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Âåðñèÿ íåïðåðûâíîãî ïðîåêöèîííîãî ìåòîäà

ìèíèìèçàöèè âòîðîãî ïîðÿäêà ñ ïåðåìåííîé ìåòðèêîé

c⃝ Â. Ã. Ìàëèíîâ1

Àííîòàöèÿ. Ïðåäëàãàåòñÿ íîâàÿ âåðñèÿ íåïðåðûâíîãî ïðîåêöèîííîãî ìåòîäà âòîðîãî ïîðÿä-
êà ñ ïåðåìåííîé ìåòðèêîé äëÿ çàäà÷ ìèíèìèçàöèè âûïóêëûõ äèôôåðåíöèðóåìûõ ïî Ôðåøå
ôóíêöèé íà ïðîñòîì ìíîæåñòâå â ãèëüáåðòîâîì ïðîñòðàíñòâå. Äîêàçàíà ñõîäèìîñòü äëÿ âû-
ïóêëûõ ôóíêöèé; äëÿ ñèëüíî âûïóêëûõ ôóíêöèé ïîëó÷åíà îöåíêà ýêñïîíåíöèàëüíîé ñêîðî-
ñòè ñõîäèìîñòè ìåòîäà, êîòîðàÿ âûøå, ÷åì ó äðóãèõ àíàëîãè÷íûõ ìåòîäîâ.

Êëþ÷åâûå ñëîâà: ìèíèìèçàöèÿ, ïðîñòîå ìíîæåñòâî, íåïðåðûâíûé ïðîåêöèîííûé ìåòîä
ïåðåìåííîé ìåòðèêè, ñõîäèìîñòü, ñêîðîñòü ñõîäèìîñòè

1. Ïîñòàíîâêà çàäà÷è

1.1. Ðàññìîòðèì çàäà÷ó ìèíèìèçàöèè íà ïðîñòîì ìíîæåñòâå

f(x) −→ inf, x ∈ Q ⊂ H, (1.1)

ãäå Q � âûïóêëîå çàìêíóòîå ìíîæåñòâî èç ãèëüáåðòîâà ïðîñòðàíñòâà H ,
íîðìèðîâàííîãî ñêàëÿðíûì ïðîèçâåäåíèåì, ∥x∥ = (x,x)1/2 ∀ x ∈ H ; ôóíê-
öèÿ f(x) îïðåäåëåíà è íåïðåðûâíî äèôôåðåíöèðóåìà ïî Ôðåøå íà H , å¼
ãðàäèåíò óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà: ∃ L = const > 0 ,

∥∇f(u)−∇f(x)∥ ≤ L∥u− x∥ u,x ∈ H. (1.2)

Ïðåäïîëàãàåì, ÷òî óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è âûïîëíåíû,

inf f(x) = f∗ > −∞, x ∈ Q; Q∗ = {x ∈ Q : f(x) = f∗} ̸= ∅. (1.3)

1.2. Äëÿ ðåøåíèÿ çàäà÷è (1.1)�(1.3) ïîëüçóåìñÿ íåïðåðûâíûì ìåòîäîì
ìèíèìèçàöèè (ÍÌÌ). Íàïîìíèì, ÷òî ÍÌÌ îò ïåðâîãî äî âûñîêèõ ïîðÿä-
êîâ çàïèñûâàþòñÿ â âèäå çàäà÷è Êîøè äëÿ ÎÄÓ ñîîòâåòñòâóþùèõ ïîðÿäêîâ
ñ ïîñòîÿííûìè èëè ïåðåìåííûìè êîýôôèöèåíòàìè. ÍÌÌ èññëåäîâàëèñü âî
ìíîãèõ ðàáîòàõ (ñì., [1]� [5]). Ïðîñòåéøèì èç íèõ ÿâëÿåòñÿ íåïðåðûâíûé ãðà-
äèåíòíûé ìåòîä dx

dt = −α∇f(x) , x(t0) = x0 áåç îïåðàòîðà ïðîåêòèðîâàíèÿ
[3]� [5].

Åñëè â ïðàâîé ÷àñòè ÎÄÓ èìååòñÿ îïåðàòîð ïðîåêòèðîâàíèÿ âåêòîðà èëè
âåêòîðíîãî âûðàæåíèÿ, òî ÍÌÌ íàçûâàþò ïðîåêöèîííûì (ÍÏÌÌ). Èäåÿ
òàêîãî ìåòîäà îáîñíîâàíà â ðàáîòàõ [1]� [3]. Èõ ïîäìíîæåñòâî � íåïðåðûâíûå
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ìåòîäû ïðîåêöèè ãðàäèåíòà (ÍÌÏÃ), â êîòîðûõ ïðîåêòèðóåìîå âåêòîðíîå
âûðàæåíèå âêëþ÷àåò ãðàäèåíò ìèíèìèçèðóåìîé ôóíêöèè f(x(t)) â òî÷êå
x(t) . ÍÌÏÃ ïåðâîãî ïîðÿäêà çàïèñûâàåòñÿ â ôîðìå çàäà÷è Êîøè

dx(t)

dt
+ x(t) = PQ[x(t)− α∇f(x(t))], x(t0) = x0 (1.1)

Èòåðàòèâíûé àíàëîã ÍÌÏÃ ïåðâîãî ïîðÿäêà � ÌÏÃ xk+1 = PQ[x
k −

αk∇f(xk)] , x0 ∈ Q , k ≥ 0 , èçó÷àëñÿ â ðàáîòàõ [1] � [8].
Â ïðîåêöèîííûõ ìåòîäàõ ðåøåíèÿ çàäà÷è (1.1) îãðàíè÷åíèÿ, îáðàçóþùèå

ïðîñòîå ìíîæåñòâî Q ⊂ H , ó÷èòûâàþòñÿ â îïåðàòîðå ïðîåêòèðîâàíèÿ; ïðî-
åêöèÿ ëåãêî âû÷èñëÿåòñÿ íåïîñðåäñòâåííî, åñëè ýòè ìíîæåñòâà � øàð, ïîëî-
æèòåëüíûé îðòàíò, ïàðàëëåëåïèïåä [1], [2].

Âû÷èñëèòåëüíûé ïðîöåññ ìèíèìèçàöèè ôóíêöèè f(x(t)) â ÍÌÌ îñó-
ùåñòâëÿåòñÿ íà îñíîâå ÷èñëåííîãî ìåòîäà èíòåãðèðîâàíèÿ ñèñòåì ÎÄÓ.
Åñëè â ïðàâîé ÷àñòè ÎÄÓ ïðèñóòñòâóåò ôóíêöèÿ f(x(t)) ñ "îâðàæíû-
ìè"ãèïåðïîâåðõíîñòÿìè óðîâíåé, òî ïðåäïî÷òèòåëüíî ïðèìåíåíèå ÷èñëåííî-
ãî ìåòîäà èíòåãðèðîâàíèÿ "æ¼ñòêèõ"ñèñòåì ÎÄÓ.

ÍÌÏÃ âòîðîãî ïîðÿäêà âèäà

µx′′(t) + βx′(t) + x = PQ[x− α∇f(x)],
x(t0) = x0, x

′
(t0) = x1, t ≥ 0,

(1.4)

ãäå ÷èñëà µ > 0 , β > 0 , α > 0 � ïàðàìåòðû ìåòîäà, èññëåäîâàí â ðàáîòàõ
[2], [3]. Äðóãèå ÍÌÏÃ âòîðîãî ïîðÿäêà ïðåäëîæåíû â ðàáîòàõ [9], [13]. Èõ
èòåðàòèâíûå àíàëîãè � äâóõøàãîâûå ÌÏÃ; íàïðèìåð, ýòî èçâåñòíûé ìåòîä

xk+1 = PQ[x
k − αk∇f(xk) + βk(x

k − xk−1)],
x0 ∈ Q, k = 0, 1, 2, ...,

äåòàëüíî èññëåäîâàííûé â ðàáîòå [2].
Â áîëåå îáùèõ ÍÏÌÌ ïðîåêòèðóåìîå âåêòîðíîå âûðàæåíèå â ïðàâîé ÷à-

ñòè ÎÄÓ îáðàçóåòñÿ ñ ïîìîùüþ ãðàäèåíòà ∇f(z(t)) â ýêñòðàïîëèðîâàííîé
òî÷êå, íàïðèìåð, âèäà z(t) = x(t)+α(t)x′(t) , ãäå x′(t) � ïðîèçâîäíàÿ, à α(t)
� ïàðàìåòð ñîîòâåòñòâóþùåãî ìåòîäà (ñì., íàïðèìåð, [8], [9]).

Â ðàáîòàõ [10], [12] èññëåäîâàí ÍÏÌÌ âòîðîãî ïîðÿäêà

σ(t)x
′′
+ x

′
+ x(t) = PQ

(
y(t) + β(t)(γ1(t)x

′
(t)− γ2(t)∇f(y(t)))

)
,

t ≥ 0, x(0) = x0, x
′
(0) = x1, y(t) = x(t) + α(t)x

′
(t),

(1.5)

Äîêàçàíà ñõîäèìîñòü ìåòîäà è ïîëó÷åíà îöåíêà ýêñïîíåíöèàëüíîé ñêîðîñòè
ñõîäèìîñòè. Äëÿ ÍÏÌÌ âèäà (1.5) ðàçëè÷íûå èòåðàòèâíûå àíàëîãè � ïðî-
åêöèîííûå îáîáùåííûå äâóõøàãîâûå ìåòîäû (ÏÎÄÌ), èññëåäîâàííûå â ðà-
áîòàõ [9], [11], [14], [15] è äðóãèõ.
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Ââèäó íå áåçóïðå÷íîñòè èññëåäîâàííûõ ÍÌÏÃ è ÍÏÌÌ ïðè ìèíèìèçàöèè
ôóíêöèé ñ "îâðàæíûìè"ãèïåðïîâåðõíîñòÿìè óðîâíåé è ÿâíûõ ïðåèìóùåñòâ
ìåòîäîâ ïåðåìåííîé ìåòðèêè (ÌÏÌ) â ëîêàëüíîé ñêîðîñòè ñõîäèìîñòè, áû-
ëè ïðåäëîæåíû ÍÌÏÃ ñ ïåðåìåííîé ìåòðèêîé (ÍÌÏÃÏÌ) ïåðâîãî è âòîðîãî
ïîðÿäêîâ ñ îïåðàòîðîì G(x) ïåðåìåííîé ìåòðèêè, äîêàçàíà ñõîäèìîñòü ìå-
òîäîâ. ÍÌÏÃÏÌ âòîðîãî ïîðÿäêà

β(t)G−1(u)u
′′
+ u

′
+ u = P

G(u)
Q [u(t)− α(t)G−1(u)∇f(u)],

t ≥ 0, u(0) = u0, u
′
(0) = u1,

ãäå ∀ u0 , u1 ∈ H � íà÷àëüíûå òî÷êè; P
G(u)
Q � îïåðàòîð ïðîåêöèè â ìåòðèêå

G(u) ; ∥v∥G(u) = (G(u)v,v) , èçó÷àëñÿ â ðàáîòå [17]. Ïðè β(t) = 0 ìåòîä
ïðåâðàùàåòñÿ â ÍÌÏÃÏÌ ïåðâîãî ïîðÿäêà [16], à ïðè G(u) = I áóäåò ÍÌÏÃ
âòîðîãî ïîðÿäêà, òîãäà G� ïðîåêöèÿ PG

Q (v) ìåíÿåòñÿ íà îáû÷íóþ ïðîåêöèþ
PQ[v] .

ÍÏÌÌ ñ ïåðåìåííîé ìåòðèêîé (ÍÏÌÌÏÌ) èññëåäîâàíû â ðàáîòàõ [18]�
[19], à èõ èòåðàòèâíûå àíàëîãè, ÏÎÄÌÏÌ � â ðàáîòàõ [20], [21] è äðóãèõ.
Â ðàáîòàõ [22], [23] èññëåäîâàíû íåïðåðûâíûå ìåòîäû ëèíåàðèçàöèè (ÌË)
âòîðîãî ïîðÿäêà, â òîì ÷èñëå â [23] - ÌË ñ ïåðåìåííîé ìåòðèêîé.

Êàê âèäíî íà ïðèìåðàõ, èìåþòñÿ ïî äâà âèäà ïðîåêöèîííûõ ÌÏÌ è íåïðå-
ðûâíûõ, è èòåðàòèâíûõ, ñ îïåðàòîðàìè ïðîåêòèðîâàíèÿ: à) PQ � â èñõîäíîé

ìåòðèêå; á) P
G(x)
Q � â ïåðåìåííîé ìåòðèêå G(x) . Çàìåòèì, ïåðâûå ÌÏÌ

ïîÿâèëèñü èòåðàòèâíûå íå ïðîåêöèîííûå, äëÿ ðåøåíèÿ çàäà÷ áåçóñëîâíîé
ìèíèìèçàöèè; èõ êðàòêèå îáçîðû èìåþòñÿ â ðàáîòàõ [4], [5], à ïðåêðàñíûé
ðàñøèðåííûé îáçîð � â ðàáîòå [24].

Â ïðåäëàãàåìîé ðàáîòå èññëåäóåòñÿ íîâàÿ âåðñèÿ ÍÏÌÌÏÌ âòîðîãî ïî-
ðÿäêà ñ ïðîåêòèðîâàíèåì â èñõîäíîé îáû÷íîé ìåòðèêå äëÿ ðåøåíèÿ çàäà÷
âèäà (1.1), èìåþùèé ïðåèìóùåñòâà â ñêîðîñòè ñõîäèìîñòè â ñðàâíåíèè ñ äðó-
ãèìè ÍÏÌÌÏÌ.

2. Ìåòîä ðåøåíèÿ çàäà÷è

Ïóñòü ôóíêöèÿ x = x(t) ∈ C2[0,+∞) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

α(t)x
′′
(t) + β(t)x

′
(t) + x(t) = PQ[y(t)− γ(t)G−1(y(t))∇f(y(t))],

y(t) = x(t) + σ(t)x
′
(t), t ≥ 0, x(0) = x0, x

′
(0) = x1,

(2.1)

ãäå x0 , x1 ∈ H ; ïàðàìåòðû ìåòîäà α(t) ∈ C2[0; +∞) , β(t) , γ(t) ,
σ(t) ∈ C1[0; +∞) � çàäàííûå ôóíêöèè; îïåðàòîð G−1(y(t)) â (2.1), îá-
ðàòíûé ê îïåðàòîðó ìåòðèêè â òî÷êå y(t) , ó÷àñòâóåò â ïîñòðîåíèè âåêòîðà
íàïðàâëåíèÿ äâèæåíèÿ ê ìèíèìóìó çàäà÷è; ïðîèçâîäíûå x

′
(t) = dx(t)/dt ,
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x
′′
(t) = d2x(t)/dt2 , â ñìûñëå ãëàâû 4 êíèãè [25]; â ïðàâîé ÷àñòè (2.1) ïðî-

åêòèðîâàíèå ïðîèçâîäèòñÿ â èñõîäíîé ìåòðèêå. Ïðåäïîëàãàåì, ÷òî ðåøåíèå
çàäà÷è Êîøè (2.1) ñóùåñòâóåò è åäèíñòâåííî íà ïîëóîñè [0,∞) .

Îòìåòèì, ÷òî ïðè α(t) = 0 , σ(t) = 0 , β(t) = 1 è èñïîëüçîâàíèè â (2.1)
îïåðàòîðà ïðîåêòèðîâàíèÿ â ïåðåìåííîé ìåòðèêå, ìåòîä (2.1) ïðåâðàùàåòñÿ â
ÍÌÏÃÏÌ ïåðâîãî ïîðÿäêà, èññëåäîâàííûé â [16], à ïðè G(y(t)) = I , y(t) =
x(t) èç (2.1) ïîëó÷àåì ÍÌÏÃ âòîðîãî ïîðÿäêà.

3. Èññëåäîâàíèå ñõîäèìîñòè ìåòîäà

Â ñëåäóþùåé òåîðåìå îáîñíîâûâàþòñÿ äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè
ìåòîäà (2.1) ïðè H = En , ãäå En � åâêëèäîâî n - ìåðíîå ïðîñòðàíñòâî,
íîðìèðîâàííîå òåì æå ñêàëÿðíûì ïðîèçâåäåíèåì, ÷òî è H . (Àðãóìåíò t ó
ôóíêöèè x(t) , å¼ ïðîèçâîäíûõ è ïàðàìåòðîâ ìåòîäà äëÿ êðàòêîñòè ÷àñòî
îïóñêàåì.)
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ: 1) ìíîæåñòâî Q ⊂ En âûïóêëî

è çàìêíóòî; 2) ôóíêöèÿ f(x) ∈ C1,1(Q) âûïóêëà; 3) ñóùåñòâóåò âûïóêëàÿ
ôóíêöèÿ φ(x) ∈ C1,1(En) òàêàÿ, ÷òî ãðàäèåíò

∇φ(x) = G−1(x)∇f(x); (3.1)

4) îïåðàòîð G(x) ïåðåìåííîé ìåòðèêè òàêîâ, ÷òî

m∥u∥2 ≤ (G(x)u,u) ≤M∥u∥2 ∀ u,x ∈ En, 0 < m ≤M ; (3.2)

5) ôóíêöèè α(t) , β(t) , γ(t) , σ(t) òàêîâû, ÷òî

α(t) ∈ C2[0,∞), β(t), γ(t), σ(t) ∈ C1[0,∞),
α(t) ≥ α0 > 0, β(t) ≥ β0 > 0, β(t) > σ(t) > 0,

limt→∞ α(t) = α0, limt→∞ β(t) = β0, γ(0) ≥ γ(t) ≥ limt→∞ γ(t) = γ0 > 0;

α
′
(t) ≤ 0, β

′
(t) < σ

′
(t) ≤ 0, γ

′
(t) ≤ 0, α

′′
(t) ≥ 0;

(α(t)γσ(t))′ < (αβ(t)γ)′, α(t) ≤ β2(t), αβ + 2β2 + β3 > 2,
0 < γ(t) < 4(β2 − α)/[L(β − σ)2], σ(t) < (α2 + 2β3(t))/(4β2(t)), t ≥ 0.

(3.3)
Òîãäà ïðè ëþáûõ íà÷àëüíûõ ïðèáëèæåíèÿõ x0 , x1 ∈ En ñóùåñòâóåò

òàêàÿ òî÷êà x∗ ∈ Q∗ , ÷òî∫ ∞

0

(∥x(s)− x∗∥2 + ∥x′
(s)∥2 + ∥x′′

(s)∥2) ds < +∞,

∥x(t)− x∗∥+ ∥x′
(t)∥+ ∥x′′

(t)∥ −→ 0, t→ ∞, (3.4)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåæäå âñåãî, îòìåòèì, ÷òî: 1) òðåòüå óñëî-
âèå òåîðåìû ñóùåñòâåííî, êëàññû ôóíêöèé è îïåðàòîðîâ, óäîâëåòâîðÿþùèõ
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(3.1), íå ïóñòû [20]; 2) ÷åòâ¼ðòîå óñëîâèå òåîðåìû ãàðàíòèðóåò ñóùåñòâîâàíèå
îáðàòíîãî îïåðàòîðà G−1(x) ∀ x ∈ Q . Äàëåå, ïîëüçóÿñü (2.1) è ñâîéñòâîì

(w − v,u−w) ≥ 0, u ∈ Q (3.5)

îïåðàòîðà ïðîåêöèè [1] ïîëó÷èì âàðèàöèîííîå íåðàâåíñòâî

(α(t)x
′′
(t) + β(t)x

′
(t) + γ(t)G−1(y(t))∇f(y(t)),u−w) ≥ 0, t ≥ 0, u ∈ Q,

(3.6)
ãäå w = α(t)x

′′
(t) + β(t)x

′
(t) + x ∈ Q .

Â èñõîäíîé ìåòðèêå ïðîñòðàíñòâà En äëÿ x∗ ∈ Q∗ èìååò ìåñòî ðàâåíñòâî
[1], [16]

x∗ = PQ[x
∗ − γG−1(x∗)∇f(x∗)]. (3.7)

Ïîëüçóÿñü (2.1) è ñâîéñòâîì (3.5) îïåðàòîðà ïðîåêöèè w = PQ(v) ∈ Q â En ,
èç (3.7) èìååì

γ(G−1(x∗)∇f(x∗),u− x∗) ≥ 0, u ∈ Q. (3.8)

Ïîñêîëüêó γ > 0 , îòñþäà ñëåäóåò íåðàâåíñòâî (G−1(x∗)∇f(x∗),u − x∗) ≥
0, u ∈ Q . Ïîëîæèì â (3.8) u = w ∈ Q , à â (3.6) âîçüì¼ì u = x∗ è ïîëó÷åí-
íûå íåðàâåíñòâà ñëîæèì:

(α(t)x
′′
+ βx

′
+ γ(G−1(y)∇f(y)−G−1(x∗)∇f(x∗)),x∗ −w) ≥ 0, t ≥ 0.

(3.9)
Âîñïîëüçóåìñÿ ñîîòíîøåíèåì (3.1) â (3.9):

∥α(t)x′′
+ β(t)x

′∥2 + (αx
′′
+ β(t)x

′
,x− x∗) ≤

≤ γ(∇φ(y(t))−∇φ(x∗),x∗ −w), t ≥ 0, x∗ ∈ Q∗.
(3.10)

Ñêàëÿðíîå ïðîèçâåäåíèå â ïðàâîé ÷àñòè (3.10) îöåíèì ñ ïîìîùüþ íåðà-
âåíñòâà ([26], ãë. 1)

(∇φ(y)−∇φ(x∗),x∗ −w) ≤ L∥y −w∥2/4,
y,x∗,w ∈ Q, φ(x) ∈ C1,1(Q)

è ïðè
∥y −w∥2 = ∥σx′ − (αx

′′
+ βx

′
)∥2 =

= (σ2 − 2βσ)∥x′∥2 − 2ασ(x
′′
,x

′
) + ∥αx′′

+ βx
′∥2;

èìååì

a1(t)∥αx
′′
+ βx

′∥2 + [2ασ(x
′′
,x

′
) + (2βσ − σ2)∥x′∥2]Lγ/4+

+α(x
′′
,x− x∗) + β(x

′
,x− x∗) ≤ 0, t ≥ 0, x∗ ∈ Q∗;

ïðåîáðàçóåì åãî ê âèäó

a1(t)α
2∥x′′∥2 + 2a2(t)(x

′′
,x

′
) + a3(t)∥x

′∥2+
+α(x

′′
,x− x∗) + β(x

′
,x− x∗) ≤ 0, t ≥ 0, x∗ ∈ Q∗,

(3.11)
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ãäå a1(t) = 1 − Lγ(t)/4 > 0 , a2(t) = a1α(t)β(t) + Lαγσ(t)/4 > 0 , a3(t) =
a1(t)β

2 + (2βσ − σ2)Lγ/4 > 0 , ïðè óñëîâèÿõ (3.3).
Èñïîëüçóÿ òîæäåñòâà

2(x
′′
,x

′
) = d

dt∥x
′∥2, 2(x− x∗,x

′
) = d

dt∥x− x∗∥2,
2(x− x∗,x

′′
) = d2

dt2∥x− x∗∥2 − 2∥x′∥2, t ≥ 0,
(3.12)

îò (3.11) ïðèõîäèì ê íåðàâåíñòâó

a1(t)α
2∥x′′∥2 + a2(t)

d
dt∥x

′∥2 + [a3(t)− α(t)]∥x′∥2+
+α(t) d2

dt2∥x− x∗∥2/2 + β(t) d
dt∥x− x∗∥2/2 ≤ 0, t ≥ 0.

(3.13)

Ïðîèíòåãðèðóåì (3.13) íà îòðåçêå [ξ, t] , t > ξ ≥ 0 :∫ t

ξ {a1(s)α
2∥x′′∥2 + a31(s)∥x

′∥2 + [α
′′
(s)− β

′
(s)]∥x(s)− x∗∥2/2 } ds+

+a2(t)∥x
′∥2 + α(t) d

dt∥x− x∗∥2/2 + [β − α
′
(t)]∥x(t)− x∗∥2/2 ≤

≤ C1(ξ,x
∗), t > ξ ≥ 0, x∗ ∈ Q∗,

(3.14)

ãäå C1(ξ,x
∗) = a2(ξ)∥x

′
(ξ)∥2+α(ξ)(x′(ξ),x(ξ)−x∗)+[β(ξ)−α′

(ξ)]∥x−x∗∥2/2 ,
a31(s) = a3(s) − α(s) − a

′

2(s) > 0 , γ(s) < 4(β2 − α)/[L(β − σ)2] = γ11 ,
α

′′
(s) − β

′
(s) > 0 , β(t) − α

′
(t) ≥ β(t) > 0 ∀ t ≥ 0 ïðè óñëîâèÿõ (3.3) è

èíòåãðàë ïîëîæèòåëåí. Èç (3.14) áåç ïîëîæèòåëüíûõ ñëàãàåìûõ ñëåäóåò

α(t)

β(t)

d

dt
∥x− x∗∥2 + ∥x− x∗∥2 ≤ 2C1(ξ,x

∗)/β(t), t > ξ ≥ 0,x∗ ∈ Q∗.

Óìíîæèâ ýòî íåðàâåíñòâî íà β(t)
α(t)e(t) , ãäå e(t) = exp

(∫ t

0
β(s) ds
α(s)

)
> 0 , ïîëó÷èì:

e(t)
d

dt
∥x− x∗∥2 + β(t)e(t)∥x− x∗∥2/α(t) ≤ 2e(t)C1(ξ,x

∗)/α0, t > ξ ≥ 0.

Îòñþäà, ó÷èòûâàÿ, ÷òî e′(t) = β(t)e(t)/α(t) , α(t) ≥ α0 > 0 , èìååì

d

dt
[e(t)∥x− x∗∥2] ≤ 2e(t)C1(ξ,x

∗)/α0, t > ξ ≥ 0. (3.15)

Ïðîèíòåãðèðóåì (3.15) íà îòðåçêå [ξ, t] , óìíîæèì ïîëó÷åííîå íåðàâåíñòâî
íà e−1(t) , òîãäà ïðèä¼ì ê íåðàâåíñòâó

∥x− x∗∥2 ≤ 2
C1(ξ,x

∗)

α0e(t)

∫ t

ξ

e(s) ds+
e(ξ)∥x(ξ)− x∗∥2

e(t)
, t > ξ ≥ 0.

Îòñþäà ñëåäóåò:

limt→∞∥x− x∗∥2 ≤ 2C1(ξ,x
∗)/α0, t > ξ ≥ 0, x∗ ∈ Q∗. (3.16)
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Äàëåå îöåíèì âòîðîå è òðåòüå ñëàãàåìûå âî âòîðîì ñîîòíîøåíèè èç (3.4),
ïîëüçóÿñü (3.14) è (3.11). Ñóùåñòâóþò ÷èñëà r > 0 è η ≥ 0 òàêèå, ÷òî äëÿ
s ≥ η ≥ ξ ≥ 0 èìåþò ìåñòî îöåíêè äëÿ êîýôôèöèåíòîâ ïîäûíòåãðàëüíûõ
ñëàãàåìûõ â (3.14): a3(s) − α(s) − a′2(s) ≥ r > 0 , (α

′′
(s) − β

′
(s))/2 ≥ r > 0 ,

a1(s)α
2 ≥ r > 0 . Ó÷èòûâàÿ èõ, (3.3) è (3.12), èç (3.14) ïîëó÷àåì:

r
∫ t

ξ {∥x
′′∥2 + ∥x′∥2 + ∥x(s)− x∗∥2} ds+ 0.5β(t)∥x(t)− x∗∥2+

+α(t)(x′(t),x(t)− x∗) + a2(t)∥x
′
(t)∥2 ≤

≤ C1(ξ,x
∗), t > ξ ≥ η ≥ 0.

(3.17)

Â (3.17) òðåòüå ñëàãàåìîå îöåíèì ñ ïîìîùüþ íåðàâåíñòâà

2|ab| ≤ εa2 + ε−1b2 ∀ a, b, ε > 0 (3.18)

ïðè ε = 1/β , a(t) = αx
′
(t) , b = x− x∗ , òî åñòü

(α(t)x′(t),x(t)− x∗) ≥ −α
2

2β
∥x′

(t)∥2 − β

2
∥x(t)− x∗)∥2.

Òîãäà

r
∫ t

ξ {∥x
′′∥2 + ∥x′∥2 + ∥x(s)− x∗∥2} ds+

+[a2(t)− α2/(2β)]∥x′
(t)∥2 ≤ C1(ξ,x

∗), t > η ≥ ξ ≥ 0,
(3.19)

ãäå êîýôôèöèåíò ïðè âòîðîì ñëàãàåìîì íåîòðèöàòåëåí ïðè óñëîâèÿõ (3.3).
Êðîìå òîãî, ∀ t ≥ η èìååì 2a3β − α2 ≥ α0r > 0 . Òîãäà èç (3.19) ñëåäóåò∫ t

ξ {∥x
′′∥2 + ∥x′∥2 + ∥x(s)− x∗∥2} ds ≤ C1(ξ,x

∗)/r,

∥x′
(t)∥2 ≤ 2β(α0r)

−1C1(ξ,x
∗), t > η ≥ ξ ≥ 0.

Îòñþäà ñ ó÷åòîì óñëîâèé (3.3) èìååì:∫ ∞

0

{∥x′′
(s)∥2 + ∥x′∥2 + ∥x(s)− x∗∥2} ds < +∞ ∀ x∗ ∈ Q∗, (3.20)

limt→∞∥x′∥2 ≤ 2β0(α0r)
−1C1(ξ,x

∗), t > η ≥ ξ ≥ 0. (3.21)

Äàëåå îöåíèì ∥x′′
(t)∥ ñ ïîìîùüþ (3.11) è (3.18). Ñ ó÷¼òîì îöåíîê

2a2(x
′′
(t),x

′
(t)) ≥ −a2αβ2∥x′′

(t)∥2 − (a1β + Lγσ/4)β−2∥x′∥2,
α(x

′′
,x(t)− x∗) ≥ −α2β2∥x′′

(t)∥2/2− 0.5β−2∥x(t)− x∗∥2,
(βx

′
(t),x(t)− x∗) ≥ −β∥x′∥2/2− β∥x(t)− x∗∥2/2,

ïîëó÷àåìûõ èç (3.18) ñîîòâåòñòâåííî ïðè ε = αβ2 , ε = αβ2 , ε = β−1 , îò
(3.11) ïðèõîäèì ê íåðàâåíñòâó

a4(t)∥x
′′
(t)∥2 ≤ a5(t)∥x

′
(t)∥2 + a6(t)∥x(t)− x∗∥2, t ≥ 0, x∗ ∈ Q∗, (3.22)
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ãäå âûïîëíÿþòñÿ íåðàâåíñòâà: a4(t) = a1α
2 − a2αβ

2 − α2β2/2 ≥ α2
0β

2
0/2 ,

a5(t) = a2α
−1β2 + β/2− a3 ≤ (2 + β2

0 − 2β3
0)α0r/β0 , a6(t) = (1 + β3)/(2β2) ≤

(1+β3
0)/(2β

2
0) ; 0 < σ < β < 1 , γ ≤ 4(1−β2−β3)/[L(1+β2σ−β3)] = γ12 < 4/L ,

γ < γ11 < γ12 ïðè αβ + 2β2 + β3 > 2 . Ñ ó÷¼òîì ýòèõ îöåíîê è (3.16), (3.21),
èç (3.22) ñëåäóåò

limt→∞∥x′′
(t)∥2 ≤ C2(ξ,x

∗), t > η ≥ ξ ≥ 0, (3.23)

ãäå C2(ξ,x
∗) = 4[(α0β0)

−2(2 + β2
0 − 2β3

0) + α−3
0 β−4

0 (1 + β3
0)]C1(ξ,x

∗) .
Àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü òðàåêòîðèè x(t) ñèñòåìû (2.1) è åäèí-

ñòâåííîñòü ïðåäåëüíîé òî÷êè òðàåêòîðèè ìîæíî ïîêàçàòü ñïîñîáîì, àíàëî-
ãè÷íûì èñïîëüçîâàííûì â ðàáîòàõ [2], [3], [17].

Äàëåå èç (3.16) ñëåäóåò, ÷òî òðàåêòîðèÿ x(t) îãðàíè÷åíà, à â ñèëó (3.20)

limt→∞[∥x′′
(t)∥2 + ∥x′∥2 + ∥x(t)− x∗∥2] = 0 ∀ x∗ ∈ Q∗

è ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü {ti} , ÷òî

∥x′′
(ti)∥ → 0, ∥x′

(ti)∥ → 0, ∥x(ti)− x∗∥ → 0, i→ ∞, x∗ ∈ Q∗. (3.24)

Äëÿ t = ti â (3.17) îáîçíà÷èì ïðè âñåõ ti ≥ t1

a2(ti)∥x
′
(ti)∥2 + α(ti)(x

′
(ti),x(ti)− x∗) + 0.5β(ti)∥x(ti)− x∗∥2 = C1(ti,x

∗).

Ñ ó÷¼òîì (3.16), (3.21) è (3.24), èìååì

C1(ti,x
∗) → 0, i→ ∞, x∗ ∈ Q∗. (3.25)

Òîãäà èç (3.20) ñëåäóåò ïåðâîå ñîîòíîøåíèå (3.4), à èç (3.16), (3.21), (3.23),
(3.24), (3.25) ñëåäóåò âòîðîå ñîîòíîøåíèå èç (3.4).

Òåîðåìà 1 äîêàçàíà.

4. Îöåíêà ñêîðîñòè ñõîäèìîñòè

Äëÿ îöåíêè ñêîðîñòè ñõîäèìîñòè ìåòîäà (2.1) ïðåäïîëîæèì, ÷òî ôóíêöèÿ
f(x) ∈ C1,1(Q) ñèëüíî âûïóêëàÿ è âîñïîëüçóåìñÿ ðåçóëüòàòàìè òåîðåìû 1.
Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 è, êðîìå òîãî: 1) ôóíê-

öèÿ f(x) ñèëüíî âûïóêëà ñ êîíñòàíòîé ñèëüíîé âûïóêëîñòè κ1 > 0 ; 2)
ôóíêöèÿ φ(x) ñèëüíî âûïóêëà ñ êîíñòàíòîé ñèëüíîé âûïóêëîñòè κ > 0 è
èìååò ìåñòî ðàâåíñòâî

∇φ(x) = G−1(x)∇f(x) ∀ x ∈ H;
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3) ôóíêöèè α(t) , β(t) , γ(t) , σ(t) óäîâëåòâîðÿþò óñëîâèÿì (3.3) è, êðîìå
òîãî,

0 < α(t) < min{0.5β2(t), (1− β2(t))/2}, 0 < σ(t) < β(t) < 1,
0 < γ(t) < 2β(t)/[(L+ 2κ)(β(t)− σ(t))], 2κ = µ,

0 < σ(t) < min{ (L+µ)2[4α(t)−(β−α
′
)β2]

8Lµ(β2−α) ; β(1−2α−β2)
2−2α−β2 }, t ≥ 0.

(4.1)

Òîãäà ïðè ëþáûõ íà÷àëüíûõ ïðèáëèæåíèÿõ x0, x1 ∈ En òðàåêòîðèÿ ìå-
òîäà (2.1) ñõîäèòñÿ ê òî÷êå x∗ ∈ Q∗ è èìåþò ìåñòî îöåíêè ∀ t ≥ 0 :

∥x(t)− x∗∥ ≤ {2C5(t)[C3g(t) + C4]}1/2, (4.2)

∥x′
(t)∥ ≤ {[2b21(t)C5(t)C6(t) + C3b

−1
16 ](1− β0)

−1}1/2, (4.3)

∥x′′
(t)∥ ≤ {2α−3

0 (2− β2
0)β

−1
0 (1− β0)

−1(C3α
−1(t)+

+0.5β−2(t)e−1(t)C6(t)) + α−4
0 (1 + α0)C5(t)C6(t)}1/2,

(4.4)

ãäå e(t) = eα(t) ; C3 = 0.5(b12(0) − α
′
(0))∥x0 − x∗∥2 + α(0)(x1,x0 − x∗) +

b16(0)∥x1∥2 ; C4 = 0.5b−1
16 (0)α(0)e(0) ; C5(t) = b16(t)(e(t)α(t))

−1 ; C6(t) =
C3g(t) + C4 ; b11(t) = 1 − (L + µ)γ(t)/4 ; g(t) =

∫ t

0 e(s)b
−1
16 (s) ds ; b12(t) =

β(t) + 2Lµγσ/(L + µ) ; b13(t) = (L + µ)αγσ/2 ; b16(t) = b11αβ + b13(t)/2 ;
b21(t) = b11α

2 − 0.5α3 − b16αβ .
Ä î ê à ç à ò å ë ü ñ ò â î. Çàìåòèì, ÷òî ïðè âûïîëíåíèè âñåõ óñëîâèé

òåîðåìû 2: 1) ìíîæåñòâî ìèíèìóìîâ Q∗ = {x∗} ââèäó ñèëüíîé âûïóêëîñòè
ôóíêöèè f(x) ; 2) ðåçóëüòàòû òåîðåìû 1 î ñõîäèìîñòè ìåòîäà (2.1) ñïðàâåä-
ëèâû.

Èç íåðàâåíñòâà (3.10), ãäå â óñëîâèÿõ äàííîé òåîðåìû ôóíêöèÿ φ(x) ñèëü-
íî âûïóêëà ñ êîíñòàíòîé κ > 0 , ñëåäóåò:

∥α(t)x′′
+ β(t)x

′∥2 + (αx
′′
,x− x∗) + β(x

′
,x− x∗) ≤

≤ γ(∇φ(y)−∇φ(x∗),x∗ −w), t ≥ 0, x∗ ∈ Q∗.
(4.5)

Â ïðàâîé ÷àñòè (4.5) âîñïîëüçóåìñÿ íåðàâåíñòâîì ([26], ãë. 1)

(∇φ(y)−∇φ(x∗),x∗ −w) ≤ (L+ µ)∥y −w∥2/4− Lµ

L+ µ
∥y − x∗∥2

y , x∗ , w ∈ Q , ðàâåíñòâîì

∥y − x∗∥2 = ∥x− x∗ + σ(t)x
′∥2 =

= ∥x− x∗∥2 + 2σ(x− x∗,x
′
) + σ2∥x′∥2

è âûðàæåíèåì äëÿ ∥y−w∥2 , ïðèâåä¼ííûì ïðè âûâîäå (3.11). Òîãäà èç (4.5)
ñëåäóåò

b11(t)∥αx
′′
+ βx

′∥2 + (αx
′′
,x− x∗) + b12(t)(x

′
,x− x∗)+

+b13(t)(x
′′
,x

′
) + b14(t)∥x

′∥2+
+b15(t)∥x− x∗∥2 ≤ 0, t ≥ 0, x∗ ∈ Q∗,

(4.6)
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ãäå b11(t) = 1− (L+µ)γ(t)/4 , b12 = β+2Lµγσ/(L+µ) , b13 = (L+µ)αγσ/2 ,
b14 = (L + µ)γ(t)(2βσ − σ2) + Lµγσ2/(L + µ) , b15 = Lµγ(t)/(L + µ) . Â (4.6)
ðàñïèøåì ïåðâûé êâàäðàò íîðìû è âîñïîëüçóåìñÿ òîæäåñòâàìè (3.12). Òîãäà

b11(t)α
2∥x′′∥2 + (b11β

2 + b14 − α)∥x′∥2 + b16
d
dt∥x

′∥2+
+0.5α d2

dt2∥x− x∗∥2 + 0.5b12(t)
d
dt∥x− x∗∥2+

+b15(t)∥x− x∗∥2 ≤ 0, t ≥ 0, x∗ ∈ Q∗,

(4.7)

ãäå b16 = b11αβ+b13/2 , b16 > 0 ïðè γ < 4/(L+µ) = γ20 < 4β/[(L+µ)(β−σ)] .
Ïðîèíòåãðèðóåì (4.7) íà îòðåçêå [0; t] , òîãäà ïîëó÷èì:∫ t

0

(
b11(s)α

2(s)∥x′′
(s)∥2 + b17∥x

′∥2 + b18∥x− x∗∥2
)
ds+ b16(t)∥x

′∥2+
+0.5(b12(t)− α

′
)∥x− x∗∥2 + 0.5α(t) d

dt∥x− x∗∥2 ≤ C3, t ≥ 0,

ãäå b17(s) = b11β
2(s)+b14−α(s)−b

′

16(s) > 0 , b18 = b15+0.5(α
′′
(s)−b′12(s)) > 0

ïðè óñëîâèÿõ (4.1); C3 = 0.5(b12(0) − α
′
(0))∥x0 − x∗∥2 + α(0)(x1,x0 − x∗) +

b16(0)∥x1∥2 ñ ó÷åòîì (2.1), (3.12); γ < γ21 = 4(β2 − α)/[(L + µ)β2] < γ20 .
Îòñþäà, ïîñêîëüêó èíòåãðàë ïîëîæèòåëåí ââèäó ïîëîæèòåëüíîñòè ïîäûíòå-
ãðàëüíûõ ñëàãàåìûõ, ïîñëå óìíîæåíèÿ íà [b16(t)]

−1 , ñëåäóåò íåðàâåíñòâî

0.5[b16(t)]
−1[(b12(t)− α

′
)∥x− x∗∥2 + α(t) d

dt∥x− x∗∥2]+
+∥x′∥2 ≤ C3b

−1
16 (t), t ≥ 0.

(4.8)

Óìíîæèâ (4.8) íà ôóíêöèþ e(t) = exp(α(t)) > 0 , ïðîèíòåãðèðóåì ïîëó-
÷åííîå íåðàâåíñòâî íà îòðåçêå [0; t] :∫ t

0

(
e(s)∥x′∥2 + b19(s)∥x(s)− x∗∥2

)
ds+

+0.5b−1
16 (t)α(t)e(t)∥x(t)− x∗∥2 ≤ C3

∫ t

0 b
−1
16 (s)e(s) ds+ C4, t ≥ 0,

ãäå C4 = b−1
16 (0)α(0)e(0)∥x0 − x∗∥2 ; b19(s) = 0.5[e(s)b−1

16 (s)(b12 − α
′
) −

(α(s)e(s)b−1
16 (s))

′
] > 0 ïðè b12(s)− α

′
> 0 , b−1

16 > 0 , [b−1
16 (t)]

′ > 0 , β > σ > 0 .
Îòñþäà, ïîñêîëüêó èíòåãðàë â ëåâîé ÷àñòè íåðàâåíñòâà ïîëîæèòåëåí, èìååì

∥x(t)− x∗∥2 ≤ 2C5(t)(C3g(t) + C4), t ≥ 0, (4.9)

ãäå C5(t) = b16(t)(α(t)e(t))
−1 , g(t) =

∫ t

0 e(s)b
−1
16 (s) ds .

Çäåñü, ïîñêîëüêó ñïðàâåäëèâû ñîîòíîøåíèÿ e(t) → ∞ , [g(t)e−1(t)] → 0
ïðè t→ ∞ , ïðàâàÿ ÷àñòü íåðàâåíñòâà (4.9) ñòðåìèòñÿ ê íóëþ. Â (4.9) èìååò
ìåñòî ñõîäèìîñòü ïîðÿäêà e−1(t) . Èç (4.9) ñëåäóåò (4.2).

Äëÿ äîêàçàòåëüñòâà (4.3) è (4.4) âûêëàäêè àíàëîãè÷íû ïðîâåä¼ííûì ïðè
ïîëó÷åíèè (4.9). Èç íåðàâåíñòâà (4.8), ïîëüçóÿñü (3.12), èìååì

∥x′∥2 + 0.5b−1
16 (t)(b12(t)− α

′
)∥x− x∗∥2+

+0.5α(t)(x
′
,x− x∗) ≤ b22(t), t ≥ 0.

(4.10)
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Çäåñü òðåòüå ñëàãàåìîå ïðåîáðàçóåì ñ ïîìîùüþ (3.18), ïðè ε = b16(t)β(t)
α(t) , òî

åñòü
αb−1

16 (x
′
,x− x∗) ≥ −β∥x′∥2 − α2β−1b−2

16 ∥x− x∗∥2,
òîãäà

(1− β)∥x′
(t)∥2 ≤ b21(t)∥x(t)− x∗∥2 + b22(t), t ≥ 0,

ãäå b21(t) = α2b−2
16 β

−1 − 0.5b−1
16 (t)(b12 − α

′
) , b22(t) = C3b

−1
16 (t) , b12 > 0 ïðè

âûïîëíåíèè íåðàâåíñòâ: b11β+(L+µ)γσ/4 ≥ β/2 , òî åñòü 0 < γ < 2β/[(L+
µ)(β−σ)] = γ22 ; 4α−[β−α′+2Lµγσ/(L+µ)]β2 > 0 , 0 < γ < γ22 < γ21 < (L+
µ)[4α−(β−α′)]β2/(2Lµβ2σ) , 0 < σ < σ21 = (L+µ)2[4α−(β−α′)β2]/[8Lµ(β2−
α)] , 0 < α < β2/2 < [4Lµβ + (L+ µ)2(β − α′)]β2/[8Lµβ + (L+ µ)2] .

Îòñþäà, ó÷èòûâàÿ îöåíêó (4.9) è β < 1 , ïîëó÷èì íåðàâåíñòâî

∥x′
(t)∥2 ≤ [2b21(t)C5(t)C6(t) + C3b

−1
16 ](1− β(t))−1, t ≥ 0, (4.11)

ãäå C6(t) = C3g(t) + C4 . Èç (4.11) ñëåäóåò (4.3).
Äëÿ îöåíêè ∥x′′

(t)∥ çàïèøåì (4.6) â ôîðìå

b11(t)α
2∥x′′∥2 + (b11β

2 + b14)∥x
′∥2 + α(x

′′
,x− x∗)+

+b12(t)(x
′
,x− x∗) + 2b16(t)(x

′′
,x

′
) + b15∥x− x∗∥2 ≤ 0, t ≥ 0,

(4.12)

ãäå ñêàëÿðíûå ïðîèçâåäåíèÿ îöåíèì ñ ïîìîùüþ (3.18) ñîîòâåòñòâåííî ïðè
ε = α2 , ε = αβ , ε = β :

α(x
′′
,x(t)− x∗ ≥ −0.5α3∥x′′

(t)∥2/2− 0.5α−1∥x(t)− x∗∥2,
2b16(x

′′
(t),x

′
(t)) ≥ −b16αβ∥x

′′
(t)∥2 − b16(αβ)

−1∥x′∥2,
b12(x

′
(t),x(t)− x∗) ≥ −0.5b12β∥x

′∥2 − 0.5b12β
−1∥x(t)− x∗∥2.

Òîãäà èç (4.12) ñëåäóåò

b23(t)∥x
′′∥2 ≤ b24(t)∥x

′∥2 + b25(t)∥x(t)− x∗∥2, t ≥ 0, (4.13)

ãäå b23 = b11α
2−0.5α3−b16αβ = α2[1−α/2−β2−(L+µ)γ(1−β2+βσ)] ≥ α3/2 ≥

α3
0/2 ïðè 0 < γ < γ22 ≤ 4(1−α− β2)/[(L+µ)(1− β2+ βσ)] , 0 < σ < β < 1 ,
σ < (1 − 2α − β2)/(2 − 2α − β2) ; b24 = b16(αβ)

−1 + 0.5b12β − b11β
2 − b14 <

0.5(2−β2) ≤ 0.5(2−β2
0) ; b25(t) = 1/(2α)+b12(t)/(2β)−b15(t) < 0.5α−1

0 (1+α0) .
Ñ ó÷¼òîì ýòèõ îöåíîê êîýôôèöèåíòîâ, (4.9), (4.11), èç (4.13) èìååì

∥x′′
(t)∥2 ≤ 2α−3

0 (2− β2
0)β

−1
0 (1− β0)

−1×
×(C3α

−1(t) + 0.5β−2(t)e−1(t)C6(t))+
+2α−4

0 (1 + α0)C5(t)C6(t).

(4.14)

Èç (4.14) ñëåäóåò îöåíêà (4.4).
Òåîðåìà 2 äîêàçàíà.
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Ïðèìå÷àíèÿ.
1. Ñêîðîñòü ñõîäèìîñòè ÍÏÌÌÏÌ âòîðîãî ïîðÿäêà (2.1) âûøå, ÷åì ó

ìåòîäîâ ïåðâîãî ïîðÿäêà, â ñëåäóþùåì ñìûñëå, óêàçàííîì â ðàáîòàõ [2], [3]:
äëÿ ÍÏÌÌ âòîðîãî ïîðÿäêà ïîêàçàòåëü ñõîäèìîñòè âñåãäà ìîæíî ñäåëàòü
áîëüøå, ÷åì â ìåòîäàõ ïåðâîãî ïîðÿäêà, çà ñ÷åò âûáîðà ïàðàìåòðîâ ìåòîäà.
2. ÍÏÌÌÏÌ ñî÷åòàþò ïðåèìóùåñòâà ÍÏÌÌ âòîðîãî ïîðÿäêà è ìåòîäîâ

ïåðåìåííîé ìåòðèêè, ïîýòîìó îíè èìåþò ëó÷øóþ ñêîðîñòü ñõîäèìîñòè ïðè
ìèíèìèçàöèè ôóíêöèé ñ "îâðàæíûìè"ãèïåðïîâåðõíîñòÿìè óðîâíåé.
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A version of continuous projection second order variable

metric method

c⃝ V. G. Malinov2

Abstract. In the work a new version of continuous projection second order variable metric method
for problems of minimization of convex Frechet di�erentiable functions in Hilbert space is proposed.
The convergence examined and exponential rate of convergence of the method is derived.

Key Words: minimization, simple set, continuous variable metric method, convergence, rate of
convergence
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