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Î ñïîñîáå ðåøåíèÿ çàäà÷è íåñòàöèîíàðíîé äèôôóçèè

ðàäîíà â êóñî÷íî-àíèçîòðîïíûõ ñðåäàõ

c⃝ A. Ð. Áèêáàåâà1,Â. Í. Êðèçñêèé2

Àííîòàöèÿ. Â ðàáîòå ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü äèôôóçèè ðàäîíà â ñëîèñòûõ àíèçî-
òðîïíûõ ñðåäàõ ñ àíèçîòðîïíûìè âêëþ÷åíèÿìè, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé êðàåâóþ çàäà÷ó
ìàòåìàòè÷åñêîé ôèçèêè ïàðàáîëè÷åñêîãî òèïà. Ïðåäëîæåí êîìáèíèðîâàííûé ñïîñîá ðåøå-
íèÿ çàäà÷è íà îñíîâå ìåòîäîâ èíòåãðàëüíûõ ïðåîáðàçîâàíèé, èíòåãðàëüíûõ ïðåäñòàâëåíèé è
ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: äèôôóçèÿ ðàäîíà, àíèçîòðîïíàÿ ñðåäà, êðàåâàÿ çàäà÷à, ìåòîä èíòå-
ãðàëüíûõ ïðåîáðàçîâàíèé è èíòåãðàëüíûõ ïðåäñòàâëåíèé, ïðåîáðàçîâàíèå Ëàïëàñà.

1. Ââåäåíèå

Ðàäîí èç-çà ñïåöèôè÷åñêèõ îñîáåííîñòåé ÿâëÿåòñÿ èíäèêàòîðîì ïðè ðàçëè÷íûõ ãåî-
ëîãè÷åñêèõ è ãåîòåõíè÷åñêèõ èññëåäîâàíèÿõ. Äèíàìè÷åñêèå èçìåíåíèÿ êîíöåíòðàöèè ðà-
äîíà â ïðèïîâåðõíîñòíîì ñëîå ïî÷âû îòðàæàþò äèíàìè÷åñêèå èçìåíåíèÿ íàïðÿæåííî-
äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãîðíîãî ìàññèâà â çíà÷èòåëüíîì îáúåìå, ÷òî ñëóæèò îñíî-
âîé äëÿ èññëåäîâàíèÿ ïîëÿ âàðèàöèé ýêñãàëÿöèè ðàäîíà êàê êðàòêîñðî÷íîãî ïðåäâåñòíèêà
ñåéñìè÷åñêèõ ñîáûòèé [1]. Â ãåîëîãèè èçîòîïû ðàäîíà èñïîëüçóþòñÿ äëÿ ïîèñêà óðàíîâûõ
è òîðèåâûõ ðóä, à òàêæå äëÿ ãåîëîãè÷åñêîãî è ýêîëîãè÷åñêîãî êàðòèðîâàíèÿ, ïîèñêà íåô-
òÿíûõ ìåñòîðîæäåíèé.

Èçó÷åíèå ïðîöåññîâ ðàñïðåäåëåíèÿ ðàäîíà â ãðóíòå ñâÿçàíî ñ ðåøåíèåì ïàðàáîëè÷å-
ñêèõ êðàåâûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Ðàçðàáîòêà àëãîðèòìîâ ðåøåíèÿ ïîäîáíîãî
òèïà çàäà÷ è ïðîãðàìì ðàñ÷åòà äàííûõ èìååò ïðàêòè÷åñêîå çíà÷åíèå âî ìíîãèõ íàó÷íûõ
íàïðàâëåíèÿõ: ñåéñìîëîãèÿ, ãåîõèìèÿ, ðàçâåäî÷íàÿ ãåîôèçèêà è ò.ä.

2. Ïîñòàíîâêà çàäà÷è è ñïîñîá ðåøåíèÿ

Áåç îãðàíè÷åíèé îáùíîñòè ðàññóæäåíèé áóäåì ðàññìàòðèâàòü ãîðèçîíòàëüíî-ñëîèñòóþ
ìîäåëü ñðåäû ñ ëîêàëüíûìè âêëþ÷åíèÿìè, îòðàæàþùóþ òèïîâóþ ñòðóêòóðó íåôòåíîñíî-
ãî ðàéîíà.

Ïóñòü ãîðèçîíòàëüíî-ñëîèñòàÿ ñðåäà ðàçäåëåíà ãëàäêèìè ïàðàìåòðè÷åñêè çàäàííûìè
ãðàíèöàìè γ0.0, γ1.0, . . . , γN−1.0 íà ãîðèçîíòàëüíûå ñëîè Ω0.0,Ω1.0, . . . ,ΩN.0 , çàïîëíåííûå
âåùåñòâîì, äèôôóçèîííûå ñâîéñòâà êîòîðîãî îïèñûâàþòñÿ ñèììåòðè÷íûìè òåíçîðàìè
D0.0, D1.0, . . . , DN.0 ñîîòâåòñòâåííî.

Êàæäûé ñëîé Ωi.0 ñîäåðæèò Mi ëîêàëüíûõ âêëþ÷åíèé Ωi.j(j = 1,Mi) ñ ãðàíèöàìè
Ωi.j , çàïîëíåííûõ âåùåñòâîì, ôèçè÷åñêèå ñâîéñòâà êîòîðîãî îïèñûâàþòñÿ ïîñòîÿííûìè
ñèììåòðè÷íûìè òåíçîðàìè äèôôóçèè Di.j, i = 0, N, j = 1,Mi .

1 Àññèñòåíò êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî ãîñó-
äàðñòâåííîãî óíèâåðñèòåòà, ã. Ñòåðëèòàìàê; albinabikbaeva@gmail.com.

2 Çàì. äèðåêòîðà ïî íàó÷íîé ðàáîòå è èííîâàöèÿì, Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî ãîñóäàð-
ñòâåííîãî óíèâåðñèòåòà, ã. Ñòåðëèòàìàê; Krizsky@rambler.ru.
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Ìàòåìàòè÷åñêàÿ ìîäåëü ïåðåíîñà ðàäîíà â îáëàñòè èññëåäîâàíèÿ Ω =
∪N
i=0

∪Mi

j=1Ωi.j ⊂
R3 ìîæåò áûòü ïðåäñòàâëåíà íà÷àëüíî-êðàåâîé çàäà÷åé âèäà:

∂Ai.j(P, t)

∂t
= div(Di.j∇Ai.j(P, t))− λ(Ai.j(P, t)− Ai.∞), P ∈ Ωi.j, i = 0, N, j = 0,Mi; (2.1)

(Di.0∇Ai.0(P, t), n)|γi.0 = (Di+1.0∇Ai+1.0(P, t), n)|γi.0 , i = 0, N − 1; (2.2)

Ai.0(P, t)|γi.0 = Ai+1.0(P, t)|γi.0 , i = 0, N − 1; (2.3)

(Di.j∇Ai.j(P, t), n)|γi.j = (Di.0∇Ai.0(P, t), n)|γi.j , i = 0, N, j = 1,Mi; (2.4)

Ai.j(P, t)|γi.j = Ai.0(P, t)|γi.j , i = 0, N, j = 1,Mi; (2.5)

lim
z→∞

AN.0(P, t) = AN.∞, lim
z→−∞

A0.0(P, t) = 0; lim
P→∞,z=const

Ai.0(P, t) = Aíi
(P, t), i = 0, N ; (2.6)

Ai.j(P, 0) = 0, i = 0, N, j = 0,Mi. (2.7)

Çäåñü Ai.j(P, t) � îáúåìíàÿ àêòèâíîñòü ðàäîíà â ãðóíòå, P (x, y, z) ; λ � ïîñòîÿííàÿ
ðàñïàäà ðàäîíà; Ai.∞ � îáúåìíàÿ àêòèâíîñòü ðàäîíà, íàõîäÿùåãîñÿ â ðàäèîàêòèâíîì
ðàâíîâåñèè ñ ðàäèåì (226Ra) íà çàäàííîé ãëóáèíå â ãðóíòå i -ãî ñëîÿ, êîòîðàÿ ðàâíà
Ai.∞ = Ki.emAi.Raρi.s(1− ηi)) , Ki.em � êîýôôèöèåíò ýìàíèðîâàíèÿ ðàäîíà, Ai.Ra � óäåëü-
íàÿ àêòèâíîñòü 226Ra , ρi.s � ïëîòíîñòü òâåðäûõ ÷àñòèö, ηi � ïîðèñòîñòü ãðóíòà, Aíi

(P, t)
� íîðìàëüíîå ïîëå ðàäîíà, îïèñûâàþùåå äèôôóçèþ ðàäîíà â ñëîèñòîé ñðåäå â ïðåäïîëî-
æåíèè îòñóòñòâèÿ âêëþ÷åíèé. Ïåðåìåííàÿ t ≥ 0 � âðåìÿ.

Ïðåäñòàâèì èñêîìóþ ôóíêöèþ îáúåìíîé àêòèâíîñòè ðàäîíà â ãðóíòå Ai.j(P, t) â âèäå
ñóììû äâóõ âñïîìîãàòåëüíûõ ôóíêöèé àíîìàëüíîãî Ai.j(P, t) è íîðìàëüíîãî Aíi

(P, t)
ïîëåé, ò.å.

Ai.j(P, t) = Ai.j(P, t) + Aíi
(P, t), i = 0, N, j = 0,Mi,

ãäå íîðìàëüíîå ïîëå ðàäîíà îïðåäåëÿåòñÿ êðàåâîé çàäà÷åé:

∂Aíi
(P, t)

∂t
= div(Di.0∇Aíi

(P, t))− λ(Aíi
(P, t)− Ai.∞), P ∈ Ωi.0, i = 0, N ; (2.8)

(Di.0∇Aíi
(P, t), n)|γi.0 = (Di+1.0∇Aíi+1

(P, t), n)|γi.0 , i = 0, N − 1; (2.9)

Aíi
(P, t)|γi.0 = Aíi+1.0

(P, t)|γi.0 , i = 0, N − 1; (2.10)

lim
z→∞

AíN
(P, t) = A∞, lim

z→−∞
Aí0(P, t) = 0; (2.11)

Aíi
(P, 0) = 0, i = 0, N. (2.12)

×èñëåííîå ðåøåíèå çàäà÷è (2.8) � (2.12) â ñëó÷àå êóñî÷íî-îäíîðîäíîé ãîðèçîíòàëüíî-
ñëîèñòîé ñðåäû ñ ïëîñêèìè ãðàíèöàìè ïîëó÷åíî â [2].

Ñ ó÷åòîì çàäà÷è (2.8) � (2.12) àíîìàëüíîå ïîëå ðàäîíà óäîâëåòâîðÿåò ñëåäóþùåé êðà-
åâîé çàäà÷å:

∂Ai.j(P, t)

∂t
= div(Di.j∇Ai.j(P, t))− λAi.j(P, t), P ∈ Ωi.j, i = 0, N, j = 0,Mi; (2.13)

((Di.0∇Ai.0(P, t), n)|γi.0 = ((Di+1.0∇Ai+1.0(P, t), n)|γi.0 , i = 0, N − 1; (2.14)

Ai.0(P, t)|γi.0 = Ai+1.0(P, t)|γi.0 , i = 0, N − 1; (2.15)

((Di.j∇Ai.j(P, t), n)|γi.j = [(Di.0∇Ai.0(P, t), n) + ψi.0(P )]|γi.j , i = 0, N, j = 1,Mi, (2.16)

ψi.0(P ) = ((Di.0 −Di.j)∇Aíi
(P, t), n);
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Ai.j(P, t)|γi.j = Ai.0(P, t)|γi.j , i = 0, N, j = 1,Mi; (2.17)

lim
P→∞

Ai.0(P, t) = 0, i = 0, N,Ai.j(P, 0) = 0, i = 0, N, j = 0,Mi. (2.18)

Ïðèìåíèì ê çàäà÷å (2.13) � (2.18) ñïîñîá ðåøåíèÿ, îïèñàííûé â ðàáîòå [3], èñïîëüçóÿ
èíòåãðàëüíîå ïðåîáðàçîâàíèå Ëàïëàñà

F (P, s) =

∞∫
0

A(P, t)e−stdt. (2.19)

Ïîëó÷èì ñëåäóþùóþ êðàåâóþ çàäà÷ó:

div(Di.j∇Fi.j(P, s))− (s+ λ)Fi.j(P, s) = 0, P ∈ Ωi.j, i = 0, N, j = 0,Mi; (2.20)

(Di.0∇Fi.0(P, s), n)|γi.0 = (Di+1.0∇Fi+1.0(P, s), n)|γi.0 , i = 0, N − 1; (2.21)

Fi.0(P, s)|γi.0 = Fi+1.0(P, s)|γi.0 , i = 0, N − 1; (2.22)

(Di.j∇Fi.j(P, s), n)|γi.j = [(Di.0∇Fi.0(P, s), n+ Fψi.0
(P )]|γi.j , i = 0, N − 1, j = 1,Mi, (2.23)

Fψi.0
(P ) = ((Di.0 −Di.j)∇Fíi

(P, s), n);

Fi.j(P, s)|γi.j = Fi.0(P, s)|γi.j , i = 0, N, j = 1,Mi; (2.24)

lim
P→∞

Fi.j(P, s) = 0, i = 0, N, (2.25)

ãäå ôóíêöèÿ Fψi.0
(P ) � îáðàç ôóíêöèè ψi.0(P ) ïðè ïðåîáðàçîâàíèè (2.19).

Äëÿ ðåøåíèÿ çàäà÷è (2.20) � (2.25) ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó äëÿ ôóíê-
öèè Ãðèíà G(P,Q) � ôóíêöèè òî÷å÷íîãî èñòî÷íèêà, íàõîäÿùåãîñÿ â ïðîèçâîëüíîé òî÷êå
Q(xq, yq, zq) è ãåíåðèðóþùåãî äèôôóçèîííîå ïîëå åäèíè÷íîé èíòåíñèâíîñòè âî âìåùàþ-
ùåì ïðîñòðàíñòâå (â ñëîèñòîé ñðåäå áåç âêëþ÷åíèé):

div(Di.0∇Gi.0(P,Q))− (s+ λ)Gi.0(P,Q) = −δ(P,Q), P ∈ Ωi.0, i = 0, N ; (2.26)

(Di.0∇Gi.0(P,Q), n)|γi.0 = (Di+1.0∇Gi+1.0(P,Q), n)|γi.0 , i = 0, N − 1; (2.27)

Gi.0(P,Q)|γi.0 = Gi+1.0(P,Q)|γi.0 , i = 0, N − 1; (2.28)

lim
P→∞

Gi.j(P,Q) = 0, i = 0, N. (2.29)

Èíòåãðàëüíîå ïðåäñòàâëåíèå çàäà÷è (2.20) � (2.25) áóäåò èìåòü âèä:

F (P, s) =
N∑
i=0

Mi∑
j=1

∫
γi.j

Fi.j(Q, s)[(Di.0−Di.j)∇Gi.0(P,Q), nQ)]dγi,jQ+
N∑
i=0

Mi∑
j=1

∫
γi.j

Fψi.0
(Q)Gi.0(P,Q)dγi,jQ .

Çäåñü nQ � âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå âêëþ÷åíèÿ â òî÷êå Q , à ãðàíè÷íûå
çíà÷åíèÿ ôóíêöèè Fi.j(Q, s) íàõîäÿòñÿ êàê ðåøåíèå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé
Ôðåäãîëüìà âòîðîãî ðîäà:

F (P, s)−
N∑
i=0

Mi∑
j=1

∫
γi.j

Fi.j(Q, s)[(Di.0−Di.j)∇Gi.0(P,Q), nQ]dγi.jQ =
N∑
i=0

Mi∑
j=1

∫
γi.j

Fψi.0
(Q)Gi.0(P,Q)dγi.jQ .

Îáðàùåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà (2.19) ïðîãðàììíî ðåàëèçóåòñÿ ñ ïîìîùüþ îáîá-
ùåííûõ êâàäðàòóðíûõ ôîðìóë íàèâûñøåé ñòåïåíè òî÷íîñòè [4].
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About the method of the solution problem of

non-stationary di�usion of radon in piecewise and

anisotropic media

c⃝ A. R. Bikbaeva3,V. N. Krizsky4

Abstract. In the work the mathematical model of di�usion of radon in layered anisotropic media
with anisotropic inclusions which represents a boundary problem of mathematical physics of
parabolic type is constructed.The combined method of the solution problem on the basis of methods
of integral transformations, integral representations and the boundary integral equations is o�ered.

Key Words: di�usion of radon, anisotropic media, boundary problem, method of integral
transformations and integral representations, Laplace transform.
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