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Êîììåíòàðèè ê çàäà÷àì î âîçìóùåíèÿõ ëèíåéíîãî

óðàâíåíèÿ ìàëûì ëèíåéíûì ñëàãàåìûì è ñïåêòðàëüíûõ

õàðàêòåðèñòèê ôðåäãîëüìîâà îïåðàòîðà

c⃝ À. À. Êÿøêèí1, Á. Â. Ëîãèíîâ2, Ï. À. Øàìàíàåâ3

Àííîòàöèÿ. Â ìîíîãðàôèè [1] è ñòàòüå [2] èññëåäîâàíà çàäà÷à î âîçìóùåíèè ëèíåéíîãî óðàâ-
íåíèÿ ìàëûì ëèíåéíûì ñëàãàåìûì âèäà (B− εA)x = h ñ ôðåäãîëüìîâûì, ïëîòíî çàäàííûì
íà DB îïåðàòîðîì B : E1 ⊃ DB → E2 , DA ⊃ DB , èëè A ∈ L{E1, E2} , ε ∈ C1 - ìàëûé ïà-
ðàìåòð, E1, E2 - áàíàõîâû ïðîñòðàíñòâà. Ïðèìåíåíèå ðåçóëüòàòîâ [3, 4], ñôîðìóëèðîâàííûõ
â âèäå ëåììû î áèîðòîãîíàëüíîñòè îáîáùåííûõ æîðäàíîâûõ öåïî÷åê ïîçâîëÿåò äàòü óòî÷-
íåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ â [1, 2]. Ýòà çàäà÷à ðàññìîòðåíà çäåñü òàêæå â îáùåì ñëó÷àå
äîñòàòî÷íî ãëàäêîé (àíàëèòè÷åñêîé) ïî ε îïåðàòîð-ôóíêöèè A(ε) . Äàíî òàêæå ïðèëîæåíèå
ëåììû î áèîðòîãîíàëüíîñòè è óðàâíåíèÿ ðàçâåòâëåíèÿ â êîðíåâîì ïîäïðîñòðàíñòâå ê çàäà÷å
î âîçìóùåíèè ôðåäãîëüìîâûõ òî÷åê â C -ñïåêòðå îïåðàòîðà A(0) .

Êëþ÷åâûå ñëîâà: ëèíåéíûå îïåðàòîðû â áàíàõîâûõ ïðîñòðàíñòâàõ, òåîðèÿ âîçìóùåíèé

1. Ââåäåíèå

Ïóñòü B : E1 → E2 - ïëîòíî çàäàííûé ôðåäãîëüìîâ îïåðàòîð, DA ⊃ DB , èëè,
äëÿ ïðîñòîòû èçëîæåíèÿ, A ∈ L{E1, E2} , N(B) = span{φ(1)

1 , . . . , φ
(1)
n } ∈ E1 , N∗(B) =

= span{ψ(1)
1 , . . . , ψ

(1)
n } ∈ E∗

2 - ñîîòâåòñòâóþùèå ïîäïðîñòðàíñòâî íóëåé è äåôåêòíûõ ôóíê-
öèîíàëîâ, {γ(1)k }n1 ∈ E∗

1 è {z(1)s }n1 ∈ E2 - ñîîòâåòñòâóþùèå áèîðòîãîíàëüíûå ñèñòåìû, ò. å.

⟨φ(1)
i , γ

(1)
k ⟩ = δik , ⟨z(1)s , ψ

(1)
l ⟩ = δsl . Ýòè óñëîâèÿ ïîðîæäàþò ïðîåêòîðû P =

n∑
i=1

⟨·, γi⟩φi

è Q =
n∑

k=1

⟨·, γk⟩zk è ñîîòâåòñòâóþùèå èì ðàçëîæåíèÿ áàíàõîâûõ ïðîñòðàíñòâ E1 è E2

â ïðÿìûå ñóììû E1 = En
1 u E∞−n

1 , En
1 = N(B) , E2 = E2, n u E2,∞−n , En

1 = PE1 ,
E∞−n

1 = (I − P )E1 , E2, n = QE2 , E2,∞−n = (I −Q)E2 . Âñþäó äàëåå èñïîëüçîâàíà òåðìè-
íîëîãèÿ è îáîçíà÷åíèÿ [1].

Î ï ð å ä å ë å í è å 1.1. [1-4]. Ýëåìåíòû {φ(s)
i }i=1, n, s=1, pi

îáðàçóþò ïîëíûé êà-
íîíè÷åñêèé æîðäàíîâ íàáîð (ÎÆÍ) àíàëèòè÷åñêîé (äîñòàòî÷íî ãëàäêîé) ïî ε îïåðà-

òîð-ôóíêöèè B − A(ε) , A(ε) =
n∑

k=1

εkAk , åñëè

Bφ
(s)
k =

s−1∑
j=1

Ajφ
(s−j)
k , ⟨φ(s)

k , γ
(1)
l ⟩ = 0, s = 2, pk,

Dp = det

[
⟨
pk∑
j=1

Ajφ
(pk+1−j)
k , ψ

(1)
l ⟩

]
̸= 0, k, l = 1, n.

(1.1)

1 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
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Ýòîò ÎÆÍ áèêàíîíè÷åñêèé, åñëè ÎÆÍ ñîïðÿæåííîé îïåðàòîð-ôóíêöèè B∗ − A∗(ε) ,

îòâå÷àþùèé ýëåìåíòàì {ψ(1)
j }n1 , òàêæå êàíîíè÷åñêèé; è òðèêàíîíè÷åñêèé, åñëè áîëåå

òîãî:
⟨φ(k)

i , γ
(l)
k ⟩ = δikδjl, ⟨z(j)i , ψ

(l)
k ⟩ = δikδjl,

γ
(l)
k =

pk+1−l∑
s=1

A∗
sψ

(pk+2−l−s)
k , z

(l)
k =

pk+1−l∑
s=1

Asφ
(pk+2−l−s)
k .

(1.2)

Ç à ì å ÷ à í è å 1.1. Ïðè A(ε) = εA ïîäïðîñòðàíñòâà N(B) è N∗(B) ìîãóò
áûòü âñåãäà âûáðàíû òàê, ÷òîáû ñîîòâåòñòâóþùèå èì ýëåìåíòû A - è A∗ -æîðäàíîâûõ
íàáîðîâ îïåðàòîð-ôóíêöèé B− εA è B∗− εA∗ áûëè òðèêàíîíè÷åñêèìè, ò.å. óäîâëåòâî-
ðÿëè óñëîâèÿì áèîðòîãîíàëüíîñòè

⟨φ(j)
i , γ

(l)
k ⟩ = δikδjl, ⟨z(j)i , ψ

(l)
k ⟩ = δikδjl, j(l) = 1, pi(pk),

γ
(l)
k = A∗ψ

(pk+1−l)
k , z

(j)
i = Aφ

(pi+1−j)
i , i, k = 1, n.

(1.3)

Â ï.2 íà îñíîâå ñîîòíîøåíèÿ áèîðòîãîíàëüíîñòè (1.3) ïðèâåäåíû êîììåíòàðèè ê çàäà÷å
([1] �31)

Bx = εAx+ h, dimN(B) ≥ 1 (1.4)

Ïðèâåäåí ïðèìåð ñ êîíå÷íîìåðíûìè îïåðàòîðàìè B è A . Ï. 3 ñîäåðæèò îáîáùåíèå
íà àíàëèòè÷åñêóþ çàâèñèìîñòü îò ε A(ε) , A(ε) = 0 . Óêàçàíî ïðèëîæåíèå ê çàäà÷àì
ñ âîçìóùåííîé ãðàíèöåé. Â ï. 4 ðàññìîòðåíî ïðèëîæåíèå ÓÐÊ ê çàäà÷å î âîçìóùåíèè
ñïåêòðà âèäà A(ε)y = C(λ0 + µ)y , ãäå λ0 - ôðåäãîëüìîâà òî÷êà C -ñïåêòðà îïåðàòîðà
A0 = A(0) , ò. å. B = A0 − λC - ôðåäãîëüìîâ îïåðàòîð.

2. Êîììåíòàðèè ê çàäà÷å (1.4) ïðè n > 1

Ââîäÿ ðåãóëÿðèçàòîð Øìèäòà B̃ = B +
n∑

k=1

⟨·, γ(1)k ⟩z(1)k , çàïèøåì (1.4) â âèäå ñèñòåìû

B̃x = εAx+ h+
n∑

i=1

ξiz
(1)
i , ξk = ⟨x, γ(1)k ⟩, (2.1)

îòêóäà ïî ëåììåØìèäòà ñëåäóåò x = (I−εΓA)−1φ
(1)
i . Ïîäñòàíîâêà x âî âòîðîå óðàâíåíèå

ñèñòåìû (2.1) äàåò àíàëîã óðàâíåíèÿ ðàçâåòâëåíèÿ - ðàçðåøàþùóþ ñèñòåìó

ξk = ⟨(I − εAΓ)−1h, ψ
(1)
k ⟩+

n∑
i=1

ξi⟨(I − εΓA)−1φ
(1)
i , γ

(1)
k ⟩.

Ñîãëàñíî îïðåäåëåíèþ ÎÆÖ (1.1),(1.3) φ(j)
i = (ΓA)j−1φ

(1)
j , j = 1, 2, ... , i = 1, n , ãäå

⟨φ(j)
i , γ

(l)
k ⟩ = δjk , åñëè j äåëèòñÿ íà pi è ⟨φ(j)

i , γk⟩ = 0 - â ïðîòèâíîì ñëó÷àå, ò. å. φ(j)
i =

= φ

(
j−pi

[
j
pi

])
i , φ(0)

i = φ
(pi)
i , è ðàçðåøàþùàÿ ñèñòåìà äëÿ îïðåäåëåíèÿ ξk, k = 1, n , ïðèíè-

ìàåò âèä

−ξk
εpk

1− εpk
= ⟨(I − εAΓ)−1h, ψ

(1)
k ⟩ = ⟨h, ψ(1)

k ⟩+
∞∑
l=1

εl⟨(AΓ)l−1h, φ
(1)
k ⟩ =

= ⟨h, ψ(1)
k ⟩+

∞∑
l=1

εl⟨h, (Γ∗A∗)l−1ψ
(1)
k ⟩.
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Â ïîñëåäíåé ñóììå ñîãëàñíî îïðåäåëåíèþ ÎÆÖ ñîïðÿæåííîé îïåðàòîð-ôóíêöèè

B∗ − εA∗ , (Γ∗A∗)l−1ψ
(1)
k = ψ

(l)
k = ψ

(
l−pk

[
l

pk

])
k , ψ(0)

k = ψ
(pk)
k .

Òàêèì îáðàçîì, ïðè ó÷åòå îïðåäåëåíèÿ ÎÆÖ ñîïðÿæåííîé îïåðàòîð-ôóíêöèè ïîëó-
÷àåì ðàçðåøàþùóþ ñèñòåìó â âèäå

−ξk
εpk

1− εpk
=
[
⟨h, ψ(1)

k ⟩+ ε⟨h, ψ(2)
k ⟩+ . . .+ εpk−1⟨h, ψ(pk)

k ⟩
] 1

1− εpk
, k = 1, n,

îòêóäà ñëåäóåò

ξk = − 1

εpk

pk∑
s=1

εs−1⟨h, ψ(s)
k ⟩, k = 1, n (2.2)

Òåì ñàìûì äîêàçàíî óòâåðæäåíèå.

Ò å î ð å ì à 2.1. Ðåøåíèå óðàâíåíèÿ (1.4) àíàëèòè÷íî ïî ε , åñëè äëÿ âñåõ k

⟨h, ψ(s)
k ⟩ = 0 , s = 1, pk , è èìååò ïîëþñ ïîðÿäêà íå âûøå max

k
pk â ïðîòèâíîì ñëó÷àå.

Äåéñòâèòåëüíî, ïóñòü qk åñòü íîìåð ïåðâîãî íåíóëåâîãî ÷ëåíà â ìíîæåñòâå ñëàãàåìûõ
⟨h, ψ(1)

k ⟩, ⟨h, ψ(2)
k ⟩, . . . , ⟨h, ψ(pk)

k ⟩ . Òîãäà ξk èìååò ïîëþñ ïîðÿäêà pk−qk+1 , à ðåøåíèå óðàâ-
íåíèÿ (1.4) - ïîëþñ ïîðÿäêà max

k
(pk − qk + 1) . Åñëè âñå ⟨h, ψ(s)

k ⟩ = 0 , s = 1, pk , k = 1, n ,

òî ðåøåíèå óðàâíåíèÿ (1.4) àíàëèòè÷íî ïî ε .

Ï ð è ì å ð 2.1. B =


0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

 , A =


1 0 0 0
0 1 0 0
1 0 0 1
0 0 1 0

 , N(B) = {ē1 = (1 0 0 0) ,

ē2 = (0 1 0 0)} , N∗(B) = {ē3 = (0 0 1 0), ē4 = (0 0 0 1)} .
Òàêîé âûáîð áàçèñà ïðèâîäèò ê íåïîëíîìó ÎÆÍ, êîãäà îïðåäåëèòåëü ïîëíîòû Dp ðà-

âåí íóëþ, íî ÎÆÖ îáðûâàþòñÿ. Îñóùåñòâëÿÿ ïåðåñòðîéêó ÎÆÍ ñîãëàñíî [1, 3], ïðèõîäèì
ê áàçèñíûì ýëåìåíòàì ÎÆÍ ñëåäóþùåãî âèäà

φ
(1)
1 = e1, φ

(1)
2 = e2, φ

(2)
2 = −e1 + e4, φ

(3)
2 = −e3,

Aφ
(1)
1 = z

(1)
1 = e1 + e3, Aφ

(1)
2 = z

(3)
2 = e2, Aφ

(2)
2 = z

(2)
2 = −e1, Aφ

(3)
2 = z

(1)
2 = −e4,

ψ
(1)
1 = e3, ψ

(1)
2 = −e4, ψ

(2)
2 = −e1 + e3, ψ

(3)
2 = e2,

A∗ψ
(1)
1 = γ

(1)
1 = e1 + e4, A∗ψ

(1)
2 = γ

(3)
2 = −e3, A∗ψ

(2)
2 = γ

(2)
2 = e4, A∗ψ

(3)
2 = γ

(1)
2 = e2,

óäîâëåòâîðÿþùèì óñëîâèÿì áèîðòîãîíàëüíîñòè ⟨φ(k)
i , γ

(l)
j ⟩ = δijδkl , ⟨z(k)i , ψ

(l)
j ⟩ = δijδkl .

Ðàçðåøàþùàÿ ñèñòåìà îïðåäåëÿåò ξ1 è ξ2 â âèäå

ξ1 = −1

ε
⟨h, ψ(1)

1 ⟩, ξ2 = − 1

ε3

[
⟨h, ψ(1)

2 ⟩+ ε⟨h, ψ(2)
2 ⟩+ ε2⟨h, ψ(3)

2 ⟩
]
.

Ç à ì å ÷ à í è å 2.1. Ðåøåíèå çàäà÷è (1.4) â êàæäîì îòäåëüíîì ñëó÷àå òåîðå-
ìû 2.1. èùåòñÿ ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ [1].

Ç à ì å ÷ à í è å 2.2. Â ðàáîòå [5] òåîðåìà 2.1. äîêàçàíà ñ ïîìîùüþ òåõíèêè
óðàâíåíèé ðàçâåòâëåíèÿ â êîðíåâûõ ïîäïðîñòðàíñòâàõ.
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3. Óðàâíåíèå (1.4) ñ àíàëèòè÷åñêèì îïåðàòîðîì A(ε)

Ë å ì ì à 3.1. [5, 6]. Ñîîòíîøåíèÿ (1.2), (1.3) îïðåäåëÿþò ïðîåêòîðû

P =
n∑

i=1

pi∑
j=1

⟨·, γ(j)i ⟩φ(j)
i = ⟨·, γ⟩Φ : E1 → EK

1 = K(B,A),

Q =
n∑

i=1

pi∑
j=1

⟨·, ψ(j)
i ⟩z(j)i = ⟨·, ψ⟩z : E2 → E2,K = span {z(j)i },

ãäå Φ = (φ
(1)
1 , ..., φ

(p1)
1 , ..., φ

(1)
n , ..., φ

(pn)
n ) , âåêòîðû γ , φ è z îïðåäåëÿþòñÿ àíàëîãè÷íî,

ïîðîæäàþùèå ðàçëîæåíèÿ ïðîñòðàíñòâ E1 , E2 â ïðÿìûå ñóììû E1 = EK
1 u E∞−K

1 ,

E2 = E2,K u E2,∞−K . Çäåñü EK
1 = span{φ(1)

1 , ..., φ
(pn)
n } , E2,K = span{z(1)1 , ..., z

(pn)
n } ,

K =
n∑

s=1

ps - ðàçìåðíîñòü êîðíåâîãî ïîäïðîñòðàíñòâà EK
1 . Ïðè ýòîì ñïðàâåäëèâû ñî-

îòíîøåíèÿ ñïëåòåíèÿ

BP = QB íàDB, AP = QA íàDA,
BΦ = ABz, AΦ = AAz, A

∗ψ = AAγ,
(3.1)

ãäå AB è AA - êëåòî÷íî-äèàãîíàëüíûå ìàòðèöû AB = (B1, ..., Bn) è AA = (A1, ..., An)

ñ pi × pi -êëåòêàìè Bi =


0 0 . . . 0
0 0 . . . 1
...

...
. . .

...
0 1 . . . 0

 , Ai =


0 0 . . . 0 1
0 0 . . . 1 0
...

...
. . .

...
...

1 0 . . . 0 0

 .

Îïåðàòîðû A è B , äåéñòâóþò â èíâàðèàíòíûõ ïàðàõ ïîäïðîñòðàíñòâ EK
1 , E2,K è

E∞−K
1 , E2 è B : DB ∩ E∞−K

1 → E2,∞−K è A : EK
1 → E2,K , ÿâëÿþòñÿ èçîìîðôèçìàìè.

Ââåäåíèå ðåãóëÿðèçàòîðà Ý.Øìèäòà [1] ïîçâîëÿåò çàïèñàòü óðàâíåíèå (B − A(ε))x = h
â âèäå ñèñòåìû

B̃x = h+ A(ε)x+
n∑

i=1

ξi1z
(1)
i , ξsσ = ⟨x, γ(σ)s ⟩, s = 1, n, σ = 1, ps, (3.2)

ðåøåíèå êîòîðîé èùåòñÿ â âèäå x = w + ξ · Φ = w + v , v ∈ EK
1 . Òîãäà

B̃x = B̃w +
n∑

j=1

pj∑
k=2

ξjkBφ
(k)
j = h+ A(ε)w +

n∑
j=1

pj∑
l=1

ξjlA(ε)φ
(l)
j . (3.3)

Ñîãëàñíî (1.1) ïðè k > 2 Bφ
(k)
j =

k−1∑
r=1

Arφ
(k−r)
j = z

(pj+2−k)
j ,

pj∑
k=2

ξjkBφ
(k)
j =

=
pj∑
k=2

ξjkz
(pj+2−k)
j = ξj2z

(pj)
j + ξj3z

(pj−1)
j + . . . + ξjpjz

(2)
j è ò. ê. Γz

(pj)
j = φ

(2)
j , Γz

(pj−1)
j = φ

(3)
j ,

..., Γz
(2)
j = φ

(pj)
j , Γz

(1)
j = φ

(1)
j ; φ(pj+1)

j = φ
(1)
j , z(pj+1)

j = z
(1)
j , ïîëó÷àåì, îáðàùàÿ â (3.3)

îïåðàòîð B̃

w = (I − ΓA(ε))−1Γh−
n∑

j=1

(I − ΓA(ε))−1(ξj2φ
(2)
j + ξj3φ

(3)
j + . . .+ ξjpjφ

(pj)
j )+

+
n∑

j=1

pj∑
l=1

ξjl(I − ΓA(ε))−1ΓA(ε)φjl.
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Ïîñêîëüêó (I − ΓA(ε))−1ΓA(ε) = ΓA(ε)(I − ΓA(ε))−1 , (I − ΓA(ε))−1 = I + ΓA(ε)(I−

−ΓA(ε))−1 è −
n∑

j=1

pj∑
k=2

ξjk(I−ΓA(ε))−1φ
(k)
j +

n∑
j=1

pj∑
l=1

ξjlΓA(ε)(I−ΓA(ε))−1φ
(l)
j = −

n∑
j=1

pj∑
k=2

ξjkφ
(k)
j −

−
n∑

j=1

pj∑
k=2

ξjkΓA(ε)(I − ΓA(ε))−1φ
(k)
j +

n∑
j=1

pj∑
l=1

ξjlΓA(ε)(I − ΓA(ε))−1φ(l) = −
n∑

j=1

pj∑
k=2

ξjkφ
(k)
j +

+
n∑

j=1

ξj1ΓA(ε)(I − ΓA(ε))−1φ
(1)
j , òî âûðàæåíèå äëÿ w ïðåîáðàçóåòñÿ ê âèäó

w = Γ(I − A(ε)Γ)−1h−
n∑

j=1

pj∑
k=2

ξjkφ
(k)
j +

n∑
j=1

ξj1ΓA(ε)(I − ΓA(ε))−1φ
(1)
j . (3.4)

Òàê êàê Γ∗γ
(1)
j = ψ

(1)
j è Γ∗γ

(s)
j = ψ

(pj+2−s)
j ïðè s > 2 , ïîäñòàíîâêà x = v+w âî âòîðîå

óðàâíåíèå ñèñòåìû (3.2) äàåò

−⟨w, γ(σ)s ⟩ = 0, σ = 1, ps, s = 1, n ⇒

−⟨(I − A(ε)Γ)−1h, ψ
(1)
s ⟩ −

n∑
j=1

ξj1⟨A(ε)(I − ΓA(ε))−1φ
(1)
j , ψ

(1)
s ⟩ = 0 ïðè σ = 1,

ξsσ = ⟨(I − A(ε)Γ)−1h, ψ
(1)
s ⟩+

n∑
j=1

ξj1⟨A(ε)(I − ΓA(ε))−1φ
(1)
j , ψ

(pj+2−σ)
s ⟩ ïðè σ > 1,

èëè, ó÷èòûâàÿ, ÷òî A∗(ε)(I − Γ∗A∗(ε))−1 = (I − A∗(ε)Γ∗)−1A∗(ε)

⟨h, (I − Γ∗A∗(ε))−1ψ
(1)
s ⟩+

n∑
j=1

ξj1⟨φ(1)
j , (I − Γ∗A∗(ε))−1A∗(ε)ψ

(1)
s ⟩ = 0,

ξsσ = ⟨h, (I − Γ∗A∗(ε))−1ψ
(1)
s ⟩+

+
n∑

j=1

ξj1⟨φ(1)
j , (ε)(I − Γ∗A∗(ε))−1A∗(ε)ψ

(pj+2−σ)
s ⟩, σ = 2, ps, s = 1, n.

(3.5)

Ç à ì å ÷ à í è å 3.1. Ñ÷èòàÿ A∗(ε) , A(0) = 0 àãðåãàòîì, íå ó÷èòûâàþùèì
çàâèñèìîñòü îò ε , ò.å. ââîäÿ ÎÆÖ ñîïðÿæåííîãî îïåðàòîðà äëÿ îïåðàòîð-ôóíêöèè
B∗ − µA∗(ε) , ïðèõîäèì ê çàêëþ÷åíèþ òåîðåìû 2.1.. Áîëåå òîíêàÿ ñòðóêòóðà ðåøåíèÿ
ìîæåò áûòü ïîëó÷åíà ïðè èññëåäîâàíèè ñèñòåìû (3.5) ïðè êîíêðåòíîé çàâèñèìîñòè
îò ε îïåðàòîðà A(ε) .

Ï ð è ì å ð 3.1. Â êà÷åñòâå ïðèìåíåíèÿ óêàæåì óðàâíåíèå Ïóàññîíà ∆u = h ñ

ãðàíè÷íûìè óñëîâèÿìè Íåéìàíà
∂u

∂n

∣∣∣∣
∂Ω

= 0 â îáëàñòè ýëëèïñà Ω =
{
(x, y) | x2

a2
+ y2

b2
< 1
}
.

Îñóùåñòâëÿÿ îòîáðàæåíèå îáëàñòè ýëëèïñà x2

a2
+ y2

b2
= 1 (ïðè a − b < ε a = b ) íà êðóã

T (x, y) =
(

b
µ
x, y
)
= (ξ, η) , ïîëó÷àåì çàäà÷ó âèäà (1.4) ñ àíàëèòè÷åñêèì îïåðàòîðîì A(ε) .

Îïåðàòîð B - îïåðàòîð Ëàïëàñà â êðóãå ñ ãðàíè÷íûì óñëîâèåì Íåéìàíà.

4. Ïðèìåíåíèå óðàâíåíèÿ ðàçâåòâëåíèÿ â êîðíåâîì ïîäïðîñòðàí-
ñòâå ïðè âîçìóùåíèè ñïåêòðà

Äëÿ ñåìåéñòâà îïåðàòîðîâ A(ε) : E1 → E2 , A(0) = A0 , çàâèñÿùèõ îò ìàëîãî ïàðàìåò-
ðà ε ∈ C1 ðàññìàòðèâàåòñÿ îáîáùåííàÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ A(ε)y = λC y ,
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C : L(E1 → E2) , λ0 - n -êðàòíàÿ ôðåäãîëüìîâà òî÷êà ñïåêòðà îïåðàòîðà A0 , ò. å.
A0 − λ0C - Ô-îïåðàòîð. Ñòàâèòñÿ çàäà÷à îïðåäåëåíèÿ ñîáñòâåííûõ ÷èñåë λ = λ(ε) =
= λ0+µ(ε) îïåðàòîð-ôóíêöèè A(ε)−λ(ε)C , îòâåòâèâøèõñÿ îò ñîáñòâåííîãî çíà÷åíèÿ λ0
è ñîáñòâåííûõ ýëåìåíòîâ, èì ñîîòâåòñòâóþùèõ, íà îñíîâå ïðèìåíåíèÿ óðàâíåíèé ðàçâåòâ-
ëåíèÿ â êîðíåâûõ ïîäïðîñòðàíñòâàõ.

Ïîñòàâëåííàÿ çàäà÷à ñâîäèòñÿ ê óðàâíåíèþ By = H(ε)y+µCy ,B = A0−λ0C , H(ε) =
= A0 − A(ε) , â ïðåäïîëîæåíèè N(B) = {φi}n1 , N∗(B) = {ψj}n1 . Ñîãëàñíî [1, 4], C -

æîðäàíîâ íàáîð, îòâå÷àþùèé N(B) âñåãäà ìîæíî ñ÷èòàòü òðèêàíîíè÷åñêèì, ò. å. Bφ(s)
k =

= Cφ
(s−1)
k , B∗ψ

(s)
k = C∗ψ

(s−1)
k , s = 2, pk , k = 1, n ñî ñâîéñòâàìè (1.2), ò. å.

⟨φ(j)
i , γ

(l)
k ⟩ = δikδjl, ⟨z(j)i , ψ

(l)
k ⟩ = δikδjl, γ

(l)
k = C∗ψ

(pk+1−l)
k , z

(l)
k = Cφ

(pk+1−l)
k .

Ââîäÿ ðåãóëÿðèçàòîð Øìèäòà B̃ , B̃−1 = Γ , çàïèøåì ýêâèâàëåíòíóþ ïîñòàâëåííîé
çàäà÷å ñèñòåìó

B̃y = H(ε)y + µCy +
n∑

i=1

ξi1z
(1)
i , ξsσ = ⟨y, γ(σ)s ⟩. (4.1)

Ïîëàãàÿ y = w + v , v = ξ · Φ ∈ EK
1 , íàõîäèì B̃w +

n∑
i=1

pi∑
j=2

ξijBφ
(j)
i − µCw − H(ε)w =

= µ
n∑

i=1

pi∑
j=1

ξijCφ
(j)
i +

n∑
i=1

pi∑
j=1

ξijH(ε)φ
(j)
i , è îáðàùàÿ îïåðàòîð B̃ ñ ó÷åòîì ñîîòíîøåíèé

Cφ
(j)
i = z

(pi+1−j)
i , Γz

(pi+1−s)
k = φ

(s+1)
k , ïîëó÷àåì (I − µΓC − ΓH(ε))w =

n∑
i=1

pi∑
j=2

ξijΓCφ
(j−1)
i +

+
n∑

i=1

pi∑
j=1

ξij(µΓC + ΓH(ε))φ
(j)
i = −

n∑
i=1

pi∑
j=2

ξijφ
(j)
i +

n∑
i=1

pi∑
j=1

ξijΓ(µC +H(ε))φ
(j)
i ⇒

w = −
n∑

i=1

pi∑
j=2

ξij[I − Γ(µC + H(ε))]−1φ
(j)
i +

n∑
i=1

pi∑
j=1

ξij[I − Γ(µC + H(ε))]−1Γ(µC + H(ε))φ
(j)
i =

= −
n∑

i=1

pi∑
j=2

ξijφ
(j)
i − Γ

n∑
i=1

pi∑
j=2

ξij[I − (µC + H(ε))Γ]−1(µC + H(ε))φ
(j)
i + Γ

n∑
i=1

pi∑
j=1

ξij[I − (µC+

+H(ε))Γ]−1(µC +H(ε))φ
(j)
i = −

n∑
i=1

pi∑
j=2

ξijφ
(j)
i + Γ

n∑
i=1

ξi1[I − µC +H(ε)Γ]−1(µC +H(ε))φ
(j)
i .

Ïîäñòàâëÿÿ íàéäåííîå w âî âòîðîå óðàâíåíèå ñèñòåìû (4.1) è ó÷èòûâàÿ ðàâåíñòâà
Γ∗γ

(1)
s = ψ

(1)
s , Γ∗γ

(σ)
s = ψ

(ps+2−σ)
s , σ > 2 , ïðèõîäèì ê óðàâíåíèþ ðàçâåòâëåíèÿ â êîðíåâîì

ïîäïðîñòðàíñòâå (ÓÐÊ)

−⟨w, γ(σ)s ⟩ = 0, σ = 1, ps, s = 1, n⇒
−

n∑
i=1

ξi1⟨[I − (µC +H(ε))Γ]−1(µC +H(ε))φ
(j)
i , ψ

(1)
s ⟩ = 0,

ξ
(2)
s −

n∑
i=1

ξi1⟨[I − (µC +H(ε))Γ]−1(µC +H(ε))φ
(1)
i , ψ

(ps)
s ⟩ = 0,

ξ
(3)
s −

n∑
i=1

ξi1⟨[I − (µC +H(ε))Γ]−1(µC +H(ε))φ
(1)
i , ψ

(ps−1)
s ⟩ = 0,

. . .

ξ
(ps)
s −

n∑
i=1

ξi1⟨[I − (µC +H(ε))Γ]−1(µC +H(ε))φ
(1)
i , ψ

(2)
s ⟩ = 0, s = 1, n.

Âûäåëÿÿ ãëàâíûå ÷ëåíû ïî ñòåïåíÿì µ ïðè èñïîëüçîâàíèè ôîðìóë Cφ
(j)
i = z

(pi+1−j)
i ,

Γz
(pk+1−s)
k = φ

(s+1)
k , ïîëó÷àåì ðàçëîæåíèå [I − (µC + H(ε))Γ]−1(µC + H(ε))φ

(1)
i = [µC+

+µ2CΓC+µ3(CΓ)2C+. . .+µpi−1(CΓ)pi−2C+µpi(CΓ)pi−1C+µpi+1(CΓ)piC+µpi+2(CΓ)pi+1C+
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+ . . .]φ
(1)
i +H(ε)[I−Γ(µC+H(ε))]−1φ

(1)
i =

1

1− µpi
[µz

(pi)
i +µ2z

(pi−1)
i + . . .+µkz

(pi−k+1)
i + . . .+

+µpiz
(1)
i ] +H(ε)[I − Γ(µC +H(ε))]−1φ

(1)
i . ÓÐÊ ïðèíèìàåò âèä

− µps

1− µps
ξs1 −

n∑
i=1

ξi1⟨H(ε)[I − Γ(µC +H(ε))]−1φ
(1)
i , ψ

(1)
s ⟩ = 0,

ξ
(2)
s − µ

1− µps
ξs1 −

n∑
i=1

ξi1⟨H(ε)[I − Γ(µC +H(ε))]−1φ
(1)
i , ψ

(ps)
s ⟩ = 0,

ξ
(3)
s − µ2

1− µps
ξs1 −

n∑
i=1

ξi1⟨H(ε)[I − Γ(µC +H(ε))]−1φ
(1)
i , ψ

(ps−1)
s ⟩ = 0,

. . .

ξ
(ps)
s − µps−1

1− µps
ξs1 −

n∑
i=1

ξi1⟨H(ε)[I − Γ(µC +H(ε))]−1φ
(1)
i , ψ

(2)
s ⟩ = 0.

(4.2)

Ïîäîáíî [1] ÓÐÊ (4.2) îïðåäåëÿåò àñèìïòîòèêó ðàçâåòâëÿþùèõñÿ ðåøåíèé íà îñíîâå
ìåòîäà äèàãðàììû Íüþòîíà.

Ç à ì å ÷ à í è å 4.1. Äàííàÿ ðàáîòà íàïèñàíà ñ öåëüþ èññëåäîâàíèÿ óñòîé÷èâî-
ñòè ðàçâåòâëÿþùèõñÿ ðåøåíèé [6]. Óêàæåì çäåñü íåäàâíî îïóáëèêîâàííûå îáçîðû ðå-
çóëüòàòîâ [8-10] ïî òåîðèè âåòâëåíèÿ ðåøåíèé íåëèíåéíûõ óðàâíåíèé, ïîëó÷åííûå â
øêîëå ïðîôåññîðà Â. À. Òðåíîãèíà.

Ïîëó÷åííûå ðåçóëüòàòû ïîääåðæàíû ÔÖÏ "Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû
èííîâàöèîííîé Ðîññèè"(ñîãëàøåíèå 14.Â37.21.0373).
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Comments to the problems of small perturbations of linear

equations and linear term of the spectral characteristics of

a Fredholm operator

c⃝ A. A. Kyashkin4, B. V. Loginov5, P. A. Shamanaev6

Abstract. In the monograph [1] and the article [2] the problem on perturbation of linear equation
by small linear summand of the form (B − εA)x = h were investigated with closely de�ned on
DB Fredholmian operator B : E1 ⊃ DB → E2 , DA ⊃ DB , or A ∈ L{E1, E2} , ε ∈ C1 - small
parameter, E1 and E2 - are Banach spaces. The application of the results [3, 4] formulated in the
form of the lemma on the biorthogonality of generalized Jordan chains allows to give some retainings
of the results [1, 2]. This problem is considered here in the general case of su�ciently smooth
(analytic) by ε operator-function A(ε) . It is given also the application of the biorthogonality
lemma and branching equation in the root subspaces to the problem on perturbation of Fredholm
points in C -spectrum of the operator A(0) .
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