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Àíàëèç ñèñòåì ñ íåîãðàíè÷åííûìè ðåøåíèÿìè

c⃝ È. Â. Çóáîâ1, Ñ. Â. Çóáîâ2

Àííîòàöèÿ. Â äàííîé ñòàòüå èçó÷àþòñÿ òåîðåòè÷åñêèå îñíîâû èññëåäîâàíèÿ äâèæåíèé ñè-
ñòåì, íå èìåþùèõ ïðåäåëüíûõ òî÷åê. Îòêðûâàåòñÿ íîâàÿ îáëàñòü èññëåäîâàíèÿ - óõîäÿùèå
äâèæåíèÿ. Èçó÷àþòñÿ íåîãðàíè÷åííûå ðåøåíèÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé. Ïîëó÷åíû óñëîâèÿ óñòîé÷èâîñòè íåîãðàíè÷åííûõ ðåøåíèé è îöåíêè íà ñêîðîñòü
ïðèáëèæåíèÿ òðàåêòîðèé âîçìóùåííîãî äâèæåíèÿ ê òðàåêòîðèè íåâîçìóùåííîãî.

Êëþ÷åâûå ñëîâà: ðàâíîâåñíîå ðåøåíèå, êîîðäèíàòà, ìàòðèöà, àñèìïòîòè÷åñêàÿ óñòîé÷è-
âîñòü, ïîëîæåíèå ðàâíîâåñèÿ

Ïðè ðåøåíèè îáðàòíîé çàäà÷è äèíàìèêè, õàðàêòåðíîé äëÿ çàäà÷ óïðàâëåíèÿ, çàêëþ-
÷àþùåéñÿ â òîì, ÷òîáû ïî çàäàííûì èëè æåëàåìûì êèíåìàòè÷åñêèì õàðàêòåðèñòèêàì
äâèæåíèÿ ïîñòðîèòü ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé äèíàìèêè, ìåòîäû À.Ì. Ëÿ-
ïóíîâà èìåþò óæå áîëåå ïðàêòè÷åñêîå ïðèìåíåíèå, òàê êàê ïðè ïîñòðîåíèè óðàâíåíèé
äèíàìèêè ó÷èòûâàåòñÿ òðåáîâàíèå óñòîé÷èâîñòè æåëàåìûõ êèíåìàòè÷åñêèõ õàðàêòåðè-
ñòèê è óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ ñòðîÿòñÿ ëåãêî.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ẋ = PX +Q+ µF (X). (1.1)

ãäå X = (x1, . . . , xn)
∗ - âåêòîð ôàçîâûõ ïåðåìåííûõ, P,Q - ïîñòîÿííûå ìàòðèöû ðàçìåð-

íîñòåé n× n è n× 1 ñîîòâåòñòâåííî, F = (f1, . . . , fn)
∗ - âåêòîðíàÿ ôóíêöèÿ, µ - ìàëûé

ïàðàìåòð.
Ðàâíîâåñíûì ðåøåíèå (äâèæåíèåì) ìû áóäåì íàçûâàòü òàêîå ðåøåíèå (äâèæåíèå)

X(t,X0) = (x1(t,X0), . . . , xn(t,X0))
∗

â n -ìåðíîì ïðîñòðàíñòâå, ó êîòîðîãî îäíà èç êîîðäèíàò íåîãðàíè÷åííî âîçðàñòàåò ïðè
t→ ∞ , à îñòàëüíûå ïîñòîÿííû, íàïðèìåð,

xj(t,X0) ≡ x0j , j = 1, . . . , n− 1; xn → ∞ ïðè t→ ∞.

Ïîñòàâèì âîïðîñ î ñóùåñòâîâàíèè ðàâíîâåñíîãî ðåøåíèÿ ñèñòåìû (1.1) è î ïîâåäåíèè
ðåøåíèé ýòîé ñèñòåìû óðàâíåíèé, íà÷èíàþùèõñÿ â íåêîòîðîé îêðåñòíîñòè ðàâíîâåñíîãî
ðåøåíèÿ.

Ïóñòü âûïîëíåíû óñëîâèÿ: ñîáñòâåííûå ÷èñëà λ1, . . . , λn ìàòðèöû P òàêîâû, ÷òî λn =
0 , Reλj < 0 äëÿ j = 1, . . . , n− 1 , F (X̄) íåïðåðûâíà è óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà
[1].

Ñäåëàåì çàìåíó X = SY , ãäå S - âûðîæäåííàÿ ìàòðèöà ðàçìåðíîñòè n × n , è ïîä-
ñòàâèì ýòî âûðàæåíèå â (1.1):

Ẏ = S−1PSY + S−1Q+ µS−1F (SY ). (1.2)
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Îòìåòèì, ÷òî xi = (S∗
i , Y ) , ãäå Si − i− ÿ ñòðîêà ìàòðèöû S . Ìàòðèöà S âûáèðàåòñÿ

òàê, ÷òîáû ìàòðèöà A = S−1PS èìåëà ïîñëåäíþþ ñòðîêó è ïîñëåäíèé ñòîëáåö íóëåâûìè.
Ñóùåñòâîâàíèå òàêîé ìàòðèöû î÷åâèäíî. Íàïðèìåð, â êà÷åñòâå S ìîæíî âçÿòü õîòÿ áû
ìàòðèöó, ñîñòàâëåííóþ èç êîðíåâûõ âåêòîðîâ ìàòðèöû P ; â ýòîì ñëó÷àå ìàòðèöà A áóäåò
æîðäàíîâîé.

Ïåðåïèøåì ñèñòåìó (1.2) â âèäå

Ẏ = AY +R + µΦ(Y ), (1.3)

ãäå R = S−1Q = (y1, . . . , yn)
∗ ,

Φ(Y ) = S−1F (SY ) = (φ1(Y ), . . . , φn(Y ))∗.

Ðàçäåëèì ñèñòåìó (1.3) íà äâå ãðóïïû óðàâíåíèé:

ẏ1 = a11y1 + a12y2 + . . .+ a1n−1yn−1 + r1 + µφ1(Y ),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ẏn−1 = an−1 1y1 + an−1 2y2 + . . .+ an−1nyn−1 + rn−1 + µφn−1(Y ),

ẏn = rn + µφn(Y ). (1.4)

Ïðè µ = 0 ó ñèñòåìû (1.4) ñóùåñòâóåò ïîëîæåíèå ðàâíîâåñèÿ Y0 = (Y 0
1 , . . . , Y

0
n−1) â

ñèëó òîãî, ÷òî ìàòðèöà {aij} (i = 1, . . . , n − 1, j = 1, . . . , n − 1) íåâûðîæäåííàÿ. Ñëåäî-
âàòåëüíî, ïî òåîðåìå î ñóùåñòâîâàíèè íåÿâíîé ôóíêöèè ó ñèñòåìû (1.4) åñòü ïîëîæåíèå
ðàâíîâåñèÿ Y (µ) è ïðè ëþáîì µ , êîòîðîå ïî ìîäóëþ äîëæíî áûòü ìåíüøå íåêîòîðîãî
ïîëîæèòåëüíîãî µ0 . Ýòî ïðÿìî ñëåäóåò èç òåîðåìû î ñóùåñòâîâàíèè íåÿâíîé ôóíêöèè,
åñëè ó÷åñòü, ÷òî ÿêîáèàí ñîâïàäàåò ñ îïðåäåëèòåëåì ìàòðèöû {aij} , i, j = 1, . . . , n− 1 .

Îòìåòèì, ÷òî åñëè ïðàâûå ÷àñòè Φ = (φ1, . . . , φn) íå áóäóò çàâèñåòü îò yn , òî ïîëîæå-
íèå ðàâíîâåñèÿ ñèñòåìû (1.4) áóäåò àñèìïòîòè÷åñêè óñòîé÷èâî ïî Ëÿïóíîâó è yn áóäåò
ìåíÿòüñÿ ïî ëèíåéíîìó çàêîíó

yn = yn0 + (r + µφn(Yµ))t.

Ñëåäîâàòåëüíî, ðàâíîâåñíîå ðåøåíèå ñèñòåìû (1.3) áóäåò óñòîé÷èâî ïî Ëÿïóíîâó.
Ïîñìîòðèì, êàêèå îãðàíè÷åíèÿ íà ñèñòåìó (1.1) íàëîæèò óñëîâèå íåçàâèñèìîñòè Φ îò

yn , ò.å.

∂φi
∂yn

= 0, i = 1, . . . , n. (1.5)

Òàê êàê

∂φi
∂yn

=
n∑
j=1

∂φi
∂xj

∂xj
∂tn

= (∇φi, Sn),

ãäå Sn − n - é ñòîëáåö ìàòðèöû S , òî (1.5) ýêâèâàëåíòíî óðàâíåíèþ

(∇φi, Sn) = 0. (1.6)
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Âåêòîð Sn îðòîãîíàëåí âñåì ñòðîêàì ìàòðèöû P , ò.å. îðòîãîíàëåí ïîäïðîñòðàíñòâó,
íàòÿíóòîìó íà ñòðîêè ìàòðèöû P , è òàê êàê

∇φi =
∑

σij∇fi,

ãäå σij - ýëåìåíòû ìàòðèöû S−1 , òî âûïîëíåíî (1.6), à ñëåäîâàòåëüíî, áóäåò ñïðàâåäëèâî
è ñîîòíîøåíèå (1.5), åñëè ∇f ëåæàò â ïîäïðîñòðàíñòâå, íàòÿíóòîì íà ñòðîêè ìàòðèöû P
[2].

Ðàññìîòðèì ðàâíîâåñíîå ðåøåíèå X(t) . Ïóñòü òî÷êà M ∈ En . Ââåäåì â ðàññìîòðå-
íèå âåëè÷èíó ρ(M,X(t)) - ðàññòîÿíèå îò òî÷êè M äî òðàåêòîðèè X(t) : ρ(M,X(t)) =
min
τ≥t0

∥M −X(τ)∥ .

Î ï ð å ä å ë å í è å 1.1. Ðàâíîâåñíîå ðåøåíèå X(t) íàçûâàåòñÿ îðáèòàëüíî
óñòîé÷èâûì (îðáèòàëüíî àñèìïòîòè÷åñêè óñòîé÷èâûì), åñëè äëÿ ëþáîãî ñêîëü óãîä-
íî ìàëîãî ïîëîæèòåëüíîãî ε íàéäåòñÿ δ > 0 òàêîå, ÷òî ïðè ρ(X0, X(t)) < δ áóäåò
âûïîëíÿòüñÿ [3]

ρ(X(t,X0), X(t)) < ε ïðè t ≥ 0(ρ(X(t,X0), X(t)) →
t→∞

0).

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 1.1. Ïóñòü äëÿ ñèñòåìû (1.1) ñîáñòâåííûå ÷èñëà ìàòðèöû P òàêî-
âû, ÷òî Reλj < 0 (j = 1, . . . , n− 1) , λn = 0 , âåêòîðû ∇fj (j = 1, . . . , n) ñóùåñòâóþò è
ëåæàò â ïîäïðîñòðàíñòâå, íàòÿíóòîì íà ñòðîêè ìàòðèöû P . Òîãäà ñóùåñòâóåò òà-
êîå µ0 > 0 , ÷òî äëÿ ëþáîãî µ , ïî ìîäóëþ ïðåâîñõîäÿùåãî µ0 , ñóùåñòâóåò îðáèòàëüíî
àñèìïòîòè÷åñêè óñòîé÷èâîå íåîãðàíè÷åííîå ðàâíîâåñíîå ðåøåíèå ñèñòåìû (1.1), óñòîé-
÷èâîå ïî Ëÿïóíîâó.

Äàëåå áóäåì ðàññìàòðèâàòü ñèñòåìó âèäà

Ẋ = PX + µF (X, z),
ż = r + µh(X, z),

(1.7)

â êîòîðóþ ïåðåõîäèò ñèñòåìà âèäà (1.1), åñëè ìàòðèöà P èìååò õîòÿ áû îäíî íóëåâîå
ñîáñòâåííîå ÷èñëî. Çäåñü X = (x1, . . . , xN)

∗ , P − N × N - ìàòðèöà, r > 0 , µ - ìà-
ëûé ïàðàìåòð, F = (f1, . . . , fn) - âåêòîðíàÿ, h(X, z) - ñêàëÿðíàÿ ôóíêöèÿ ïåðåìåííûõ
x1, . . . , xN , z .

Åñëè F (0, z) ≡ 0 , h(0, z) ≡ 0 , òî ó ñèñòåìû (1.7) ñóùåñòâóåò ñåìåéñòâî íåîãðàíè÷åííûõ
ðàâíîâåñíûõ ðåøåíèé [1.3]

x1 = x2 = . . . = xn = 0, z = z0 + rt, (1.8)

ïðåäñòàâëÿþùåå ïëîñêîñòü â (N + 1) - ìåðíîì ïðîñòðàíñòâå. Áåç îãðàíè÷åíèÿ îáùíîñòè
ìîæíî ñ÷èòàòü, ÷òî z0 = 0 [4]. Çàäà÷à ñîñòîèò â èçó÷åíèè ñâîéñòâà ýòîãî ðåøåíèÿ. Çäåñü
è äàëåå áóäåì ïðåäïîëàãàòü, îòíîñèòåëüíî ôóíêöèé F, h ñëåäóþùåå:

1) ôóíêöèè f1, . . . , fN , h ðàçëàãàþòñÿ â ðÿäû ïî öåëûì ïîëîæèòåëüíûì ñòåïåíÿì ïå-
ðåìåííûõ x1, . . . , xN , ðàâíîìåðíî ñõîäÿùèìñÿ îòíîñèòåëüíî z , êîãäà âåëè÷èíà ∥X∥ äî-
ñòàòî÷íî ìàëà;

2) ðàçëîæåíèÿ ôóíêöèé f1, . . . , fN , h íå ñîäåðæàò ÷ëåíîâ, ëèíåéíûõ îòíîñèòåëüíî
x1, . . . , xN ;

3) èìååò ìåñòî îöåíêà |h| ≤ k0|z|b(
∑N

j=1 |xj|)α , ãäå k0 > 0 , a ≥ 0 , b ≥ 0 .
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2. Âûâîäû

Òàêèì îáðàçîì â äàííîé ñòàòüå èçó÷àþòñÿ òåîðåòè÷åñêèå îñíîâû èññëåäîâàíèÿ äâè-
æåíèé ñèñòåì, íå èìåþùèõ ïðåäåëüíûõ òî÷åê. Îòêðûâàåòñÿ íîâàÿ îáëàñòü èññëåäîâàíèÿ
- óõîäÿùåå äâèæåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. � 10-08-000624).
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The analysis of systems with no limits solutions

c⃝ I.V. Zubov3, S.V. Zubov4

Abstract. In giving article is learns theoretical bases of investigation motions systems, is not have
limiting points. Is opens new region of investigation - going motions. Is learns no limiting solutions
of systems ordinary di�erential equations. Is supposes conditions of stability no limiting solutions
and estimates on velocity approaches of trajectories indignant motion to trajectory no indignant.

Key Words: equally measure solution, coordinate, matrix, asymptotical stability, position of
equally weight
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