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Àñèìïòîòè÷åñêàÿ ýêâèâàëåíòíîñòü äèôôåðåíöèàëüíûõ

è äèôôåðåíöèàëüíî-ôóíêöèîíàëüíûõ óðàâíåíèé

c⃝ Å. À. ×åðíîèâàíîâà1

Àííîòàöèÿ. Â äàííîé ñòàòüå ðåøàåòñÿ ïðîáëåìà êëàññèôèêàöèè äèôôåðåíöèàëü-
íûõ óðàâíåíèé íà îñíîâå àñèìïòîòè÷åñêèõ ñâîéñòâ ðåøåíèé, êðîìå òîãî, èññëåäóþòñÿ
äèôôåðåíöèàëüíî-ôóíêöèîíàëüíûå óðàâíåíèÿ, äëÿ êîòîðûõ óðàâíåíèÿìè ñðàâíåíèÿ ÿâëÿ-
þòñÿ îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, äèôôåðåíöèàëüíî-ôóíêöèîíàëüíûå
óðàâíåíèÿ, àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé

Êëàññèôèêàöèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé íà îñíîâå àñèìïòîòè÷å-
ñêèõ ñâîéñòâ ðåøåíèé � ìåòîäîëîãè÷åñêàÿ îñíîâà ìíîãèõ àñèìïòîòè÷åñêèõ
ìåòîäîâ èíòåãðèðîâàíèÿ. Â íåãëàäêîì àíàëèçå òàêóþ îñíîâó èìåþò âñå
àñèìïòîòè÷åñêèå ìåòîäû. Âûáîð îòíîøåíèÿ ýêâèâàëåíòíîñòè è óðàâíåíèÿ
ñðàâíåíèÿ - ãëàâíûå çàäà÷è, ðåøåíèå êîòîðûõ íà îïðåäåëåííîì êëàññå óðàâ-
íåíèé ñîñòàâëÿåò ñóòü êîíêðåòíîãî àñèìïòîòè÷åñêîãî ìåòîäà. Îäíàêî áîëü-
øèíñòâî ðàáîò (îñîáåííî â íåãëàäêîì àíàëèçå) ïî êëàññèôèêàöèÿì îòíîñèòñÿ
ê êëàññàì óðàâíåíèé, êîòîðûå â êà÷åñòâå ôàçîâîãî ïðîñòðàíñòâà èìåþò ìíî-
æåñòâî D = [T0,+∞)× Rn , T0 ∈ R .

Åñëè æå óðàâíåíèÿ îïðåäåëåíû íà ïîäìíîæåñòâàõ ìíîæåñòâà D, òî îáû÷-
íûå ìåòîäû âûáîðà óðàâíåíèÿ ñðàâíåíèÿ çäåñü íåïðèãîäíû. Â äàííîé ñòàòüå
ðåøàåòñÿ ýòà ïðîáëåìà, êðîìå òîãî, çäåñü èññëåäóþòñÿ äèôôåðåíöèàëüíî-
ôóíêöèîíàëüíûå óðàâíåíèÿ, äëÿ êîòîðûõ óðàâíåíèÿìè ñðàâíåíèÿ ÿâëÿþòñÿ
îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ.

Ïóñòü äèôôåðåíöèàëüíî-ôóíêöèîíàëüíîå óðàâíåíèå èìååò âèä

dy

dt
= f(t, y, φ(t, y, ε), ε) + g(t, y, Aty, φ(t, y, ε), ε), (1.1)

ãäå At : C([T0,+∞),Rn) → Dm , Dm ⊆ Rm , t ≥ t0 ,
f ∈ C([T0,+∞)×D × Sc × (0, ε0],Rn) ,
g ∈ K([T0,+∞) × D,Dm, Sc × (0, ε0],Rn) � êëàññ ôóíêöèé, èçìåðèìûõ ïî
t è íåïðåðûâíûõ ïî îñòàëüíûì àðãóìåíòàì, D � îáëàñòü, D ⊆ Rn , S =
{z : z ∈ Rm0, ||z|| ≤ C, 0 < C < +∞} , φ ∈ C(1,0,0)([T0,+∞) × (0, ε0], Sc) ;
λ∗(γ, ε) = limk→+∞ φ(tk, γ, ε) äëÿ íåêîòîðîé ïîñëåäîâàòåëüíîñòè {tk} , tk →
+∞ ïðè k → +∞ è âñåõ γ ∈ Rn , ïðè âñåõ T0 ≤ t < +∞ , y ∈ Rn , 0 < ε < ε0
ñóùåñòâóþò íåíóëåâûå ÷àñòíûå ïðîèçâîäíûå fy, fλ(λ = φ(t, y, ε)) , ëîêàëüíî

1 Äîöåíò êàôåäðû èíôîðìàöèîííûõ òåõíîëîãèé è ìàòåìàòèêè, ÀÍÎÎ ÂÏÎ ÖÑ ÐÔ ÐÓÊ ¾Ñàðàíñêèé
êîîïåðàòèâíûé èíñòèòóò¿ (ôèëèàë), ã. Ñàðàíñê

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



Àñèìïòîòè÷åñêàÿ ýêâèâàëåíòíîñòü äèôôåðåíöèàëüíûõ è . . . 157

óäîâëåòâîðÿþùèå óñëîâèþ Ëèïøèöà. Ïðè C = +∞ , λ∗(γ, ε) = ∞ áóäåì
ñ÷èòàòü, ÷òî limk→+∞ f(t, y, φ(tk, γ, ε), ε) = f1(t, γ, ε) , f1 ∈ C([T0,+∞) ×
D × (0, ε0],Rn) , f(t, y, λ∗(γ, ε), ε) = f1(t, y, ε) , T0 ≤ t < +∞ , γ, y ∈ Rn ,
0 < ε ≤ ε0 . Òðåáóåòñÿ íà ìíîæåñòâå T0 ≤ τ ≤ t < +∞ c òî÷íîñòüþ ε1 íàéòè
ðåøåíèå y(t) = y(t : τ, γ, ε) óðàâíåíèÿ (1.1) ïðè âñåõ äîñòàòî÷íî ìàëûõ ε .
Ñ÷èòàÿ ôóíêöèè g , φ â íåêîòîðîì ñìûñëå ìàëûìè, áóäåì óðàâíåíèå

dx

dt
= f(t, x, λ∗(γ, ε), ε) (1.2)

ðàññìàòðèâàòü â êà÷åñòâå óðàâíåíèÿ ñðàâíåíèÿ. Â ýòó ñõåìó óêëàäûâàåòñÿ
êëàññè÷åñêèé ìåòîä óñðåäíåíèÿ. Áîëåå òîãî, ðàññìàòðèâàÿ äëÿ êîíêðåòíîãî
óðàâíåíèÿ ðàçëè÷íûå ïðåäñòàâëåíèÿ âèäà 1.1, ìîæíî ïîëó÷àòü ðàçëè÷íûå
óðàâíåíèÿ ñðàâíåíèÿ è ïîÿâëÿåòñÿ âîçìîæíîñòü âûáîðà ïðîñòåéøåãî èç íèõ.
Áóäåì ñ÷èòàòü, ÷òî â äàëüíåéøåì âñå âûøå ïåðå÷èñëåííûå óñëîâèÿ äëÿ óðàâ-
íåíèé (1.1) è (1.2) âñåãäà âûïîëíÿþòñÿ.

Â çàâèñèìîñòè îò âûáîðà îïåðàòîðà À óðàâíåíèå (1.1) ìîæåò áûòü ëè-
áî óðàâíåíèåì ñ çàïàçäûâàþùèì àðãóìåíòîì, ëèáî êàêèì-íèáóäü äðóãèì
äèôôåðåíöèàëüíî-ôóíêöèîíàëüíûì óðàâíåíèåì. Íàïðèìåð, óðàâíåíèå (1.1)
ìîæåò èìåòü âèä:

dy

dt
= f(t, y, φ(t, y, ε), ε) + g(t, y, y(t− t0), φ(t, y, ε), ε),

dy

dt
= f(t, y, φ(t, y, ε), ε) + g(t, y,

t∫
0

G(t, s)y(s)ds, φ(t, y, ε), ε).

Áóäåì ãîâîðèòü, ÷òî óðàâíåíèÿ (1.1) è (1.2) íà ìíîæåñòâå Ω ⊆ D àñèìïòî-
òè÷åñêè ýêâèâàëåíòíû îòíîñèòåëüíî ðåøåíèé (P ) , îïðåäåëåííûõ ïðè äîñòà-
òî÷íî ìàëîì ε0 è âñåõ ε , 0 < ε ≤ ε0 ïðè t > τ , ïðèíàäëåæàùèõ ìíîæåñòâó
Ω , åñëè äëÿ êàæäîãî ðåøåíèÿ èç (P ) óðàâíåíèÿ (1.1) ïðè äîñòàòî÷íî ìàëîì
ε0 è ïðè âñåõ ε , 0 < ε ≤ ε0 , íàéäåòñÿ ðåøåíèå èç (P ) óðàâíåíèÿ (1.2) òàêîå,
÷òî ðàçíîñòü ìåæäó íèìè ñòðåìèòñÿ ê íóëþ ïðè íåîãðàíè÷åííîì âîçðàñòàíèè
íåçàâèñèìîé ïåðåìåííîé t , è, íàîáîðîò: äëÿ êàæäîãî ðåøåíèÿ èç (P ) óðàâ-
íåíèÿ (1.2) ïðè äîñòàòî÷íî ìàëîì ε0 è âñåõ 0 < ε ≤ ε0 íàéäåòñÿ ðåøåíèå èç
(P ) óðàâíåíèÿ (1.1) òàêîå, ÷òî âûïîëíÿåòñÿ òî æå àñèìïòîòè÷åñêîå ñîîòíî-
øåíèå. Â êà÷åñòâå ðåøåíèé (P ) óðàâíåíèé (1.1) è (1.2) áóäåì ðàññìàòðèâàòü
ðåøåíèÿ z(t) , t ≥ τ òàêèå, äëÿ êîòîðûõ ñóùåñòâóþò òàêèå ÷èñëà α > 0 ,
çàâèñÿùèå îò ðåøåíèÿ z(t) , ÷òî ìíîæåñòâî z : ||z − z(t)|| ≤ α ⊂ Ω ïðè âñåõ
t ≥ τ è âñåõ ε , 0 < ε ≤ ε0 , ïðè äîñòàòî÷íî ìàëîì ε0 .

Ê ïåðâîíà÷àëüíîé çàäà÷å äîáàâèì çàäà÷ó îá àñèìïòîìàòè÷åñêîé ýêâèâà-
ëåíòíîñòè óðàâíåíèé (1.1) è (1.2) íà ìíîæåñòâå Ω .
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Äëÿ ðåøåíèÿ ýòèõ çàäà÷ ïîíàäîáèòñÿ âñïîìîãàòåëüíîå óðàâíåíèå

dx

dt
= f(t, x, φ(τ, γ, ε), ε),

êîòîðîå îïðåäåëåíî ïðè çíà÷åíèÿõ ïàðàìåòðîâ, ïðèíàäëåæàùèõ âûøåóêàçàí-
íûì ìíîæåñòâàì.

Ïóñòü x(t) = x(t : τ, γ, λ∗, ε) � ðåøåíèå óðàâíåíèÿ (1.2), x(t : τ, γ, λ∗, ε) =
γ , y(t) � ðåøåíèå óðàâíåíèÿ (1.1), XT (t) = x(t : T, yT (T ), φ(T, yT (T ), ε), ε)
� ðåøåíèå óðàâíåíèÿ (1.2), yT (T ) = x(T : τ, γ, λ∗, ε) = x(T, λ∗) , T ≥ τ ≥ T0 ,
x(t : τ, γ, φ(τ, γ, ε), ε) � ðåøåíèå óðàâíåíèÿ (3).

Áóäåì ãîâîðèòü, ÷òî âûïîëíÿåòñÿ óñëîâèå (A) , åñëè:
A1 . Äëÿ ëþáîé îãðàíè÷åííîé ôóíêöèè y ∈ C([T0,+∞),Rn) îïåðàòîð

At(y) íåïðåðûâåí ïî t ∈ [τ,+∞) ;
A2 . Äëÿ ëþáîãî ε > 0 , äëÿ âñåõ τ1 ñóùåñòâóåò δ = δ(ε, τ1) > 0 òàêîå, ÷òî

êàê òîëüêî z1, z2 ∈ S , S � ïîäìíîæåñòâî îãðàíè÷åííûõ âåêòîð-ôóíêöèé èç
C([T0,+∞),Rn) , ||z1 − z2|| < δ , íåðàâåíñòâî ||Atz1 −Atz2|| < ε ñïðàâåäëèâî
äëÿ âñåõ t ∈ [τ, τ1] .

Áóäåì ãîâîðèòü, ÷òî âûïîëíÿåòñÿ óñëîâèå (B) , åñëè äëÿ ïðîèçâîëüíûõ
t0 ≥ τ , 0 < ε ≤ ε0 è äëÿ ïðîèçâîëüíîãî x0 ∈ Ω ðåøåíèå x(t :
t0, x0, φ(τ, γ, ε), ε) ñóùåñòâóåò äëÿ âñåõ t ∈ [τ, t0] è èìååò çíà÷åíèÿ â D .

Áóäåì ãîâîðèòü, ÷òî âûïîëíÿåòñÿ óñëîâèå (C) , åñëè äëÿ ëþáîé íåïðåðûâ-

íîé ôóíêöèè z(t) cî çíà÷åíèÿìè â Ω ïðè t ≥ τ
+∞∫
τ

||H1(t, s, z(s), ε)||ds ≤

I(t, ε) , I(t, ε) → 0 ïðè t→ +∞ è I(t, ε) → 0 ïðè ε→ 0 ðàâíîìåðíî ïî t .
Íå óìàëÿÿ îáùíîñòè, ïðåäïîëîæèì, ÷òî I(t, ε) íåïðåðûâíàÿ ïî ñîâîêóï-

íîñòè t , ε è íåâîçðàñòàþùàÿ ïî êàæäîé èç ïåðåìåííûõ ôóíêöèÿ.

Ò å î ð å ì à 1.5. Ïðè óñëîâèÿõ (A) , (B) , (C) óðàâíåíèÿ (1.1) è (1.2)
àñèìïòîòè÷åñêè ýêâèâàëåíòíû íà ìíîæåñòâå Ω îòíîñèòåëüíî ìíîæå-
ñòâà ðåøåíèé (P ) , åñëè äëÿ ëþáîãî ðåøåíèÿ x(t) ∈ (P ) è ëþáîãî 0 < ε ≤ ε0

lim
T→+∞

sup ||x(t : T, yT (T ), φ(T, γ, ε), ε)− x(t : τ, γ, λ∗, ε)|| = 0.

Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ íà îñíîâàíèè ïðèíöèïîâ Øàóäåðà è
Àðöåëà. Ðàññìàòðèâàåòñÿ ìíîæåñòâî DT = {z ∈ S, z(t) ∈ Ω : ||z(t)−xT (t)|| ≤
d, τ ≤ t ≤ T} è îïåðàòîð L : DT → S ,

Lz(t) =

xT (t)−
T∫
t

H1(t, s, z(s), ε)ds, τ ≤ t ≤ T,

xT (t), t > T,

äëÿ êîòîðîãî äîêàçûâàåòñÿ ñóùåñòâîâàíèå íåïîäâèæíîé òî÷êè, òî åñòü

Lz(t) = z(t),
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è zT (t) , τ ≤ t ≤ T , óäîâëåòâîðÿåò óðàâíåíèþ (1.1).
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Asymptotic Equivalence Of Di�erential And

Di�erential-Functional Equations.
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Abstract. In this article we solve the problem of classi�cation of di�erential equations on the
basis of asymptotic properties of the solutions, in addition, we investigate the di�erential-functional
equations, for which equations are ordinary di�erential equations.
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