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Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è îá èçîòåðìè÷åñêîì

ñêîëüæåíèè ãàçà âäîëü òâåðäîé ïëîñêîé ïîâåðõíîñòè

c⃝ Ñ. Â. Ãóëàêîâà1, Â. Í. Ïîïîâ2

Àííîòàöèÿ. Â ðàìêàõ êèíåòè÷åñêîãî ïîäõîäà ïîñòðîåíî àíàëèòè÷åñêîå (â âèäå ðÿäà Íåé-
ìàíà) ðåøåíèå çàäà÷è îá èçîòåðìè÷åñêîì ñêîëüæåíèè ãàçà âäîëü òâåðäîé ïëîñêîé ïîâåðõíî-
ñòè (çàäà÷è Êðàìåðñà). Â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ èñïîëüçóåòñÿ ëèíåàðèçîâàííàÿ ÁÃÊ
(Áõàòíàãàð, Ãðîññ, Êðóê) ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà, à â êà÷åñòâå ãðàíè÷íî-
ãî óñëîâèÿ íà îáòåêàåìîé ãàçîì ïîâåðõíîñòè � ìîäåëü çåðêàëüíî-äèôôóçíîãî îòðàæåíèÿ. Äëÿ
ðàçëè÷íûõ çíà÷åíèé êîýôôèöèåíòà àêêîìîäàöèè òåíãåíöèàëüíîãî èìïóëüñà ìîëåêóë ãàçà âû-
÷èñëåíà ñêîðîñòü èçîòåðìè÷åñêîãî ñêîëüæåíèÿ ãàçà âäîëü ïîâåðõíîñòè è ïîñòðîåíû ïðîôèëè
ìàññîâîé ñêîðîñòè. Âûïîëíåíî ñðàâíåíèå ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, îïóáëèêîâàííûìè â
îòêðûòîé ïå÷àòè.

Êëþ÷åâûå ñëîâà: êèíåòè÷åñêîå óðàâíåíèå Áîëüöìàíà, ìîäåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ,
òî÷íûå àíàëèòè÷åñêèå ðåøåíèÿ, ìîäåëè ãðàíè÷íûõ óñëîâèé

1. Ââåäåíèå

Â êëàññè÷åñêîé ãèäðîäèíàìèêå â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ íà îáòåêàåìûõ ãàçîì
ïîâåðõíîñòÿõ èñïîëüçóþòñÿ òàê íàçûâàåìûå ãðàíè÷íûå óñëîâèÿ ¾ïðèëèïàíèÿ¿, êîòîðûå
ïðåäïîëàãàþò ðàâåíñòâî ñêîðîñòè ãàçà âáëèçè îáòåêàåìîé ïîâåðõíîñòè ñêîðîñòè ñàìîé ïî-
âåðõíîñòè. Â äåéñòâèòåëüíîñòè ýòî óñëîâèå íîñèò ïðèáëèæåííûé õàðàêòåð è ïðèìåíèìî
ëèøü â òîì ñëó÷àå, êîãäà äëèíó ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà ìîæíî ñ÷èòàòü ñêîëü
óãîäíî ìàëîé, ÷òî íå âûïîëíÿåòñÿ, â ÷àñòíîñòè, äëÿ ðàçðåæåííûõ ãàçîâ. Âìåñòî òîãî ÷òîáû
ïîëíîñòüþ ¾ïðèëèïàòü¿ ê îáòåêàåìîé ïîâåðõíîñòè, ðàçðåæåííûé ãàç ñîõðàíÿåò îêîëî íåå
íåêîòîðóþ, õîòÿ è ìàëóþ ñêîðîñòü, ò.å. âîçíèêàåò ñêîëüæåíèå ãàçà âäîëü ïîâåðõíîñòè [1].
Â ñëó÷àå ïîñòîÿíñòâà òåìïåðàòóðû ãàçà ýòî ÿâëåíèå ïîëó÷èëî íàçâàíèå èçîòåðìè÷åñêîãî
ñêîëüæåíèÿ. Ýêñïåðèìåíòàëüíî ÿâëåíèå èçîòåðìè÷åñêîãî ñêîëüæåíèÿ áûëî îáíàðóæåíî â
1875 ãîäó Êóíäòîì è Âàðáóðãîì ïðè èññëåäîâàíèè äâèæåíèÿ ðàçðåæåííîãî ãàçà ïî òðóáàì
[2]. Êàê ïîêàçàëè ðåçóëüòàòû ïðîâåäåííûõ Êíóäòîì è Âàðáóðãîì èññëåäîâàíèé, ñêîðîñòü
ñêîëüæåíèÿ îêàçàëàñü ïðîïîðöèîíàëüíîé ãðàäèåíòó ìàññîâîé ñêîðîñòè âíå ñëîÿ Êíóäñåíà
(òîíêîãî ñëîÿ ãàçà íåïîñðåäñòâåííî ïðèëåãàþùåãî ê ïîâåðõíîñòè, òîëùèíà êîòîðîãî èìååò
ïîðÿäîê ñðåäíåé äëèíû ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà). Òàêèì îáðàçîì, äëÿ íå ñëèø-
êîì áîëüøèõ ãðàäèåíòîâ ìàññîâîé ñêîðîñòè ãàçà ñêîðîñòü èçîòåðìè÷åñêîãî ñêîëüæåíèÿ
îïðåäåëÿåòñÿ âûðàæåíèåì [1]

u0 = Cm
duτ
dx′n

. (1.1)

Çäåñü uτ � êàñàòåëüíàÿ ê îáòåêàåìîé ïîâåðõíîñòè êîìïîíåíòà ìàññîâîé ñêîðîñòè ãàçà,
x′n � íîðìàëüíàÿ ê ïîâåðõíîñòè êîîðäèíàòà. Êîýôôèöèåíò Cm íàçûâàåòñÿ êîýôôèöèåí-
òîì èçîòåðìè÷åñêîãî ñêîëüæåíèÿ.

1 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ñåâåðíûé (Àðêòè÷åñêèé) ôåäåðàëüíûé óíèâåðñèòåò
èìåíè Ì. Â. Ëîìîíîñîâà, ã. Àðõàíãåëüñê; s.gulakova@narfu.ru.

2 Çàâåäóþùèé êàôåäðîé ìàòåìàòèêè, Ñåâåðíûé (Àðêòè÷åñêèé) ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì. Â. Ëîìîíîñîâà, ã. Àðõàíãåëüñê; v.popov@agtu.ru.
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Ðåøåíèþ çàäà÷è îá èçîòåðìè÷åñêîì ñêîëüæåíèè ðàçðåæåííîãî ãàçà âäîëü òâåðäîé
ïëîñêîé ïîâåðõíîñòè ïîñâÿùåíî çíà÷èòåëüíîå ÷èñëî ðàáîò. Îáçîð íàèáîëåå ðàííèõ, âû-
ïîëíåííûõ ñ èñïîëüçîâàíèåì ðàçëè÷íûõ ïðèáëèæåííûõ ìåòîäîâ, ìîæíî íàéòè â [3]. Áîëåå
ïîçäíèõ (â òîì ÷èñëå è ñ èñïîëüçîâàíèåì òî÷íûõ àíàëèòè÷åñêèõ ðåøåíèé) � â [4]. Ïðè
ýòîì â áîëüøèíñòâå óïîìÿíóòûõ âûøå ðàáîò ðåøåíèå çàäà÷è îãðàíè÷èâàëîñü âû÷èñëåíè-
åì êîýôôèöèåíòà èçîòåðìè÷åñêîãî ñêîëüæåíèÿ, âõîäÿùåãî â (1.1) äëÿ ñëó÷àÿ äèôôóçíî-
ãî îòðàæåíèÿ ìîëåêóë ãàçà îáòåêàåìîé ïîâåðõíîñòüþ. Èñêëþ÷åíèå ñîñòàâëÿþò ðàáîòû [4]
� [6], â êîòîðûõ ïîìèìî çíà÷åíèÿ êîýôôèöèåíòà èçîòåðìè÷åñêîãî ñêîëüæåíèÿ ïîñòðîåí
ïðîôèëü ñêîðîñòè ãàçà. Â [4] àíàëèòè÷åñêèå ðåøåíèÿ çàäà÷è íàéäåíû ñ èñïîëüçîâàíèåì
ìåòîäà Êåéçà (ìåòîäà ðàçëîæåíèÿ ðåøåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì ñîîòâåòñòâóþùåãî
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ) è ìåòîäà àïïðîêñèìèðóþùèõ ôóíêöèé. Â ïåðâîì ñëó÷àå
â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ íà ñòåíêå èñïîëüçîâàëàñü ìîäåëü äèôôóçíîãî îòðàæåíèÿ
ìîëåêóë ãàçà, âî âòîðîì � çåðêàëüíî-äèôôóçíîãî. Â [5] è [6] ðåøåíèå ïîñòðîåíî ìåòîäîì
äèñêðåòíûõ îðäèíàò, à â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ ïðèíèìàëàñü ìîäåëü çåðêàëüíî-
äèôôóçíîãî îòðàæåíèÿ. Â ïðåäñòàâëåííîé ðàáîòå â êà÷åñòâå ìåòîäà ðåøåíèÿ èñïîëüçî-
âàíî îáîáùåíèå ìåòîäà Êåéçà, ïðåäëîæåííîå â [7], à â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ íà
ñòåíêå ïðèíÿòà ìîäåëü çåðêàëüíî-äèôôóçíîãî îòðàæåíèÿ.

2. Âûâîä îñíîâíûõ óðàâíåíèé

Ðàññìîòðèì ãàç, çàïîëíÿþùèé ïîëóïðîñòðàíñòâî x′ > 0 , îãðàíè÷åííîå ñòåíêîé, ðàñ-
ïîëîæåííîé â ïëîñêîñòè x′ = 0 . Îñü Oz′ íàïðàâèì âäîëü ìàññîâîé ñêîðîñòè ãàçà. Ïðåä-
ïîëîæèì, ÷òî ãàç íåîäíîðîäåí èç-çà ãðàäèåíòà z -êîìïîíåíòû ìàññîâîé ñêîðîñòè âäîëü
îñè x′ , ïðè÷åì ãðàäèåíò ñêîðîñòè ñòðåìèòñÿ ê êîíñòàíòå ïðè x′ → +∞ .

Â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ, îïèñûâàþùåãî êèíåòèêó ïðîöåññà, áóäåì èñïîëüçî-
âàòü ÁÃÊ ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà, êîòîðàÿ â âûáðàííîé ñèñòåìå êî-
îðäèíàò çàïèñûâàåòñÿ â âèäå [4]

vx
∂f

∂x′
+ vz

∂f

∂z′
=

p

ηg
(feq − f). (2.1)

Çäåñü f(r′,v) � èñêîìàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì è ñêî-
ðîñòÿì, feq(r

′,v) � ëîêàëüíî-ðàâíîâåñíàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ, p è ηg � äàâëåíèå è
êîýôôèöèåíò äèíàìè÷åñêîé âÿçêîñòè ãàçà.

Áóäåì ïîëàãàòü, ÷òî îòêëîíåíèå ñîñòîÿíèÿ ãàçà ìàëî îòëè÷àåòñÿ îò ðàâíîâåñíîãî. Òîãäà
çàäà÷à äîïóñêàåò ëèíåàðèçàöèþ è ôóíêöèþ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì
è ñêîðîñòÿì ìîæíî ïðåäñòàâèòü â âèäå

f(r′,v) = f∞(r′,v) [1 + CzZ(x,Cx)] . (2.2)

Çäåñü f∞(r′,v) = f(C)[1+2CzU0+2CzGv(x−Cx)] � ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãà-

çà âäàëè îò ñòåíêè; f(C) = n0 (β/π)
3/2 exp(−C2) � àáñîëþòíûé ìàêñâåëëèàí ñ ïàðàìåòðà-

ìè, çàäàííûìè íà ñòåíêå; C =
√
β v � áåçðàçìåðíàÿ ñêîðîñòü ìîëåêóë ãàçà; β = m/2kBT ;

m � ìàññà ìîëåêóëû ãàçà; kB � ïîñòîÿííàÿ Áîëüöìàíà; T � òåìïåðàòóðà ãàçà; x = x′/lg
áåçðàçìåðíàÿ êîîðäèíàòà; lg = ηg β

−1/2/p � ñðåäíÿÿ äëèíà ñâîáîäíîãî ïðîáåãà ìîëåêóë
ãàçà; Gv � áåçðàçìåðíûé ãðàäèåíò ñêîðîñòè ãàçà; U0 � èñêîìàÿ ñêîðîñòü ñêîëüæåíèÿ
ãàçà.
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Ïîäñòàâëÿÿ (2.2) â (2.1) è ëèíåàðèçóÿ feq(r
′,v) îòíîñèòåëüî àáñîëþòíîãî ìàêñâåëëèà-

íà, ïðèõîäèì ê óðàâíåíèþ äëÿ íàõîæäåíèÿ Z(x, µ) (µ = Cx )

µ
∂Z

∂x
+ Z(x, µ) =

1√
π

∞∫
−∞

exp(−τ 2)Z(x, τ) dτ. (2.3)

Ãðàíè÷íûå óñëîâèÿ äëÿ Z(x, µ) çàïèñûâàþòñÿ â âèäå

Z(0, µ) = (1− q)Z(0,−µ)− 2qU0 + 2Gvµ(2− q), µ > 0, (2.4)

lim
x→+∞

Z(x, µ) = 0, µ < 0. (2.5)

Çäåñü q � êîýôôèöèåíò àêêîìîäàöèè ñòåíêîé òàíãåíöèàëüíîãî èìïóëüñà ìîëåêóë ãàçà.
Òàêèì îáðàçîì, âû÷èñëåíèå ñêîðîñòè èçîòåðìè÷åñêîãî ñêîëüæåíèÿ è ïîñòðîåíèå ïðî-

ôèëÿ ìàññîâîé ñêîðîñòè ãàçà íàä ñòåíêîé ñâîäèòñÿ ê ðåøåíèþ êðàåâîé çàäà÷è (2.3) �
(2.5).

3. Ïîñòðîåíèå ôóíêöèè ðàñïðåäåëåíèÿ ìîëåêóë ãàçà

Îáùåå ðåøåíèå (2.3) èìååò âèä [4]

Z(x, µ) = A0 + A1(x− µ) +

+∞∫
0

exp

(
−x
η

)
F (η, µ)a(η) dη. (3.1)

Çäåñü

F (η, µ) =
1√
π
η P

1

η − µ
+ exp(η2)λ(η) δ(η − µ),

λ(z) = 1 +
1√
π
z

+∞∫
−∞

exp(−µ2) dµ

µ− z
, (3.2)

P(1/z) � ðàñïðåäåëåíèå â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïðè âû÷èñëåíèè èíòåãðàëà îò 1/z ,
δ(z) � äåëüòà-ôóíêöèÿ Äèðàêà, à A0 , A1 è a(η) � íåèçâåñòíûå ïàðàìåòðû è ôóíêöèÿ,
ïîäëåæàùèå äàëüíåéøåìó îïðåäåëåíèþ.

Ñ ó÷åòîì ãðàíè÷íîãî óñëîâèÿ (2.5) íàõîäèì A0 = 0 , A1 = 0 . Ïîäñòàâëÿÿ äàëåå (3.1) â
ãðàíè÷íîå óñëîâèå (2.4), ïðèõîäèì ê ñèíãóëÿðíîìó èíòåãðàëüíîìó óðàâíåíèþ

1√
π

+∞∫
0

η a(η) dη

η − µ
+ exp(µ2)a(µ)λ(µ) = f(µ), (3.3)

f(µ) = −2qU0 + 2Gvµ(2− q) +
1− q√
π

+∞∫
0

η a(η) dη

η + µ
, µ > 0. (3.4)

Ðåøåíèå (3.3) èùåì ñ èñïîëüçîâàíèåì ìåòîäîâ êðàåâûõ çàäà÷ òåîðèè ôóíêöèé êîì-
ïëåêñíîãî ïåðåìåííîãî. Ñ ýòîé öåëüþ ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ, çàäàííóþ èíòå-
ãðàëîì òèïà Êîøè

N(z) =
1√
π

+∞∫
0

ηa(η) dη

η − z
, (3.5)
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äëÿ êîòîðîé íà âåðõíåì è íèæíåì áåðåãàõ ðàçðåçà, ñîâïàäàþùåãî ñ äåéñòâèòåëüíîé ïîëî-
æèòåëüíîé ïîëóïðÿìîé, âûïîëíÿþòñÿ ñîîòíîøåíèÿ

N+(µ)−N−(µ) = 2
√
π i µa(µ), 0 < µ < +∞, (3.6)

N+(µ) +N−(µ) =
2√
π

+∞∫
0

ηa(η) dη

η − µ
, 0 < µ < +∞. (3.7)

Àíàëîãè÷íûå ñîîòíîøåíèÿ äëÿ λ(µ) , îïðåäåëÿåìîé ðàâåíñòâîì (3.2), èìåþò âèä

λ+(µ)− λ−(µ) = 2
√
π i µ exp(−µ2), −∞ < µ < +∞, (3.8)

λ+(µ) + λ−(µ) = 2λ(µ), −∞ < µ < +∞. (3.9)

Ñ ó÷åòîì (3.4) è (3.6) � (3.9) ñâåäåì ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå (3.3) ê êðàå-
âîé çàäà÷å Ðèìàíà

[N+(µ) + 2qU0 − 2Gvµ(2− q)]λ+(µ)− [N−(µ) + 2qU0 − 2Gvµ(2− q)]λ−(µ) =

= 2 i (1− q)µ exp(−µ2)

+∞∫
0

η a(η)

η + µ
dη, µ > 0. (3.10)

Îñîáåííîñòü êðàåâîé çàäà÷è (3.10) ñîñòîèò â òîì, ÷òî ôóíêöèè N(z) è λ(z) èìåþò ðàç-
ëè÷íûå ðàçðåçû. ×òîáû óñòðàíèòü ýòó îñîáåííîñòü íåîáõîäèìî ðåøèòü çàäà÷ó ôàêòîðè-
çàöèè, òî åñòü íàéòè òàêóþ íå îáðàùàþùóþñÿ â íóëü íè â îäíîé êîíå÷íîé òî÷êå ôóíêöèþ
X(z) , äëÿ êîòîðîé íà äåéñòâèòåëüíîé ïîëîæèòåëüíîé ïîëóîñè âûïîëíÿåòñÿ óñëîâèå

X+(µ)

X−(µ)
=
λ+(µ)

λ−(µ)

è êîòîðàÿ àíàëèòè÷íà âî âñåõ îñòàëüíûõ òî÷êàõ êîìïëåêñíîé ïëîñêîñòè.
Ðåøåíèå ýòîé çàäà÷è èìååò âèä [4]:

X(z) =
1

z
exp

[
1

π

∞∫
0

(θ(τ)− π) dτ

τ − z

]
, θ(τ) =

π

2
− arcctg

(
λ(τ)√

πτ exp(−τ 2)

)
.

Ñ ó÷åòîì ðåøåíèÿ çàäà÷è ôàêòîðèçàöèè ïåðåïèøåì (3.10)

[N+(µ) + 2qU0 − 2Gvµ(2− q)]X+(µ)− [N−(µ) + 2qU0 − 2Gvµ(2− q)]X−(µ) =

=
2 i (1− q)X−(µ)

λ−(µ)
µ exp(−µ2)

+∞∫
0

η a(η) dη

η + µ
, µ > 0. (3.11)

Ëèíèè ñêà÷êîâ ôóíêöèé N(z) è X(z) ñîâïàäàþò ñ êîíòóðîì êðàåâîãî óñëîâèÿ. Ñëåäî-
âàòåëüíî, ïîëó÷èëè êðàåâóþ çàäà÷ó Ðèìàíà � çàäà÷ó îïðåäåëåíèÿ àíàëèòè÷åñêîé ôóíêöèè
ïî çàäàííîìó ñêà÷êó. Ó÷èòûâàÿ ïîâåäåíèå âõîäÿùèõ â (3.11) ôóíêöèé, åå îáùåå ðåøåíèå
ïî ôîðìóëàì Ñîõîöêîãî èìååò âèä

N(z) =
1

X(z)

1√
π

+∞∫
0

X−(µ)

λ−(µ)
µ exp(−µ2)

dµ

µ− z

1− q√
π

+∞∫
0

η a(η) dη

η + µ
−

− 2qU0 + 2Gvz(2− q) +
Pn(z)

X(z)
, (3.12)
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ãäå Pn(z) � ìíîãî÷ëåí ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè, ñòåïåíü êîòîðîãî áóäåò îïðå-
äåëåíà íèæå.

Ðàññìîòðèì ïîâåäåíèå ðåøåíèÿ, çàäàâàåìîãî âûðàæåíèåì (3.12), â îêðåñòíîñòè áåñêî-
íå÷íî óäàëåííîé òî÷êè. Ó÷èòûâàÿ, ÷òî ïðè |z| → +∞

1√
π

+∞∫
0

X−(µ)

λ−(µ)
µ exp(−µ2)

dµ

µ− z

1− q√
π

+∞∫
0

η a(η) dη

η + µ
=

= −1

z

1√
π

+∞∫
0

X−(µ)

λ−(µ)
µ exp(−µ2) dµ

1− q√
π

+∞∫
0

η a(η) dη

η + µ
+O

(
1

z2

)
,

1

X(z)
= z +Q1 +O

(
1

z

)
,

íàõîäèì

N(z) = − 1√
π

+∞∫
0

X−(µ)

λ−(µ)
µ exp(−µ2) dµ

1− q√
π

+∞∫
0

η a(η) dη

η + µ
−

− 2qU0 + 2Gvz(2− q) + Pn(z)(z +Q1) +O

(
1

z

)
, |z| → +∞. (3.13)

Çäåñü

Qn =
1√
π

+∞∫
0

X−(η)

λ−(η)
ηk+1 exp(−η2) dη

� èíòåãðàëû Ëîÿëêè, â ÷àñòíîñòè, Q1 = −1.01619 .
Âîñïîëüçîâàâøèñü èíòåãðàëüíûì ïðåäñòàâëåíèåì ôàêòîðèçóþùåé ôóíêöèè

X(z) =
1√
π

+∞∫
0

X−(µ)

λ−(µ)
µ exp(−µ2)

dµ

µ− z
(3.14)

è èçìåíèâ â âûðàæåíèè (3.13) ïîðÿäîê èíòåãðèðîâàíèÿ, ïåðåïèøåì åãî â âèäå

N(z) = −1− q√
π

+∞∫
0

ηX(−η)a(η) dη
η + µ

− 2qU0 + 2Gvz(2− q) + Pn(z)(z +Q1) +O

(
1

z

)
. (3.15)

Òàê êàê ôóíêöèÿ N(z) ñîãëàñíî (3.5) çàäàíà èíòåãðàëîì òèïà Êîøè, òî â îêðåñòíîñòè
áåñêîíå÷íî óäàëåííîé òî÷êè äîëæíî âûïîëíÿòüñÿ ñîîòíîøåíèå N(z) = O(1/z) . Îòñþäà,
ñ ó÷åòîì (3.15) íåîáõîäèìî ïîëîæèòü Pn(z) = C0 .

Òîãäà, ïðèðàâíèâàÿ â (3.15) êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z , íàõîäèì

C0 = −2(2− q)Gv,

U0 = −1

q

(2− q)GvQ1 +
1− q

2
√
π

+∞∫
0

ηX(−η)a(η) dη

 . (3.16)
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Êîýôôèöèåíò a(η) â ðàçëîæåíèè (3.1) ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è ïî ñîáñòâåí-
íûì âåêòîðàì íåïðåðûâíîãî ñïåêòðà íàéäåì èç óñëîâèÿ (3.6), ïðåäâàðèòåëüíî ïðåîáðàçî-
âàâ (3.12).

Ó÷èòûâàÿ, ÷òî
1

µ− z

1

η + µ
=

1

η + z

[
1

µ− z
− 1

µ+ η

]
,

ïåðåïèøåì (3.12) â âèäå

N(z) =
1

X(z)

[
1√
π

+∞∫
0

X−(µ)

λ−(µ)
µ exp(−µ2)

dµ

µ− z

1− q√
π

+∞∫
0

η a(η) dη

η + z
−

− 1− q√
π

+∞∫
0

η a(η) dη

η + µ

1√
π

+∞∫
0

X−(µ)

λ−(µ)
µ exp(−µ2)

dµ

µ+ η

]
−

− 2qU0 + 2Gvz(2− q)− 2(2− q)Gv

X(z)
,

èëè, ñ ó÷åòîì (3.14)

N(z) = − 2

X(z)

[
(2− q)Gv +

1− q

2
√
π

+∞∫
0

η X(−η)a(η) dη
η + µ

]
−

− 2qU0 + 2Gvz(2− q) +
1− q√
π

+∞∫
0

η a(η) dη

η + z
.

Äëÿ ïîñòðîåííîãî ðåøåíèÿ N(z) , èñïîëüçóÿ ôîðìóëû Cîõîöêîãî-Ïëåìåëÿ, ìîæåì çà-
ïèñàòü

N+(µ)−N−(µ) = −2

[
1

X+(µ)
− 1

X−(µ)

] [
(2− q)Gv +

1− q

2
√
π

+∞∫
0

η X(−η)a(η) dη
η + µ

]
=

=
2
√
π i µ exp(−µ2)X(−µ)

|λ+(µ)|2

[
(2− q)Gv +

1− q

2
√
π

+∞∫
0

η X(−η)a(η) dη
η + µ

]
, µ > 0.

Îòñþäà ñ ó÷åòîì (3.6) äëÿ íàõîæäåíèÿ a(η) ïðèõîäèì ê èíòåãðàëüíîìó óðàâíåíèþ
Ôðåäãîëüìà âòîðîãî ðîäà

a(µ) = h(µ)

[
(2− q)Gv + λ

+∞∫
0

η X(−η)a(η) dη
η + µ

]
, µ > 0. (3.17)

Çäåñü

h(µ) =
exp(−µ2)X(−µ)

|λ+(µ)|2
, λ =

1− q

2
√
π
.

Ðåøåíèå (3.17) èùåì â âèäå ðÿäà

a(µ) =
+∞∑
k=0

λkak(µ). (3.18)
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Ïîäñòàâëÿÿ (3.18) â (3.17) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ λ ,
ïðèõîäèì ê ñèñòåìå ðåêêóðåíòíûõ ñîîòíîøåíèé, èç êîòîðûõ íàõîäèì

a0(µ) = (2− q)Gvh(µ), a1(µ) = (2− q)Gvh(µ)

+∞∫
0

g(η1) dη1
η1 + µ

,

a2(µ) = (2− q)Gvh(µ)

+∞∫
0

g(η1) dη1
η1 + µ

+∞∫
0

g(η2) dη2
η2 + η1

,

ak(µ) = (2− q)Gvh(µ)

+∞∫
0

g(η1) dη1
η1 + µ

+∞∫
0

g(η2) dη2
η2 + η1

. . .

+∞∫
0

g(ηk) dηk
ηk + ηk−1

,

g(η) = η X(−η)h(η).

Ïîäñòàâëÿÿ (3.18) â (3.16) ñ ó÷åòîì ïîëó÷åííûõ ðåçóëüòàòîâ, ìîæåì çàïèñàòü

U0 = −(2− q)Gv

q

[
Q1 +

+∞∑
k=0

(1− q)k+1Ik

]
, (3.19)

I0 =
1

2
√
π

+∞∫
0

g(η) dη, I1 =
1

2
√
π

+∞∫
0

g(η) dη
1

2
√
π

+∞∫
0

g(η1) dη

η1 + η
,

Ik =
1

2
√
π

+∞∫
0

g(η) dη
1

2
√
π

+∞∫
0

g(η1) dη1
η1 + η

. . .
1

2
√
π

+∞∫
0

g(ηk) dηk
ηk + ηk−1

.

Òàêèì îáðàçîì, íåèçâåñòíûå ïàðàìåòðû A0 , A1 è ôóíêöèÿ a(η) , âõîäÿùèå â (3.1)
íàéäåíû è ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì è ñêîðîñòÿì ïîñòðîåíà.

4. Âû÷èñëåíèå ïðîôèëÿ ìàññîâîé ñêîðîñòè ãàçà

Ñêîðîñòü ãàçà íàä ñòåíêîé íàõîäèì, èñõîäÿ èç ñòàòèñòè÷åñêîãî ñìûñëà ïîñòðîåííîé
ôóíêöèè ðàñïðåäåëåíèÿ

Uz(x) = π−3/2

∫
exp(−C2)C2

z [2U0 + 2Gvx+ Z(x,Cx)] d
3C =

= U0 +Gvx+
1

2
√
π

+∞∫
−∞

exp(−µ2)Z(x, µ) dµ = U0 +Gvx+
1

2
√
π

+∞∫
0

exp

(
−x
η

)
a(η) dη =

=

[
−2− q

q

[
Q1 +

+∞∑
k=0

(1− q)k+1Ik

]
+ x+ (2− q)

+∞∑
k=0

(1− q)kJk(x)

]
Gv. (4.1)

Çäåñü

J0(x) =
1

2
√
π

+∞∫
0

γ(x, η) dη,
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J1(x) =
1

2
√
π

+∞∫
0

γ(x, η) dη
1

2
√
π

+∞∫
0

g(η1) dη1
η1 + η

,

Jk(x) =
1

2
√
π

+∞∫
0

γ(x, η) dη
1

2
√
π

+∞∫
0

g(η1) dη1
η1 + η

, . . .
1

2
√
π

+∞∫
0

g(ηk) dηk
ηk + ηk−1

,

γ(x, η) = exp

(
−x
η

)
h(η).

Â ñëó÷àå ëèíåéíîé ýêñòðàïîëÿöèè ïðîôèëÿ ìàññîâîé ñêîðîñòè ãàçà íà ñòåíêó

Uz(x) =

[
x− 2− q

q

[
Q1 +

+∞∑
k=0

(1− q)k+1Ik

]]
Gv. (4.2)

Ïðîôèëè ìàññîâîé ñêîðîñòè ãàçà Uz(x) , îòíåñåííûå ê ãðàäèåíòó ìàññîâîé ñêîðîñòè,
äëÿ ðàçëè÷íûõ çíà÷åíèé êîýôôèöèåíòà àêêîìîäàöèè, ðàññ÷èòàííûå ñîãëàñíî (4.1) è (4.2)
ïðèâåäåíû íà Ðèñóíêå 1.
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Ðèñ. 1. Ãðàôèêè çàâèñèìîñòè Uz(x)/Gv äëÿ ðàçëè÷íûõ çíà÷åíèé q : 1 � ðàññ÷èòàííûå
ñîãëàñíî (4.1), 2 � ñîãëàñíî (4.2).

Êàê âèäíî èç ïðèâåäåííûõ ðèñóíêîâ ïðè óìåíüøåíèè çíà÷åíèÿ êîýôôèöèåíòà àêêî-
ìîäàöèè ïðîôèëü ìàññîâîé ñêîðîñòè â ñëîå Êíóäñåíà, ðàññ÷èòàííûé ñîãëàñíî (4.1) âñå
ñóùåñòâåííåå îòëè÷àåòñÿ îò òîãî, ÷òî ïîëó÷àåòñÿ íà îñíîâå (4.2).
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Çíà÷åíèÿ ñêîðîñòè ñêîëüæåíèÿ U0 , ðàññ÷èòàííûå ñîãëàñíî (3.19), ïðèâåäåíû â Òàá-
ëèöå 1. Òàì æå ïðèâåäåíû çíà÷åíèÿ, ïîëó÷åííûå â [4] � [6] ñ èñïîëüçîâàíèåì ëèíåàðèçî-
âàííîãî óðàâíåíèÿ Áîëüöìàíà äëÿ ìîëåêóë-æåñòêèõ ñôåð (LBE), ìîäåëè êèíåòè÷åñêîãî
óðàâíåíèÿ Áîëüöìàíà ñ êîìáèíèðîâàííûì ÿäðîì (CES) è ÁÃÊ ìîäåëè (BGK).

q (4.1) BGK [4] BGK [6] CES [5] LBE [5]
0.1 17.11708 17.09809 17.10313 17.04462 17.0478
0.2 8.22973 8.220481 8.224902 8.169615 8.17248
0.3 5.257268 5.251263 5.255112 5.203049 5.20563
0.4 3.763664 3.759290 3.762619 3.713778 3.71609
0.5 2.861707 2.858334 2.86119 2.815562 2.81761
0.6 2.255662 2.252980 2.25541 2.212984 2.21178
0.7 1.818786 1.816621 1.818667 1.779429 1.78048
0.8 1.487706 1.485952 1.487654 1.451586 1.45292
0.9 1.227215 1.225801 1.227198 1.194247 1.19540
1.0 1.01619 1.015064 1.01619 0.9864009 0.987328

Òàáëèöà 1. Çíà÷åíèÿ U0/Gv ïðè ðàçëè÷íûõ çíà÷åíèÿõ q.

Êàê âèäíî èç ïðèâåäåííîé òàáëèöû, îòëè÷èå çíà÷åíèé ñêîðîñòè èçîòåðìè÷åñêîãî
ñêîëüæåíèÿ, ïîëó÷åííûõ â ïðåäñòàâëåííîé ðàáîòå, íå ïðåâûøàåò 0.1% îò àíàëîãè÷íûõ
çíà÷åíèé, íàéäåííûõ â [4], [6] â ðàìêàõ ÁÃÊ ìîäåëè. Îòëè÷èå îò àíàëîãè÷íûõ ðåçóëüòà-
òîâ, ïîëó÷åííûõ â ðàìêàõ CES è LBE ìîäåëåé, ñîñòàâëÿåò îò 3% ïðè q = 1 äî 0, 4% ïðè
q = 0.1 , è îáóñëîâëåíî çàâèñèìîñòüþ çíà÷åíèé êîýôôèöèåíòîâ ñêîëüæåíèÿ îò âûáîðà
ìîäåëè èíòåãðàëà ñòîëêíîâåíèé, îòìå÷åííîé â [8].

5. Çàêëþ÷åíèå

Èòàê, â ðàáîòå ñ èñïîëüçîâàíèåì àíàëèòè÷åñêèõ ìåòîäîâ â âèäå ðÿäà Íåéìàíà ïîñòðîå-
íî ðåøåíèå çàäà÷è îá èçîòåðìè÷åñêîì ñêîëüæåíèè ðàçðåæåííîãî ãàçà âäîëü òâåðäîé ïëîñ-
êîé ïîâåðõíîñòè. Äëÿ ïðîèçâîëüíûõ çíà÷åíèé êîýôôèöèåíòà àêêîìîäàöèè òàíãåíöèàëü-
íîãî èìïóëüñà ìîëåêóë ãàçà ïîëó÷åíû àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ ïðîôèëÿ ñêîðîñòè
ãàçà è ñêîðîñòè èçîòåðìè÷åñêîãî ñêîëüæåíèÿ. Ïðîâåäåí ÷èñëåííûé àíàëèç ïîëó÷åííûõ
âûðàæåíèé.
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Analytic solution of the Kramers problem

c⃝ S. V. Gulakova 3, V. N. Popov 4

Abstract. In the framework of kinetic approach the analytic solution (in the form of a series
Neumann) of the problem of isothermal slip gas along a hard, �at surface (Kramers's problem) is
built. The linearized BGK (Bhatnagar, Gross, Krook) model of Boltzmann's kinetic equation as
the main equation and the model of mirror-di�use re�ection as boundary conditions on the surface
are used. For di�erent values of the coe�cient of di�usely the speed of isothermal slip gas along
the surface is calculated and the pro�les of mass velocity are built. The comparison with similar
results, published in the open press is done.

Key Words: Boltzmann kinetic equation, model kinetic equations, exact analytical decisions,
models of boundary conditions
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