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Î ðàçðåøèìîñòè ñìåøàííîé çàäà÷è äëÿ ëèíåéíîãî

ïàðàáîëî-ãèïåðáîëè÷åñêîãî

èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà

c⃝ Ò. Ê. Þëäàøåâ1

Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè ñìåøàí-
íîé çàäà÷è äëÿ ëèíåéíîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ Ôðåäãîëüìà â áåñêîíå÷íîé ïîëîñå.

Êëþ÷åâûå ñëîâà: ñìåøàííàÿ çàäà÷à, óðàâíåíèå ñìåøàííîãî òèïà, èíòåãðî-
äèôôåðåíöèàëüíîå óðàâíåíèå, îäíîçíà÷íàÿ ðàçðåøèìîñòü, âûðîæäåííûå ÿäðà

Â îáëàñòè D ≡ D+∪D− ðàññìàòðèâàåòñÿ èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåä-
ãîëüìà ñìåøàííîãî òèïà

∂ u(t, x)

∂ t
=

T∫
0

K1(t, s)
∂ 2u(s, x)

∂ x2
ds+ f1(t, x), (t, x) ∈ D+,

∂ 2 u(t, x)

∂ t 2
=

0∫
−T

K2(t, s)
∂ 2u(s, x)

∂ x2
ds+ f2(t, x), (t, x) ∈ D−

(1.1)

ñ óñëîâèÿìè

u(T, x) = φ1(x), u(−T, x) = φ2(x), u(+0, x) = u(−0, x), x ∈ R, (1.2)

u(t, 0) =



φ1(0)−M1

T∫
t

a1(s)ds−
T∫
t

f1(s, 0)ds, t ∈ D+
T ,

φ1(0) + φ2(0)(t+ T ) +N1

t∫
−T

(t− s)a2(s)ds+

+
t∫

−T

(t− s)f2(s, 0)ds, t ∈ D−
T ,

(1.3)

ux(t, 0) =



φ′
1(0)−M2

T∫
t

a1(s)ds−
T∫
t

f1x(s, 0)ds, t ∈ D+
T ,

φ′
1(0) + φ′

2(0)(t+ T ) +N2

t∫
−T

(t− s)a2(s)ds+

+
t∫

−T

(t− s)f2x(s, 0)ds, t ∈ D−
T ,

(1.4)

ãäå fi(t, x) ∈ C 0,2(D) , φi(x) ∈ C 2(R) , Ki(t, s) = ai(t) · bi(s), i = 1, 2 , a1(t), b1(s) ∈ C(D+
T ) ,

a2(t), b2(s) ∈ C(D−
T ) , Mi, Ni � çàäàííûå ïîñòîÿííûå, i = 1, 2 , D+ ≡ D+

T × R , D− ≡
D−

T ×R , D+
T ≡ [0, T ] , D−

T ≡ [−T, 0] , R ≡ (−∞,∞) , 0 < T <∞ .
Îòìåòèì, ÷òî èçó÷åíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé ñìåøàííîãî òèïà ïîñâÿùåíî

ìíîãî ðàáîò (ñì., íàïð. [1] - [4]). Íî, èçó÷åíèþ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé
ñìåøàííîãî òèïà ïîñâÿùåíî ñðàâíèòåëüíî ìàëî. Èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ
èìåþò îñîáåííîñòåé â âîïðîñå îäíîçíà÷íîé ðàçðåøèìîñòè [5], [6]. Â ðàáîòå [7] èçó÷åíà

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursunbay@rambler.ru.
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êðàåâàÿ çàäà÷à äëÿ ïàðàáîëî-ãèïåðáîëè÷åñêîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ
Ôðåäüãîëüìà â ïðÿìîóãîëüíèêå.

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè ñìåøàííîé çà-
äà÷è äëÿ ëèíåéíîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ
Ôðåäãîëüìà â áåñêîíå÷íîé ïîëîñå. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî èíòåãðàëüíûå ÿäðà ó
çàäàííûõ óðàâíåíèé - âûðîæäåííûå.

Ïîä ðåøåíèåì çàäà÷è (1.1)-(1.4) â îáëàñòè D ≡ D+∪D− ïîíèìàåòñÿ ôóíêöèÿ u(t, x) ,
êîòîðàÿ â îáëàñòÿõ D+ è D− ÿâëÿåòñÿ ðåãóëÿðíûì ðåøåíèåì ñîîòâåòñòâóþùåãî óðàâíå-
íèÿ è óäîâëåòâîðÿåò çàäàííûì óñëîâèÿì (1.2)-(1.4).

Ñíà÷àëà ðàññìîòðèâàåòñÿ ïåðâîå óðàâíåíèå èç (1.1) â îáëàñòè D+

∂ u(t, x)

∂ t
=

T∫
0

K1(t, s)
∂ 2u(s, x)

∂ x2
ds+ f1(t, x), (t, x) ∈ D+. (1.5)

Èñïîëüçóåòñÿ ìåòîä èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà ñ âûðîæäåííûìè ÿäðàìè.
Ïðè ïîìîùè îáîçíà÷åíèÿ

c1(x) =

T∫
0

b1(s)
∂ 2u(s, x)

∂ x2
ds (1.6)

èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåäãîëüìà (1.5) ïåðåïèøåòñÿ â ïðîñòåéøåì âèäå

∂ u(t, x)

∂ t
= a1(t)c1(x) + f1(t, x), (t, x) ∈ D+.

Ñ ó÷åòîì óñëîâèÿ (1.2) èíòåãðèðîâàíèå ïîñëåäíåãî ðàâåíñòâà ïî t äàåò

u(t, x) = φ1(x)− c1(x)

T∫
t

a1(s)ds−
T∫
t

f1(s, x)ds, (t, x) ∈ D+. (1.7)

Òåïåðü îïðåäåëèì c1(x) â (1.7). Äèôôåðåíöèðóÿ (1.7) äâà ðàçà ïî x , ïîëó÷àåì

ux(t, x) = φ′
1(x)− c′1(x)

T∫
t

a1(s)ds−
T∫
t

f1x(s, x)ds, (t, x) ∈ D+, (1.8)

uxx(t, x) = φ′′
1(x)− c′′1(x)

T∫
t

a1(s)ds−
T∫
t

f1xx(s, x)ds, (t, x) ∈ D+. (1.9)

Ïîäñòàíîâêà (1.9) â (1.6) äàåò ñëåäóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå îòíîñèòåëüíî
c1(x)

c1(x) =

T∫
0

b1(s)

φ′′
1(x)− c′′1(x)

T∫
s

a1(θ)dθ −
T∫

s

f1xx(θ, x)dθ

 ds
èëè

c1(x) = −A · c′′1(x) + F0(x), (1.10)

ãäå

A =

T∫
0

b1(s)q1(s)ds, q1(t) =

T∫
t

a1(s)ds,
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F0(x) = φ′′
1(x)

T∫
0

b1(s)ds−
T∫

0

b1(s)

T∫
s

f1xx(θ, x)dθds.

Ïóñòü

A =

T∫
0

b1(s)q1(s)ds > 0. (1.11)

Òîãäà óðàâíåíèå (1.10) çàïèøåòñÿ â âèäå

c′′1(x) + B · c1(x) = F (x), (1.12)

ãäå B = A−1, F (x) = B · F0(x) .
Ðåøàÿ äèôôåðåíöèàëüíîå óðàâíåíèå (1.12) ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿí-

íûõ, ïîëó÷àåì

c1(x) = D1 cosµx+D2 sinµx+
1

µ

x∫
0

F (y)Q(x, y)dy, (1.13)

ãäå Q(x, y) = sinµ(x− y), µ =
√
B , êîýôôèöèåíòû Di ïîäëåæàò îïðåäåëåíèþ, i = 1, 2 .

Èç (1.13) èìååì
c1(0) = D1, c

′
1(0) = µD2. (1.14)

Ñ ó÷åòîì (1.14) èç (1.7) è (1.8) ïîëó÷àåì, ÷òî

u(t, 0) = φ1(0)−D1

T∫
t

a1(s)ds−
T∫
t

f1(s, 0)ds, (1.15)

ux(t, 0) = φ′
1(0)− µD2

T∫
t

a1(s)ds−
T∫
t

f1x(s, 0)ds. (1.16)

Ñðàâíåíèå ñîîòíîøåíèé (1.15) è (1.16) ñ çàäàííûìè óñëîâèÿìè (1.3) è (1.4) äàåò

D1 =M1, D2 =
M2

µ
.

Èòàê, ôóíêöèÿ (1.13) ïðèíèìàåò âèä

c1(x) =M1 cosµx+
M2

µ
sinµx+

1

µ

x∫
0

F (y)Q(x, y)dy. (1.17)

Ïîäñòàíîâêà (1.17) â (1.7) äàåò

u(t, x) = φ1(x) + q1(t)
{
M1 cosµx+

M2

µ
sinµx+

+
1

µ

x∫
0

F (y)Q(x, y)dy
}
−

T∫
t

f1(s, x)ds, (t, x) ∈ D+

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 3



Î ðàçðåøèìîñòè ñìåøàííîé çàäà÷è äëÿ ëèíåéíîãî ïàðàáîëî- . . . 161

èëè

u(t, x) = φ1(x)−
T∫
t

f1(s, x)ds−

−q1(t)
{
M1 cosµx+

M2

µ
sinµx+ µ

T∫
0

b1(s)ds

x∫
0

φ′′
1(y)Q(x, y)dy−

−µ
x∫

0

Q(x, y)

T∫
0

b1(s)

T∫
s

f1yy(θ, y)dθdsdy
}
, (t, x) ∈ D+, (1.18)

ãäå Q(x, y) = sinµ(x− y), µ =
√
B , A =

T∫
0

b1(s)q1(s)ds , q1(t) =
T∫
t

a1(s)ds .

Èòàê, â îáëàñòè D+ ðåøåíèå óðàâíåíèÿ (1.5) ïðè ñîîòâåòñòâóþùèõ óñëîâèÿõ (1.2)-(1.4)
èìååò âèä (1.18).

Òåïåðü ðàññìîòðèì âòîðîå óðàâíåíèå èç (1.1) â îáëàñòè D−

∂ 2 u(t, x)

∂ t 2
=

0∫
−T

K2(t, s)
∂ 2u(s, x)

∂ x2
ds+ f2(t, x), (t, x) ∈ D−. (1.19)

Ïóñòü

A =

0∫
−T

b2(s)q2(s)ds > 0, (1.20)

ãäå q2(t) =
t∫

−T

a2(s)ds .

Òîãäà, ðåøàÿ óðàâíåíèÿ (1.19) â îáëàñòè D− àíàëîãè÷íûì îáðàçîì, ïîëó÷èì åãî îáùåå
ðåøåíèå â ñëåäóþùåì âèäå

u(t, x) = E1(x) + E2(x)(t+ T ) +

t∫
−T

(t− s)f2(s, x)ds+

+q2(t)
{
N1 ch νx+

N2

ν
sh νx− ν

0∫
−T

b2(s)

x∫
0

Q(x, y)
(
E ′′

1 (y) + E ′′
2 (y)(s+ T )

)
dsdy−

−ν
x∫

0

Q(x, y)

0∫
−T

b2(s)

s∫
−T

(s− θ)f2yy(θ, y)dθdsdy
}
, (t, x) ∈ D−, (1.21)

ãäå Ei(x) � ïðîèçâîëüíûå ôóíêöèè, êîòîðûå ïîäëåæàò îïðåäåëåíèþ, i = 1, 2 , Q(x, y) =

sh ν(x+ y) + sh ν(x− y), ν =
√
A

−1
, A =

0∫
−T

b2(s)q2(s)ds , q2(t) =
t∫

−T

a2(s)ds .

Èñïîëüçóÿ óñëîâèþ (1.2), èç (1.18) è (1.21) ïîëó÷àåì

u(−T, x) = φ2(x) = E1(x), (1.22)
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u(+0, x) = φ1(x)−
T∫

0

f1(s, x)ds−

−q1(0)
{
M1 cosµx+

M2

µ
sinµx+ µ

T∫
0

b1(s)ds

x∫
0

φ′′
1(y)Q(x, y)dy−

−µ
x∫

0

Q(x, y)

T∫
0

b1(s)

T∫
s

f1yy(θ, y)dθdsdy
}
, (1.23)

u(−0, x) = φ2(x) + T · E2(x)−
0∫

−T

sf2(s, x)ds+

+q2(0)
{
N1 ch νx+

N2

ν
sh νx− ν

0∫
−T

b2(s)

x∫
0

Q(x, y)
(
φ′′
2(y) + E ′′

2 (y)(s+ T )
)
dsdy−

−ν
x∫

0

Q(x, y)

0∫
−T

b2(s)

s∫
−T

(s− θ)f2yy(θ, y)dθdsdy
}
. (1.24)

Â ñèëó òîãî, ÷òî u(+0, x) = u(−0, x) , èç (1.23) è (1.24) ïðèäåì ê èíòåãðî-
äèôôåðåíöèàëüíîìó óðàâíåíèþ îòíîñèòåëüíî íåèçâåñòíîãî êîýôôèöèåíòà E2(x) :

E2(x) = Ψ(x) + λ

x∫
0

Q(x, y)E ′′
2 (y)dy, (1.25)

ãäå

Ψ(x) =
1

T

{
Φ(x)− φ2(x) +

0∫
−T

sf2(s, x)ds− q2(0)
[
N1 ch νx+

N2

ν
sh νx−

−ν
0∫

−T

b2(s)

x∫
0

Q(x, y)φ′′
2(y)dsdy−

−ν
x∫

0

Q(x, y)

0∫
−T

b2(s)

s∫
−T

(s− θ)f2yy(θ, y)dθdsdy
]}
,

Φ(x) îïðåäåëÿåò ïðàâóþ ÷àñòü (1.23), λ = ν
0∫

−T

b2(s)(s+ T )ds .

Ïîñêîëüêó Ψ(x) è Q(x, y) � ïî x äâà ðàçà íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè,
òî íåòðóäíî óáåäèòüñÿ, ÷òî èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå (1.25) èìååò åäèíñòâåí-
íîå äâà ðàçà íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå íà ÷èñëîâîé îñè. Ýòî ðåøåíèå íàõî-
äèòñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ïðè ýòîì èòåðàöèîííûé ïðîöåññ Ïèêàðà
ìîæíî ñòðîèòü ñëåäóþùèì îáðàçîì:

E1
2(x) = Ψ(x), Ek+1

2 (x) = Ψ(x) + λ

x∫
0

Q(x, y)Ek
2
′′(y)dy, k = 1, 2, . . . .
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Ïîäñòàâëÿÿ (1.22) è ðåøåíèå èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.25) â (1.21),
çàâåðøèì ïðîöåññ îòûñêàíèÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è (1.1)-(1.4).

Òàêèì îáðàçîì, äîêàçàíî, ÷òî ñïðàâåäëèâà ñëåäóþùàÿ

Ò å î ð å ì à 1.1. Ïóñòü:
1) Âûïîëíÿþòñÿ óñëîâèÿ (1.11) è (1.20) ;
2) Ki(t, s) = ai(t) · bi(s), i = 1, 2 ;

3) max
{
|φi(x)|; |fi(t, x)|

}
<∞, i = 1, 2 ;

4)

∣∣∣∣ x∫
0

φ′′
1(y)Q(x, y)dy

∣∣∣∣ <∞ ;

5)

∣∣∣∣ x∫
0

Q(x, y)f1yy(t, y)dy

∣∣∣∣ <∞ ;

6)

∣∣∣∣ x∫
0

Q(x, y)
(
φ′′
1(y) + φ′′

2(y)(t+ T )
)
dy

∣∣∣∣ <∞ ;

7)

∣∣∣∣ x∫
0

Q(x, y)f2yy(t, y)dy

∣∣∣∣ <∞ .

Òîãäà â îáëàñòè D ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1.1)-(1.4).
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On solvability of mixed value problem for linear

parabolo-hyperbolic Fredholm integro-di�erential equation

c⃝ T. K. Yuldashev2

Abstract. In this paper it is considered the questions of one-value solvability of mixed value
problem for linear parabolo-hyperbolic Fredholm integro-di�erential equation in an in�nite strip.

Key Words: mixed value problem, mixed type equation, integro-di�erential equation, one-value
solvability, degenerate kernels
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