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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ çàäà÷à î âû÷èñëåíèè ðàçâåòâëÿþùèõñÿ ðåøåíèé íåëèíåéíîé
çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÷åòâ¼ð-
òîãî ïîðÿäêà, îïèñûâàþùåãî ïðîãèá óäëèíåííîé ïëàñòèíû â ñâåðõçâóêîâîì ïîòîêå ãàçà, ñæè-
ìàåìîé (ðàñòÿãèâàåìîé) âíåøíèìè êðàåâûìè óñèëèÿìè. Ñòðîèòñÿ àñèìïòîòèêà ðàçâåòâëÿ-
þùèõñÿ ðåøåíèé â âèäå ñõîäÿùèõñÿ ïî ìàëûì îòêëîíåíèÿì îò êðèòè÷åñêèõ çíà÷åíèé áè-
ôóðêàöèîííûõ ïàðàìåòðîâ ðÿäîâ. Ôðåäãîëüìîâîñòü ëèíåàðèçîâàííîé ñïåêòðàëüíîé çàäà÷è
äîêàçûâàåòñÿ ïîñòðîåíèåì ñîîòâåòñòâóþùåé ôóíêöèè Ãðèíà, êîòîðîå äëÿ çàäà÷ òàêîãî òèïà
âûïîëíåíî âïåðâûå.

Êëþ÷åâûå ñëîâà: ïðîãèá ïëàñòèíû, àýðîóïðóãîñòü, áèôóðêàöèÿ, óðàâíåíèå ðàçâåòâëåíèÿ.

Ñòàòè÷åñêèå çàäà÷è ïîòåðè óñòîé÷èâîñòè çàêëþ÷àþòñÿ â íàõîæäåíèè òàêèõ çíà÷åíèé
áèôóðêàöèîííûõ ïàðàìåòðîâ, ïðè êîòîðûõ ñèñòåìà ìîæåò ñîâåðøèòü ñêà÷êîîáðàçíûé ïå-
ðåõîä èç îäíîãî ñîñòîÿíèÿ ðàâíîâåñèÿ â äðóãîå. Â ýòîì ñëó÷àå ïðîèñõîäèò ïåðåõîä ïàðà-
ìåòðîâ ÷åðåç íåêîòîðîå êðèòè÷åñêîå çíà÷åíèé, ïðè ýòîì ìåíÿåòñÿ êà÷åñòâåííàÿ êàðòèíà
ðåøåíèé óðàâíåíèé, îïèñûâàþùèõ äåôîðìàöèþ óïðóãèõ òåë. Â îêðåñòíîñòè êðèòè÷åñêèõ
çíà÷åíèé áèôóðêàöèîííûõ ïàðàìåòðîâ âîçìîæíî íåñêîëüêî ðåøåíèé, ò.å. íåñêîëüêî ïî-
ëîæåíèé ðàâíîâåñèÿ îáòåêàåìîãî òåëà.

Ìàòåìàòè÷åñêàÿ ìîäåëü çàäà÷è î ïðîãèáå óäëèíåííîé óïðóãî îï¼ðòîé ïëàñòèíû â
ñâåðõçâóêîâîì ïîòîêå ãàçà, ñæèìàåìîé / ðàñòÿãèâàåìîé âíåøíèìè êðàåâûìè óñèëèÿìè,
îïèñûâàåòñÿ êëàññîì äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ [1], [2] äëÿ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé (ÎÄÓ) ÷åòâ¼ðòîãî ïîðÿäêà:

χ2

(
w′′

(1+w′2)
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, θ = 1

1−µ2 è k = p0d
Eh

, ãäå d �øèðèíà ïëàñòèíû, h � å¼ òîëùèíà,

E �ìîäóëü Þíãà, µ �êîýôôèöèåíò Ïóàññîíà, M = υ
c∞

�÷èñëî Ìàõà ( υ � ñêîðîñòü
ïîòîêà ãàçà, c∞ � ñêîðîñòü çâóêà â íåâîçìóùåííîì ãàçå), κ �ïîêàçàòåëü ïîëèòðîïû, p0�
äàâëåíèå, β0 �êîýôôèöèåíò æåñòêîñòè îñíîâàíèÿ, ε3q(x) �ìàëàÿ íîðìàëüíàÿ íàãðóçêà.
Èíòåãðàëüíîå ñëàãàåìîå ó÷èòûâàåò äîïîëíèòåëüíîå óñèëèå â ñðåäèííîé ïëîñêîñòè ïðè
ïðîãèáå.
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Â îêðåñòíîñòÿõ êðèòè÷åñêèõ çíà÷åíèé áèôóðêàöèîííûõ ïàðàìåòðîâ ( ñæèìàþùåå
(ðàñòÿãèâàþùåå) óñèëèå T = T0 + ε1 , ÷èñëî Ìàõà M = M0 + ε2 ) äëÿ âû÷èñëåíèÿ ìàëûõ
èçãèáíûõ ôîðì ïðèìåíÿþòñÿ ìåòîäû òåîðèè áèôóðêàöèé [3]. Çàâèñèìîñòü äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ îò áèôóðêàöèîííûõ ïàðàìåòðîâ âûðàæàåòñÿ ÷åðåç êîðíè ñîîòâåòñòâó-
þùèõ õàðàêòåðèñòè÷åñêèõ óðàâíåíèé ëèíåàðèçàöèè, êîòîðûå ìîæíî ñ÷èòàòü çàäàííûìè
òî÷íî. Ðàâåíñòâî íóëþ îïðåäåëèòåëÿ ìàòðèöû ãðàíè÷íûõ óñëîâèé ïîçâîëÿåò îïðåäåëèòü
êðèòè÷åñêèå áèôóðêàöèîííûå ïîâåðõíîñòè è êðèâûå [5], [6], â îêðåñòíîñòÿõ òî÷åê êîòîðûõ
ñòðîèòñÿ àñèìïòîòèêà ðàçâåòâëÿþùèõñÿ ðåøåíèé â âèäå ñõîäÿùèõñÿ ïî ìàëûì ïàðàìåò-
ðàì ðÿäîâ, è, òåì ñàìûì, ðåøèòü áèôóðêàöèîííóþ çàäà÷ó î ïðîãèáå ïëàñòèíû â òî÷íîé
ïîñòàíîâêå. Íàèáîëüøèå òðóäíîñòè âîçíèêàþò ïðè èññëåäîâàíèè ëèíåàðèçîâàííîé ñïåê-
òðàëüíîé çàäà÷è, ôðåäãîëüìîâîñòü êîòîðîé, äîêàçûâàåòñÿ ïîñòðîåíèåì ñîîòâåòñòâóþùåé
ôóíêöèè Ãðèíà, âûïîëíåííûì ïî ñõåìå ìîíîãðàôèè [4].

Â èçâåñòíûõ íàì ðàáîòàõ ê áèôóðêàöèîííûì çàäà÷àì àýðîóïðóãîñòè, êàê ïðàâèëî,
ïðèìåíÿëñÿ ìåòîä Ãàëåðêèíà. Ìåòîäàìè òåîðèè áèôóðêàöèé çàäà÷à î ïðîãèáå ïðÿìî-
óãîëüíîé ïëàñòèíû èññëåäîâàíà â ðàáîòå [7]. Ïðîãèá óäëèíåííîé ïëàñòèíû ïðè ó÷¼òå
òîëüêî îäíîãî áèôóðêàöèîííîãî ïàðàìåòðà - ÷èñëà Ìàõà - â ðàáîòàõ Ï.À.Âåëüìèñîâà è
Á.Â.Ëîãèíîâà[8], Ï.À. Âåëüìèñîâà è Ñ.Â.Êèðååâà [9], â êîòîðûõ ïðèìåíÿëñÿ ìåòîä ãðóï-
ïîâûõ ïðåîáðàçîâàíèé Ö.Íà, ïîçâîëÿþùèé ñâîäèòü äâóõòî÷å÷íûå ãðàíè÷íûå çàäà÷è äëÿ
ÎÄÓ ÷åòâ¼ðòîãî ïîðÿäêà ê çàäà÷å Êîøè.

Ïóñòü E1, E2 - áàíàõîâû ïðîñòðàíñòâà. Ðàññìàòðèâàåòñÿ íåëèíåéíîå óðàâíåíèå

Bx = R(x, λ), R(0, 0) = 0, R′(0, 0) = 0 (1.2)

Çäåñü B : E1 → E2 - çàìêíóòûé ôðåäãîëüìîâ îïåðàòîð (R(B) = R(B) , R(B) - îáëàñòü
çíà÷åíèé îïåðàòîðà Â) ñ ïëîòíîé â E1 îáëàñòüþ îïðåäåëåíèÿ D(B) , N(B) = span{φ(x)}
- åãî ïîäïðîñòðàíñòâî íóëåé, N∗(B) = span{ψ(x)} - äåôåêòíîå ïîäïðîñòðàíñòâî. Íåëè-
íåéíûé îïåðàòîð R(x, λ) ïðåäïîëàãàåòñÿ îïðåäåë¼ííûì è äîñòàòî÷íî ãëàäêèì ïî x è λ
â îêðåñòíîñòè (0, 0) ∈ E1+Λ , Λ - ïðîñòðàíñòâî ïàðàìåòðîâ. Ïî òåîðåìå Õàíà-Áàíàõà ñó-
ùåñòâóþò áèîðòîãîíàëüíûå ñèñòåìû {γj}n1 ∈ E1 , ⟨φi, γj⟩ = δij è {zk}n1 ∈ E2 , ⟨zk, ψl⟩ = δkl

(çäåñü è äàëåå ⟨a, b⟩ =
1∫
0

a(x)b(x)dx ), ïîðîæäàþùèå ïðîåêòîðû P =
n∑

j=1

⟨·, ψj⟩zj : E1 →

N(B) , Q =
n∑

j=1

⟨·, γj⟩φj : E2 → E2,n = span{z1, . . . zn} è ðàçëîæåíèå áàíàõîâûõ ïðîñòðàíñòâ

â ïðÿìûå ñóììû E1 = En
1 + E∞−n

1 ,En
1 = N(B) , E2 = E2,n + E2,∞−n , E2,∞−n = R(B) . Òî-

ãäà ìåòîä Ëÿïóíîâà-Øìèäòà ïîçâîëÿåò ñâåñòè çàäà÷ó (1.2) ê ïîñòðîåíèþ ìàëûõ ðåøåíèé
íåëèíåéíîé êîíå÷íîìåðíîé ñèñòåìû, íàçûâàåìîé óðàâíåíèåì ðàçâåòâëåíèÿ(ÓÐ). Äåéñòâè-

òåëüíî, ñîãëàñíî ëåììå Ý. Øìèäòà, îïåðàòîð B̃ = B+
n∑

k=1

⟨·, γk⟩zk íåïðåðûâíî îáðàòèì, è

óðàâíåíèå (1.2) ìîæåò áûòü çàïèñàíî â âèäå ñèñòåìû

B̃x = R(x, λ) +
n∑

i=1

ξizi, ξi = ⟨x, γi⟩, i = 1, n (1.3)

Ïî òåîðåìå î íåÿâíûõ îïåðàòîðàõ ïåðâîå óðàâíåíèå (1.3) èìååò åäèíñòâåííîå ðåøåíèå
x = x(ξ, λ) , ïîäñòàíîâêà êîòîðîãî âî âòîðîå äà¼ò ÓÐ:

f(ξ, λ) ≡ ξi − ⟨x(ξ, λ), γi⟩ = 0, i = 1, n (1.4)

Óðàâíåíèÿ (1.2) è (1.4) èìåþò îäíî è òî æå ÷èñëî ìàëûõ ðåøåíèé, êîòîðûå ïðåäñòà-
âèìû â âèäå ðÿäîâ ïî îäèíàêîâûì äðîáíûì ñòåïåíÿì ìàëûõ ïàðàìåòðîâ â ìàëûõ îêðåñò-
íîñòÿõ òî÷åê áèôóðêàöèè.
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Â ðàáîòå ìåòîä Ëÿïóíîâà-Øìèäòà ïðèìåíÿåòñÿ ê íåëèíåéíîé çàäà÷å â îêðåñòíîñòÿõ
êðèòè÷åñêèõ çíà÷åíèé ïàðàìåòðîâ T0 , M0 è ε3 = 0 .

Ïðèìåíåíèå ðåãóëÿðèçàòîðà Øìèäòà [3] ê óðàâíåíèþ (1.1) â ðàçëîæåíèè àíàëèòè÷å-
ñêîé íåëèíåéíîñòè:

Bw ≡ χ2w(4) − T0w
′′ + σ0w

′ + β0w = χ2

(
3

2
w′2w(4) + 3w′′3 + 9w′w′′w′′′

)
− ε3q(x) + ε1w

′′+

+ξz(1)−1(2)kκw′ε2+
θ

2
w′′

1∫
0

w′2dx−
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kκ(κ+1)

4
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0w
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2
M0ε2w
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12

M3
0w

′3 + . . .
kκ(κ+1)

6
M3

0w
′3

(âåðõíÿÿ(íèæíÿÿ) ñòðîêà îòâå÷àåò îäíîñòîðîííåìó(äâóñòîðîííåìó) îáòåêàíèþ ïëàñòèíû
ïîòîêîì ãàçà, σ0 = 1(2)kκM0 ), ïîçâîëÿåò çàïèñàòü åãî â âèäå ñèñòåìû B̃w = R(w, ε)+ ξz ,
ξ − ⟨w, γ⟩ = 0 . Çäåñü B̃ = B + ⟨·, ε⟩z , γ è z - áèîðòîãîíàëüíûå ñèñòåìû ê φ ∈ N(B)
è ψ ∈ N∗(B) ñîîòâåòñòâåííî, B̃−1 = Γ , ñóùåñòâóþùèé ñîãëàñíî ëåììå Øìèäòà [3], ïðè
ýòîì Γz = φ , Γ∗γ = ψ .

Ëèíåàðèçîâàííîå â òî÷êå âåòâëåíèÿ óðàâíåíèå (1.1) îïðåäåëÿåò ôðåäãîëüìîâ îïåðàòîð
B : C4+α[0, 1] → Cα[0, 1] ñ îäíîìåðíûì ïîäïðîñòðàíñòâîì íóëåé N(B) = span{φ(x)} è
îäíîìåðíûì äåôåêòíûì ïîäïðîñòðàíñòâîì N∗(B) = span{ψ(x)} .

Ïðè îòñóòñòâèè ìàëîé íîðìàëüíîé íàãðóçêè ε3q(x) = 0 ðåøåíèå ïåðâîãî óðàâíåíèÿ
(1.3) ïðåäñòàâëÿåòñÿ â âèäå ðÿäà

ω = ω100ξ + ω010ε1 + ω001ε2 + ω110ξε1 + ω101ξε2 + ω011ε1ε2 + ω200ξ
2 + ω020ε

2
1 + ω002ε

2
2 + . . .

ïîäñòàíîâêà êîòîðîãî âî âòîðîå äà¼ò ÓÐ.
Â ñëó÷àå îäíîñòîðîííåãî îáòåêàíèÿ ïëàñòèíû ÓÐ

L(ξ, ε) = L1
200ξ

2 + L1
110ξε1 + L1

101ξε2 = 0

îïðåäåëÿåò àñèìïòîòèêó ðàçâåòâëÿþùèõñÿ ðåøåíèé

w(x) = −L
1
110ε1 + L1

101ε2
L1

200

φ(x) + o(|ε|),

äëÿ äâóñòîðîííåãî îáòåêàíèÿ

L(ξ, ε) = L2
300ξ

3 + L2
110ξε1 + L2

101ξε2 = 0

è

w(x) = ±

√
−L

2
110ε1 + L2

101ε2
L2
300

φ(x) +O(|ε|),

ãäå çíàêè ε1 , ε2 îïðåäåëÿþòñÿ íåîòðèöàòåëüíîñòüþ ïîäêîðåííîãî âûðàæåíèÿ.
Òàêèì îáðàçîì, äëÿ îäíîñòîðîííåãî îáòåêàíèÿ ïëàñòèíû èìååò ìåñòî òðàíñêðèòè÷å-

ñêàÿ áèôðêàöèÿ, ïðè îäíîñòîðîííåì - áèôóðêàöèÿ òèïà "âèëêè".
Êîýôôèöèåíòû ÓÐ âû÷èñëÿþòñÿ ñîãëàñíî [3] ïî ìåòîäó íåîïðåäåë¼ííûõ êîýôôèöèåí-

òîâ Íàçàðîâà-Íåêðàñîâà

L1
110 =

1∫
0

φ′′ψdx, L1
101 = −kκ

1∫
0

φ′ψdx, L1
200 = −kκ(κ+ 1)M2

0

4

1∫
0

φ′2ψdx
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Ðèñ. 1: Áèôóðêàöèîííàÿ äèàãðàììà: a.òðàíñêðèòè÷åñêàÿ áèôóðêàöèÿ; b.áèôóðêàöèÿ òèïà
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äëÿ äâóñòîðîííåãî. Êîýôôèöèåíòû óðàâíåíèé ðàçâåòâëåíèÿ â ñëó÷àå äèâåðãåíöèè, îïðå-
äåëÿåìîì ðàâåíñòâîì íóëþ ìàòðèöû ãðàíè÷íûõ óñëîâèé, âû÷èñëåíû ïðè èñïîëüçîâàíèè
Maple 12, è â ñèëó îãðàíè÷åííîãî îáú¼ìà çäåñü íå ïðèâîäÿòñÿ.

Â îáùåì ñëó÷àå íåíóëåâîé íîðìàëüíîé íàãðóçêè (ε3 ̸= 0) è îòñóòñòâèè ñæèìàþùå-
ãî/ðàñòÿãèâàþùåãî óñèëèÿ (T = 0 ), ïîñòðîåííîå ìåòîäîì Ëÿïóíîâà-Øìèäòà [3], óðàâíå-
íèå ðàçâåòâëåíèÿ èìååò âèä:

L(ξ, ε1, ε3) = L300ξ
3 + L101ξε1 + L010ε3 + · · · = 0

Ñîñòàâëÿÿ ðåçóëüòàíò ãëàâíîé ÷àñòè ÓÐ è å¼ ïðîèçâîäíîé ïî ξ , ïîëó÷àåì ïðèáëèæ¼í-
íóþ êðèâóþ ðàçâåòâëåíèÿ:

4L101ε
3
1 + 27L2

010L300ε
2
3 = 0 (1.5)

Òàê êàê êîýôôèöèåíòû L101 , L010 , L300 ïîëîæèòåëüíû, òî ïîëóêóáè÷åñêàÿ ïàðàáîëà
(1.5) êàñàåòñÿ îñè àáñöèññ ε1 è ëåæèò ïî ëåâóþ ñòîðîíó îò îñè ε3 . Ñëåâà îò êðèâîé
ðàçâåòâëåíèÿ ÓÐ èìååò òðè âåùåñòâåííûõ ìàëûõ ðåøåíèÿ ξ0(ε1, ε3) , ξ±(ε1, ε3) , äâà èç
êîòîðûõ ( ξ± ) ñîâïàäàþò íà ýòîé êðèâîé, à ñïðàâà - îäíî ξ0(ε1, ε3) .

Â [3] ÓÐ ñ ïîìîùüþ çàìåíû ïåðåìåííûõ

η = L
1/3
010L

−1/3
300 ε

1/3
3 , ω = L101ε1L

−1/3
300 (L010ε3)

−2/3

ïðåîáðàçóåòñÿ ê óðàâíåíèþ ñ îäíèì ïàðàìåòðîì

1 + ωη + η3 ≃ 0
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äëÿ êîòîðîãî òî÷êîé âåòâëåíèÿ ÿâëÿåòñÿ ω = −3 · 2−2/3 , η = 2−1/3 , ò.å. óðàâíåíèå êðèâîé
ðàçâåòâëåíèÿ ìîæåò áûòü çàïèñàíî â âèäå ω ≃ −3 · 2−2/3 . Â [3] ïîñòðîåíà ñëåäóþùàÿ
àñèìïòîòèêà ðåøåíèé ξ(ε1, ε3) ÓÐ, à òåì ñàìûì è ðåøåíèé èñõîäíîé çàäà÷è :

w ≃ ξ(ε1, ε3)φ,

ãäå

ξ0(ε1, ε3) ≃ (4L010L
−1
300ε3)

1/3

ξ±(ε1, ε3) ≃ 3

√
L010L

−1
300ε3

[
2−1/3 ∓

√
3 · 2−2/3 + L101ε1(L010ε3)−2/3L

−1/3
300

]
â îêðåñòíîñòè êðèâîé ðàçâåòâëåíèÿ, ò.å. ïðè ε1ε

−2/3
3 → − 3

22/3
L

2/3
010L

1/3
300L

−1
101 ; ξ± ≃

2−1/3(L010L
−1
300ε3)

1/3 = 3−1/2L
−1/2
300 (−L101ε1)

1/2signε3 , ξ0 = −2ξ± íà êðèâîé ðàçâåòâëåíèÿ
(äâà ðåøåíèÿ ñîâïàäàþò);

ξ0,+(ε1, ε3) ≃ ∓L−1
300(−L101ε1)

1/2signε3

ξ−(ε1, ε3) ≃ −L010L
−1
101ε

−1
1 ε3

ïðè áîëüøèõ îòðèöàòåëüíûõ çíà÷åíèÿõ ε1ε
−2/3
3 ;

ξ0(ε1, ε3) ≃ −L010L
−1
101ε

−1
1 ε3

ïðè áîëüøèõ ïîëîæèòåëüíûõ.

υ

μ

D1

D2

Ðèñ. 2: Ãðàôèê η(θ)

Ïîëó÷åííàÿ êàðòèíà ïîâåäåíèÿ ðåøåíèé ε± äëÿ ε3 > 0 ñîâïàäàåò ñ êàðòèíîé, îïè-
ñàííîé â [11] äëÿ äðóãîé çàäà÷è. Êðèòè÷åñêîå çíà÷åíèå ÷èñëà Ìàõà (òî÷êà áèôóðêàöèè)
óìåíüøàåòñÿ ïî ñðàâíåíèþ ñî ñëó÷àåì ε3 = 0 :

Mêð ≃M∗ − 3 · 2−2/3ε
2/3
3 L

2/3
010L

1/3
300L

−1
101 (1.6)

Ôîðìóëà (1.6) è âèä ôóíêöèé ξ± ñîãëàñóåòñÿ ñ ãðàôèêàìè ξ(ε1, ε3) , ïðèâåä¼ííûìè â [1]
äëÿ êîíêðåòíûõ çíà÷åíèé ε3 .

Äëÿ ñëó÷àÿ îòñóòñòâèÿ ñæèìàþùåãî/ðàñòÿãèâàþùåãî óñèëèÿ (T = 0 ) è îòñóòñòâèè
ìàëîé íîðìàëüíîé íàãðóçêè, ðåøåíèå (1.3) èùåòñÿ â âèäå
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w = w10ξ + w01ε1 + w20ξ
2 + w11ε1ξ + w02ε

2
1 + . . .

Ïðè îäíîñòîðîííåì îáòåêàíèè ïëàñòèíû ÓÐ èìååò âèä

L11ξε1 + L20ξ
2 + · · · = 0,

ãäå L11 = kκ(1(2))
1∫
0

φ′ψdx , L20 = −kκ(κ+1)
4

M0

1∫
0

φ
′2ψdx . Ïðè äâóõñòîðîííåì îáòåêàíèè

ãëàâíàÿ ÷àñòü ÓÐ :

L30ξ
3 + L11ε1 = 0

ãäå L30 = −kκ(κ+1)
6

M0

1∫
0

φ
′3ψdx+χ2

1∫
0

(3
2
φ

′2φ(4)ψ+3φ
′′3ψ+9φ′φ′′φ(2)ψ)dx+ θ

2

1∫
0

φ
′2dx

∫
φ′′ψdx .

Ñîîòâåòñòâåííî àñèìïòîòèêà ðàçâåòâëÿþùèõñÿ ðåøåíèé îïðåäåëÿåòñÿ ôîðìóëàìè :

w(x) = −L11

L20
ε1φ(x)+o(|ε1|) - äëÿ îäíîñòîðîííåãî îáòåêàíèÿ è w(x) = ±

√
L11ε1
L30

φ(x)+O(|ε1|)
- äëÿ äâóñòîðîííåãî, ãäå signε1 = signL11L30 îïðåäåëÿòñÿ íåîòðèöàòåëüíîñòüþ âûðàæå-
íèÿ ïîä êîðíåì. Çíà÷åíèå êîýôôèöèåíòîâ ðàçâåòâëåíèÿ íå ïðèâîäÿòñÿ â ñèëó èõ ãðîìîçä-
êîñòè.

Â íàèáîëåå îáùåì ñëó÷àå T ̸= 0 , ε3q(x) ̸= 0 àñèìïòîòèêà ðàçâåòâëÿþùèõñÿ ðåøå-
íèé ïî òð¼ì ìàëûì ïàðàìåòðàì ε1 , ε2 , ε3 â òî÷êå áèôóðêàöèè (T0,M0, 0) âû÷èñëÿåòñÿ
äëÿ ñëó÷àåâ ñóùåñòâîâàíèÿ áèôóðêàöèîííûõ ìíîãîîáðàçèé, êîòîðûå îïðåäåëÿþòñÿ ðà-
âåíñòâîì íóëþ îïðåäåëèòåëÿ ìàòðèöû ãðàíè÷íûõ óñëîâèé.

Ðàçûñêàíèå ðåøåíèÿ ïåðâîãî óðàâíåíèÿ ñèñòåìû (1.3) â âèäå ðÿäà

w = w1000ξ + w0100ε1 + w0010ε2 + w0001ε3 +
∑

k+|α|>1

wk;αξ
kεα

ñ ïîñëåäóþùåé ïîäñòàíîâêîé âî âòîðîå, äà¼ò ðàçëîæåíèå ïî ξ è ε óðàâíåíèÿ ðàçâåòâëåíèÿ
Øìèäòà L(ξ, ε) = ξ − ⟨w(ξ, ε), γ⟩ = 0 .

Äëÿ îäíîñòîðîííåãî îáòåêàíèÿ ãëàâíàÿ ÷àñòü ÓÐ, îïðåäåëÿåìàÿ ìåòîäîì äèàãðàììû
Íüþòîíà[3] èìååò âèä:

L(ξ, ε) = L2000ξ
2 + L0001ε3 + L1001ξε3 + L1100ξε1 + L1010ξε2 + . . . = 0

L2000 = kκ(κ+1)
4

M2
0 ⟨φ′2, ψ⟩, L0001 = −⟨q, ψ⟩, L1100 = −⟨φ′′, ψ⟩, L1010 = kκ⟨φ′, ψ⟩, L1001 =

kκ(κ+1)
2

M2
0 ⟨φ′(Γq)′, ψ⟩ .

Ïðè L2000 ̸= 0 çàìåíà η = ξ + L1100ε1+L1010ε2+L1001ε3
L2000

ñâîäèò ÓÐ ê âèäó

η2 + α = 0,

ãäå α = L0001+L0101ε1+L0011ε2+L0002ε3
L2000

ε3− (L1100ε1+L1010ε2+L1001ε3)2

4L2000
. Â îêðåñòíîñòè òî÷êè âåòâëåíèÿ

ξ = 0 , ε1 = 0 , ε2 = 0 , ε3 = 0 èìååì η = ±
√
−α . Âîçâðàùàÿñü ê ξ , ε1 , ε2 è ε3

w(x) =
[
−L1100ε1 + L1010ε2 + L1001ε3

L2000

±
((L1100ε1 + L1010ε2 + L1001ε3)

2

4L2000

−

−L0001ε3 + (L0101ε1 + L0011ε2)ε3 + L0002ε
2
3

L2000

) 1
2
]
φ(x) + o(|ε1|, |ε2|, |ε3|)

Äëÿ äâóñòîðîííåãî îáòåêàíèÿ ïëàñòèíû ñâåðõçâóêîâûì ïîòîêîì ãàçà ãëàâíàÿ ÷àñòü ÓÐ
èìååò âèä:

L(ξ, ε) ≡ L3000ξ
3 + L0001ε3 + L1100ξε1 + L1010ξε2 + L1001ξε3 + . . . = 0 (1.7)

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 2



32 Ò. Å. Áàäîêèíà, Þ. Á. Ðóñàê

ãäå L3000 =
kκ(κ+1)

6
M3

0 ⟨φ′3, ψ⟩−χ2⟨3
2
φ′2φ(4)+3φ′′3+9φ′φ′′φ′′′, ψ⟩− θ

2
⟨φ′′

1∫
0

φ′2dx, ψ⟩ , L2000 = 0 ,

L0001 = −⟨q, ψ⟩ , L1001 = 0 , L1100 = −⟨φ′′, ψ⟩ , L1010 = σ0⟨φ′, ψ⟩ , σ0 = 2kκM0 .
Ïðè èñïîëüçîâàíèè çàìåí α = L1100ε1+L1010ε2

L3000
è β = L0101ε1+L0011ε2+L0001

L3000
ε3 ïðè L3000 ̸= 0 ,

óðàâíåíèå (1.7) ïåðåïèøåòñÿ â âèäå

L(ξ) ≡ ξ3 + ξα + β (1.8)

Ïðè α > 0 óðàâíåíèå íå èìååò âûðîæäåíèÿ, òàê êàê L′(ξ) = 3ξ2 + α > 0 . Ïîýòîìó
áóäåì ñ÷èòàòü, ÷òî α = −µ2 è β = υ3 è óðàâíåíèå (1.8) ñâîäèòñÿ ê

ξ3 − ξµ2 + υ3 = 0. (1.9)

Äèñêðèìèíàíòíàÿ êðèâàÿ îïðåäåëÿåòñÿ ðåøåíèåì ñèñòåìû{
ξ3 − ξµ2 + υ3 = 0

3ξ2 − µ2 = 0

êîòîðîå èìååò âèä µ = ±
√
3ξ è υ = 21/3ξ , òî åñòü υ = ±Bµ (B = 21/3

31/2
< 1 ).

Ïëîñêîñòü ïàðàìåòðîâ (µ, υ) ðàçáèâàåòñÿ íà äâå îáëàñòè D1 è D2 . Â îáëàñòè D1

óðàâíåíèå (1.9) èìååò òðè ðåøåíèÿ, â îáëàñòè D2 � îäíî ðåøåíèå. Íà ãðàíèöå îáëàñòåé�
ïðÿìûõ υ = ±Bµ �äâà ðåøåíèÿ.

υ

μ

D1

D2

Ðèñ. 3: Ïëîñêîñòü ïàðàìåòðîâ (µ, υ)

Ðàññìîòðèì îáëàñòè D1 , â êîòîðîé
∣∣υ
µ

∣∣ < 1 . Ñ÷èòàÿ υ ̸= 0 , ðàçäåëèì óðàâíåíèå (1.9)

íà µ3 è ââåäåì íîâûå ïåðåìåííûå η = ξ
µ
è λ = υ

µ
. Óðàâíåíèå (1.9) ïåðåïèøåòñÿ â âèäå:

η3 − η + λ3 = 0

Ïî òåîðåìå îá îáðàòíîé ôóíêöèè, η ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé îò λ3 . Ýòî
óðàâíåíèå èìååò òðè ðåøåíèÿ, ñîîòâåòñòâóþùèõ çíà÷åíèþ λ = 0 : η = 0 , η = 1 , η = −1 .

Ïðèìåíåíèå ìåòîäà äèàãðàìì Íüþòîíà îïðåäåëÿåò àñèìïòîòèêó ýòèõ ðåøåíèé ïðè
ìàëûõ çíà÷åíèÿõ λ

η = λ3 + λ9 + 3λ15 + 12λ21 +O(|λ21|)

η = 1− 1

2
λ3 − 3

8
λ6 +O(|λ6|)

η = −1 +
1

2
λ3 − 3

8
λ6 +O(|λ6|)
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Âîçâðàùàÿñü ê ïåðåìåííûì ξ , µ è υ , ïîëó÷àåì ðàçëîæåíèå ôóíêöèè â ðÿä Òåéëîðà-
Ëîðàíà-Ïþèçå âíóòðè íåêîòîðîãî óãëà ñ ïðîêîëîòîé âåðøèíîé

ξ =

(
υ

µ

)3

+

(
υ

µ

)9

+ 3

(
υ

µ

)15

+ 12

(
υ

µ

)21

+ . . .

èëè

ξ =
β

α
+
β3

α4
+ 3

β5

α7
+ 12

β7

µ10
+ . . .

ξ = µ− υ3

2µ2
− 3υ6

8µ5
+ . . .

èëè

ξ = (−α)1/2 + β

2α
− 3β2

8(−α)5/2
+ . . .

ξ = −µ− υ3

2µ2
+

3υ6

8µ5
+ . . .

èëè

ξ = −(−α)1/2 + β

2α
+

3β2

8(−α)5/2
+ . . .

Àíàëîãè÷íî, äëÿ íàõîæäåíèÿ àñèìïîòèêè ðåøåíèÿ (1.9) â îáëàñòè D2 , ãäå
∣∣µ
υ

∣∣ < 1 ,

ðàçäåëèì óðàâíåíèå íà υ3 è ââåäåì çàìåíû η = ξ
υ
è λ = µ

υ
. Óðàâíåíèå (1.9) ïåðåïèøåòñÿ

â âèäå

η3 − ηλ+ 1 = 0

Ýòî óðàâíåíèå èìååò îäíî ðåøåíèå, ñîîòâåòñòâóþùåå λ = 0 : η = −1 . Ïðè äîñòàòî÷íî
ìàëûõ çíà÷åíèÿõ ðåøåíèå èìååò àñèìïòîòèêó:

η = −1− 1

3
λ2 +

1

81
λ6 + . . .

èëè

ξ = −υ +
µ3

3υ2
− µ6

81υ4
+ . . .

èëè

ξ = −β1/3 +
(−α)3/2

3β2/3
− α3

81β5/3
+ . . .

Íà ïðÿìûõ υ = ±Bµ , ðàçäåëÿþùèõ îáëàñòè D1 è D2 , óðàâíåíèå (1.9) èìååò âèä

ξ3 − ξµ2 ±B3µ3 = 0

Èñïîëüçóÿ çàìåíó η = ξ
µ
, ïîëó÷àåì äâà óðàâíåíèÿ:

η3 − η ±B3 = 0

êàæäîå èç êîòîðûõ èìååò äâà ðåøåíèÿ (
√
3
3
,−2

√
3

3
) è (−

√
3
3
, 2

√
3

3
) , òî åñòü ξ = ±

√
3
3
µ è

ξ = ±2
√
3

3
µ èëè ξ ≈ K(−α)1/2
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Ç à ì å ÷ à í è å 1.1. Ïðè íàëè÷èè ñæèìàþùåãî/ðàñòÿãèâàþùåãî óñèëèÿ è ìà-
ëîé íîðìàëüíîé íàãðóçêè ôóíêöèè L(ξ, ε) è ïðè îäíîñòîðîííåì îáòåêàíèè, è ïðè äâóñòî-
ðîííåì, íå èìåþò â (0, 0, 0, 0) îñîáîé òî÷êè, ò.ê. L(0, 0, 0, 0) = 0 , íî dL(0, 0, 0, 0) ̸= 0 ,

ïîñêîëüêó ∂L(ξ,ε)
∂ε3

̸= 0 , ïîýòîìó êàòàñòðîôà îòñóòñòâóåò. Â êàæäîì îòäåëüíîì ñëó-
÷àå ïî âûïîëíåííîìó èññëåäîâàíèþ ÓÐ è íàéäåííûì åãî ðåøåíèÿì íå òðóäíî âûïèñàòü
ðåøåíèå èñõîäíîé íåëèíåéíîé áèôóðêàöèîííîé çàäà÷è.

Òàêèì îáðàçîì, â ðàáîòå ìåòîäàìè òåîðèè áèôóðêàöèè è êàòàñòðîô èññëåäîâàí êëàññ
çàäà÷ î äèâåðãåíöèè óäëèíåííîé ïëàñòèíû â ñâåðõçâóêîâîì ïîòîêå ãàçà è â îáùåì âèäå
ïîñòðîåíà àñèìïòîòèêà ðàçâåòâëÿþùèõñÿ ðåøåíèé.
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Methods of the theory of branching and catastrophes in

the problem of divergence an elongated plate in a

supersonic gas �ow.

c⃝ T. E. Badokina3 Yu. B. Rousak4

Abstract.We consider the problem of computing the branching solutions of nonlinear eigen- value
problem for an ordinary di�erential equation of the fourth order, describing the divergence of the
elongated plate in a supersonic gas �ow, compressible ( stretchable ) external boundary conditions
and subjected to a small normal load. We construct the asymptotics of branching solutions in the
form of convergent series in the small parameters. Fredholm property of the linearized spectral
problem is proved by constructing the appropriate Green's function, which for this type of tasks
performed for the �rst time.

Key Words: buckling, aeroelasticity, bifurcation, branching equation.
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