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Àñèìïòîòè÷åñêèå óðàâíåíèÿ íåëèíåéíûõ òðàíñçâóêîâûõ

òå÷åíèé ãàçà è èõ ðåøåíèÿ

c⃝ Ï. À. Âåëüìèñîâ1, Þ. À. Òàìàðîâà2

Àííîòàöèÿ. Â ñòàòüå ïîëó÷åíî óðàâíåíèå äëÿ òðàíñçâóêîâûõ òå÷åíèé ãàçà, ó÷èòûâàþùåå
ïîïåðå÷íûå âîçìóùåíèÿ, ïðåâîñõîäÿùèå âîçìóùåíèÿ îñíîâíîãî ïîòîêà. Óêàçàíû íåêîòîðûå
òî÷íûå ÷àñòíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ è èõ ïðèëîæåíèÿ ê ðåøåíèþ ðÿäà çàäà÷.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè, àñèìïòîòè-
÷åñêîå ðàçëîæåíèå, òðàíñçâóêîâûå òå÷åíèÿ ãàçà, ÷àñòíûå ðåøåíèÿ

1. Âûâîä àñèìïòîòè÷åñêîãî óðàâíåíèÿ

Áåçâèõðåâûå èçýíòðîïè÷åñêèå òå÷åíèÿ ãàçà â öèëèíäðè÷åñêèõ áåçðàçìåðíûõ êîîðäè-
íàòàõ x , r , θ îïèñûâàþòñÿ óðàâíåíèåì:

Φtt + 2ΦxΦxt + 2ΦrΦrt +
2

r2
ΦθΦθt + 2ΦxΦrΦrx +

2

r2
ΦxΦθΦθx +

2

r2
ΦθΦrΦθr + Φ2

xΦxx+

+Φ2
rΦrr +

1

r4
Φ2
θΦθθ − a2

(
Φxx + Φrr +

1

r
Φr +

1

r2
Φθθ

)
= 0,

a2 = ρχ−1 = p
χ−1
χ =

χ+ 1

2
− χ− 1

2

(
2Φt + Φ2

x + Φ2
r +

1

2r2
Φ2
θ

)
.

(1.1)

Â (1.1) Φ(x, r, θ, t) - ïîòåíöèàë ñêîðîñòè, t - âðåìÿ, a - ñêîðîñòü çâóêà, ρ - ïëîòíîñòü,
p - äàâëåíèå. Ââåäåì äëÿ Φ(x, r, θ, t) àñèìïòîòè÷åñêîå ðàçëîæåíèå

Φ = x+ εψ(r, θ, t0) + ε3φ(x0, r, θ, t0) + ..., x = εx0, t =
1

ε
t0, (1.2)

ãäå ε - ìàëûé ïàðàìåòð. Ïîäñòàâëÿÿ (1.2) â (1.1) è îñòàâëÿÿ ÷ëåíû ñòàðøåãî ïîðÿäêà,
ïîëó÷èì äëÿ ôóíêöèè φ(x0, r, θ, t0) òðàíñçâóêîâîå óðàâíåíèå:

2φx0t0 + (χ+ 1)φx0φx0x0 + 2ψrφx0r +
2

r2
ψθφx0θ +

χ− 1

2

(
2ψt0 + ψ2

r +
1

r2
ψ2
θ

)
φx0x0−

−∆φ = L(ψ).
(1.3)

Â (1.3) ââåäåíû îáîçíà÷åíèÿ

∆φ ≡ φrr +
1

r
φr +

1

r2
φθθ,

−L(ψ) ≡ ψt0t0 + 2ψrψrt0 +
2

r2
ψθψθt0 + ψ2

rψrr +
1

r4
ψ2
θψθθ +

2

r2
ψθψrψrθ −

1

r3
ψrψ

2
θ .

Ôóíêöèÿ ψ(r, θ, t0) óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà ∆ψ = 0 . Åñëè ψ ≡ 0 , òî ïîëó÷èì
êëàññè÷åñêîå òðàíñçâóêîâîå óðàâíåíèå Ëèíÿ-Ðåéññíåðà-Òçÿíà

2φx0t0 + (χ+ 1)φx0φx0x0 − φrr −
1

r
φr −

1

r2
φθθ = 0,
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2 Àñïèðàíò êàôåäðû âûñøåé ìàòåìàòèêè, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; kazakovaua@mail.ru.

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 4



Àñèìïòîòè÷åñêèå óðàâíåíèÿ íåëèíåéíûõ òðàíñçâóêîâûõ òå÷åíèé ãàçà è èõ . . . 71

êîòîðîå â ñòàöèîíàðíîì ñëó÷àå ïåðåõîäèò â óðàâíåíèå ñìåøàííîãî òèïà Êàðìàíà-

Ôàëüêîâè÷à: (χ+ 1)φx0φx0x0 − φrr −
1

r
φr −

1

r2
φθθ = 0 .

Óðàâíåíèå (1.3) îïèñûâàåò òðàíñçâóêîâûå òå÷åíèÿ ãàçà, âîçíèêàþùèå ïðè âîçäåéñòâèè
íà îáòåêàåìîå òåëî áîêîâîãî (ïî îòíîøåíèþ ê îñíîâíîìó íàïðàâëåíèþ äâèæåíèÿ, ñîâïà-
äàþùåìó ñ íàïðàâëåíèåì îñè x ) âîçìóùåíèÿ îñíîâíîãî òðàíñçâóêîâîãî ïîòîêà (äëÿ âîç-
ìóùàþùåãî ïîïåðå÷íîãî òå÷åíèÿ Φy,Φz ∼ ε , äëÿ îñíîâíîãî òå÷åíèÿ Φy,Φz ∼ ε3 ). Äëÿ
âíåøíåãî îáòåêàíèÿ ëåòàòåëüíûõ àïïàðàòîâ òàêèì âîçìóùåíèåì ÿâëÿåòñÿ, íàïðèìåð, áî-
êîâîé, ìåíÿþùèé ñâîþ èíòåíñèâíîñòü ñ òå÷åíèåì âðåìåíè âåòåð ψ = V∞(t)r cos (θ + α(t)) .
Äëÿ âíóòðåííåãî îáòåêàíèÿ, íàïðèìåð äëÿ òå÷åíèé â ñîïëàõ, òàêèì âîçìóùåíèåì ìîæåò
áûòü çàêðóòêà ïîòîêà (ψ = Γ(t)θ ).

Óñëîâèÿ íà ôðîíòå óäàðíîé âîëíû x0 = x0(r, θ, t0) ïîëó÷èì èç óñëîâèé Ðåíêèíà-
Ãþãîíèî, ïîäñòàâëÿÿ â íèõ ðàçëîæåíèå (1.2) è îñòàâëÿÿ ñòàðøèå ïî ïîðÿäêó ÷ëåíû:

2
∂x0

∂t0
+

(
∂x0

∂r

)2

+
1

r2

(
∂x0

∂θ

)2

+ 2ψr
∂x0

∂r
+

2

r2
ψθ
∂x0

∂θ
=

=
χ− 1

2

(
2ψt0 + ψ2

r +
1

r2
ψ2
θ

)
+
χ+ 1

2
(φx0 + φ∗

x0), φ = φ∗.

(1.4)

Åñëè â (1.4) ïîëîæèòü φ ≡ φ∗ , òî ïîëó÷èì õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ (1.3).
Çàïèøåì óñëîâèÿ íà îáòåêàåìîé ïîâåðõíîñòè, ìàëî îòëè÷àþùåéñÿ îò öèëèíäðè÷åñêîé,

çàäàâ åå â âèäå
r = r0(θ, t

0) + r2(x
0, θ, t0)ε4 + .... (1.5)

Ïîäñòàâëÿÿ (1.2) è (1.5) â òî÷íîå óñëîâèå íåïðîòåêàíèÿ −Φxrx + Φr − r−2rθΦθ = rt è
îñòàâëÿÿ ÷ëåíû ñòàðøåãî ïîðÿäêà, ïîëó÷èì:

ψr −
1

r20

∂r0
∂θ

ψθ =
∂r0
∂t0

, φr −
1

r20

∂r0
∂θ

φθ =
∂r2
∂x0

. (1.6)

Çíà÷åíèÿ φr , φθ , ψr , ψθ â (1.6) âû÷èñëÿþòñÿ ïðè r = r0(θ, t
0) .

Óðàâíåíèå çâóêîâîé ïîâåðõíîñòè (V 2 = a2 ) â òðàíñçâóêîâîì ïðèáëèæåíèè ïðèíèìàåò
âèä

N ≡ χ+ 1

2

(
ψ2
r +

1

r2
ψ2
θ

)
+ (χ− 1)ψt0 + (χ+ 1)φx0 = 0. (1.7)

Äëÿ óñòàíîâèâøèõñÿ òå÷åíèé óðàâíåíèå (1.3) èìååò ñìåøàííûé òèï. Çâóêîâàÿ ïîâåðõíîñòü
N = 0 ÿâëÿåòñÿ ïîâåðõíîñòüþ ïàðàáîëè÷íîñòè óðàâíåíèÿ (1.3), ïðè ýòîì â ñâåðõçâóêîâîé
îáëàñòè (îáëàñòè ãèïåðáîëè÷íîñòè) N > 0 , â äîçâóêîâîé îáëàñòè (îáëàñòè ýëëèïòè÷íîñòè)
N < 0 .

Ïîäñòàâëÿÿ (1.2) â âûðàæåíèå äëÿ äàâëåíèÿ, ïðîâîäÿ ðàçëîæåíèå â ðÿä Òåéëîðà è
îñòàâëÿÿ ñòàðøèå ïî ïîðÿäêó ÷ëåíû, ïîëó÷èì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ îïðåäåëåíèÿ
äàâëåíèÿ

P = 1− χε2
(
ψt0 + φx0 +

1

2
ψ2
r +

1

2r2
ψ2
θ

)
. (1.8)

2. Íåêîòîðûå ðåøåíèÿ àñèìïòîòè÷åñêîãî óðàâíåíèÿ (1.3)

Óêàæåì íåêîòîðûå ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (1.3). Îòìåòèì àâòîìîäåëüíûé
êëàññ ðåøåíèé (èíäåêñ íîëü ó ïåðåìåííûõ x , t áóäåì çäåñü è äàëåå îïóñêàòü):

ψ = tβψ(ζ, η), φ = t2β−1φ(ξ, ζ, η), ξ =
x

tβ
, ζ =

r

t(β+1)/2
, η = θ + α ln t, (2.1)
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ãäå α , β - ïðîèçâîëüíûå ÷èñëà. Ïîäñòàâèâ (2.1) â óðàâíåíèå (1.3), ïîëó÷èì óðàâíåíèå
äëÿ ôóíêöèè φ = φ(ξ, ζ, η)

2

(
(β − 1)φξ − βφξξξ −

β + 1

2
φξζ + αφξη

)
+ (χ+ 1)φξφξξ + 2ψζφξζ +

2

ζ2
ψηφξη−

−∆φ+
χ− 1

2

(
2βψ − (β + 1)ζψζ + 2αψη + ψ

2

ζ +
1

ζ2
ψ

2

η )φξξ = L(ψ),

∆φ = φζζ +
1

ζ
φζ +

1

ζ2
φηη,

−L(ψ) = β(β − 1)ψ + β

(
−β + 1

2
ζψζ + αψη

)
+ (β − 1)

(
−β + 1

2
ζψζ + αψη

)
+

+

(
β + 1

2

)2

ζ2ψζζ + α2ψηη + 2ψζ

(
βψζ −

β + 1

2
ζψζζ + αψηζ

)
+

2

ζ2
ψηψζψηζ+

+
2

ζ2
ψη

(
βψη −

β + 1

2
ζψζη + αψη

)
+ ψ

2

ζψζζ +
1

ζ4
ψ

2

ηψηη −
1

ζ3
ψζψ

2

η.

Ôóíêöèÿ ψ óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà: ψζζ +
1

ζ
ψζ +

1

ζ2
ψηη = 0 .

Óðàâíåíèå (1.3) äîïóñêàåò òàêæå ðåøåíèå ïîëèíîìèàëüíîãî âèäà

φ =
3∑

k=0

φk(r, θ, t)x
k. (2.2)

Ïîñëå ïîäñòàíîâêè (2.2) â óðàâíåíèå (1.3) ïîëó÷èì äëÿ ôóíêöèé φ0(r, θ, t) , φ1(r, θ, t) ,
φ2(r, θ, t) , φ3(r, θ, t) ñèñòåìó óðàâíåíèé:

18φ2
3(χ+ 1)−∆φ3 = 0,

6φ3t + 18(χ+ 1)φ2φ3 + 6ψrφ3r +
6

r2
ψθφ3θ −∆φ2 = 0,

4φ2t + (χ+ 1)(6φ1φ3 + 4φ2
2) + 4ψrφ2r +

4

r2
ψθφ2θ −∆φ1+

+6(χ− 1)φ3

(
ψt +

1

2
ψ2
r +

1

2r2
ψ2
θ

)
= 0,

2φ1t + 2(χ+ 1)φ1φ2 + 2ψrφ1r +
2

r2
ψθφ1θ −∆φ0+

+2(χ− 1)φ2

(
ψt +

1

2
ψ2
r +

1

2r2
ψ2
θ

)
= −L(ψ).

Â êëàññå ðåøåíèé (2.2) â ñëó÷àå óñòàíîâèâøèõñÿ òå÷åíèé ñîäåðæèòñÿ ðåøåíèå, êîòî-
ðîå îïèñûâàåò òå÷åíèå ãàçà â ñîïëàõ Ëàâàëÿ ñ ïîñòîÿííûì óñêîðåíèåì (φxx = const ) è
ó÷èòûâàåò çàêðóòêó ïîòîêà (ψ = Γθ , Γ = const ):

φ = ax2 + (χ+ 1)a2r2x+

[
χ− 1

2
Γ2a ln2 r +

1

8
(χ+ 1)2a3r4

]
. (2.3)

Ïðè r → 0 ñîñòàâëÿþùàÿ ñêîðîñòè Vr = ε3φr èìååò îñîáåííîñòü ln r/r , êîòîðàÿ îáóñëîâ-
ëåíà èçíà÷àëüíî îñîáåííîñòüþ çàäàíèÿ ñîñòàâëÿþùåé Vθ(Vθ = εΓ/r) . Óðàâíåíèå çâóêîâîé
ïîâåðõíîñòè äëÿ (2.3), ñîãëàñíî (1.7), èìååò âèä

x = −χ+ 1

2
ar2 − Γ2

4ar2
.

Ïðè χ→ 1 âëèÿíèå çàêðóòêè ïîòîêà íà ðàñïðåäåëåíèå ñêîðîñòåé óìåíüøàåòñÿ, à îñîáåí-
íîñòü äëÿ φr ïðè r → 0 èñ÷åçàåò.
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Óñëîâèÿ (1.6) èìåþò âèä:
∂r0
∂θ

= 0 ,
∂r2
∂x

= φr (φr âû÷èñëÿåòñÿ ïðè r = r0 ). Îïðåäåëèâ

r0 è r2(x) , ïîëó÷èì óðàâíåíèå îáòåêàåìîé ïîâåðõíîñòè:

r = r0 + ε4
[
r0a

2(χ+ 1)x2 +

(
(χ− 1)Γ2a

ln r0
r0

+
1

2
(χ+ 1)2a3r30

)
x+ C

]
, r0 = const. (2.4)

Ðåøåíèå (2.3) ìîæíî èñïîëüçîâàòü äëÿ îïèñàíèÿ òå÷åíèé â êîëüöåîáðàç-
íûõ êàíàëàõ, óðàâíåíèÿ âíóòðåííåé è âíåøíåé ñòåíîê êîòîðûõ ïîëó÷èì èç
(2.4) ïðè r0 = r

(1)
0 , r0 = r

(2)
0 , r

(k)
0 = const ̸= 0 (ñì. Ðèñóíîê 2.1).

Ð è ñ ó í î ê 2.1

Îáòåêàåìûå ïîâåðõíîñòè âèäà (2.4) ïðè r0 = 3 , r0 = 5 .

Ïðè Γ = 0 â (2.3) ïîëó÷èì èçâåñòíîå ðåøåíèå, îïèñûâàþùåå òå÷åíèå â öåíòðå ñîïëà
Ëàâàëÿ.

Óêàæåì ðåøåíèå äëÿ ñëó÷àÿ ψ = Γθ , îáëàäàþùåå ñâîéñòâàìè: Vx, Vr, Vθ → 0 ïðè
r → ∞

φ = f(x, θ)r−2 + g(r, θ), ∆g = 0. (2.5)

Ïîäñòàâèâ ðåøåíèå (2.5) è ψ â óðàâíåíèå (1.3), ïîëó÷èì óðàâíåíèå äëÿ ôóíêöèè f(x, θ) :

(χ+ 1)fxfxx + 2Γfxθ + (χ− 1)Γ2fxx − 4f − fθθ = 0.

Ðåøåíèå (2.5) äîïóñêàåò îáîáùåíèå: φ = f(ξ, η)r−2+g(r, θ) , ξ = x+α ln r , η = θ+β ln r ,
α , β - ïðîèçâîëüíûå ÷èñëà.

Ðàññìîòðèì ñëó÷àé, ñîîòâåòñòâóþùèé äâèæåíèþ ãàçà ìåæäó âðàùàþùèìèñÿ
ïëîñêîñòÿìè θ = θ1(t) , θ = θ2(t) . Â ýòîì ñëó÷àå

ψ = r2(a(t) cos 2θ + b(t) sin 2θ) = r2f(θ, t), (2.6)

ïðè ýòîì â (1.3)

L(ψ) = r2(8(a
′
a+ b

′
b) + 8(a cos 2θ + b sin 2θ)(2ab sin 4θ + a2 cos 4θ − b2 cos 4θ)+

+a
′′
cos 2θ + b

′′
sin 2θ) = r2G(θ, t).

Ôóíêöèè a(t) , b(t) îïðåäåëÿþòñÿ èç óñëîâèé íåïðîòåêàíèÿ (1.6):

fθ(θk(t), t) =
∂θk(t)

∂t
, k = 1, 2,
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è ñîîòâåòñòâåííî ðàâíû

a(t) =
1

A
(θ

′

2 cos 2θ2 − θ
′

1 cos 2θ1), b(t) =
1

A
(θ

′

2 sin 2θ1 − θ
′

1 sin 2θ2),

ãäå A = 2 sin 2(θ1 − θ2) . Ïîäñòàâëÿÿ (2.6) â (1.3), ïîëó÷èì óðàâíåíèå äëÿ φ(x, r, θ, t) :

2φxt + (χ+ 1)φxφxx + 4r(a cos 2θ + b sin 2θ)φxr + 4(b cos 2θ − a sin 2θ)φxθ−
−∆φ+ (χ− 1)r2(a

′
cos 2θ + b

′
sin 2θ + 2a2 + 2b2)φxx = −r2G(θ, t). (2.7)

Óðàâíåíèå (2.7) äîïóñêàåò ðåøåíèå âèäà (2.2). Òîãäà ïîëó÷èì ñèñòåìó ÷åòûðåõ óðàâíåíèé
äëÿ ôóíêöèé φ0(r, θ, t) , φ1(r, θ, t) , φ2(r, θ, t) , φ3(r, θ, t) :

18φ2
3(χ+ 1)−∆φ3 = 0,

6φ3t + 18(χ+ 1)φ2φ3 + 12(b cos 2θ − a sin 2θ)φ3θ + 12r(a cos 2θ + b sin 2θ)φ3r−
−∆φ2 = 0,
4φ2t + (χ+ 1)(6φ1φ3 + 4φ2

2) + 8r(a cos 2θ + b sin 2θ)φ2r −∆φ1+

+8(b cos 2θ − a sin 2θ)φ2θ + 6(χ− 1)r2φ3(a
′
cos 2θ + b

′
sin 2θ + 2a2 + 2b2) = 0,

2φ1t + 2(χ+ 1)φ1φ2 + 4r(a cos 2θ + b sin 2θ)φ1r + 4(b cos 2θ − a sin 2θ)φ1θ −∆φ0+
+2(χ− 1)r2(a

′
cos 2θ + b

′
sin 2θ + 2a2 + 2b2)φ2 = r2G(θ, t).

(2.8)

Ïðè ýòîì ìîæíî ïîëîæèòü φ3 = g(θ, t)r−2 , ãäå g(θ, t) îïðåäåëÿåòñÿ èç óðàâíåíèÿ:
18(χ+ 1)g2 − 4g − gθθ = 0 .

Â ÷àñòíîì ñëó÷àå, äëÿ óñòàíîâèâøèõñÿ òå÷åíèé ðàññìîòðèì ðåøåíèå

φ(x, r, θ) = φ2(θ)x
2 + φ1(θ)r

2x+ φ0(θ)r
4. (2.9)

Ïîäñòàâëÿÿ (2.9) â ñèñòåìó (2.8), ïîëó÷èì ñèñòåìó òðåõ óðàâíåíèé äëÿ ôóíêöèé φ2(θ) ,
φ1(θ) , φ0(θ) :

φ
′′

2 = 0,

4(χ+ 1)φ2
2 + 8(b cos 2θ − a sin 2θ)φ

′

2 − 4φ1 − φ
′′

1 = 0,

2(χ+ 1)φ1φ2 + 4(b cos 2θ − a sin 2θ)φ
′

1 − 16φ0 − φ
′′

0 + 8(a cos 2θ + b sin 2θ)φ1+
+4(χ− 1)(a2 + b2)φ2 = G(θ).

Ó÷èòûâàÿ óñëîâèÿ íåïðîòåêàíèÿ

(
∂f

∂θ
|θ=θ1,θ2 = 0,

∂φk
∂θ

|θ=θ1 = 0,
∂φk
∂θ

|θ=θ2 = 0, k = 0, 1, 2

)
,

ïîëó÷èì, ÷òî θ2 − θ1 = πn
2
, n ∈ N , φ2 = const = C1 . Òîãäà φ1 = C2

1(1 + χ) + C2 cos 2θ , à
ôóíêöèÿ φ0 îïðåäåëÿåòñÿ èç óðàâíåíèÿ:

φ
′′
0 + 16φ0 = 2(χ+ 1)C1(C

2
1(1 + χ) + C2 cos 2θ)− 8C2 sin 2θ(b cos 2θ − a sin 2θ)+

+8(a cos 2θ + b sin 2θ)(C2
1(1 + χ) + C2 cos 2θ) + 4(χ− 1)(a2 + b2)C1 − 8(a cos 2θ + b sin 2θ)×

×(2ab sin 4θ + a2 cos 4θ − b2 cos 4θ) = H(θ).

Ðàññìîòðèì îáòåêàíèå ïîâåðõíîñòè, ìàëî îòëè÷àþùåéñÿ îò öèëèíäðà ( r0 =
R ). Â ýòîì ñëó÷àå, ïðåäïîëàãàÿ ïîïåðå÷íîå îáòåêàíèå ïîâåðõíîñòè áåçîòðûâíûì, ïîëî-
æèì ψ = V∞ cos θ(r +R2r−1) . Òîãäà óðàâíåíèå (1.3) ïðèìåò âèä

2φxt + (χ+ 1)φxφxx + 2V∞ cos θ

(
1− R2

r2

)
φxr − 2V∞

sin θ

r

(
1 +

R2

r2

)
φxθ+

+
χ− 1

2
V 2
∞φxx

(
1− 2

R2

r2
cos 2θ +

R4

r4

)
−∆φ =

= −2

(
R2

r3

)
V 3
∞ cos θ

(
1− 2R2

r2
+
R4

r4
− 4 sin2 θ

)
.

(2.10)
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Îò ïðàâîé ÷àñòè (îáîçíà÷èì åå α(r, θ) ) óðàâíåíèÿ (2.10) ìîæíî îñâîáîäèòüñÿ, ââåäÿ íîâóþ
ôóíêöèþ φ = φ+ g(r, θ) , ∆g = α(r, θ) . Òîãäà â ñòàöèîíàðíîì ñëó÷àå ïîëó÷èì óðàâíåíèå
äëÿ ôóíêöèè φ :

(χ+ 1)φxφxx + 2V∞ cos θ

(
1− R2

r2

)
φxr − 2V∞

sin θ

r

(
1 +

R2

r2

)
φxθ −∆φ+

+
χ− 1

2
V 2
∞φxx

(
1− 2

R2

r2
cos 2θ +

R4

r4

)
= 0.

(2.11)

Óðàâíåíèå (2.11) èìååò ðåøåíèå âèäà (2.2), ãäå φk çàâèñÿò îò r , θ , ïðè ýòîì ìîæíî
ïîëîæèòü φ3 = g(θ)r−2 (â ÷àñòíîñòè, g = 0 èëè g = 1/(3(χ + 1) cos2 θ) ). Äëÿ òå÷åíèÿ
âäàëè îò òåëà r → 0 ðåøåíèå óðàâíåíèÿ (2.11) ìîæíî èñêàòü â âèäå

φ = rλf(ξ, θ) + ..., ξ = xr−n.

Òàê êàê ïðè V∞ = 0 ìû äîëæíû ïîëó÷èòü àñèìïòîòèêó, ñîîòâåòñòâóþùóþ êëàññè÷åñêîìó
óðàâíåíèþ (χ+1)φxφxx−∆φ = 0 , òî ìîæíî, ïî-âèäèìîìó, ïîëîæèòü λ = 3n−2 . Îòìåòèì,
÷òî ïðè ôîðìàëüíîì ïåðåõîäå â (2.10) ïðè r → ∞ ïîëó÷èì ïðåäåëüíîå óðàâíåíèå

M(φ) ≡ 2φxt + (χ+ 1)φxφxx + 2V∞ cos θφxr − (2/r)V∞ sin θφxθ −∆φ+
+((χ− 1)/2)V 2

∞φxx = −(2R2/r3)V 3
∞ cos θ(1− 4 sin2 θ),

(2.12)

êîòîðîå â ñòàöèîíàðíîì ñëó÷àå äîïóñêàåò òî÷íîå ðåøåíèå

φ = rf(ξ, θ) + g(θ)r−1, ξ = x/r, g(θ) = −R2V 3
∞ sin2 θ cos θ.

Ïðè R ≪ 1 ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ (2.10) â ñòàöèîíàðíîì ñëó÷àå ìîæíî èñêàòü
â âèäå

φ =
∞∑
n=0

φ̃n(x, r, θ)R
2n.

Òîãäà äëÿ φ̃0 ïîëó÷èì óðàâíåíèå (2.12) â ñòàöèîíàðíîì ñëó÷àå è áåç ïðàâîé ÷àñòè
(M(φ̃0) = 0) , êîòîðîå èìååò ðåøåíèå âèäà (2.2), ãäå φn íå çàâèñÿò îò t , à òàêæå ðåøåíèå
φ̃0 = rf(ξ, η)+g(r, θ) , ξ = x/r , η = θ+α ln r , ∆g = 0 . Ïðè V∞ ≪ 1 ðåøåíèå (2.10) ìîæíî
èñêàòü â âèäå

φ =
∞∑
n=0

φ̃n(x, r, θ)V
n
∞.

Â ýòîì ñëó÷àå äëÿ φ̃0 áóäåì èìåòü èçâåñòíîå òðàíñçâóêîâîå óðàâíåíèå
(χ+ 1)φ̃0xφ̃0xx −∆φ̃0 = 0 .

Â ñëó÷àå îòðûâíîãî îáòåêàíèÿ, ïðåäïîëàãàÿ, ÷òî ñ ïîâåðõíîñòè öèëèíäðà ñõîäÿò äâå
âèõðåâûå ïðÿìîëèíåéíûå ïåëåíû áåñêîíå÷íîé äëèíû ñ ïîñòîÿííûìè è ïðîòèâîïîëîæíûìè
ïî çíàêó èíòåíñèâíîñòÿìè Γ , âûðàæåíèå äëÿ ψ(r, θ) ìîæíî çàïèñàòü â âèäå:

ψ(r, θ) = V∞ cos θ(r +R2/r) + (Γ/2π)

∞∫
0

(arctg((r sin θ −R)/(r cos θ − S))−

−arctg((r sin θ +R)/(r cos θ − S)))dS+

+(Γ/2π)

∞∫
0

(arctg((r sin θ(S2 +R2) +R3)/(r cos θ(S2 +R2)− SR2))−

−arctg((r sin θ(S2 +R2)−R3)/(r cos θ(S2 +R2)− SR2)))dS

(2.13)
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Òî÷êàìè ñõîäà âèõðåé ÿâëÿþòñÿ òî÷êè r = R , θ = ±π
2
. Äëÿ îïðåäåëåíèÿ ñèëîâîãî âîç-

äåéñòâèÿ íà îáòåêàåìîå òåëî ñîãëàñíî (1.8) íåîáõîäèìî çíàòü ψθ(R, θ) (ψr(R, θ) = 0 ) ïî
óñëîâèþ íåïðîòåêàíèÿ (1.6), êîòîðîìó ôóíêöèÿ (2.13) óäîâëåòâîðÿåò. Îïðåäåëÿÿ ψθ èç
(2.13) äèôôåðåíöèðîâàíèåì ïî θ è ïðîâîäÿ çàòåì èíòåãðèðîâàíèå ïî S , ïîëó÷èì

ψθ(R, θ) = −(Γ + 2V∞)R sin θ + (ΓR/2π)(cos θ ln |(1− sin θ)/(1 + sin θ)|−
−2 sin θ(arctg(cos θ/(1− sin θ))) + arctg(cos θ/(1 + sin θ))).

(2.14)

Âêëàä â âûðàæåíèå äëÿ C0 = −
2π∫
0

P cos θdθ , ñîîòâåòñòâóþùèé (2.13), ñîãëàñíî (1.8), (2.14)

îïðåäåëÿåòñÿ ôîðìóëîé (V∞ = R = 1) :

2π∫
0

ψ2
θ cos θdθ = 2Γ2 + 4Γ, Γ < −2.
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Abstract. In this paper an equation for transonic gas �ows, taking into account the transverse
perturbations, surpassing perturbations of the main stream. Shows some exact particular solutions
of this equation and their application to solving a number of problems.
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