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) = 1

πα2

(
1− s

2

)2
r
− s

2
0 Jn+ s

2
−1(αr0) − 1

πα2

(
1− s

2

)2
Jn+ s

2
−1(α) +

+ 1
π
r
− s

2
0

(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(αr0) − 1

π

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) =

= 1
πα2

{
r
− s

2
0 Jn+ s

2
−1(αr0)

[(
1− s

2

)2
+ α2r20 −

(
n+ s

2
− 1
)2]−

−Jn+ s
2
−1(α)

[(
1− s

2

)2
+ α2 −

(
n+ s

2
− 1
)2]}

.

Â òî æå âðåìÿ

f ′(α) =
[
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
+ α

[
r
− s

2
+2

0 J ′′
n+ s

2
−1(αr0)− J ′′

n+ s
2
−1(α)

]
+

+
(
1− s

2

) [
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
= r

− s
2
+1

0 J ′
n+ s

2
−1(αr0) − J ′

n+ s
2
−1(α) −

−r−
s
2
+1

0 J ′
n+ s

2
−1(αr0) − αr

− s
2
+2

0

(
1− (n+ s

2
−1)

2

α2r20

)
Jn+ s

2
−1(αr0) + J ′

n+ s
2
−1(α) +

+α

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) + α

α

(
1− s

2

) [
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
=

= −αr−
s
2
+2

0

(
1− (n+ s

2
−1)

2

α2r20

)
Jn+ s

2
−1(αr0) + α

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α)−

− 1
α

(
1− s

2

)2 [
r
− s

2
0 Jn+ s

2
−1(αr0)− Jn+ s

2
−1(α)

]
=

= Jn+ s
2
−1(αr0)

[
− 1
α
r
− s

2
0

(
1− s

2

)2 − 1
α
α2r

− s
2

0 r20

(
1− (n+ s

2
−1)

2

α2r20

)]
+

+ Jn+ s
2
−1(α)

[
1
α

(
1− s

2

)2
+ 1

α
α2

(
1− (n+ s

2
−1)

2

α2

)]
=

= − 1
α
r
− s

2
0 Jn+ s

2
−1(αr0)

[(
1− s

2

)2
+ α2r20

(
1− (n+ s

2
−1)

2

α2r20

)]
+

+ 1
α
Jn+ s

2
−1(α)

[(
1− s

2

)2
+ α2

(
1− (n+ s

2
−1)

2

α2

)]
=

= − 1
α

{
r
− s

2
0 Jn+ s

2
−1(αr0)

[(
1− s

2

)2
+ α2r20 −

(
n+ s

2
− 1
)2]−

−Jn+ s
2
−1(α)

[(
1− s

2

)2
+ α2 −

(
n+ s

2
− 1
)2]}

.

Òàêèì îáðàçîì, I
(1)
n,s(α) ∼= f ′(α) .

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Ïîäîáíî âû÷èñëåíèþ ñîáñòâåííûõ ôóíêöèé çàäà÷à ðàçûñêàíèÿ Φ

(2)
n,s(r,Θ) (Ψ

(2)
n,s(r,Θ) )

ñâîäèòñÿ ê ðåøåíèþ ãðàíè÷íûõ çàäà÷ äëÿ íåîäíîðîäíîãî óðàâíåíèÿ Áåññåëÿ ñ ïðàâûìè
÷àñòÿìè Jn+ s

2
−1(αr) (ñîîòâåòñòâåííî χn,s(αr) ) è ãðàíè÷íûìè óñëîâèÿìè ñìåùåíèÿ â ïðî-

èçâîäíûõ, íåïðåðûâíîñòè è íåïðåðûâíîé äèôôåðåíöèðóåìîñòè â òî÷êå r0 äëÿ ïðÿìîé
çàäà÷è è óñëîâèÿìè (4.12) äëÿ ñîïðÿæ¼ííîé çàäà÷è.

4.1. Ïðÿìàÿ çàäà÷à

Âû÷èñëåíèå X
(2)
n,s(r) êàê è ðàíåå ñâîäèòñÿ ê ðåøåíèþ íåîäíîðîäíîãî óðàâíåíèÿ Áåññåëÿ

x(2)′′(r) +
1

r
x(2)′(r) +

[
α2 −

(
n+ s

2
− 1
)2

r2

]
x(2)(r) = Jn+ s

2
−1(αr)

ñ òåìè æå ãðàíè÷íûìè óñëîâèÿìè (4.9).
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Ïðèìåíåíèå ìåòîäà âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ îïðåäåëÿåò X
(2)
n,s(r) â ñëåäó-

þùåì âèäå

X(2)
n,s(r) = r−

s
2
+1x(2)(r) = − 1

2α
r−

s
2
+2Jn+ s

2
−1(αr) + Cr−

s
2
+1Jn+ s

2
−1(αr).

Äëÿ âûÿñíåíèÿ ñóùåñòâîâàíèÿ (îòñóòñòâèÿ) X
(3)
n,s(r) òðåáóåòñÿ âû÷èñëèòü èíòåãðàë

I
(2)
n,s(α) =

1∫
0

ρs−1X(2)(ρ)X (1)(ρ)dρ =
r0∫
0

ρx(2)(ρ) χ(1)

0≤ρ<r0
(ρ)dρ +

1∫
r0

ρx(2)(ρ) χ(1)

r0<ρ≤1
(ρ)dρ =

= − 1
2α

{(
1− s

2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+ α

[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
×

×
r0∫
0

ρ2J ′
n+ s

2
−1(αρ)Jn+ s

2
−1(αρ)dρ + 1

2α

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
×

×
1∫
r0

ρ2J ′
n+ s

2
−1(αρ)Jn+ s

2
−1(αρ)dρ − 1

2α

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
×

×
1∫
r0

ρ2J ′
n+ s

2
−1(αρ)Nn+ s

2
−1(αρ)dρ ∼= −2n2r

− s
2

0 Jn+ s
2
−1(αr0) − 2α

(
1− s

2

)
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0) +

+
[
(1− r20)α

3 + 2α
(
1− s

2

)]
J ′
n+ s

2
−1(α) +

[
(1− r20)

(
1− s

2

)
α2 + 2n2

]
Jn+ s

2
−1(α) .

Ïðè ýòîì f ′′(α) òðóäî¼ìêèìè âû÷èñëåíèÿìè ñ èñïîëüçîâàíèåì óñëîâèé f(α) = 0

è f ′(α) = 0 ïðèâîäèòñÿ ê âèäó f ′′(α) ∼= I
(2)
n,s(α) + 2Jn+ s

2
−1(α)

[(
1− s

2

)2
+ α2 − n2

]
−

−2Jn+ s
2
−1(αr0)r

− s
2

0

[(
1− s

2

)2
+ α2r20 − n2

]
= I

(2)
n,s(α) +Rn,s(α) .

Ýòî îçíà÷àåò, ÷òî âîïðîñ î ñóùåñòâîâàíèè X
(3)
n,s(r) ñâîäèòñÿ ê ðàçðåøèìîñòè ñèñòåìû

Rn,s(α) , f
′(α) = 0 , ò.å. ê ñóùåñòâîâàíèþ ðåøåíèé ñëåäóþùåé îäíîðîäíîé ñèñòåìû

Jn+ s
2
−1(α)

[(
1− s

2

)2
+ α2 − n2

]
− Jn+ s

2
−1(αr0)r

− s
2

0

[(
1− s

2

)2
+ α2r20 − n2

]
= 0,

Jn+ s
2
−1(α)

[
2n
(
1− s

2

)
+ α2 − n2

]
− Jn+ s

2
−1(αr0)r

− s
2

0

[
2n
(
1− s

2

)
+ α2r20 − n2

]
= 0,

(4.15)

ñ îïðåäåëèòåëåì ∆ =
(
1− s

2

)2
α2[1 − r20] + 2nα2

(
1− s

2

)
[r20 − 1] =

= α2
(
1− s

2

)
(1− r20)

[
1− s

2
− 2n

] ∼= 1− s
2
− 2n ̸= 0 .

Òàêèì îáðàçîì, ìû ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ

Ò å î ð å ì à 4.2. Ïðè s > 2 ÆÖ èìåþò äëèíó äâà.

Ç à ì å ÷ à í è å 4.1. Îäíàêî ïðè s = 2 îïðåäåëèòåëü ñèñòåìû (4.15) îáðàùàåòñÿ
â íîëü, ÷òî ïîäòâåðæäàåò ñïðàâåäëèâîñòü ïðåäøåñòâóþùèõ ðåçóëüòàòîâ.

4.2. Ñîïðÿæ¼ííàÿ çàäà÷à

Âû÷èñëåíèå X (2)
n,s (r) ïîäîáíî ñâîäèòñÿ ê ðåøåíèþ íåîäíîðîäíîãî óðàâíåíèÿ Áåññåëÿ ñ

ïðàâîé ÷àñòüþ X (1)
n,s (r) è ñ ãðàíè÷íûìè óñëîâèÿìè (4.12) ìåòîäîì Ëàãðàíæà. Ðåøåíèå íà

ëåâîì ïðîìåæóòêå

X (2)(r)
0≤r<r0

= − 1
2α

{(
1− s

2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+

+α
[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
rJ ′

n+ s
2
−1(αr) − 1

2
r
− s

2
0

(
r20 −

(n+ s
2
−1)

2

α2

)
×

×
[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1 {(
1− s

2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+
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+α
[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
Jn+ s

2
−1(αr0)Jn+ s

2
−1(αr) + 1

2α

(
1− s

2

)
r
− s

2
+1

0 ×

×
[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1 {(
1− s

2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+

+α
[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
J ′
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) +

+ 1
π

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1
(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(αr) +

+ 1
πα2

(
1− s

2

)2 [(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1

Jn+ s
2
−1(αr) −

−π
4

(
r20 −

(n+ s
2
−1)

2

α2

)[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
N2
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) −

−πr20
4

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
N ′2
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) −

−πr20
4

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1 [(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]2
×

×J ′2
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) − π

4

(
r20 −

(n+ s
2
−1)

2

α2

)[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1

×

×
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]2
J2
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) + π

2

(
r20 −

(n+ s
2
−1)

2

α2

)
×

×
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0)Jn+ s

2
−1(αr) +

+
πr20
2

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) +

+D
{(

1− s
2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+ α

[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
×

×Jn+ s
2
−1(αr)

è íà ïðàâîì ïðîìåæóòêå

X (2)(r)
r0<r≤1

= r
2α

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
J ′
n+ s

2
−1(αr) −

− r
2α

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
N ′
n+ s

2
−1(αr) + π

4

(
r20 −

(n+ s
2
−1)

2

α2

)
×

×
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0)Jn+ s

2
−1(αr) +

+
πr20
4

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) +

+
πr20
4

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
J ′2
n+ s

2
−1(αr0)Nn+ s

2
−1(αr) +

+π
4

(
r20 −

(n+ s
2
−1)

2

α2

)[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
J2
n+ s

2
−1(αr0)Nn+ s

2
−1(αr) −

−π
4

(
r20 −

(n+ s
2
−1)

2

α2

)[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) ×

×Nn+ s
2
−1(αr)− πr20

4

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)Nn+ s

2
−1(αr) +

+ 1
π

(
1− (n+ s

2
−1)

2

α2

)[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1

Jn+ s
2
−1(αr) +

+ 1
πα2

(
1− s

2

)2 [(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1

Jn+ s
2
−1(αr) −

−πr20
4

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1 [(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]2
J ′2
n+ s

2
−1(αr0)×

×Jn+ s
2
−1(αr) − π

4

(
r20 −

(n+ s
2
−1)

2

α2

)[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1

×

×
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]2
J2
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) +
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+D
{
−
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr)+

+
[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
Nn+ s

2
−1(αr)

}
.
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Eigenvalue problem for the Laplace operator in

s -dimensional unit ball Ω ⊂ Rs+1 with displacements in

derivatives II

c⃝ A. V. Gerasimov4, B. V. Loginov5, N. N. Yuldashev6

Abstract. In the class of continuous and continuously di�erentiable up to the second order
functions the boundary eigenvalue problem for the Laplace operator in s-dimensional unit ball
Ω with displacements in derivatives along the radii 0 < r0 < 1 and 1 of the concentric spheres

is considered, i.e. u ∈ C2+α(Ω) and ∂u(r0,θ)
∂r = ∂u(1,θ)

∂r . In the previous work of the authors [1]
were found eigenvalues and for s = 2 eigen- and adjoint functions (Jordan chains) for the direct
problem; and their length does not exceed three. In this work, calculated Jordan chains for the
conjugate problem when s = 2 , the direct and conjugate problems when s > 2 , and it is proved
that if s > 2 they are terminated at the second elements.

Key Words: Laplace operator, unit ball in Rs+1 , eigenvalues, eigen- and adjoint functions,
Jordan chains, direct and conjugate problems for s = 2 and s > 2 .
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