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ÓÄÊ 517.95

Î ðàçðåøèìîñòè ñìåøàííîé çàäà÷è äëÿ

äèôôåðåíöèàëüíûõ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà ñî

ñìåøàííûìè ìàêñèìóìàìè

c⃝ Ò. Ê. Þëäàøåâ1, À. È. Ñåðåäêèíà2

Àííîòàöèÿ. Â äàííîé ðàáîòå èçó÷àþòñÿ âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè ñìåøàííîé
çàäà÷è äëÿ íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âûñøåãî ïî-
ðÿäêà, ñîäåðæàùåãî ñìåøàííûå ìàêñèìóìû ïî âðåìåíè â íåëèíåéíîé ïðàâîé ÷àñòè óðàâíå-
íèÿ.
Êëþ÷åâûå ñëîâà: ñìåøàííàÿ çàäà÷à, óðàâíåíèå âûñîêîãî ïîðÿäêà, ìåòîä ðàçäåëåíèÿ ïå-
ðåìåííûõ, îäíîçíà÷íàÿ ðàçðåøèìîñòü, ñìåøàííûå ìàêñèìóìû ïî âðåìåíè

1. Ïîñòàíîâêà çàäà÷è è ñâåäåíèå å¼ ê ñ÷åòíûì ñèñòåìàì íåëèíåé-
íûõ èíòåãðàëüíûõ óðàâíåíèé

Â îáëàñòè D ðàññìàòðèâàåòñÿ íåëèíåéíîå ïàðàáîëè÷åñêîå óðàâíåíèå

∂u(t, x)

∂ t
− (−1)mν

∂ 2m+1u(t, x)

∂ t ∂ x2m
+
∂ 4mu(t, x)

∂ x4m
=

= f
(
t, x, u(t, x),max

{
u(τ, x)|τ ∈

[
σ1(t):σ2(t)

]})
(1.1)

ñ íà÷àëüíûìè

u(t, x)|t=0 = φ(x) (1.2)

è ãðàíè÷íûìè óñëîâèÿìè

u(t, x)|x=0 = uxx(t, x)|x=0 = · · · = ∂2(2m−1)

∂ x2(2m−1)
u(t, x)|x=0 =

= u(t, x)|x=l = uxx(t, x)|x=l = · · · = ∂2(2m−1)

∂ x2(2m−1)
u(t, x)|x=l = 0, (1.3)

ãäå f (t, x, u, ϑ) ∈ C (D × R2) , φ(x) ∈ C4m+1(Dl) , φ(x)|x=0 = φ′′(x)|x=0 = · · · =
φ4m−2(x)|x=0 = φ(x)|x=l = φ′′(x)|x=l = · · · = φ4m−2(x)|x=l = 0 , σk = σk(t) ∈ C(DT ) , k = 1, 2 ,
D ≡ DT × Dl , DT ≡ [0, T ] , Dl ≡ [0, l] , 0 < T < ∞ , 0 < l < ∞ , 0 < m � íàòóðàëüíîå
÷èñëî, 0 < ν � ìàëûé ïàðàìåòð, [σ1:σ2] = [min{σ1, σ2},max{σ1, σ2}] .

Îòìåòèì, ÷òî êà÷åñòâåííàÿ òåîðèÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
ìàêñèìóìàìè âïåðâûå ñèñòåìàòè÷åñêè èññëåäîâàëèñü â ðàáîòàõ [1], [2]. À îáûêíîâåí-
íûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñî ñìåøàííûìè ìàêñèìóìàìè áûëè ðàññìîòðåíû â
ðàáîòàõ [3-6].

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê; tursunbay@rambler.ru

2 Ìàãèñòðàíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñè-
òåò èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê; anytik888@yandex.ru
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Èññëåäîâàíèå ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé ñî ñìåøàííûìè ìàêñèìóìàìè
òðåáóåò ïðèâëå÷åíèÿ ðÿäà íîâûõ ñîîáðàæåíèé. Â [6], â ÷àñòíîñòè, ïîêàçàíî, ÷òî äèôôå-
ðåíöèàëüíûå óðàâíåíèÿ ñî ñìåøàííûìè ìàêñèìóìàìè èìåþò ñïåöèôè÷åñêèå îñîáåííîñòè
â âîïðîñå ïîñòàíîâêè çàäà÷ è èõ ðàçðåøèìîñòè.

Ïóñòü ôóíêöèè σ1 è σ2 ïåðåñåêàþòñÿ â äâóõ òî÷êàõ t1 è t2 îòðåçêà DT : σ1(ti) =
σ2(ti) , i = 1, 2 , 0 < t1 < t2 < T .

Ðàññìîòðèì ñëó÷àé 0 ≤ σ1(t) < σ2(t) ≤ t1 íà ëåâîì îòðåçêå D1
T ≡ [0, t1] , t1 ≤ σ2(t) <

σ1(t) ≤ t2 íà ñðåäíåì îòðåçêå D2
T ≡ [t1, t2] è t2 ≤ σ1(t) < σ2(t) ≤ T íà ïðàâîì îòðåçêå

D3
T ≡ [t2, T ] , DT ≡ D1

T

∪
D2
T

∪
D3
T .

Äëÿ îäíîçíà÷íîé ðàçðåøèìîñòè ñìåøàííîé çàäà÷è (1.1)-(1.3) íå õâàòàþò äîïîëíèòåëü-
íûå óñëîâèÿ ñêëåèâàíèÿ â òî÷êàõ t1 è t2 . Ñìåøàííóþ çàäà÷ó (1.1)-(1.3) áóäåì ðåøàòü ñ
íåïðåðûâíûìè óñëîâèÿìè ñêëåèâàíèÿ:

u(+ti, x) = u(−ti, x), i = 1, 2. (1.4)

Â äàííîé ðàáîòå èñïîëüçóåòñÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ, îñíîâàííûé íà ïîèñêå
ðåøåíèÿ ñìåøàííîé çàäà÷è (1.1)-(1.4) â âèäå ðÿäà Ôóðüå [7]

u(t, x) =
∞∑
n=1

an(t) bn(x), (1.5)

ãäå bn(x) =

√
2

l
sinλnx , λn =

nπ

l
, n = 1, 2, . . . .

Ìíîæåñòâî
{
a(t) = (an(t)) |an(t) ∈ C [0, T ] , n = 1, 2, 3, . . .

}
ââåäåíèåì íîðìû

∥a(t)∥B2(DT ) =

[
∞∑
n=1

max
t∈DT

|an(t)|2
]1
2

ñòàíîâèòñÿ áàíàõîâûì ïðîñòðàíñòâîì è åãî îáîçíà÷àþò òàê B2(DT ) .
Äëÿ êàæäîãî a(t) ∈ B2(T ) îïðåäåëÿåòñÿ îïåðàòîð

Qa(t) = u(t, x) =
∞∑
n=1

an(t)bn(x).

×åðåç E2(D) îáîçíà÷àåòñÿ ìíîæåñòâî çíà÷åíèé ýòîãî îïåðàòîðà. Î÷åâèäíî, ÷òî
Q : B2(T ) → E2(D) è E2(D) ⊂ L2(D) .

Íåòðóäíî ïîêàçàòü, ÷òî êîýôôèöèåíòû ðàçëîæåíèÿ an(t) óäîâëåòâîðÿþò ñëåäóþùèì
ñ÷åòíûì ñèñòåìàì íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé (ÑÑÍÈÓ):

an(t) = A1n(t; an(t)) ≡ ωn(t)+

+
1

ρn

t∫
0

l∫
0

f
(
s, y,Qa(s),max

{
Qa(τ)|τ ∈ [σ1(s);σ2(s)]

})
×

×bn(y) · e−µn(t−s)dyds, t ∈ D1
T , ωn(t) = φn e

−µnt, (1.6)

an(t) = A2n(t; an(t)) ≡ A1n(t; an(t1))e
−µn(t−t1)+
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+
1

ρn

t∫
t1

l∫
0

f
(
s, y,Qa(s),max

{
Qa(τ)|τ ∈ [σ2(s);σ1(s)]

})
×

×bn(y) · e−µn(t−s)dyds, t ∈ D2
T , (1.7)

an(t) = A3n(t; an(t)) ≡ A2n(t; an(t2))e
−µn(t−t2)+

+
1

ρn

t∫
t2

l∫
0

f
(
s, y,Qa(s),max

{
Qa(τ)|τ ∈ [σ1(s);σ2(s)]

})
×

×bn(y) · e−µn(t−s)dyds, t ∈ D3
T , µn =

λ4mn
ρn

, ρn = 1 + λ2mn ν. (1.8)

Äåéñòâèòåëüíî, ïîäñòàíîâêà ðÿäà (1.5) â óðàâíåíèå (1.1) äàåò

∞∑
n=1

a′n(t) bn(x)− (−1)mν
∞∑
n=1

a′n(t) b
(2m)
n (x) +

∞∑
n=1

an(t) b
(4m)
n (x) =

∞∑
n=1

Fn(t) bn(x), (1.9)

ãäå Fn(t) =
l∫
0

f
(
t, y,Qa(t),max

{
Qa(τ)|τ ∈ [σ1(t):σ2(t)]

})
bn(y)dy .

Ó÷èòûâàÿ, ÷òî (−1)mb
(2m)
n (x) = −λ2mn bn(x), b

(4m)
n (x) = λ4mn bn(x) , èç ñîîòíîøåíèÿ (1.9)

èìååì

∞∑
n=1

(
1 + λ2mn ν

)
a′n(t) bn(x) +

∞∑
n=1

λ4mn an(t) bn(x) =
∞∑
n=1

Fn(t) bn(x). (1.10)

Òàê êàê ôóíêöèè bn(x) îðòîíîðìèðîâàííû â L2(Dl) , òî èç (1.10) ñëåäóåò(
1 + λ2mn ν

)
a′n(t) + λ4mn an(t) =

=

l∫
0

f
(
t, y, Qa(t),max

{
Qa(τ)|τ ∈ [σ1(t):σ2(t)]

})
bn(y)dy. (1.11)

Ðåøàÿ ñ÷åòíóþ ñèñòåìó íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (1.11) ïðè ñëåäó-
þùèõ óñëîâèÿõ

an(0) = φn, an(+ti) = an(−ti), i = 1, 2,

ãäå φn =
l∫
0

φ(y)bn(y)dy , ïîëó÷àåì ÑÑÍÈÓ (1.6) - (1.8).

2. Îäíîçíà÷íàÿ ðàçðåøèìîñòü ÑÑÍÈÓ ñî ñìåøàííûìè ìàêñèìó-
ìàìè

Ñíà÷àëà áóäåì èçó÷àòü îäíîçíà÷íóþ ðàçðåøèìîñòü ÑÑÍÈÓ (1.6).

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 4



184 Ò. Ê. Þëäàøåâ, À. È. Ñåðåäêèíà

Ë å ì ì à 2.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1.
t1∫
0

∥f (t, x,Qw(t), Qw(t))∥L2(Dl)
dt ≤ ∆1 <∞ ;

2. f (t, x, u, ϑ) ∈ Lip
{
L1(t, x)|u,ϑ

}
, 0 <

t∫
0

∥L1(t, x)∥L2(Dl)ds <∞ ;

3. ∥φ∥l2 <∞ .
Òîãäà ÑÑÍÈÓ (1.6) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå B2(D

1
T ) . Êðîìå

òîãî, èìååò ìåñòî îöåíêà ∥∥∥a(t)− a k(t)
∥∥∥
B2(D1

T )
≤

≤ χ1

(k − 1)!

 t∫
0

∥∥∥L(s, x)∥∥∥
L2(Dl)

ds

k−1

exp

χ2

t∫
0

∥∥∥L(s, x)∥∥∥
L2(Dl)

ds

 , (2.1)

ãäå L(s, x) = 2L1(s, x) , χ1 , χ2 � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå.
Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé:{

a0n(t) = wn(t),

ak+1
n (t) = A1n

(
t; akn(t)

)
, k = 0, 1, 2, 3, . . . , t ∈ D1

T .
(2.2)

Â ñèëó óñëîâèé ëåììû äëÿ ïåðâîé ðàçíîñòè a1n(t)− a0n(t) èç (2.2) ïîëó÷èì

∥∥a1(t)− a0(t)
∥∥
B2(D1

T )
≤

∞∑
n=1

1

ρn

t∫
0

l∫
0

∣∣∣f0∣∣∣ · |bn(y)|dyds ≤
≤M1M2

t∫
0

l∫
0

∣∣∣f0∣∣∣dyds ≤M1M2

√
l∆1, (2.3)

ãäå fk ≡ f
(
t, y,Qak(t),max

{
Qak(τ)|τ ∈ [σ1(t);σ2(t)]

})
, k = 0, 1, 2, 3, . . . ,

M1 =
∥∥∥1
ρ

∥∥∥
l2
, M2 = ∥b(x)∥B2(l) .

Äëÿ âòîðîé ðàçíîñòè a2n(t)− a1n(t) èç (2.2) èìååì

∥∥a2(t)− a1(t)
∥∥
B2(D1

T )
≤M1M2

t∫
0

l∫
0

∣∣∣f1 − f0

∣∣∣dyds.
Òàê êàê â ñèëó âòîðîãî óñëîâèÿ ëåììû∣∣∣f((t, x,Qa1(t),max

{
Qa1(τ)|τ ∈ [σ1;σ2]

})
−

−f
(
(t, x,Qa0(t),max

{
Qa0(τ)|τ ∈ [σ1; σ2]

})∣∣∣ ≤ L1(t, x)
[∣∣Qa1(t)−Qa0(t)

∣∣+
+
∣∣max

{
Qa1(τ)|τ ∈ [σ1;σ2]

}
−max

{
Qa0(τ)|τ ∈ [σ1;σ2]

}∣∣],
òî èç ïîñëåäíåãî íåðàâåíñòâà ñ ó÷åòîì (2.3) ïîëó÷èì ñëåäóþùóþ îöåíêó

∥∥a2(t)− a1(t)
∥∥
B2(D1

T )
≤M1M2

t∫
0

l∫
0

L(s, y)
∞∑
i=1

∣∣a1i (s)− a0i (s)
∣∣ · |bi(y)|dyds ≤
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≤M1M
2
2

t∫
0

l∫
0

L(s, y)
∥∥a1(s)− a0(s)

∥∥
B2(D1

T )
dyds ≤

≤
(
M1

√
l
)2
M3

2∆1

t∫
0

∥∥∥L(s, x)∥∥∥
L2(Dl)

ds, t ∈ D1
T , (2.4)

ãäå L(t, x) = 2L1(t, x) .
Ïðîäîëæàÿ ýòîò ïðîöåññ äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî ÷èñëà k ≥ 2 , èç (2.4) ïî

èíäóêöèè ïîëó÷èì

∥∥ak+1(t)− ak(t)
∥∥
B2(D1

T )
≤
(
M1

√
l
)k+1

M2k+1
2 ∆1

[
t∫
0

∥∥∥L(s, x)∥∥∥
L2(Dl)

ds

]k
k!

. (2.5)

Äàëåå, â ñèëó (2.5) èìååì

∥∥a(t)− ak(t)
∥∥
B2(D1

T )
≤M1M

2
2

t∫
0

l∫
0

L(s, y)
∥∥a(s)− ak−1(s)

∥∥
B2(D1

T )
dyds ≤

≤M1M
2
2

t∫
0

l∫
0

L(s, y)
∥∥a(s)− ak(s)

∥∥
B2(D1

T )
dyds+

+M1M
2
2

t∫
0

l∫
0

L(s, y)
∥∥ak(s)− ak−1(s)

∥∥
B2(D1

T )
dyds ≤

≤
(
M1

√
l
)k
M2k

2 ∆1

[
t∫
0

∥∥∥L(s, x)∥∥∥
L2(Dl)

ds

]k−1

(k − 1)!
+

+M1M
2
2

√
l

t∫
0

∥∥∥L(s, x)∥∥∥
L2(Dl)

∥∥a(s)− ak(s)
∥∥
B2(D1

T )
ds. (2.6)

Ïðèìåíÿÿ ê (2.6) íåðàâåíñòâî òèïà Ãðîíóîëëà-Áåëëìàíà, ïîëó÷èì (2.1).
Ñóùåñòâîâàíèå ðåøåíèÿ CÑÍÈÓ (1.6) ñëåäóåò èç îöåíêè (2.5), òàê êàê ïðè k → ∞ ïî-

ñëåäîâàòåëüíîñòü ôóíêöèé {ak(t)} ñõîäèòñÿ ðàâíîìåðíî ïî t ê ôóíêöèè a(t) ∈ B2(D
1
T ) .

Ïîêàæåì åäèíñòâåííîñòü ýòîãî ðåøåíèÿ â ïðîñòðàíñòâå B2(D
1
T ) . Ïóñòü CÑÍÈÓ (1.6) èìå-

åò äâà ðåøåíèÿ: a(t) ∈ B2(D
1
T ) è ϑ(t) ∈ B2(D

1
T ) . Òîãäà äëÿ èõ ðàçíîñòè ñïðàâåäëèâà

îöåíêà

∥a(t)− ϑ(t)∥B2(D1
T ) ≤M1M

2
2

√
l

t∫
0

∥∥∥L(s, x)∥∥∥
L2(Dl)

∥a(s)− ϑ(s)∥B2(D1
T ) ds. (2.7)

Ïðèìåíåíèå ê (2.7) íåðàâåíñòâà Ãðîíóîëëà-Áåëëìàíà, äàåò, ÷òî ∥a(t)− ϑ(t)∥B2(D1
T ) ≡ 0

äëÿ âñåõ t ∈ D1
T . Îòñþäà ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ ÑÑÍÈÓ (1.6) â ïðîñòðàíñòâå

B2(D
1
T ) .

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Èçó÷èì îäíîçíà÷íóþ ðàçðåøèìîñòü ÑÑÍÈÓ (1.7).
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Ë å ì ì à 2.2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ ëåììû 2.1. è

1.
t2∫
t1

∥f (t, x, u, ϑ)∥L2(Dl)
dt ≤ ∆2 <∞ ;

2. f (t, x, u, ϑ) ∈ Lip
{
L2(t, x)|u,ϑ

}
, 0 <

t∫
t1

∥L2(t, x)∥L2(Dl)ds <∞ ;

3. q1 < 1, q1 =M1M
2
2

√
l

(
t1∫
0

∥∥∥L(s, x)∥∥∥
L2(Dl)

ds+
t2∫
t1

∥∥∥L(s, x)∥∥∥
L2(Dl)

ds

)
,

L(t, x) = 2L1(t, x) , L(t, x) = 2L2(t, x) .
Òîãäà ÑÑÍÈÓ (1.7) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå B2(D

2
T ) .

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Èòåðà-
öèîííûé ïðîöåññ Ïèêàðà îïðåäåëèì ñëåäóþùèì îáðàçîì:{

a0n(t) = wn(t), t ∈ D2
T

ak+1
n (t) = A2n

(
t; akn(t)

)
, k = 0, 1, 2, 3, . . . , t ∈ D2

T .
(2.8)

Â ñèëó óñëîâèé ëåììû äëÿ ïåðâîé ðàçíîñòè a1n(t)− a0n(t) èç (2.8) èìååì

∥∥a1(t)− a0(t)
∥∥
B2(D2

T )
≤

∞∑
n=1

1

ρn

t1∫
0

l∫
0

∣∣∣f01∣∣∣ · |bn(y)|dyds+ ∞∑
n=1

1

ρn

t2∫
t1

l∫
0

∣∣∣f02∣∣∣ · |bn(y)|dyds ≤
≤M1M2

 t1∫
0

l∫
0

∣∣∣f01∣∣∣dyds+ t∫
t1

l∫
0

∣∣∣f02∣∣∣dyds
 ≤M1M2

√
l
(
∆1 +∆2

)
, (2.9)

ãäå fk1 ≡ f
(
t, y, Qak(t),max

{
Qak(τ)|τ ∈ [σ1(t);σ2(t)]

})
, k = 0, 1, 2, 3, . . . ,

fk2 ≡ f
(
t, y,Qak(t),max

{
Qak(τ)|τ ∈ [σ2(t);σ1(t)]

})
, k = 0, 1, 2, 3, . . . .

Äëÿ ðàçíîñòè ak+1
n (t)− akn(t) èìååì

∥∥ak+1(t)− ak(t)
∥∥
B2(D2

T )
≤M1M2

 t1∫
0

l∫
0

∣∣∣fk1 − f(k−1)1

∣∣∣dyds+ t∫
t1

l∫
0

∣∣∣fk2 − f(k−1)2

∣∣∣dyds
 .

Òàê êàê â ñèëó âòîðîãî óñëîâèÿ ëåììû∣∣∣f((t, x,Qak(t),max
{
Qak(τ)|τ ∈ [σ2;σ1]

})
−

−f
(
(t, x,Qak−1(t),max

{
Qak−1(τ)|τ ∈ [σ2; σ1]

})∣∣∣ ≤ L2(t, x)
[∣∣Qak(t)−Qak−1(t)

∣∣+
+
∣∣max

{
Qak(τ)|τ ∈ [σ2;σ1]

}
−max

{
Qak−1(τ)|τ ∈ [σ2;σ1]

}∣∣],
òî èç ïîñëåäíåãî íåðàâåíñòâà ïîëó÷èì ñëåäóþùóþ îöåíêó

∥∥ak+1(t)− ak(t)
∥∥
B2(D2

T )
≤M1M2

[ t1∫
0

l∫
0

L(s, y)
∞∑
i=1

∣∣∣aki (s)− ak−1
i (s)

∣∣∣ · |bi(y)|dyds+
+

t∫
t1

l∫
0

L(s, y)
∞∑
i=1

∣∣∣aki (s)− ak−1
i (s)

∣∣∣ · |bi(y)|dyds] ≤
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≤M1M
2
2

√
l
{ t1∫

0

∥∥∥L(s, x)∥∥∥
L2(Dl)

∥∥ak(s)− ak−1(s)
∥∥
B2(D1

T )
ds+

+

t∫
t1

∥∥∥L(s, x)∥∥∥
L2(Dl)

∥∥ak(s)− ak−1(s)
∥∥
B2(D2

T )
ds
}
≤ q1

∥∥ak(t)− ak−1(t)
∥∥
B2(D2

T )
, t ∈ D2

T . (2.10)

Â ñèëó ïîñëåäíåãî óñëîâèÿ ëåììû èç îöåíîê (2.9) è (2.10) ñëåäóåò, ÷òî îïåðàòîð â ïðà-
âîé ÷àñòè (2.8) ÿâëÿåòñÿ ñæèìàþùèì. Ñëåäîâàòåëüíî, ÑÑÍÈÓ (1.7) èìååò åäèíñòâåííîå
ðåøåíèå â ïðîñòðàíñòâå B2(D

2
T ) .

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Èçó÷èì îäíîçíà÷íóþ ðàçðåøèìîñòü ÑÑÍÈÓ (1.8).

Ë å ì ì à 2.3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ ëåììû 2.2. è

1.
T∫
t2

∥f (t, x, u, ϑ)∥L2(Dl)
dt ≤ ∆3 <∞ ;

2. f (t, x, u, ϑ) ∈ Lip
{
L3(t, x)|u,ϑ

}
, 0 <

t∫
t2

∥L3(t, x)∥L2(Dl)ds <∞ ;

3. q2 < 1, q2 = q1 +M1M
2
2

√
l
T∫
t2

∥∥∥L(s, x)∥∥∥
L2(Dl)

ds , L(t, x) = 2L3(t, x) .

Òîãäà ÑÑÍÈÓ (1.8) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå B2(D
3
T ) .

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Èòåðà-
öèîííûé ïðîöåññ Ïèêàðà îïðåäåëèì ñëåäóþùèì îáðàçîì:{

a0n(t) = wn(t), t ∈ D3
T

ak+1
n (t) = A3n

(
t; akn(t)

)
, k = 0, 1, 2, 3, . . . , t ∈ D3

T .
(2.11)

Â ñèëó óñëîâèé ëåììû â ïðîñòðàíñòâå B2(D
3
T ) äëÿ ïåðâîé ðàçíîñòè a1n(t) − a0n(t) èç

(2.11) èìååì

∥∥a1(t)− a0(t)
∥∥
B2(D3

T )
≤M1M2

 t1∫
0

l∫
0

∣∣∣f01∣∣∣dyds+ t2∫
t1

l∫
0

∣∣∣f02∣∣∣dyds
+

+M1M2

t∫
t2

l∫
0

∣∣∣f03∣∣∣dyds ≤M1M2

√
l
(
∆1 +∆2 +∆3

)
, (2.12)

ãäå fk3 ≡ f
(
t, y,Qak(t),max

{
Qak(τ)|τ ∈ [σ1(t);σ2(t)]

})
, k = 0, 1, 2, 3, . . . .

Äëÿ ïðîèçâîëüíîé ðàçíîñòè ak+1
n (t)− akn(t) â ïðîñòðàíñòâå B2(D

3
T ) èìååì∥∥ak+1(t)− ak(t)

∥∥
B2(D3

T )
≤
∥∥∥A2n

(
t; akn(t2)

)
− A2n

(
t; ak−1

n (t2)
)∥∥∥

B2(D2
T )
+

+M1M2

t∫
t2

l∫
0

∣∣∣fk3 − f(k−1)3

∣∣∣dyds ≤
≤ q1 +M1M

2
2

√
l

t∫
t2

∥∥∥L(s, x)∥∥∥
L2(Dl)

∥∥ak(s)− ak−1(s)
∥∥
B2(D3

T )
ds ≤
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≤ q2
∥∥ak(t)− ak−1(t)

∥∥
B2(D3

T )
, t ∈ D3

T . (2.13)

Â ñèëó ïîñëåäíåãî óñëîâèÿ ëåììû èç îöåíîê (2.12) è (2.13) ñëåäóåò, ÷òî îïåðàòîð â ïðà-
âîé ÷àñòè (2.11) ÿâëÿåòñÿ ñæèìàþùèì. Ñëåäîâàòåëüíî, ÑÑÍÈÓ (1.8) èìååò åäèíñòâåííîå
ðåøåíèå â ïðîñòðàíñòâå B2(D

3
T ) .

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Èç äîêàçàííûõ òðåõ ëåìì ñëåäóåò, ÷òî ñïðàâåäëèâà ñëåäóþùàÿ

Ò å î ð å ì à 2.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ ëåììû 2.3. Òîãäà ñ÷åòíàÿ ñèñòå-
ìà íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (1.11) ïðè óñëîâèÿõ

an(0) = φn, an(+ti) = an(−ti), i = 1, 2

èìååò åäèíñòâåííîå íåïðåðûâíîå ðåøåíèå, êîòîðîå íà îòðåçêå ïðåäñòàâèìî â âèäå

an(t) =


A1n

(
t; an(t)

)
, t ∈ D1

T ;

A2n

(
t; an(t)

)
, t ∈ D2

T ;

A3n

(
t; an(t)

)
, t ∈ D3

T .

(2.14)

3. Îäíîçíà÷íàÿ ðàçðåøèìîñòü ñìåøàííîé çàäà÷è (1.1)- (1.4)

Ïîäñòàâëÿÿ ÑCÍÈÓ (2.14) â ðÿä (1.5), ïîëó÷èì ôîðìàëüíîå ðåøåíèå ñìåøàííîé çà-
äà÷è (1.1)- (1.4).

Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 2.1. Åñëè a(t) ∈ B2(DT )
ÿâëÿåòñÿ ðåøåíèåì ÑÑÍÈÓ (2.14), òî ðÿä (1.5) ÿâëÿåòñÿ ðåøåíèåì ñìåøàííîé çàäà÷è
(1.1)- (1.4).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü a(t) ∈ B2(DT ) ðåøåíèå ÑÑÍÈÓ (2.14). Ìû ïîêàæåì,
÷òî â îáëàñòè D ñïðàâåäëèâî ñîîòíîøåíèå

lim
k→∞

uk(t, x) = lim
k→∞

∞∑
n=1

akn(t) bn(x) =
∞∑
n=1

an(t) bn(x) = u(t, x) ∈ E2(D),

ãäå an(t) îïðåäåëÿåòñÿ èç (2.14), bn(x) =

√
2

l
sinλnx , λn =

nπ

l
, n = 1, 2, . . . .

Äåéñòâèòåëüíî, â ñèëó óñëîâèé òåîðåìû ïîëó÷èì

∣∣u(t, x)− u k(t, x)
∣∣ ≤ ∞∑

n=1

∣∣an(t)− akn(t)
∣∣ · ∣∣bn(x)∣∣ ≤

≤
∥∥a(t)− ak(t)

∥∥
B2(DT )

·
∥∥bn(x)∥∥B2(l)

<
ε

M2

·M2 = ε.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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On solvability of mixed value problem for di�erential

equations of parabolic type with mixed maxima
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Abstract. In this article it is studied the questions of single-valued solvability of mixed value
problem for nonlinear partial di�erential equation of higher order, consisting mixed time maxima
in nonlinear right-hand side.
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