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Î ìîäèôèöèðîâàííûõ ìíîãîøàãîâûõ ìåòîäàõ äëÿ

÷èñëåííîãî ðåøåíèÿ ëèíåéíûõ èíòåãðî-àëãåáðàè÷åñêèõ

óðàâíåíèé èíäåêñà äâà

c⃝ Î. Ñ. Áóäíèêîâà1

Àííîòàöèÿ. Â ðàáîòå ïðåäëîæåíû ìíîãîøàãîâûå ìåòîäû äëÿ ÷èñëåííîãî ðåøåíèÿ ëèíåé-
íûõ èíòåãðî-àëãåáðàè÷åñêèõ óðàâíåíèé èíäåêñà 2. Ïðîâåäåí àíàëèç ïðåäëîæåííûõ àëãîðèò-
ìîâ ïåðâîãî ïîðÿäêà òî÷íîñòè íà ìîäåëüíûõ ïðèìåðàõ. Ïðèâåäåíî îïèñàíèå îáùåãî âèäà
ìîäèôèöèðîâàííûõ k−øàãîâûõ ìåòîäîâ.

Êëþ÷åâûå ñëîâà: èíòåãðî-àëãåáðàè÷åñêèå óðàâíåíèÿ, èíäåêñ, ìíîãîøàãîâûå ìåòîäû.

1. Ââåäåíèå

Ìàòåìàòè÷åñêèå ìîäåëè ðàçëè÷íûõ ðàçâèâàþùèõñÿ ñèñòåì âêëþ÷àþò â
ñåáÿ âçàèìîñâÿçàííûå èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà I è II ðîäà [1]. Òà-
êèå çàäà÷è ìîæíî çàïèñàòü â âèäå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé ñ òîæäå-
ñòâåííî âûðîæäåííîé ìàòðèöåé ïåðåä ãëàâíîé ÷àñòüþ, èõ ïðèíÿòî íàçûâàòü
èíòåãðî-àëãåáðàè÷åñêèìè óðàâíåíèÿìè (ÈÀÓ).

×èñëåííîå ðåøåíèå òàêèõ ñèñòåì ñòàëî íàáèðàòü ïîïóëÿðíîñòü îòíîñè-
òåëüíî íåäàâíî, ïåðâàÿ ñòàòüÿ ïîñâÿùåííàÿ äàííîé òåìàòèêå áûëà îïóáëèêî-
âàíà â 1987 ãîäó ×èñòÿêîâûì Â.Ô. [2], ñ òåõ ïîð áûëî îïóáëèêîâàíî íåñêîëüêî
ðàáîò ïîñâÿùåííûõ ÷èñëåííîìó ðåøåíèþ, â îñíîâíîì, ïîëóÿâíûõ ÈÀÓ (ñì.
[3], [4], [5], [6], [7]). Â ñòàòüå [7] âïåðâûå áûëè ïðåäëîæåíû è îáîñíîâàíû ìíî-
ãîøàãîâûå ìåòîäû äëÿ ÷èñëåííîãî ðåøåíèÿ ÈÀÓ èíäåêñà îäèí.

Öåëü äàííîé ðàáîòû ìîäèôèöèðîâàòü ðàíåå ïðåäëîæåííûå k−øàãîâûå
àëãîðèòìû äëÿ ÷èñëåííîãî ðåøåíèÿ ëèíåéíûõ ÈÀÓ èíäåñêà 2. Ïðåèìóùåñòâà
äàííûõ àëãîðèòìîâ ïðîèëëþñòðèðîâàíû íà èçâåñòíûõ òåñòîâûõ ïðèìåðàõ.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé

A(t)x(t) +

t∫
0

K(t, s)x(s)ds = f(t), 0 ≤ s ≤ t ≤ 1, (2.1)

1 Àññèñòåíò êàôåäðû ìàòåìàòèêè è ìåòîäèêè îáó÷åíèÿ ìàòåìàòèêå, Âîñòî÷íî-Ñèáèðñêàÿ ãîñóäàðñòâåí-
íàÿ àêàäåìèÿ îáðàçîâàíèÿ, ã. Èðêóòñê; osbud@mail.ru.
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ãäå A(t) è K(t, s) - (n × n) ìàòðèöû, f(t) è x(t) n -ìåðíûå èçâåñòíàÿ è
èñêîìàÿ âåêòîð-ôóíêöèè.

Ñèñòåìû (2.1) ïðèíÿòî íàçûâàòü èíòåãðî-àëãåáðàè÷åñêèìè óðàâíåíèÿìè
(ÈÀÓ), åñëè

detA(t) ≡ 0 ∀t ∈ [0, 1]. (2.2)

Âñþäó â äàëüíåéøåì áóäåì ïîäðàçóìåâàòü, ÷òî äëÿ ñèñòåìû (2.1) âûïîë-
íåíî óñëîâèå (2.2).

Ïðåäïîëàãàåòñÿ, ÷òî ýëåìåíòû A(t), K(t, s), f(t) îáëàäàþò íåîáõîäèìîé
ñòåïåíüþ ãëàäêîñòè. Ïîä ðåøåíèåì èñõîäíîé çàäà÷è (2.1) áóäåì ïîíèìàòü
ëþáóþ íåïðåðûâíóþ âåêòîð-ôóíêöèþ x(t) îáðàùàþùóþ (2.1) â òîæäåñòâî.

Õàðàêòåðèñòèêîé ñëîæíîñòè ðàññìàòðèâàåìûõ çàäà÷ ÿâëÿåòñÿ ïîíÿòèå èí-
äåêñà.

Î ï ð å ä å ë å í è å 2.1. [8]. Ìèíèìàëüíîå ÷èñëî l , ïðè êîòîðîì ñó-
ùåñòâóåò äèôôåðåíöèàëüíûé îïåðàòîð

Ωl =
l∑

j=0

Wj(t)
( d
dt

)j
,

ãäå Wj − (n× n) ìàòðèöû ñ íåïðåðûâíûìè ýëåìåíòàìè, òàêîé, ÷òî

Ωl ◦ (A(t)x(t) +
t∫

0

K(t, s)x(s)ds) = Ǎ(t)x(t) +

t∫
0

Ǩ(t, s)x(s)ds;

çäåñü Ǎ(t), Ǩ(t, s) - íåêîòîðûå ìàòðèöû ñ íåïðåðûâíûìè ýëåìåíòàìè,
ïðè÷åì

detǍ(t) ̸= 0, ∀t ∈ [0, 1]

íàçîâåì èíäåêñîì ñèñòåìû (2.1).

Äëÿ èëëþñòðàöèè îïðåäåëåíèÿ 2.1. ïðèâåäåì ïðèìåð.

Ï ð è ì å ð 2.1. [9](
1 0
0 0

)(
x1(t)
x2(t)

)
+

t∫
0

(
0 1
1 d(t− s)

)(
x1(s)
x2(s)

)
ds =

=

(
f1(t)
f2(t)

)
, t ∈ [0, 1], d ̸= 1− const.

Ïðè ëþáûõ f1(t) ∈ C1, f2(t) ∈ C2 òàêèõ, ÷òî f2(0) = 0, f1(0) = f ′2(0) ñè-

ñòåìà èìååò åäèíñòâåííîå ðåøåíèå: x(t) =

(
f1(t)− 1

1−d(f1(t)− f ′2(t))
1

1−d(f
′
1(t)− f ′′2 (t))

)
.
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Â êà÷åñòâå îïåðàòîðà Ω2 ìîæíî âçÿòü

Ω2 =

(
1 0
0 1

)
+

(
0.5 −0.5
−0.5 1.5

)( d
dt

)
+

(
0 −0.5
0 0.5

)( d
dt

)2
.

Äàííûé îïåðàòîð ïåðåâîäèò èñõîäíîå ÈÀÓ â ÑÈÓÂ II ðîäà(
0.5 0.5(1− d)
1.5 0.5(d− 1)

)(
x1(t)
x2(t)

)
+

t∫
0

(
0 1− 0.5d
1 d(t− s) + 1.5d

)(
x1(s)
x2(s)

)
ds =

=

(
f1(t) + 0.5f ′1(t)− 0.5(f ′2(t) + f ′′2 (t))
f2(t)− 0.5f ′1(t) + 1.5f ′2(t) + 0.5f ′′2 (t))

)
, t ∈ [0, 1].

3. Ìíîãîøàãîâûå ìåòîäû

Çàäàäèì íà îòðåçêå [0, 1] ðàâíîìåðíóþ ñåòêó
ti = ih, i = 1, 2, . . . , N, h = 1

N è îáîçíà÷èì Ai = A(ti), Ki,j = K(ti, tj), fi =
f(ti), xi ≈ x(ti).

Äëÿ ÷èñëåííîãî ðåøåíèÿ ÈÀÓ èíäåêñà 1, ñòàòüå [7] ïðåäëîæåíû è îáîñíî-
âàíû k -øàãîâûå ìåòîäû îñíîâàííûå íà ÿâíîì ìåòîäå Àäàìñà (ñì.,íàïðèìåð,
[13],[14]) äëÿ èíòåãðàëüíîãî ñëàãàåìîãî è íà ýêñòðàïîëÿöèîííîé ôîðìóëå äëÿ
âû÷èñëåíèÿ xi+1 ïî çàðàíåå âû÷èñëåííûì çíà÷åíèÿì xi, xi−1, ..., xi−k.

Äàííûå ìåòîäû èìåþò âèä:

Ai+1

k∑
j=0

αjxi−j + h
i∑

l=0

ωi+1,lKi+1,lxl = fi+1. (3.1)

Ïðèâåäåì òàáëèöó êîýôôèöèåíòîâ αj äëÿ k = 1, 2, ..., 5 (ñì., [7])è çíà÷å-
íèÿ êîýôôèöèåíòîâ ωi+1,l äëÿ k = 1, 2, 3. (ñì., [13]):

k α0 α1 α2 α3 α4 α5

1 2 -1 - - - -
2 3 -3 1 - - -
3 4 -6 4 -1 - -
4 5 -10 10 -5 1 -
5 6 -15 20 -15 6 -1

ωi+1,l =
1

2



4
3 3
3 2 3
3 2 2 3
3 2 2 2 3
. . . . . . . . . . . . . . .

 , ωi+1,l =
1

12



9 0 27
9 5 11 23
9 5 16 7 23
9 5 16 12 7 23
9 5 16 12 12 7 23
. . . . . . . . . . . . . . . . . . . . .

 ,
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ωi+1,l =
1

24



64 −32 64
55 5 5 55
55 −4 42 −4 55
55 −4 33 33 −4 55
55 −4 33 24 33 −4 55
55 −4 33 24 24 33 −4 55
. . . . . . . . . . . . . . . . . . . . . . . .


.

Áûëî äîêàçàíî[7], ÷òî ìåòîäû (3.1) ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ ñ ïîðÿä-
êîì k + 1 , òî åñòü, ñïðàâåäëèâà îöåíêà

||xi − x(ti)|| = O(hk+1), i = k, k + 1, ..., N − 1.

4. Ìîäèôèöèðîâàííûå ìåòîäû

Èíòåãðî-àëãåáðàè÷åñêèå óðàâíåíèÿ èíäåêñà äâà è âûøå íàçîâåì ÈÀÓ âû-
ñîêîãî èíäåêñà. Äëÿ òàêèõ çàäà÷ àëãîðèòìû, ðàçðàáîòàííûå äëÿ èíòåãðî-
àëãåáðàè÷åñêèõ óðàâíåíèé èíäåêñà 1, ìîãóò ïîðîæäàòü íåóñòîé÷èâûå ïðî-
öåññû. Äëÿ èëëþñòðàöèè âûøåñêàçàííîãî ïðèâåäåì ïðèìåðû.

Ï ð è ì å ð 4.1. [11] Ðàññìîòðèì ÈÀÓ èíäåêñà 2(
1 t
0 0

)(
y(t)
z(t)

)
+

t∫
0

(
0 d− 1
1 s

)(
y(s)
z(s)

)
ds =

(
g(t)
f(t)

)
,

t ∈ [0, 1].

Çäåñü d− ÷èñëîâîé ïàðàìåòð, d ̸= 1. Äàííàÿ ñèñòåìà èìååò òî÷íîå
ðåøåíèå

z(t) =
g′(t)− f ′′(t)

d− 1
, y(t) = f ′(t)− tz(t).

Òåïåðü äëÿ ïðèìåðà 4.1., ïðèìåíÿÿ ìåòîä (3.1) ïðè k = 0 , ïîëó÷èì:(
1 ti+1

0 0

)(
yi
zi

)
+ h

i∑
l=0

(
0 d− 1
1 tl

)(
yl
zl

)
=

(
gi+1

fi+1

)
.

Íàéäåì ðàçíîñòü i -îé ñòðîêè è (i− 1) -é:(
1 ti+1

0 0

)(
yi
zi

)
−
(

1 ti
0 0

)(
yi−1

zi−1

)
+

+h

(
0 d− 1
1 ti

)(
yi
zi

)
=

(
gi+1 − gi
fi+1 − fi

)
.
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Îïóñêàÿ íåñëîæíûå âûêëàäêè, ïîëó÷èì:

yi =
fi+1 − fi

h
− tizi, dzi − zi−1 =

gi+1 − gi
h

− fi+1 − 2fi + fi−1

h2
.

Äëÿ âòîðîé êîìïîíåíòû ïîëó÷èì ñëåäóþùåå õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

d · p− 1 = 0.

Òàêèì îáðàçîì, ìåòîä (3.1) ïðè −1 ≤ d ≤ 1 ÿâëÿåòñÿ íåóñòîé÷èâûì.
Èç âûøåïðèâåäåííûõ ðàññóæäåíèé âèäíî, ÷òî ïðåäëàãàåìûå ìíîãîøàî-

âûå ìåòîäû ìîãóò ïîðîæäàòü íåóñòîé÷èâûå ïðîöåññû äëÿ ÈÀÓ èíäåêñà 2.
Íî íåóñòîé÷èâîñòè ïðè −1 ≤ d ≤ 1 ìîæíî èçáåæàòü, åñëè ìîäèôèöèðâàòü
ïðåäëîæåííûå íàìè ìåòîäû ñëåäóþùèì îáðàçîì: áóäåì íàõîäèòü ïî ýêñòðà-
ïîëÿöèîííîé ôîðìóëå íå òîëüêî xi+1, à âñå ïåðâîå ñëàãàåìîå Ai+1xi+1. Ïî-
ëó÷èì:

k∑
j=0

αjAi−jxi−j + h
i∑

l=0

ωi+1,lKi+1,lxl = fi+1, i = k, k + 1, · · · , N − 1. (4.1)

Ïðîèëëþñòðèðóåì ýôôåêòèâíîñòü òàêîé ìîäèôèêàöèè.
Äëÿ äàííîé çàäà÷è 4.1. ïðèìåíèì (4.1) ïðè k = 0, ïîëó÷èì:(

1 ti
0 0

)(
yi
zi

)
+ h

i∑
l=0

(
0 d− 1
1 tl

)(
yl
zl

)
=

(
gi+1

fi+1

)
.

Íàéäåì ðàçíîñòü i−îé ñòðîêè è (i− 1)−é:(
1 ti
0 0

)(
yi
zi

)
−
(

1 ti−1

0 0

)(
yi−1

zi−1

)
+

+h

(
0 d− 1
1 ti

)(
yi
zi

)
=

(
gi+1 − gi
fi+1 − fi

)
.

Îïóñêàÿ íåñëîæíûå âûêëàäêè, ïîëó÷èì:

yi =
fi+1 − fi

h
− tizi, zi =

1

(d− 1)

(gi+1 − gi
h

− fi+1 − 2fi + fi−1

h2

)
.

Ñðàâíèâàÿ ïîëó÷åííûå ðåêóððåíòíûå ñîîòíîøåíèÿ ñ òî÷íûì ðåøåíèåì, âè-
äèì, ÷òî ìåòîä ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ ñ ïåðâûì ïîðÿäêîì òî÷íîñòè.

Ðàññìîòðèì äðóãîå èíòåãðî-àëãåáðàè÷åñêîå óðàâíåíèå èíäåêñà 2.

Ï ð è ì å ð 4.2. [12](
1 at

0 0

)(
y(t)
z(t)

)
+

t∫
0

(
0 1
1 as

)(
y(s)
z(s)

)
ds =

(
0
f(t)

)
,
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t ∈ [0, 1].

Çäåñü a−÷èñëîâîé ïàðàìåòð, çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå
y(t) = f ′(t)− atz(t), z(t) = −f ′′(t).

Äëÿ íà÷àëà ïðèìåíèì ìåòîä (3.1) ïðè k = 0 , ïîëó÷èì:(
1 ati+1

0 0

)(
yi
zi

)
+ h

i∑
l=0

(
0 1
1 atl

)(
yl
zl

)
=

(
0
fi+1

)
.

Íàéäåì ðàçíîñòü i−îé ñòðîêè è (i− 1)−é:(
1 ati+1

0 0

)(
yi
zi

)
−
(

1 ti
0 0

)(
yi−1

zi−1

)
+

+h

(
0 1
1 ati

)(
yi
zi

)
=

(
0

fi+1 − fi

)
.

Îïóñêàÿ íåñëîæíûå âûêëàäêè, ïîëó÷èì:

yi =
fi+1 − fi

h
− atizi, (a+ 1)zi − azi−1 = −fi+1 − 2fi + fi−1

h2
.

Äëÿ âòîðîé êîìïîíåòû ïîëó÷èì ñëåäóþùåå õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

(a+ 1) · p− a = 0.

Òàêèì îáðàçîì, ìåòîä (3.1) ïðè a < −1
2 ÿâëÿåòñÿ íåóñòîé÷èâûì äëÿ äàííîãî

ïðèìåðà.
Òåïåðü ïðèìåíèì ìîäèôèöèðâàííûå ìåòîäû (4.1) ïðè k = 0, ïîëó÷èì:(

1 ati
0 0

)(
yi
zi

)
+ h

i∑
l=0

(
0 1
1 atl

)(
yl
zl

)
=

(
0
fi+1

)
.

Íàéäåì ðàçíîñòü i−îé ñòðîêè è (i− 1)−é:(
1 ati
0 0

)(
yi
zi

)
−
(

1 ati−1

0 0

)(
yi−1

zi−1

)
+

+h

(
0 1
1 ati

)(
yi
zi

)
=

(
0

fi+1 − fi

)
.

Îïóñêàÿ íåñëîæíûå âûêëàäêè, ïîëó÷èì:

yi =
fi+1 − fi

h
− atizi, zi = −fi+1 − 2fi + fi−1

h2
.

Ñðàâíèâàÿ ïîëó÷åííûå ðåêóððåíòíûå ñîîòíîøåíèÿ ñ òî÷íûì ðåøåíèåì, âè-
äèì, ÷òî ïðåäïî÷òèòåëüíîñòü äàííîãî ìåòîäà î÷åâèäíà ïî ñðàâíåíèþ ñ íåìî-
äèôèöèðîâàííûì.
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Ï ð è ì å ð 4.3. [10](
1 −at
0 0

)(
y(t)
z(t)

)
+

t∫
0

(
−b abs
1 −1− as

)(
y(s)
z(s)

)
ds =

(
1
0

)
,

t ∈ [0, 1],

ãäå a, b � ÷èñëîâûå ïàðàìåòðû. Òî÷íîå ðåøåíèå y(t) = (1+at)ebt, z(t) =
ebt.

Äàííûé ïðèìåð èìååò èíäåêñ îäèí, òàê êàê rankA(t) = deg(det(λA(t) +
K(t, t))) = 1 ∀t ∈ [0, 1]. Íî ïðè b≪ 0 îí ñòàíîâèòñÿ æåñòêèì.

Ïðîâîäÿ àíàëèç, àíàëîãè÷íûé ïðåäûäóùèì ñëó÷àÿì, ïîëó÷àåì:
äëÿ ìåòîäà (3.1)

yi = (1 + ati)zi, zi =
1− ah

1− ah− bh
zi−1;

è äëÿ (4.1) ïðè k = 0

yi = (1 + ati)zi, zi =
1

1− bh
zi−1.

Âèäíî, ÷òî äëÿ óñòîé÷èâîñòè ïðîöåññà âî âòîðîì ñëó÷àå òðåáóåòñÿ âåñüìà
ñóùåñòâåííîå îãðàíè÷åíèå íà øàã, à ó ìîäèôèöèðîâàííîãî ìåòîäà ïîñëåäíåå
âûðàæåíèå ñîâïàäàåò ñ íåÿâíûì ìåòîäîì Ýéëåðà äëÿ óðàâíåíèÿ Äàëêâèñòà.

Èç-çà ãðîìîçäêîñòè âûêëàäîê äëÿ ñëó÷àÿ k = 1, 2 ïðèâåäåì òîëüêî ÷èñ-
ëåííûå ðàñ÷åòû âûøåðàññìîòðåííûõ ïðèìåðîâ.

Îáîçíà÷åíèÿ: pog1, pog2 � ïîãðåøíîñòü îäíî- è äâóõøàãîâîãî ìåòîäîâ ñî-
îòâåòñòâåííî.

pogk = max
0≤i≤n

||x(ti)− xi||, k = 1, 2.

d = 0 d = 0.5
h pog1 pog2 h pog1 pog2
0, 2 0, 038 10−48 0, 2 0, 043 6 · 10−48

0, 1 0, 00836 0 0, 1 0, 0084 0
0, 05 0, 0021 0 0, 05 0, 0021 0

Òàáëèöà 1: ðåçóëüòàòû ðàñ÷åòîâ ïðèìåðà 4.1., g = t2

2
, f = t3

3
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a = 0 a = 0.5
h pog1 pog2 h pog1 pog2
0, 2 0.0165 10−49 0, 2 0.0153 10−49

0, 1 0.00417 10−48 0, 1 0.00416 10−48

0, 05 0.00104 0 0, 05 0.00104 0

Òàáëèöà 2: ðåçóëüòàòû ðàñ÷åòîâ ïðèìåðà 4.2., f(t) = t3

6

a = 0, b = 0 a = 0.5, b = 0 a = 0, b = 0.5
h pog1 pog2 h pog1 pog2 h pog1 pog2
0, 2 10−50 10−50 0, 2 10−50 10−50 0, 2 0.0184 0.0016
0, 1 0 0 0, 1 0 0 0, 1 0.004946 0.00023
0, 05 0 0 0, 05 0 0 0, 05 0.00128 0.000032

Òàáëèöà 3: ðåçóëüòàòû ðàñ÷åòîâ ïðèìåðà 4.3.

a = 0.5, b = 0.5 a = 0, b = −5 a = 2, b = −5
h pog1 pog2 h pog1 pog2 h pog1 pog2
0, 2 0.0277 0.0024 0, 2 0.01694 0.00698 0, 2 0.0508 0.021
0, 1 0.0074 0.00035 0, 1 0.00579 0.00436 0, 1 0.0174 0.013
0, 05 0.00192 0.000047 0, 05 0.00109 0.00287 0, 05 0.0033 0.00086

Òàáëèöà 4: ðåçóëüòàòû ðàñ÷åòîâ ïðèìåðà 4.3.

Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ ïîçâîëÿþò íàäåÿòüñÿ íà ðàáîòîñïîñîá-
íîñòü ìîäèôèöèðâàííûõ k−øàãîâûõ àëãîðèòìîâ äëÿ ÈÀÓ èíäåêñà 2.

Àâòîð áëàãîäàðèò Áóëàòîâà Ì.Â. çà ïîñòàíîâêó çàäà÷è.
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On modi�ed multistep methods for numerical solution of

linear integral-algebraic equations which have index two.

c⃝ O. S. Budnikova2

Abstract. In this paper, we propose multistep methods for numerical solution of linear integral-
algebraic equations which have index two. The detailed analysis of such schemes of the �rst order
have been studied using modal examples. A description for the general form of modi�ed k-steps
methods has been given.
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