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Àííîòàöèÿ. Â ðàáîòå ïðåäëàãàþòñÿ íîâûå ìåòîäû ïîñòðîåíèÿ ðåøåíèé è ïñåâäîðåøåíèé
ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ âûðîæäåííîé ìàòðèöåé. Ýòè ìåòîäû ïîçâî-
ëÿþò äëÿ ñîâìåñòíûõ è íåñîâìåñòíûõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé íàõîäèòü
ðåøåíèÿ èëè ïñåâäîðåøåíèÿ ýòèõ ñèñòåì â ïðåäåëàõ òî÷íîñòè ïðåäñòàâëåíèÿ ÷èñåë â êîì-
ïüþòåðå è ñâîáîäíû îò îøèáîê îêðóãëåíèÿ. Ïðåäëàãàåòñÿ òàêæå íîâûé ìåòîä âû÷èñëåíèÿ
ðàíãà ìàòðèöû.
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Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Ax = B, (1.1)

ãäå ìàòðèöà A ðàçìåðà n×m (m ≤ n ) è âåêòîð B ðàçìåðà n× 1 , ÿâëÿþòñÿ âåùåñòâåí-
íûìè è ïîñòîÿííûìè.

Íåòðóäíî âèäåòü, ÷òî åñëè ðàíã ìàòðèöû A ðàâåí m , òî ìàòðèöà ATA ÿâëÿåòñÿ
ïîëîæèòåëüíî îïðåäåëåííîé. Ýòî âûòåêàåò èç î÷åâèäíûõ ñîîòíîøåíèé:

∀X ̸= 0 AX = C ̸= 0 → CTC = XTATAX = ∥C∥2 > 0 → ATA > 0.

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè, ãäå ìàòðèöà A èìååò ðàíã ðàâíûé m

Ẋ = −ATAX + ATB. (1.2)

Ñïðàâåäëèâà òåîðåìà.

Ò å î ð å ì à 1.1. Ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (1.2) ÿâëÿåòñÿ ðåøåíèåì ñè-
ñòåìû (1.1) èëè åå ïñåâäîðåøåíèåì.

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê ìàòðèöà −ATAX - îòðèöàòåëüíî îïðåäåëåííàÿ, òî
ëþáîå ðåøåíèå ýòîãî óðàâíåíèÿ àñèìïòîòè÷åñêè ñòðåìèòñÿ ê ïîëîæåíèþ ðàâíîâåñèÿ ýòîé
ñèñòåìû X = C , êîòîðîå óäîâëåòâîðÿåò ñîîòíîøåíèþ:

−ATAC + ATB = 0 èëèC = (ATA)−1ATB. (1.3)

Îòñþäà âûòåêàåò, ÷òî åñëè AC = B , òî ðåøåíèå óðàâíåíèÿ (1.1) ïîëó÷åíî.
Äîïóñòèì òåïåðü, ÷òî AC ̸= B . Ïðåäñòàâèì âåêòîð B â âèäå ðàçëîæåíèÿ ïî ïîä-

ïðîñòðàíñòâàì, îäíî èç êîòîðûõ L1 , ÿâëÿåòñÿ ëèíåéíîé îáîëî÷êîé íàòÿíóòîé íà ñòîëáöû
ìàòðèöû A , à âòîðîå L2 , ÿâëÿåòñÿ îðòîãîíàëüíûì äîïîëíåíèåì ïåðâîãî, ò. å. B = B1+B2 ,
B1 ∈ L1 , B2 ∈ L2 , L1⊥L2 . Òîãäà óðàâíåíèå (1.3) ïðèìåò âèä:

−ATAC − AT (B1 +B2) = −ATAC + ATB1 = 0
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C = (ATA)−1ATB1 = (ATA)−1ATB. (1.4)

Ïîêàæåì, ÷òî íàéäåííàÿ âåëè÷èíà C , ÿâëÿåòñÿ ïñåâäîðåøåíèåì óðàâíåíèÿ (1.1), ò. å.
èìååò ìåñòî íåðàâåíñòâî

∥AC −B∥ < ∥AX −B∥, X ̸= C,

ãäå ∥ ∥ - åâêëèäîâà íîðìà. Ýòî áóäåò è îçíà÷àòü, ÷òî êâàäðàòè÷íîå îòêëîíåíèå ∥AX−B∥
ïðè X = C ïðèíèìàåò íàèìåíüøåå çíà÷åíèå [1]. Ââåäåì îáîçíà÷åíèÿ:

U = B − AC, V = AC − AX, U + V = B − AX,

òîãäà

∥U + V ∥2 = UTV + V TU + ∥U∥2 + ∥V ∥2

V TU = UTV = (C −X)TAT (B − AC) = (C −X)T (ATB − ATAC) = 0

Îòñþäà âûòåêàåò ðàâåíñòâî:

∥B − AX∥2 = ∥B − AC∥2 + ∥A(X − C)∥2

Î÷åâèäíî, ÷òî ïðè X = C âåëè÷èíà ∥B − AX∥ èìååò íàèìåíüøåå çíà÷åíèå, ò. å. âåêòîð
C = (ATA)−1ATB ÿâëÿåòñÿ ïñåâäîðåøåíèåì.

Äëÿ òîãî, ÷òîáû èçáåæàòü âû÷èñëåíèÿ âåëè÷èíû C = (ATA−1)ATB äîñòàòî÷íî íàé-
òè ñòàöèîíàðíóþ òî÷êó óðàâíåíèÿ (1.1) ïðîèçâîëüíûì ÷èñëåííûì ìåòîäîì, ê ïðèìåðó,
ìåòîäîì Ýéëåðà

Xk+1 = (E − hATA)Xk + hATB, (1.5)

ãäå h < ∥ATA∥ . Ýòîò ìåòîä ïîèñêà ðåøåíèÿ (ïñåâäîðåøåíèÿ) óðàâíåíèÿ (1.1) ñâîáîäåí
îò îøèáîê îêðóãëåíèÿ è èìååò òî÷íîñòü â ïðåäåëàõ òî÷íîñòè ïðåäñòàâëåíèÿ òî÷íîñòè
÷èñåë â êîìïüþòåðå. Äëÿ òîãî, ÷òîáû â ýòîì óáåäèòüñÿ ìîæíî ââåñòè îáîçíà÷åíèå α =
∥E − hATA∥ < 1 , òîãäà ñïðàâåäëèâû ñòàíäàðòíûå îöåíêè

∥Xk − C∥ ≤ α

1− α
∥Xk+1 −Xk∥

∥Xk+1 −Xk∥ ≤ αk∥X1 −X0∥, k = 1, 2, . . . .

Äëÿ ñèñòåì áîëüøîãî ïîðÿäêà èòåðàöèîííûé ïðîöåññ (1.5) áóäåò çàíèìàòü ìåíüøåå êî-
ëè÷åñòâî îïåðàöèé, ÷åì îáðàùåíèå ìàòðèöû ATA ìåòîäîì Ãàóññà è âû÷èñëåíèå âåëè÷èíû
(ATA)−1ATB .

Îòìåòèì åùå ðàç, ÷òî ìåòîä íàõîæäåíèÿ ðåøåíèÿ (ïñåâäîðåøåíèÿ) óðàâíåíèÿ (1.1) ñ
ïîìîùüþ ÷èñëåííîãî ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (1.2) íå äàåò îøè-
áîê îêðóãëåíèÿ, à ïîëó÷åííûé ðåçóëüòàò ëåæèò â ïðåäåëàõ òî÷íîñòè êîìïüþòåðà. Èñïîëü-
çîâàíèå ÷èñëåííûõ ìåòîäîâ áîëüøåãî ïîðÿäêà (Ðóíãå - Êóòòà è ò.ä.) íå ÿâëÿåòñÿ íåîáõî-
äèìûì, ò. ê. îíè èñïîëüçóþòñÿ ïðè ïîñòðîåíèè ðåøåíèé (òðàåêòîðèé) äèôôåðåíöèàëüíûõ
óðàâíåíèé, ÷òîáû ìèíèìèçèðîâàòü ñóììàðíûå îøèáêè îêðóãëåíèÿ [2].

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà ñòîëáöû ìàòðèöû A - ëèíåéíî çàâèñèìû. Äëÿ òîãî,
÷òîáû íàéòè ðåøåíèå (ïñåâäîðåøåíèå) óðàâíåíèÿ (1.1) äîñòàòî÷íî íàéòè ëèíåéíî íåçàâè-
ñèìûå ñòîëáöû ìàòðèöû A è èñïîëüçîâàòü ïðîöåäóðó ïðåäëîæåííóþ âûøå.
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Äëÿ ýòîãî îáîçíà÷èì ñòîëáöû ìàòðèöû A ÷åðåç A1, A2, . . . , Am è ðàññìîòðèì äâóõ-
ñòîëáöîâóþ ìàòðèöó (A1, A2) . Åñëè ìàòðèöà (A1, A2)

T (A1, A2) > 0 , òî òîãäà âåêòîðû
ëèíåéíî íåçàâèñèìû. Â ïðîòèâíîì ñëó÷àå ïðîâåðèì ìàòðèöó (A1A3)

T (A1A3) è ò.ä.
Äîïóñòèì ñòîëáöû A1 è A2 ëèíåéíî íåçàâèñèìû. Äàëåå áóäåì ðàññìàòðèâàòü ìàò-

ðèöó (A1, A2, A3)
T (A1, A2, A3) è ïðîâåðÿòü åå ïîëîæèòåëüíóþ îïðåäåëåííîñòü. Äåéñòâóÿ

òàêèì æå îáðàçîì, â êîíöå êîíöîâ, íàéäåì âñå ëèíåéíî íåçàâèñèìûå ñòîëáöû ìàòðèöû
A : Ai1 , . . . , Aik è äëÿ ìàòðèöû (Ai1 , . . . , Aik) = Ā áóäåì èñêàòü ðåøåíèå (ïñåâäîðåøåíèå)
óðàâíåíèÿ

ĀX = B, (1.6)

êîòîðîå è áóäåò îäíèì èç ðåøåíèé (ïñåâäîðåøåíèé) óðàâíåíèÿ (1.1).

Ò å î ð å ì à 1.2. Ðàíã ìàòðèöû A ðàçìåðà n×m ðàâåí ðàíãó íåîòðèöàòåëüíîé
ìàòðèöû ATA , ò. å. ñîâïàäàåò ñ ÷èñëîì åå ïîëîæèòåëüíûõ ñîáñòâåííûõ ÷èñåë.

Äîêàçàòåëüñòâî. Ïóñòü ðàíã ìàòðèöû A ðàâåí r , òîãäà ñîãëàñíî ôîðìóëå Áèíå -
Êîøè [1] rankATA ≤ r . Íåòðóäíî âèäåòü, ÷òî ìàòðèöà ATA - íåîòðèöàòåëüíàÿ, ò. ê.

∀x ̸= 0 AX = C → CTC = XTATAX = ∥C∥2 ≥ 0 → ATA ≥ 0.

Îòñþäà âûòåêàåò, ÷òî âñå ñîáñòâåííûå ÷èñëà ìàòðèöû ATA - íåîòðèöàòåëüíûå.
Îáîçíà÷èì ìàòðèöó, îáðàçîâàííóþ r− ëèíåéíî íåçàâèñèìûìè ñòîëáöàìè ìàòðèöû

A ñ íîìåðàìè i1, . . . , ir , êàê ìàòðèöó B . Òîãäà, êàê áûëî ïîêàçàíî âûøå BTB > 0 è,
ñëåäîâàòåëüíî, åå ðàíã ðàâåí r .

Òàê êàê ìàòðèöà BTB ñòîèò íà ïåðåñå÷åíèè i1, . . . , ir ñòðîê è i1, . . . , ir ñòîëáöîâ ìàò-
ðèöû ATA , rankATA ≥ rankBTB = r . Ýòî îçíà÷àåò, ÷òî r = rankATA . Òàê êàê ìàòðèöà
ATA íåîòðèöàòåëüíà, òî r åå ñîáñòâåííûõ ÷èñåë ïîëîæèòåëüíû, à îñòàëüíûå ðàâíû íóëþ.

Ñ ë å ä ñ ò â è å 1.1. Èç òåîðåìû 1.1. âûòåêàåò íîâûé âû÷èñëèòåëüíûé ìå-
òîä îïðåäåëåíèÿ ðàíãà ìàòðèöû A . Äîñòàòî÷íî ïîñòðîèòü ñèììåòðè÷íóþ ìàòðèöó
ATA ≥ 0 è ìåòîäîì Ëàãðàíæà è ßêîáè ïðèâåñòè ê êàíîíè÷åñêîìó âèäó QTATAQ = Λ ,
Λ = diag(λ1, λ2, . . . , λn) . Â ñèëó çàêîíà èíåðöèè êâàäðàòè÷íûõ ôîðì Λ ≥ 0 , à åå ðàíã
ðàâåí ÷èñëó ïîëîæèòåëüíûõ äèàãîíàëüíûõ ýëåìåíòîâ è ðàâåí ðàíãó ìàòðèöû ATA è
ñîîòâåòñòâåííî, ìàòðèöû A .

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. ℵ 10-08-00624).
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The new method of calculating rank of matrix

c⃝ V. I. Zubov 4, I. V. Zubov 5, A. F. Zubova 6

Abstract. In work is supposes the new methods of building the solutions and pseudo solutions
of systems linear algebraic equations with born matrix. This methods is allows for joint and
unjoint systems linear algebraic equations is �nds the solutions or pseudo solutions this systems in
limits exactness presentation the numbers in computer and is free from mistakes of districtness. Is
supposes also new method of calculating of rank matrix.

Key Words: vector, matrix, coe�cient, solution of equilibrium, subspace, iteration process, linear
independent
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