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Àííîòàöèÿ. Â äàííîé ñòàòüå ïðåäëîæåí íîâûé ìîäèôèöèðîâàííûé ìåòîä ÷èñëåííîãî èíòå-
ãðèðîâàíèÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îáëàäàþùèõ êîñîñèììåò-
ðè÷åñêîé ìàòðèöåé êîýôôèöèåíòîâ ïðè ëèíåéíûõ ÷ëåíàõ.

Êëþ÷åâûå ñëîâà: ëèíåéíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ÷èñ-
ëåííûé ìåòîä, îðòîãîíàëüíàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà

1. Ââåäåíèå

Ïðåäëîæèì ìîäèôèêàöèþ ÷èñëåííûõ ìåòîäîâ èíòåãðèðîâàíèÿ ñèñòåì îáûêíîâåí-
íûõ äèôôåðåíöèàëíûõ óðàâíåíèé, ó÷èòûâàþùèõ ôèçè÷åñêóþ ïðèðîäó ýòèõ óðàâíåíèé,
ò.å. íàëè÷èå èíòåãðàëîâ. Ìû áóäåì ìîäèôèöèðîâàòü ÷èñëåííûå ìåòîäû èíòåãðèðîâàíèÿ
ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îáëàäàþùèõ êîñîñèììåòðè÷åñêîé
ìàòðèöåé êîýôôèöèåíòîâ ïðè ëèíåéíûõ ÷ëåíàõ. Ìîäèôèöèðîâàííûå ìåòîäû ÿâëÿþòñÿ
áîëåå òî÷íûìè, ÷åì èñõîäíûå ìåòîäû Ðóíãå-Êóòòû, Àäàìñà-Øòåðìåðà è äðóãèå, è áî-
ëåå ïðåäïî÷òèòåëüíûìè â çàäà÷àõ èíòåãðèðîâàíèÿ íà áîëüøèõ ïðîìåæóòêàõ. Òî÷íîñòü
ìîäèôèöèðîâàííûõ ìåòîäîâ îáóñëîâëåíà òåì, ÷òî îíè ñîõðàíÿþò èíòåãðàë îäíîðîäíîé
ñèñòåìû - ñâîéñòâî îðòîãîíàëüíîñòè ôóíäàìåíòàëüíîé ìàòðèöû.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó

Ẋ = A(t)X, (2.1)

ãäå X = (x1, . . . , xn)
⋆ , A(t) - êîñîñèììåòðè÷åñêàÿ (n× n) - ìàòðèöà [1]. Óñëîâèÿ òåîðåìû

ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ìû áóäåì ñ÷èòàòü âûïîëíåííûìè. Ðåøåíèå çàäà÷è Êîøè
X = X0 ïðè t = 0 äàåòñÿ ôîðìóëîé

X(t) = W (t)X0, (2.2)

ãäå W (t) - ôóíäàìåíòàëüíàÿ ìàòðèöà, óäîâëåòâîðÿþùàÿ ñîîòíîøåíèÿì

Ẇ = A(t)W, W (0) = E.

Èçâåñòíî [1], ÷òî W (t) ÿâëÿåòñÿ óíèòàðíîé ìàòðèöåé, ò.å. âûïîëíÿåòñÿ ñîîòíîøåíèå

W (t)W ⋆(t) = E. (2.3)

Ïðåäïîëàãàåìàÿ ìîäèôèêàöèÿ ÷èñëåííûõ ìåòîäîâ çàêëþ÷àåòñÿ â òàêîì èõ èçìåíåíèè, ÷òî
ñîîòíîøåíèå (2.3) áóäåò âûïîëíåíî äëÿ âñåé ïîñëåäîâàòåëüíîñòè ïðèáëèæåííûõ çíà÷åíèé
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Wk ôóíäàìåíòàëüíîé ìàòðèöû â óçëàõ tk = kh , ïðè÷åì ýòî èçìåíåíèå ïðîèçâîäèòñÿ â
ïðåäåëàõ ëîêàëüíîé òî÷íîñòè ìåòîäà, ÷òî, î÷åâèäíî, íå óõóäøàåò åãî. Ðàññìîòðèì ÿâíûé
ìåòîä Ýéëåðà ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè Wk

Wk+1 =Wk + hA(tk)Wk. (2.4)

Ïîñêîëüêó òî÷íîñòü ýòîãî ìåòîäà ÿâëÿåòñÿ âåëè÷èíîé ïîðÿäêà h2 , òî ñîîòíîøåíèå

Wk+1 =Wk + hAkWk +O(h2),

ãäå ýëåìåíòû ìàòðèöû O(h2) ñóòü âåëè÷èíû ïîðÿäêà h2 , íå "õóæå"ìåòîäà (2.4). Äîïó-
ñòèì, ÷òî ñîîòíîøåíèå (2.3) íà n -ì øàãå âûïîëíÿëîñü. Òîãäà èìååì

Wn+1W
⋆
n+1 = E − h2A2

n. (2.5)

Ââåäåì ýòàï êîððåêöèè â ìåòîä (2.4): âìåñòî ìàòðèöû Wn+1 â êà÷åñòâå î÷åðåäíîãî ïðè-
áëèæåííîãî çíà÷åíèÿ ìû áóäåì áðàòü óíèòàðíóþ ìàòðèöó Un+ 1 ïîëÿðíîãî ðàçëîæåíèÿ
ìàòðèöû Wn+1 . Ïóñòü Wn+1 = Fn+1Un+1 - ïîëÿðíîå ðàçëîæåíèå ìàòðèöû Wn+1 , ãäå Fn+1

- ñèììåòðè÷åñêàÿ, ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà, Un+1 - óíèòàðíàÿ ìàòðèöà. Èç
ñîîòíîøåíèÿ (2.5) ñëåäóåò

F 2
n+1 = E − h2A2

n.

Îòñþäà èìååì Fn+1 = E−(1
2
)h2A2

n+O(h
2) . Îöåíèì âåëè÷èíó Wn+1−Un+1 . Èç ïîñëåäíåãî

ñîîòíîøåíèÿ âèäíî, ÷òî

Wn+1 − Un+1 = −1

2
h2AnUn+1 −O(h4)

ÿâëÿåòñÿ âåëè÷èíîé ïîðÿäêà h2 , ò.å. íàõîäèòñÿ â ïðåäåëàõ òî÷íîñòè ìåòîäà (2.4). Îáîçíà-
÷èì U(W ) îïåðàöèþ íàõîæäåíèÿ óíèòàðíîé ìàòðèöû U ïîëÿðíîãî ðàçëîæåíèÿ ìàòðèöû
W , ò.å. Un+1 = U(Wn+1) . Òàêèì îáðàçîì, ìû ïîëó÷èëè äâóõýòàïíûé âû÷èñëèòåëüíûé àë-
ãîðèòì ìîäèôèöèðîâàííîãî ìåòîäà Ýéëåðà:

W̃n+1 = Wn + hAnWn

Wn+1 = U(W̃n+1).

Ïîêàæåì òåïåðü, ÷òî ââåäåíèå ýòàïà êîððåêöèè íå óõóäøàåò è ìåòîäû áîëåå âûñîêèõ
ïîðÿäêîâ. Ïóñòü ÷èñëåííûé ìåòîä

Wn+1 = F (Wn−q,Wn−q+1, . . . ,Wn, . . . ,Wn+s)

ÿâëÿåòñÿ ìåòîäîì k -ãî ïîðÿäêà, ò.å. èìååì ñîîòíîøåíèå

Wj =W (jh) +O(hk).

Òîãäà èç ñîîòíîøåíèÿ (2.3) ñëåäóåò

Wj =W ⋆
j = F 2

j+1 = E +O(hk).

Ñëåäîâàòåëüíî, Fj+1 = E + O(hk) , è îïåðàöèÿ U(Wj+1) íå âûâîäèò íàñ èç ïðåäåëîâ
òî÷íîñòè ìåòîäà. Èòàê, ââîäÿ ýòàï êîððåêöèè

Wj+1 = U(Wj+1), (2.6)
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ìû ìîäèôèöèðóåì èñõîäíûé ÷èñëåííûé ìåòîä òàêèì îáðàçîì, ÷òî èíòåãðàë (2.3) ñîõðà-
íÿåòñÿ, ò.å. ïðèáëèæåííûå çíà÷åíèÿ Wj óäîâëåòâîðÿþò ñîîòíîøåíèÿì (2.3). Ïîêàæåì òå-
ïåðü ïðèìåíåíèå ìîäèôèöèðîâàííûõ ìåòîäîâ ïðè èíòåãðèðîâàíèè íåîäíîðîäíûõ ñèñòåì.
Ðàññìîòðèì ñèñòåìó

Ẋ = A(t)X + F (t,X).

Ïî ôîðìóëå Êîøè èìååì

X(t) = W (t)W−1(0)X0 +

∫ t

0

W (t)W−1(τ)Fdτ. (2.7)

Èñïîëüçóÿ ôîðìóëó ïðÿìîóãîëüíèêîâ, ìîæíî ïîëó÷èòü ÿâíûé àëãîðèòì

Xk+1 = Wk+1W
⋆
kXk + F (tk, Xk)(tk+1 − tk)

è íåÿâíûé àëãîðèòì

Xk+1 =Wk+1W
⋆
kXk + (F (tk, Xk) + F (tk+1, Xk+1))

tk − tk−1

2
.

Ìîæíî âûïèñàòü òàêæå ïðåäñêàçûâàþùåå-èñïðàâëÿþùèé àëãîðèòì

X̃k+1 = W ⋆
kXk + F (tk, Xk)(tk+1 − tk),

Xk+1 =Wk+1W
⋆
kXk + F (tk+1, X̃k+1)(tk+1 − tk).

Èñïîëüçóÿ ôîðìóëó Ñèìïñîíà, à òàêæå ìåòîäû áîëåå âûñîêèõ ïîðÿäêîâ, ìû ïîëó÷èì âñå
ìíîãîîáðàçèå ïîäîáíûõ ìåòîäîâ. Îòìåòèì òîëüêî, ÷òî âñå ýòè ìåòîäû ðåøåíèÿ èíòåãðàëü-
íîãî óðàâíåíèÿ (2.7) áóäóò èñïîëüçîâàòü ïðèáëèæåííûå çíà÷åíèÿ ôóíäàìåíòàëüíîé ìàò-
ðèöû W , êîòîðûå ìû áóäåì ñòðîèòü ñ ó÷åòîì êîððåêòèðóþùåãî ïðàâèëà (2.6). Èçëîæèì
ìåòîä ïîñòðîåíèÿ îðòîãîíàëüíîé ìàòðèöû ïîëÿðíîãî ðàçëîæåíèÿ ìàòðèöû W = FU ,
èñïîëüçóþùèé àïïàðàò ìàòðè÷íûõ ôóíêöèé Ëÿïóíîâà. Êàê áûëî ïîêàçàíî âûøå, â ïðè-
ëîæåíèÿõ âåñüìà âàæíîé ÿâëÿåòñÿ çàäà÷à ïîñòðîåíèÿ ïîëÿðíîãî ðàçëîæåíèÿ íåâûðîæ-
äåííîé ìàòðèöû, ò.å. ïðåäñòàâëåíèÿ åå â âèäå ïðîèçâåäåíèÿ ñèììåòðè÷íîé ïîëîæèòåëüíî
îïðåäåëåííîé ìàòðèöû íà îðòîãîíàëüíóþ. Òàêîå ïðåäñòàâëåíèå âñåãäà âîçìîæíî è îä-
íîçíà÷íî [2]. Ïóñòü A - çàäàííàÿ íåâûðîæäåííàÿ (n × n) - ìàòðèöà. Òðåáóåòñÿ íàéòè
ñèììåòðè÷åñêóþ ïîëîæèòåëüíî îïðåäåëåííóþ ìàòðèöó F è îðòîãîíàëüíóþ ìàòðèöó U
òàêèå, ÷òî âûïîëíÿåòñÿ ñîîòíîøåíèå

A = FU. (2.8)

Ââåäåì â ðàññìîòðåíèå ìíîæåñòâî Mn êâàäðàòíûõ ìàòðèö ïîðÿäêà n è ìíîæåñòâî Dn

íåâûðîæäåííûõ ìàòðèö òîãî æå ïîðÿäêà. Ìíîæåñòâî Mn ÿâëÿåòñÿ ëèíåéíûì íîðìèðî-
âàííûì ïðîñòðàíñòâîì ñ íîðìîé, îïðåäåëÿåìîé ñîîòíîøåíèåì

∥C∥ = max
X∈En

∥CX∥
∥X∥

, (2.9)

ãäå C ∈ Mn , X ∈ En . Íà ìíîæåñòâå Mn ìîæíî çàäàòü äèíàìè÷åñêóþ ñèñòåìó, îïðåäå-
ëÿåìóþ ìàòðè÷íîé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé

Ẋ = F (X, t), (2.10)
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ãäå X,F ∈ M ; äëÿ F âûïîëíåíû óñëîâèÿ, îáåñïå÷èâàþùèå ñóùåñòâîâàíèå, åäèíñòâåí-
íîñòü è ïðîäîëæèìîñòü íà èíòåðâàëå (t0,∞) ðåøåíèé; òî÷êà îáîçíà÷àåò äèôôåðåíöèðî-
âàíèå ïî ïàðàìåòðó t . Ïîñòàâèì ñëåäóþùóþ çàäà÷ó: ïîñòðîèòü òàêóþ äèôôåðåíöèàëü-
íóþ ñèñòåìó âèäà (2.10), ÷òî ðåøåíèå çàäà÷è Êîøè ñ íà÷àëüíûì óñëîâèåì X = X0 ïðè
t = t0 = 0 ñõîäèòñÿ ê çíà÷åíèþ ìàòðèöû U ïîëÿðíîãî ðàçëîæåíèÿ (2.8). Òàêèì îáðàçîì,
ìû ñâåäåì ïåðâîíà÷àëüíóþ çàäà÷ó ê ÷èñëåííîìó èíòåãðèðîâàíèþ ïîñòðîåííîé ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé. Ðàññìîòðèì ìàòðè÷íîå äèôôåðåíöèàëüíîå óðàâíåíèå

Ẋ =
1

2
(−X +X⋆−1). (2.11)

Îáîçíà÷èì X(t,X0) ðåøåíèå ñèñòåìû (2.11), óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ X =
X0 ïðè t = 0 .

Ò å î ð å ì à 2.1. Åñëè ìàòðèöà íà÷àëüíûõ óñëîâèé X0 íåâûðîæäåííàÿ, òî ðå-
øåíèå X(t,X0) ñèñòåìû (2.11) òàêæå áóäåò íåâûðîæäåííîé ìàòðèöåé ïðè t > 0 ,
ïðè÷åì ðåøåíèå X(t,X0) íåîãðàíè÷åííî ïðîäîëæèìî ïðè t > 0 [2].

Ä î ê à ç à ò å ë ü ñ ò â î. Ñíà÷àëà ïîêàæåì, ÷òî ïðè t > 0 âûïîëíÿåòñÿ óñëîâèå

X(t,X0) ∈ Dn. (2.12)

Ïðåäëîæèì ïðîòèâíîå, à èìåííî, ïóñòü ñóùåñòâóåò ìîìåíò âðåìåíè t1 , â êîòîðûé âûïîë-
íåíî ñîîòíîøåíèå det(X(t1, X0)X

⋆(t1, X0)) ̸= 0 . Òîãäà ñïðàâåäëèâî ðàâåíñòâî

det(X(t1, X0)X
⋆(t1, X0)) ̸= 0. (2.13)

Ââåäåì â ðàññìîòðåíèå ìàòðè÷íóþ ôóíêöèþ V = XX⋆ , çàäàííóþ â Mn . Ýòà ôóíêöèÿ
óäîâëåòâîðÿåò íà ðåøåíèÿõ ñèñòåìû (2.11) ñëåäóþùåìó óðàâíåíèþ:

V̇ = −V + E. (2.14)

Èíòåãðèðóÿ, ïîëó÷àåì [3]
V = (V0 − E)exp(−t) + E. (2.15)

Â ñèëó òîãî, ÷òî ìàòðèöà V0 = X0X
⋆
0 ÿâëÿåòñÿ ñèììåòðè÷åñêîé è ïîëîæèòåëüíî îïðåäå-

ëåííîé, èç ôîðìóëû (2.14) ñëåäóåò, ÷òî ïðè t ≥ 0 îïðåäåëèòåëü ìàòðèöû V íå îáðàùàåòñÿ
â íóëü, ÷òî íàõîäèòñÿ â ïðîòèâîðå÷èè ñ ôîðìóëîé (2.12), êîòîðîå è äîêàçûâàåò ñïðàâåä-
ëèâîñòü óñëîâèÿ (2.12). Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ïðîäîëæèìîñòè ðåøåíèé
ñèñòåìû (2.11) ÿâëÿåòñÿ ðàñõîäèìîñòü èíòåãðàëîâ

∫ t

0
v̇−1
ij dvij . Èç (2.13) èìååì∫ t

0

v−1
ij dvij = −ln(vij − δij)|0t,

ãäå δij - ñèìâîë Êðîíåêêåðà [4]. Ðàñõîäèìîñòü èíòåãðàëà ñëåäóåò èç ôîðìóëû (2.14), òàê
êàê èç íåå âûòåêàåò vij → δij , è âûðàæåíèå â ïðàâîé ÷àñòè ïîñëåäíåãî ñîîòíîøåíèÿ
íåîãðàíè÷åíî.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 2.2. Ðåøåíèå X(t,X0) ñèñòåìû (2.11) ñ íà÷àëüíûì óñëîâèåì X0 =
A ñõîäèòñÿ ïðè t → ∞ ê çíà÷åíèþ ìàòðèöû U ïîëÿðíîãî ðàçëîæåíèÿ (2.8), ïðè÷åì
ñïðàâåäëèâà îöåíêà
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∥X(t, A)− U∥ < ∥AA⋆ − E∥exp(−t). (2.16)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîñêîëüêó ðåøåíèå X(t, A) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû
2.1., òî îíî ïðåäñòàâèìî åäèíñòâåííûì îáðàçîì â âèäå

X(t, A) = F (t)U(t), (2.17)

ãäå F (t), U(t) - ìàòðèöû ïîëÿðíîãî ðàçëîæåíèÿ. Îòìåòèì, ÷òî F (0) = F , U(0) = U . Ïîä-
ñòàâëÿÿ âûðàæåíèå (2.16) â óðàâíåíèå (2.11), ìîæíî ïîëó÷èòü ñëåäóþùåå ñîîòíîøåíèå:

Ḟ (t)F (t) + F (t)U̇(t)U⋆(t)F (t) = F (t)U(t)U̇⋆(t)F (t) + F (t)Ḟ (t). (2.18)

Èç (2.14) ñëåäóåò, ÷òî ìàòðèöà F (t) ïðåäñòàâëÿåò ñîáîé ðÿä ïî öåëûì îòðèöàòåëüíûì
ñòåïåíÿì ýêñïîíåíöèàëüíîé ôóíêöèè ïàðàìåòðà t ñ êîýôôèöèåíòàìè, ÿâëÿþùèìèñÿ ïî-
ñòîÿííûìè ñèììåòðè÷åñêèìè ìàòðèöàìè:

F (t) = E +
1

2
(F 2 − E)e−t − 1

4
(F 2 − E)2e−2t + . . .

Ñëåäîâàòåëüíî, èìååò ìåñòî òîæäåñòâî

Ḟ (t)F (t) ≡ F (t)Ḟ (t). (2.19)

Ðàññìàòðèâàÿ ñîâìåñòíî âûðàæåíèÿ (2.17), (2.18) è óñëîâèå îðòîãîíàëüíîñòè U̇(t)U⋆(t) +
U(t)U̇⋆(t) = 0 , ïîëó÷àåì, ÷òî èìååò ìåñòî ñîîòíîøåíèå [5]

U̇(t) = 0 èëèU(t) ≡ const = U.

Ïîñêîëüêó ∥F (t)− E∥ → 0 â ñèëó (2.14), ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå:

X(t, A)− U∥ → 0 ïðè t→ ∞.

Îöåíêó (2.15) ïîëó÷àåì ñëåäóþùèì îáðàçîì. Ïî ñâîéñòâó íîðìû (2.19) ìîæíî âûïèñàòü
öåïî÷êó ðàâåíñòâ è íåðàâåíñòâ

∥X(t, A)− U∥ = ∥(F (t)− E)U(t)∥ ≤ ∥F (t)− E∥ =

= ∥(F 2(t)− E)(F (t) + E)−1∥ < ∥F 2(t)− E∥ =

= ∥F 2 − E∥exp(−t) = ∥AA⋆ − E∥exp(−t).

Ïðè îöåíêå íîðìû ∥F 2(t)− E∥ ìû èñïîëüçîâàëè âûðàæåíèå (2.14).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

3. Âûâîäû

Íà îñíîâàíèè äîêàçàííûõ òåîðåì ìîæíî óòâåðæäàòü, ÷òî çíà÷åíèå ìàòðèöû U ìîæ-
íî ïîëó÷èòü, ÷èñëåííî ïðîèíòåãðèðîâàâ ñèñòåìó (2.11) ñ íà÷àëüíûì óñëîâèåì X0 = A
ïðè t = 0 . Òî÷íîñòü íàõîæäåíèÿ ìàòðèöû U áóäåò çàâèñåòü êàê îò äëèíû èíòåðâàëà
èíòåãðèðîâàíèÿ, òàê è îò òî÷íîñòè ñàìîãî ìåòîäà èíòåãðèðîâàíèÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. � 10-08-000624.)
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The modi�cation of calculating methods integration
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Abstract. In giving article is supposes the new modi�cation method calculating integration of
systems ordinary di�erential equations is obtains crosssymmetrical matrix coe�cients by linear
numbers/
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