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Ðàñ÷åò äîïóñòèìûõ ñáðîñîâ çàãðÿçíÿþùèõ âåùåñòâ äëÿ

ìíîãîâèäîâîé ìîäåëè âîëüòåððîâñêîãî òèïà

c⃝ Ò. Ô. Ìàìåäîâà,1, À. À. Ëÿïèíà2

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ýêîñèñòåìû âîëüòåððîâñêîãî òèïà. Â
ðàáîòå ïðîâåäåíà îöåíêà äîïóñòèìûõ ñáðîñîâ çàãðÿçíÿþùèõ âåùåñòâ â âîäíûå îáúåêòû Ðåñ-
ïóáëèêè Ìîðäîâèÿ.

Êëþ÷åâûå ñëîâà: ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, äîïóñòèìûå ñáðî-
ñû çàãðÿçíÿþùèõ âåùåñòâ, ìîäåëü Ëîòêè-Âîëüòåððà, äèíàìèêà ýêîñèñòåì

1. Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ìíîãèå ýêîëîãè÷åñêèå ïðîöåññû îïèñûâàþòñÿ íåëèíåéíûìè äèôôå-
ðåíöèàëüíûìè óðàâíåíèÿìè. Â ñâÿçè ñ ýòèì îäíîé èç âàæíåéøèõ ïðîáëåì, âîçíèêàþùèõ â
çàäà÷àõ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, ÿâëÿåòñÿ ïðîáëåìà èññëåäîâàíèÿ óñòîé÷èâîñòè
ñîñòîÿíèé ðàâíîâåñèÿ, èçó÷åíèÿ àñèìïòîòè÷åñêèõ ñâîéñòâ ðåøåíèé òàêèõ ñèñòåì, îïðåäå-
ëåíèå ñöåíàðèÿ âçàèìîäåéñòâèÿ êîìïîíåíò ñèñòåìû.

Äëÿ îïèñàíèÿ ýêîëîãè÷åñêèõ ïðîöåññîâ è èññëåäîâàíèÿ äèíàìè÷åñêèõ ñèñòåì íåîáõî-
äèì ìàòåìàòè÷åñêèé àïïàðàò, ñâÿçàííûé ñ íåëèíåéíûìè ñèñòåìàìè äèôôåðåíöèàëüíûõ
óðàâíåíèé. Ïîýòîìó ïîÿâëÿåòñÿ íåîáõîäèìîñòü â ðàçâèòèè ìåòîäîâ èññëåäîâàíèÿ òàêèõ
ñèñòåì è ñîçäàíèè íîâûõ ýôôåêòèâíûõ ìåòîäîâ àíàëèçà.

2. Ïîñòàíîâêà çàäà÷è

Çàäà÷à îöåíêè äîïóñòèìûõ ñáðîñîâ çàãðÿçíÿþùèõ âåùåñòâ â âîäíûå îáúåêòû çàêëþ-
÷àåòñÿ â îïðåäåëåíèè è íîðìèðîâàíèè ðàñ÷åòíûì ïóòåì êîëè÷åñòâåííûõ è êà÷åñòâåííûõ
õàðàêòåðèñòèê ñáðîñîâ çàãðÿçíÿþùèõ âåùåñòâ.

Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè òàêèõ ýêîñèñòåì è ðàñ÷åòà íîðìàòèâîâ äîïóñòèìûõ
ñáðîñîâ çàãðÿçíÿþùèõ âåùåñòâ ðàññìîòðèì ìàòåìàòè÷åñêóþ ìîäåëü ýêîëîãè÷åñêîé ñèñòå-
ìû â âèäå ñèñòåìû íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ïóñòü çàãðÿçíåíèÿ è áèîëîãè÷åñêè àêòèâíóþ ñðåäó ìîæíî õàðàêòåðèçîâàòü ñëåäóþ-
ùèìè ñöåíàðèÿìè âçàèìîäåéñòâèÿ:

1. Ïðè íåáîëüøèõ âûáðîñàõ çàãðÿçíÿþùèõ âåùåñòâ áèîëîãè÷åñêè àêòèâíàÿ ñðåäà èõ
ïîëíîñòüþ ïåðåðàáàòûâàåò (óñòîé÷èâûé ñöåíàðèé).

2. Ïðè óâåëè÷åíèè âûáðîñîâ çàãðÿçíÿþùèõ âåùåñòâ è äðóãèõ ôàêòîðîâ áèîëîãè÷å-
ñêè àêòèâíàÿ ñðåäà ìîæåò íàõîäèòüñÿ, êàê â óñòîé÷èâîì, òàê è íåóñòîé÷èâîì ñîñòîÿíè
(áèñòàáèëüíàÿ ñèòóàöèÿ).

3. Ïðè áîëüøèõ âûáðîñàõ çàãðÿçíÿþùèõ âåùåñòâ áèîëîãè÷åñêè àêòèâíàÿ ñðåäà ïîãè-
áàåò (íåóñòîé÷èâàÿ ñèòóàöèÿ).

Â ñâÿçè ñ ýòèì âîçíèêàåò çàäà÷à îïðåäåëåíèÿ ñöåíàðèÿ âçàèìîäåéñòâèÿ êîìïîíåíò
ñèñòåìû.
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Ðàññìîòðèì ìîäåëü äèíàìèêè âçàèìîäåéñòâèÿ çàãðÿçíåíèÿ è âîäíîé áèîìàññû:

dPi
dt

= Pi(t)

(
ri −

1

ki

n∑
j=1

Pj(t)aij

)
, i = 1, n, (2.1)

ãäå Pi - äîïóñòèìàÿ êîíöåíòðàöèÿ i-îãî çàãðÿçíÿþùåãî âåùåñòâà;
Pj - äîïóñòèìàÿ êîíöåíòðàöèÿ j-îãî çàãðÿçíÿþùåãî âåùåñòâà;
ri - ñêîðîñòü ðàñïðîñòðàíåíèÿ i - îãî çàãðÿçíÿþùåãî âåùåñòâà;
ki - ýôôåêòèâíûå êîýôôèöèåíòû âçàèìîäåéñòâèÿ çàãðÿçíÿþùèõ âåùåñòâ ñ âîäíîé

áèîìàññîé;
aij, i ̸= j - âåëè÷èíû ïîêàçûâàþò ñîîòâåòñòâåííî õàðàêòåð âëèÿíèÿ j-îãî âåùåñòâà íà

i-îå.
Ñòàâèòñÿ çàäà÷à èçó÷åíèÿ ïðîöåññîâ èçìåíåíèÿ ñîñòîÿíèé ýêîñèñòåì, îïèñûâàåìûõ

íåëèíåéíûìè îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè, ìåòîäîì ñðàâíåíèÿ Å.
Â. Âîñêðåñåíñêîãî [2-4].

3. Àëãîðèòì èññëåäîâàíèÿ ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé âîëüòåððîâñêîãî òèïà

Àëãîðèòì ðåøåíèÿ ïîñòàâëåííîé çàäà÷è âêëþ÷àåò äâå ÷àñòè [6], [5]:
1. Èññëåäîâàíèå íåëèíåéíîé äèíàìè÷åñêîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé íà

óñòîé÷èâîñòü.
2. Íàõîæäåíèå ðåøåíèÿ íåëèíåéíîé äèíàìè÷åñêîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-

íåíèé ÷èñëåííûì ìåòîäîì.
Ïîñòðîèì âû÷èñëèòåëüíóþ ñõåìó ìåòîäà.
Ðàññìîòðèì äèôôåðåíöèàëüíûå óðàâíåíèÿ:

ẋ = A(t)x+ f(t, x), (3.1)

ẏ = A(t)y, (3.2)

ãäå A(·) : [T,+∞) → Hom(Rn, Rn) , f ∈ C(0,1)(R1
+ ×Rn, Rn) .

Ïóñòü ðåøåíèå x(t : t0, x0) óðàâíåíèÿ (3.1) ñóùåñòâóåò äëÿ âñåõ íà÷àëüíûõ óñëîâèé
(t0, x0) ∈ T ×Rn è t ∈ T , T = [0,+∞) .

Ïðåäïîëîæèì òàê æå, ÷òî óðàâíåíèå (3.1) èìååò ðåøåíèå x(t) ≡ 0 .
Ðàññìîòðèì ìíîæåñòâà N0 ⊆M ⊆M0 ⊆ M̄0 ⊆ N , ãäå N = {1, 2, . . . , n} .
Àëãîðèòì. Ïóñòü çàäàíî èññëåäóåìîå óðàâíåíèå (3.1). Ïåðâàÿ ÷àñòü àëãîðèòìà âêëþ-

÷àåò âûáîð óðàâíåíèÿ ñðàâíåíèÿ (3.2) è ïðîâåðêó óñëîâèé ìåòîäà ñðàâíåíèÿ.
1. Âûáîð óðàâíåíèÿ ñðàâíåíèÿ (3.2).
2. Ïîñòðîåíèå ôóíäàìåíòàëüíîé ìàòðèöû ðåøåíèé ñèñòåìû Y (t) = (yij(t)), i, j = 1, n,

Y (t0) = E, t0 ∈ [T0,+∞), T0 ≥ T.
3. Ïîñòðîåíèå îáðàòíîé ìàòðèöû Y −1(s) = (yij(s)), i, j = 1, n.
4. Îöåíêà íåëèíåéíîé ÷àñòè ñèñòåìû |fj(t, xj, . . . , xn)| ≤ λj(t, |xj1 |, . . . , |xjq |), ∀j ∈ N ,

{j1, . . . , jq} ∈ M0 , λj(t, r1, ..., ri, ..., rq) ≤ λj(t, r1, ..., ri, ..., rq), ri ≤ ri, i = 1, q ïðè âñåõ
t ∈ [T,+∞).

5. Âû÷èñëåíèå ýòàëîííûõ ôóíêöèé ñðàâíåíèÿ. Ôóíêöèè µi : [T,+∞) → R1
+, mi :

[T,+∞) → R1
+, R1

+ = [0,+∞), óäîâëåòâîðÿþò íåðàâåíñòâàì µi ≥ max
j∈N0

{|yij(t)|}, T0 ≤
t0 ≤ t < +∞, i ∈ M0, åñëè N0 ̸= 0, j ∈ N0 è µi(t) ≥ 0, åñëè N0 = 0, i ∈ M0, mi(t) ≥
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max{max
j∈M̄0

{|yij(t)|}, µi(t)}, T0 ≤ t0 ≤ t < +∞ , i ∈ M0. |φi(t)| ≤ cmi(t), i = 1, q, φ ∈

C([T,+∞], Rn).
6. Îïðåäåëåíèå ðàâíîìåðíîé ñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà ïî t ïðè c →

0, µi(t) → 0,∀t ∈ [T,+∞), ∀i ∈ M0 íà ëþáîì êîìïàêòå èç [T ; +∞) äëÿ âûðàæåíèÿ

Ji(t, φ) =
t∫
t0

∑
j∈M
k∈B

yik(t)y
jk(s)fj(s, φ(s))ds−

+∞∫
t

∑
j∈N
k∈B

yik(t)y
jk(s)fj(s, φ(s))ds, B = N−M, Ji(t, φ)

êîòîðîå ñóùåñòâóåò ∀i ∈ N , c ∈ R1
+ è Ji(t, φ) = o(µi(t)) ïðè t→ +∞ è ∀i ∈M0.

7. Ïîñòðîåíèå óðàâíåíèÿ ñðàâíåíèÿ, êîòîðîå èìååò âèä:

dz

dt
=
∑
k,j∈N

|yjk(t)|λj(t, zm(t)), (3.3)

Íàõîæäåíèå ðåøåíèé óðàâíåíèÿ (3.3), îïðåäåëåííûõ íà ëþáîì êîìïàêòå èç [T,+∞) .
8. Âûïîëíåíèå ïóíêòîâ 2-7 äëÿ óðàâíåíèé (3.1) è (3.2) ãàðàíòèðóåò àñèìïòîòè÷åñêóþ

ýêâèâàëåíòíîñòü ïî Áðàóåðó. Ïåðåõîä êî âòîðîé ÷àñòè àëãîðèòìà.
9. Ïåðåõîä ê ïóíêòó 1.
Âòîðàÿ ôàçà àëãîðèòìà.
Ðàññìîòðèì óðàâíåíèå (3.1) ñ íà÷àëüíûìè äàííûìè x(t0) = x0, y(t0) = y0, ãäå

A(t) =

(
a1 0
0 −a2

)
; f(t, x) =

(
γ12y(t)x(t)
γ21y(t)x(t))

)
.

Ïðåäñòàâèì (3.1) â âèäå:
ż = A(t)z(t). (3.4)

1. Íàõîæäåíèå ðåøåíèÿ óðàâíåíèÿ (3.4)

z(t) = exp

 t∫
t0

A(t)dt

 .

2. Ïîñòðîåíèå èòåðàöèîííîé ñõåìû ðåøåíèé:

xn(t) = exp

 t∫
t0

un−1(t)dt

 ,

yn(t) = exp

 t∫
t0

vn−1(t)dt

 ,

ãäå un−1(t) = µ1 − γ12yn−1(t) , vn−1 = −µ2 + γ21xn−1(t), n- øàã èòåðàöèè.
3. Ïðîâåðêà ñõîäèìîñòè èòåðàöèîííîé ñõåìû ñ ïîìîùüþ ñîîòíîøåíèé âèäà:

||xn − xn−1|| < ε1,

||yn − yn−1|| < ε2.

4. Åñëè âûïîëíÿåòñÿ óñëîâèå 3, òî âûâîä ðåçóëüòàòîâ.
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4. ×èñëåííàÿ ðåàëèçàöèÿ àëãîðèòìà ðàñ÷åòà äîïóñòèìûõ ñáðîñîâ
çàãðÿçíÿþùèõ âåùåñòâ äëÿ ìíîãîâèäîâîé ìîäåëè

Ìàòåìàòè÷åñêàÿ ìîäåëü ìíîãîâèäîâîé ýêîëîãè÷åñêîé ñèñòåìû ñ óïðàâëåíèåì, îïèñû-
âàåìàÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé, ðàññìîòðåíà â ðàáîòå [1].

Ðàññìîòðèì íåëèíåéíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé Ëîòêè-Âîëüòåððà,
îïèñûâàþùóþ äèíàìèêó âçàèìîäåéñòâèÿ äâóõ çàãÿçíÿþùèõ âåùåñòâ è âîäíîé áèîìàññû.

dPi

dt
= Pi(t)

(
ri − 1

ki

n∑
j=1

Pj(t)aij

)
, i = 1,m;

dPi

dt
= Pi(t)

(
ri − 1

ki

n∑
j=1

Pj(t)aij + ui(t)

)
, i = m+ 1, n;

(4.1)

ãäå ôóíêöèè ui(t) îáîçíà÷àþò óïðàâëåíèå. Óïðàâëåíèå óäîâëåòâîðÿåò äâóì òèïàì
îãðàíè÷åíèé:

1) 0 ≤ ui(t) ≤ bi ,
2) 0 ≤ u1(t) + u2(t) + ...+ ui(t) ≤ B , ui ≥ 0.
Pi, i = 1...8 - äîïóñòèìàÿ êîíöåíòðàöèÿ i-îãî çàãðÿçíÿþùåãî âåùåñòâà;
Q - áèîëîãè÷åñêè àêòèâíàÿ îêðóæàþùàÿ ñðåäà (ïëîòíîñòü âîäíîé áèîìàññû);
dQ/dt - îïèñûâàåò äèíàìèêó âîäíîé áèîìàññû â îòñóòñòâèè çàãðÿçíèòåëåé;
ci - ïðåäåëüíî äîïóñòèìàÿ êîíöåíòðàöèÿ i-îãî çàãðÿçíÿþùåãî âåùåñòâà â âîäå ñîîò-

âåòñòâåííî, êîíöåíòðàöèÿ âåùåñòâà â âîäå, âûøå êîòîðîé âîäà íåïðèãîäíà äëÿ îäíîãî èëè
íåñêîëüêèõ âèäîâ âîäîïîëüçîâàíèÿ. Ïðåäåëüíî äîïóñòèìûå êîíöåíòðàöèè îïðåäåëÿþòñÿ
èñõîäÿ èç Ïåðå÷íÿ íîðìàòèâîâ êà÷åñòâà âîäû âîäíûõ îáúåêòîâ ðûáîõîçÿéñòâåííîãî çíà-
÷åíèÿ, â òîì ÷èñëå íîðìàòèâîâ ïðåäåëüíî äîïóñòèìûõ êîíöåíòðàöèé âðåäíûõ âåùåñòâ â
âîäàõ âîäíûõ îáúåêòîâ ðûáîõîçÿéñòâåííîãî çíà÷åíèÿ (ïðèêàç Ôåäåðàëüíîãî àãåíñòâà ïî
ðûáîëîâñòâó îòò 12 ÿíâàðÿ 2010 ãîäà � 20);

ki - êîýôôèöèåíòû íåêîíñåðâàòèâíîñòè (ñêîðîñòè ðàçðóøåíèÿ) ïî íåôòåïðîäóêòàì
è íèòðèòàì ñîîòâåòñòâåííî, çàâèñÿùèé îò õàðàêòåðà âåùåñòâ. Çíà÷åíèÿ êîýôôèöèåíòîâ
íåêîíñåðâàòèâíîñòè ïðèíèìàþòñÿ ïî äàííûì íàòóðíûõ íàáëþäåíèé èëè ïî ñïðàâî÷íûì
äàííûì è ïåðåñ÷èòûâàþòñÿ â çàâèñèìîñòè îò òåìïåðàòóðû è ñêîðîñòè òå÷åíèÿ ðåêè;

q - ðàñõîä âîäû, ðàñ÷åòíûé ðàñõîä â âîäîòîêå â ôîíîâîì ñòâîðå;
φ - êîýôôèöèåíò èçâèëèñòîñòè (îòíîøåíèå ðàññòîÿíèÿ äî êîíòðîëüíîãî ñòâîðà ïî

ôàðâàòåðó ê ðàññòîÿíèþ ïî ïðÿìîé);
χ - êîýôôèöèåíò, çàâèñÿùèé îò ìåñòà âûïóñêà ñòî÷íûõ âîä;
s - åìêîñòü ñðåäû;
b - ïðîäîëæèòåëüíîñòü ïðîáåãà âîäû îò ìåñòà âûïóñêà ñòî÷íûõ âîä äî ðàñ÷åòíîãî

ñòâîðà (êîýôôèöèåíò ñìåùåíèÿ, õàðàêòåðèçóþùèé äîëþ ðàñõîäà âîäû â ðåêå, êîòîðàÿ
ñìåøèâàåòñÿ ñî ñòî÷íûìè âîäàìè);

nw - êîýôôèöèåíò øåðîõîâàòîñòè (øåðîõîâàòîñòü ëîæà ðåêè). Âåëè÷èíà ÷èñëåííî õà-
ðàêòåðèçóþùàÿ ñîïðîòèâëåíèå, îêàçûâàåìîå ðóñëîì ïðîòåêàþùåìó ïîòîêó, èíòåãðàëü-
íàÿ õàðàêòåðèñòèêà ãèäðàâëè÷åñêèõ ñîïðîòèâëåíèé. Òî÷íîå îïðåäåëåíèå êîýôôèöèåíòîâ
ìåñòíûõ ñîïðîòèâëåíèé çàòðóäíèòåëüíî, ïîýòîìó êîýôôèöèåíò øåðîõîâàòîñòè öåëåñîîá-
ðàçíî îïðåäåëÿòü ïî òàáëèöå Ì. Ô. Ñðèáíîãî (êëàññèôèêàöèè åñòåñòâåííûõ ðóñåë è íîðìû
ñîïðîòèâëåíèÿ äâèæåíèþ ïî äàííûì Ì.Ô. Ñðèáíîãî).

Ãèäðîëîãè÷åñêèå õàðàêòåðèñòèêè ðåêè Ìîêøà ïðåäñòàâëåíû ãîñóäàðñòâåííûì ó÷ðå-
æäåíèåì ¾Ìîðäîâñêèé ðåñïóáëèêàíñêèé öåíòð ïî ãèäðîìåòåîðîëîãèè è ìîíèòîðèíãó
îêðóæàþùåé ñðåäû¿.
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Íîðìàòèâû äîïóñòèìûõ êîíöåíòðàöèé âðåäíûõ âåùåñòâ â âîäíûõ îáúåêòàõ è ñòî÷íûõ
âîäàõ óñòàíàâëèâàþòñÿ èñõîäÿ èç óñëîâèé öåëåâîãî èñïîëüçîâàíèÿ âîäíîãî îáúåêòà. Ðåêà
Ìîêøà îáúåêò ðûáîõîçÿéñòâåííîãî íàçíà÷åíèÿ 2 êàòåãîðèè, ïîýòîìó íîðìû ïðåäåëüíî
äîïóñòèìûõ ñáðîñîâ óñòàíàâëèâàþòñÿ ïî ¾Ïåðå÷íþ ïðåäåëüíî äîïóñòèìûõ êîíöåíòðàöèé
è îðèåíòèðîâî÷íî áåçîïàñíûõ óñëîâèé âîçäåéñòâèÿ âðåäíûõ âåùåñòâ äëÿ âîäû ðûáîõîçÿé-
ñòâåííûõ âîäîåìîâ¿.

Ñòî÷íûå âîäû, ïîñëå î÷èñòíûõ ñîîðóæåíèé ñáðàñûâàþòñÿ â ðåêó Ìîêøà.
Ñòî÷íàÿ âîäà çàãðÿçíåíà:
- íèòðèòàìè - 0,14 ìã/ë;
- ñîëÿìè æåëåçà - 0,67 ìã/ë;
- îðãàíè÷åñêèìè âåùåñòâàìè ( ïî ÁÏÊ-5) - 11,3 ìã/ë;
- íåôòåïðîäóêòàìè - 0,25 ìã/ë ;
- ôîñôàòàìè - 0,66 ìã/ë;
- àììîíèåì ñîëåâûì - 0,86 ìã/ë;
- âçâåøåííûìè âåùåñòâàìè - 11,3 ìã/ë.
Ãèäðîëîãè÷åñêèå õàðàêòåðèñòèêè ðåêè Ìîêøà ïðåäñòàâëåíû ÃÓ ¾Ìîðäîâñêèì ÖÃ-

ÌÑ¿:
- ðàñõîä âîäû 95 ÂÏ - 5,06 ì 3 /ñåê;
- ñðåäíÿÿ ãëóáèíà ðåêè - 0,52 ì;
- ñðåäíÿÿ ñêîðîñòü òå÷åíèÿ - 0,16 ì/ñ;
- êîýôôèöèåíò øåðîõîâàòîñòè - 0,04;
- êîýôôèöèåíò èçâèëèñòîñòè - 1,2.
Äëÿ ÷èñëåííîé ðåàëèçàöèè ñèñòåìû (4.1) îïðåäåëåíû ñëåäóþùèå ïàðàìåòðû:
c1 = 0, 08, c2 = 0, 08, c3 = 2, 18, c4 = 0, 05, c5 = 0, 1, c6 = 0, 5, c7 = 20, 75, k1 = 10, 8,

k2 = 0, k3 = 0, 23, k4 = 0, 1, k5 = 0, k6 = 0, 07, k7 = 0, q = 5, 06, χ = 1, s = 30,
r1 = 0, 0096, r2 = 0, 00042, φ = 1, 2, nw = 0, 04, b = 0, 0003.

Òîãäà ñèñòåìà (4.1) ïðèìåò âèä:

dP1

dt
= P1(t)

(
−0.08 + 10.8P1(t) +

5.06P1(t)
Q(t)+30

)
− 0.00042;

dP2

dt
= P2(t)

(
−0.08 + 5.06P2(t)

Q(t)+30

)
+ 0.00042;

dP3

dt
= P3(t)

(
−2.18− 0.23P3(t) +

5.06Q(t)
Q(t)+30

)
− 0.00042;

dP4

dt
= P4(t)

(
−0.05 + 0.1P4(t) +

5.06Q(t)
Q(t)+30

)
+ 0.00042;

dP5

dt
= P5(t)

(
−0.1 + 5.06Q(t)

Q(t)+30

)
− 0.00042;

dP6

dt
= P6(t)

(
−0.5 + 0.07P6(t) +

5.06Q(t)
Q(t)+30

)
− 0.00042;

dP7

dt
= P7(t)

(
−20.75 + 5.06Q(t)

Q(t)+30

)
− 0.00042;

dQ
dt

= 0.048 (P1(t) + P2(t) + P3(t) + P4(t) + P5(t) + P6(t) + P6(t)−Q(t)) .

(4.2)

Òî÷êà (−0.0084; 0.0029;−0.00019; 0.0033;−0.0027;−0.00083;−0.0002;−0.00089) - ïîëî-
æåíèå ðàâíîâåñèÿ ñèñòåìû.

Ñäåëàåì çàìåíó ïåðåìåííûõ Pi = xi + x0i è ïåðåéäåì ê èññëåäîâàíèþ íóëåâîãî ðåøå-
íèÿ:
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

dx1
dt

= (x1 − 0.0084)
(
−0.08 + 10.8(x1 − 0.0084) + 5.06(x1−0.0084)

(x8−0.00089)+30

)
− 0.00042;

dx2
dt

= (x2 + 0.0029)
(
−0.08 + 5.06(x2+0.0029)

(x8−0.00089)+30

)
+ 0.00042;

dx3
dt

= (x3 − 0.00019)
(
−2.18− 0.23(x3 − 0.00019) + 5.06(x8−0.00089)

(x8−0.00089)+30

)
− 0.00042;

dx4
dt

= (x4 + 0.0033)
(
−0.05 + 0.1(x4 + 0.0033) + 5.06(x8−0.00089)

(x8−0.00089)+30

)
+ 0.00042;

dx5
dt

= (x5 − 0.0027)
(
−0.1 + 5.06(x8−0.00089)

(x8−0.00089)+30

)
− 0.00042;

dx6
dt

= (x6 − 0.00083)
(
−0.5 + 0.07(x6 − 0.00083) + 5.06(x8−0.00089)

(x8−0.00089)+30

)
− 0.00042;

dx7
dt

= (x7 − 0.0002)
(
−20.75 + 5.06(x8−0.00089)

(x8−0.00089)+30

)
− 0.00042;

dx8
dt

= 0.048((x1 − 0.0084) + (x2 + 0.0029) + (x3 − 0.00019) + (x4 + 0.0033)+

+(x5 − 0.0027) + (x6 − 0.00083) + (x7 − 0.0002)− (x8 − 0.00089)).

(4.3)

Çàïèøåì ñèñòåìó â âèäå:

dx1
dt

= −0.06x1 + f1(t, x),
dx2
dt

= −0.08x2 + f2(t, x),
dx3
dt

= −2.18x3 + f3(t, x),
dx4
dt

= −0.05x4 + f4(t, x),
dx5
dt

= −0.1x5 + f5(t, x),
dx6
dt

= −20.75x6 + f6(t, x),
dx7
dt

= −0.08x7 + f7(t, x),
dx8
dt

= 0.048 (x1 + x2 + x3 + x4 + x5 + x6 + x7 − x8) + f8(t, x).

(4.4)

Ïåðâîå ëèíåéíîå ïðèáëèæåíèå ñèñòåìû (4.3) èìååò âèä:

dy1
dt

= −0.06y1,
dy2
dt

= −0.08y2,
dy3
dt

= −2.18y3,
dy4
dt

= −0.05y4,
dy5
dt

= −0.1y5,
dy6
dt

= −20.75y6,
dy7
dt

= −0.08y7,
dy8
dt

= 0.048 (y1 + y2 + y3 + y4 + y5 + y6 + y7 − y8) .

(4.5)

Ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû (4.5) è îáðàòíàÿ ê íåé èìåþò âèä:

Y (t) =



e−
3t
50 0 0 0 0 0 0 0

0 e−
2t
25 0 0 0 0 0 0

0 0 e−
109t
50 0 0 0 0 0

0 0 0 e−
t
20 0 0 0 0

0 0 0 0 e−
t
10 0 0 0

0 0 0 0 0 e−
83t
4 0 0

0 0 0 0 0 0 e−
2t
25 0

a1 a2 a3 a4 a5 a6 a7 e−
6t
125


;
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ãäå a1 = −4
9
e−

6t
125 + 4

9
e

3t
50 , a2 = −3

2
e−

2t
25 + 3

2
e−

6t
125 , a3 = − 12

533
e−

109t
50 + 12

533
e−

6t
125 , a4 =

−24e−
t
20 + 24e−

6t
125 , a5 = −12

13
e−

t
10 + 12

13
e−

6t
125 , a6 = − 24

10351
e−

83t
4 + 24

10351
e−

6t
125 , a7 = −3

2
e−

2t
25 +

3
2
e−

6t
125 .

Y −1(s) =



e
3s
50 0 0 0 0 0 0 0

0 e
2s
25 0 0 0 0 0 0

0 0 e
109s
50 0 0 0 0 0

0 0 0 e
s
20 0 0 0 0

0 0 0 0 e
s
10 0 0 0

0 0 0 0 0 e
83s
4 0 0

0 0 0 0 0 0 e
2s
25 0

b1 b2 b3 b4 b5 b6 b7 e−
6s
125


.

ãäå b1 = e
5807
250

(
4
9
e−

2911s
125 − 4

9
e−

1159s
50

)
, b2 = e

5807
250

(
3
2
e−

1159s
50 − 3

2
e−

5787s
250

)
,

b3 = e
5807
250

(
12
533
e−

1159s
50 − 12

533
e−

2631s
125

)
, b4 = e

5807
250

(
24e−

1159s
50 − 24e−

11589s
500

)
,

b5 = e
5807
250

(
12
13
e−

1159s
50 − 12

13
e−

2891s
125

)
, b6 = e

5807
250

(
24

10351
e−

1159s
50 − 24

10351
e−

1239s
500

)
,

b7 = e
5807
250

(
3
2
e−

1159s
50 − 3

2
e−

5787s
250

)
.

Ìíîæåñòâî N = {1, ..., 8}, M̄0 = N . Ïðåäïîëîæèì ñïðàâåäëèâû îöåíêè:
||f1(t, x)|| ≤ λ1(t, |x|), ||f2(t, x)|| ≤ λ2(t, |x|), ||f3(t, x)|| ≤ λ3(t, |x|), ||f4(t, x)|| ≤

λ4(t, |x|), ||f5(t, x)|| ≤ λ5(t, |x|), ||f6(t, x)|| ≤ λ6(t, |x|), ||f7(t, x)|| ≤ λ7(t, |x|), ||f8(t, x)|| ≤
λ8(t, |x|),

ïîýòîìó M0 = {1, ..., 8}, M = M0, B = N − M = 0. Òîãäà ýòàëîííûå ôóíêöèè
ñðàâíåíèÿ µi : [T,+∞) → R1

+, mi : [T,+∞) → R1
+ óäîâëåòâîðÿþò íåðàâåíñòâàì µi ≥

max
j∈N0

|yij(t)|, T ≤ t0 ≤ t < +∞, i ∈ M0 åñëè N0 ̸= 0; åñëè N0 = 0, òî µi ≥ 0, mi(t) ≥
max{max

j∈M̄0

{|yij(t)|, µi(t)}}, T0 ≤ t < +∞, i ∈M0 è áóäåò èìåòü âèä:

µ1(t) = e
3t
50 , µ2(t) = e−

2t
25 , µ3(t) = e−

109t
50 , µ4(t) = e−

t
20 , µ5(t) = e−

t
10 , µ6(t) = e−

83t
4 ,

µ7(t) = e−
2t
25 , µ8(t) = −4

9
e−

6t
125 + 4

9
e

3t
50 .

m1(t) = e
3s
50 , m2(t) = e−

2s
25 , m3(t) = e−

109s
50 , m4(t) = e−

s
20 , m5(t) = e−

s
10 , m6(t) = e−

83s
4 ,

m7(t) = e−
2s
25 , m8(t) = −4

9
e−

6s
125 + 4

9
e

3s
50 .

Ðàññìîòðèì

Ji(t, φ) =

t∫
t0

∑
j∈N
k∈B

yik(t)y
jk(s)fj(s, φ(s))ds−

+∞∫
t

∑
j∈N
k∈M

yik(t)y
jk(s)fj(s, φ(s))ds.

Âûðàæåíèå Ji(t, φ) ñóùåñòâóåò ∀i ∈ N, c ∈ R1
+ è Ji(t, φ) = o(µi(t)) ïðè t → +∞.

Íåñîáñòâåííûå èíòåãðàëû ñõîäÿòñÿ ðàâíîìåðíî ïî t íà ëþáîì êîìïàêòå èç [T ; +∞).
Âñå ðåøåíèÿ óðàâíåíèÿ dz

dt
=
∑
k∈N
j∈N

|yjk(t)|λj(t, zm(t)) îïðåäåëåíû íà êîìïàêòå [T0, t0].

Îòñþäà ñëåäóåò, ÷òî êàæäîå ðåøåíèå ñèñòåìû (4.5) îïðåäåëåíî íà ìíîæåñòâå [T0,+∞).
Òàêèì îáðàçîì, óñëîâèÿ 2-7 àëãîðèòìà âûïîëíÿþòñÿ, ñëåäîâàòåëüíî, ñèñòåìà óðàâíå-

íèé (4.5) àñèìïòîòè÷åñêè óñòîé÷èâà ïî ïåðåìåííûì y1, y3, y5, y6, y7. Òîãäà òðèâèàëüíîå
ðåøåíèå ñèñòåìû óðàâíåíèé (4.3) îáëàäàåò ýòèì æå ñâîéñòâîì ïî ïåðåìåííîé x1, x3, x5,
x6, x7.

Âûâîäû.
Èç óñòîé÷èâîñòè èññëåäóåìîé ñèñòåìû óðàâíåíèé (4.3) ïî ïåðåìåííûì x1, x3, x5, x6,

x7, ñëåäóåò, ÷òî êîíöåíòðàöèè ñîîòâåòñòâóþùèå ïåðåìåííûì âåùåñòâ, à èìåííî, íèòðèòîâ,
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îðãàíè÷åñêèõ âåùåñòâ, ôîñôàòîâ, àìîíèÿ ñîëåâîãî, âçâåøåííûõ âåùåñòâ íå ïðåâûøàþò
íîðìû ñáðîñà çàãðÿçíÿþùèõ âåùåñòâ â ðåêó.

Èç íåóñòîé÷èâîñòè èññëåäóåìîé ñèñòåìû óðàâíåíèé (4.3) ïî ïåðåìåííûì x2, x4, x8,
ñëåäóåò, ÷òî êîíöåíòðàöèè ñîîòâåòñòâóþùèå ïåðåìåííûì âåùåñòâ, à èìåííî, ñîëåé æåëåçà,
íåôòåïðîäóêòîâ è âîäíîé áèîìàññû ïðåâûøàþò íîðìû ñáðîñà çàãðÿçíÿþùèõ âåùåñòâ â
ðåêó. Òàêàÿ ñèòóàöèÿ ñîîòâåòñòâóåò âòîðîìó ñöåíàðèþ âçàèìîäåéñòâèÿ.
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Calculation of allowable discharges of pollutants for a

multispecies models of Volterra type
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Abstract. A mathematical model of the ecosystem of Volterra type. In the work the allowable
discharge of pollutants into water bodies of the Republic of Mordovia.

Key Words: system of ordinary di�erential equations, allowable discharges of pollutants, Lotka-
Volterra, ecosystem dynamics

3 Professor of Applied Mathematics Chair, Mordovian State University after N.P. Ogarev, Saransk;
mamedovatf@yandex.ru

4 Postgraduate student of Applied Mathematics, Mordovian State University after N.P. Ogarev, Saransk,
lyapina@e-mordovia.ru

MVMS journal. 2013. V. 15, No. 4


