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Ãåíåðàöèÿ ñèñòåìû óðàâíåíèé ìåòîäîì Ãàëåðêèíà äëÿ

ðåøåíèÿ çàäà÷è îá óñòàíîâèâøèõñÿ êîëåáàíèÿõ

c⃝ Å. Ï. Òðåìàñîâà1, Ä. È. Áîÿðêèí2

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà â çàäà÷å îá óñòà-
íîâèâøèõñÿ êîëåáàíèÿõ. Â ðàáîòå ïîñòðîåíà ñèñòåìà áàçèñíûõ ôóíêöèé è ïîëó÷åíà ôîð-
ìà Ãàëåðêèíà äëÿ ñîîòâåòñòâóþùåãî äèôôåðåíöèàëüíîãî îïåðàòîðà. Ñãåíåðèðîâàíà ñèñòåìà
óðàâíåíèé, ïîñòðîåíà ðàçíîñòíàÿ ñõåìà.

Êëþ÷åâûå ñëîâà: áàçèñíûå ôóíêöèè, ôîðìà Ãàëåðêèíà, ñëàáîå ðåøåíèå, çàäà÷à Äèðèõëå.

1. Íåêîòîðûå âñïîìîãàòåëüíûå îïðåäåëåíèÿ

Ðàññìîòðèì íåêîòîðîå ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå

Au = f (x ∈ R), (1.1)

ãäå A � íåêîòîðûé äèôôåðåíöèàëüíûé îïåðàòîð
Ïîä ñëàáûì ðåøåíèåì áóäåì ïîíèìàòü ôóíêöèþ u(x) ,êîòîðàÿ óäîâëåòâîðÿåò óðàâíå-

íèþ
(Au, v) = (f, v) (äëÿ âñåõ v ∈ H). (1.2)

Ïðîñòðàíñòâî H ñîäåðæèò âñå èçìåðèìûå äîïóñòèìûå ôóíêöèè, êîòîðûå îáðàùàþòñÿ
â íóëü íà ãðàíèöå ∂R , è ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå H(u, v) îïðåäåëÿåòñÿ
ñëåäóþùèì îáðàçîì äëÿ ëþáûõ u(x), v(x) ∈ H :

(u, v) =

∫
R

u(x)v(x)dx. (1.3)

Ïîä ôîðìîé Ãàëåðêèíà áóäåì ïîíèìàòü ñëàáóþ ôîðìó çàäà÷è, âîçíèêàþùóþ ïîñëå k
ðàç èíòåãðèðîâàíèÿ ïî ÷àñòÿì, åñëè äèôôåðåíöèàëüíûé îïåðàòîð èìååò ïîðÿäîê 2k .

2. Ïîñòðîåíèå áàçèñíûõ ôóíêöèé

Ðàññìîòðèì [xi, xi+1]× [yj, yj+1] � ïðÿìîóãîëüíèê ðàâíîìåðíîé ñåòêè ñ øàãîì h . Áèëè-
íåéíàÿ ôîðìà, ïðèáëèæàþùàÿ ôóíêöèþ f(x, y) íà ïðÿìîóãîëüíîì ýëåìåíòå èìååò âèä:

pi,j1 = αi,j(x, y)fi,j + βi+1,j(x, y)fi+1,j + γi,j+1(x, y)fi,j+1 + δi+1,j+1(x, y)fi+1,j+1, (2.1)

1 Ìàãèñòðàíò 1-ãî ãîäà îáó÷åíèÿ, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í. Ï. Îãàðåâà,
ã. Ñàðàíñê; tremasovaep@gmail.ru.

2 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; boyarkindi@gmail.ru.
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ãäå

αi,j(x, y) =
1

h2
(xi+1 − x)(yj+1 − y), (2.2)

βi+1,j(x, y) =
1

h2
(x− xi)(yj+1 − y), (2.3)

γi,j+1(x, y) =
1

h2
(xi+1 − x)(y − yj), (2.4)

δi+1,j+1(x, y) =
1

h2
(x− xi)(y − yj), (2.5)

ãäå 1 ≤ i, j ≤ m− 1 .
Êóñî÷íàÿ àïïðîêñèìàöèÿ ôóíêöèé íà êâàäðàòå [x0, xm]×[y0, ym] çàäàåòñÿ âûðàæåíèåì

f(x, y) =
m∑
i=0

m∑
j=0

f̃φi,j(x, y). (2.6)

φi,j(x, y) =



1

h2
(x− xi−1)(y − yj−1), xi−1 ≤ x ≤ xi, yj−1 ≤ y ≤ yj;

1

h2
(x− xi−1)(yj+1 − y), xi−1 ≤ x ≤ xi, yj ≤ y ≤ yj+1;

1

h2
(xi+1 − x)(y − yj−1), xi ≤ x ≤ xi+1, yj−1 ≤ y ≤ yj;

1

h2
(xi+1 − x)(yj+1 − y), xi ≤ x ≤ xi+1, yj ≤ y ≤ yj+1;

0, ïðè äðóãèõ çíà÷åíèÿõ àðãóìåíòà,

(2.7)

ãäå 1 ≤ i, j ≤ m− 1 .
Âû÷èñëèì ïðîèçâîäíûå ôóíêöèé φi,j(x, y) ïî ïðîñòðàíñòâåííûì ïåðåìåííûì x, y .

×àñòíàÿ ïðîèçâîäíàÿ ôóíêöèé φi,j(x, y) ïî ïåðåìåííîé x èìååò âèä

∂φi,j(x, y)

∂x
=



1

h2
(y − yj−1), xi−1 ≤ x ≤ xi, yj−1 ≤ y ≤ yj;

1

h2
(yj+1 − y), xi−1 ≤ x ≤ xi, yj ≤ y ≤ yj+1;

− 1

h2
(y − yj−1), xi ≤ x ≤ xi+1, yj−1 ≤ y ≤ yj;

− 1

h2
(yj+1 − y), xi ≤ x ≤ xi+1, yj ≤ y ≤ yj+1;

0, ïðè äðóãèõ çíà÷åíèÿõ àðãóìåíòà,

(2.8)

ãäå 1 ≤ i, j ≤ m− 1 .
×àñòíàÿ ïðîèçâîäíàÿ ôóíêöèé φi,j(x, y) ïî ïåðåìåííîé y èìååò âèä

∂φi,j(x, y)

∂x
=



1

h2
(x− xi−1), xi−1 ≤ x ≤ xi, yj−1 ≤ y ≤ yj;

− 1

h2
(x− xi−1), xi−1 ≤ x ≤ xi, yj ≤ y ≤ yj+1;

1

h2
(xi+1 − x), xi ≤ x ≤ xi+1, yj−1 ≤ y ≤ yj;

− 1

h2
(xi+1 − x), xi ≤ x ≤ xi+1, yj ≤ y ≤ yj+1;

0, ïðè äðóãèõ çíà÷åíèÿõ àðãóìåíòà,

(2.9)

ãäå 1 ≤ i, j ≤ m− 1 .
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3. Ôîðìà Ãàëåðêèíà ñëàáîãî ðåøåíèÿ

Ðàññìîòðèì ìàëûå êîëåáàíèÿ ìåìáðàíû, íàõîäÿùåéñÿ â ïëîñêîñòè Oxy â ïîëîæåíèè
ðàâíîâåñèÿ.

Áóäåì ïðåäïîëàãàòü, ÷òî êîëåáàíèÿ ÿâëÿþòñÿ ìàëûìè, òî åñòü ìîæíî ïðåíåáðå÷ü êâàä-

ðàòàìè è ïðîèçâåäåíèÿìè âåëè÷èí u,
∂u

∂x
,
∂u

∂y
,
∂u

∂t
. Ôóíêöèÿ u(x, y, t) � ñìåùåíèå òî÷êè

(x, y) ìåìáðàíû â ìîìåíò âðåìåíè t . Âåëè÷èíà ïëîùàäè ìåìáðàíû S(t) â ìîìåíò âðå-
ìåíè t îïðåäåëÿåòñÿ ôîðìóëîé∫∫

D

√
1 +

(
∂u

∂x

)2

+

(
∂u

∂y

)2

dxdy ≈
∫∫
D

(
1 +

1

2

(
∂u

∂x

)2

+
1

2

(
∂u

∂y

)2
)
dxdy, (3.1)

à â ïîëîæåíèè ïîêîÿ

S(0) =

∫∫
D

dxdy (3.2)

Äëÿ ïîòåíöèàëüíîé ýíåðãèè Ep è êèíåòè÷åñêîé Ek â ïðîöåññå êîëåáàíèÿ áóäåì èìåòü,
ñîîòâåòñòâåííî,

Ep = µ(|S(t)| − S(0)) =
1

2
µ

∫∫
D

((
∂u

∂x

)2

+

(
∂u

∂y

)2
)
dxdy, (3.3)

Ek =
1

2

∫∫
D

ρ

(
∂u

∂t

)2

dxdy. (3.4)

Ñîñòàâèì ôóíêöèþ Ëàãðàíæà

L = Ek − Ep =
1

2

∫∫
D

(
ρ

(
∂u

∂t

)2

− µ

((
∂u

∂x

)2

+

(
∂u

∂y

)2
))

dxdy. (3.5)

Òîãäà ñîîòâåòñòâóþùèé ôóíêöèîíàë áóäåò èìåòü âèä

t2∫
t1

Ldt =
1

2

t2∫
t1

dt

∫∫
D

(
ρ

(
∂u

∂t

)2

− µ

((
∂u

∂x

)2

+

(
∂u

∂y

)2
))

dxdy. (3.6)

Â ñèëó ïðèíöèïà Ãàìåëüòîíà êîëåáàíèå ìåìáðàíû ïðîèñõîäèò òàêèì îáðàçîì, ÷òî îïè-
ñûâàþùàÿ åãî ôóíêöèÿ u(x, y, t) äîëæíà áûòü ðåøåíèåì óðàâíåíèÿ Ýéëåðà âàðèàöèîííîé
çàäà÷è äëÿ ôóíêöèîíàëà 3.6

∂

∂t

(
ρ
∂u

∂t

)
−
(
∂

∂x

(
µ
∂u

∂x

)
+

∂

∂y

(
µ
∂u

∂y

))
= 0. (3.7)

Ñ÷èòàÿ, ÷òî ôóíêöèÿ u(x, y, t) íå çàâèñèò îò t , òî åñòü ïîëàãàåì, ÷òî â ïîëîæåíèè
èçãèáà, îïèñàííîãî óðàâíåíèåì u = u(x, y) , ìåìáðàíà íàõîäèòñÿ â ðàâíîâåñèè, ó÷èòûâàÿ
âíåøíåå âîçäåéñòâèå f(x, y) , à òàêæå íåêîòîðîå íà÷àëüíîå çíà÷åíèå ôóíêöèè â íà÷àëüíûé
ìîìåíò âðåìåíè ïîëó÷èì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà

∂2u(x, y)

∂x2
+
∂2u(x, y)

∂y2
= f(x, y), (x, y) ∈ D (3.8)

u(x, y)|∂D = 0 (3.9)
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ðåøåíèÿ êîòîðîé â êëàññå äîïóñòèìûõ ôóíêöèé ìèíèìèçèðóþò èíòåãðàë Äèðèõëå

I (u(x, y)) =

∫∫
D

((
∂u(x, y)

∂x

)2

+

(
∂u(x, y)

∂y

)2
)
dxdy. (3.10)

Âìåñòî òî÷íîãî ðåøåíèÿ áóäåì èñêàòü ïðèáëèæåííîå ðåøåíèå U(x, y) , êîòîðîå ìîæíî
ïðåäñòàâèòü ÷åðåç áàçèñíûå ôóíêöèè ñëåäóþùèì îáðàçîì

U(x, y) =
m−1∑
i=1

m−1∑
j=1

ũi,jφi,j(x, y), (3.11)

ãäå êîýôôèöèåíòû ũi,j � ïðèáëèæåííîå ðåøåíèå çàäà÷è â òî÷êå (xi, yj) , êîòîðûå ÿâëÿþòñÿ
êîýôôèöèåíòàìè ðàçëîæåíèÿ ôóíêöèè U(x, y) ïî áàçèñó φi,j(x, y) .

Ïîñòðîèì ñîîòâåòñòâóþùóþ ôîðìó Ãàëåðêèíà äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà

A =
∂2

∂x2
+

∂2

∂y2
äëÿ çàäà÷è 3.8. Èç 1.2ïîëó÷èì

∫∫
D

((
∂U(x, y)

∂x

)2

+

(
∂U(x, y)

∂y

)2
)
φi,j(x, y)dxdy =

∫∫
D

f(x, y)φi,j(x, y)dxdy (3.12)

ãäå 1 ≤ i, j ≤ m− 1 .
Ðàññìîòðèì èíòåãðàë∫∫

D

∂2U(x, y)

∂x2
φi,j(x, y)dxdy =

(
∂U(x, y)

∂x
φi,j(x, y)

)∣∣∣∣
∂D

−

−
∫∫
D

∂U(x, y)

∂x

∂φi,j(x, y)

∂x
dxdy (3.13)

Àíàëîãè÷íî∫∫
D

∂2U(x, y)

∂y2
φi,j(x, y)dxdy =

(
∂U(x, y)

∂y
φi,j(x, y)

)∣∣∣∣
∂D

−

−
∫∫
D

∂U(x, y)

∂y

∂φi,j(x, y)

∂y
dxdy (3.14)

Òàê êàê áàçèñíûå ôóíêöèè φi,j(x, y) èìåþò ëîêàëüíûé íîñèòåëü, òî íà ãðàíèöå ∂D ôóíê-
öèè φi,j(x, y) îáðàùàþòñÿ â íîëü , òî ïîëó÷èì∫∫

D

∂2U(x, y)

∂x2
φi,j(x, y)dxdy = −

∫∫
D

∂U(x, y)

∂x

∂φi,j(x, y)

∂x
dxdy, (3.15)

∫∫
D

∂2U(x, y)

∂y2
φi,j(x, y)dxdy = −

∫∫
D

∂U(x, y)

∂y

∂φi,j(x, y)

∂y
dxdy. (3.16)
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Ïîýòîìó ñïðàâåäëèâî∫∫
D

(
∂U(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂U(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy+

+

∫∫
D

f(x, y)φi,j(x, y)dxdy = 0. (3.17)

Ïîäñòàâèì ðàâåíñòâî 3.11 â âûðàæåíèå 3.17, ïîëó÷èì

∫∫
D

(
∂

∂x

(
m−1∑
k,l=1

ũk,lφk,l(x, y)

)
∂φi,j(x, y)

∂x
+

+
∂

∂y

(
m−1∑
k,l=1

ũk,lφk,l(x, y)

)
∂φi,j(x, y)

∂y

)
dxdy +

∫∫
D

f(x, y)φi,j(x, y)dxdy=

=
m−1∑
k,l=1

ũk,l

∫∫
D

(
∂

∂x
(φk,l(x, y))

∂φi,j(x, y)

∂x
+

+
∂

∂y
(φk,l(x, y))

∂φi,j(x, y)

∂y

)
dxdy +

∫∫
D

f(x, y)φi,j(x, y)dxdy. (3.18)

Òàêèì îáðàçîì ïîëó÷èì ôîðìó Ãàëåðêèíà äëÿ çàäà÷è 3.8-3.9

m−1∑
k,l=1

ũk,l

∫∫
D

(
∂φk,l(x, y)

∂x

∂φi,j(x, y)

∂x
+

+
∂φk,l(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy +

∫∫
D

f(x, y)φi,j(x, y)dxdy= 0 (3.19)

4. Ãåíåðàöèÿ ñèñòåìû óðàâíåíèé

Ïîñòðîèì ðàçíîñòíóþ ñõåìó íà îñíîâå âûðàæåíèÿ äëÿ íàõîæäåíèÿ êîýôôèöèåí-
òîâ ũk,l .

Îïðåäåëèì ìíîæåñòâî Di,j = {(x, y) : xi−1 ≤ x ≤ xi; yj−1 ≤ y ≤ yj} .
Â òîì ñëó÷àå, êîãäà âûïîëíÿåòñÿ óñëîâèå(

Dk,l

∩ r=i+1,s=j+1∪
r=i−1,s=j−1

Dr,s

)
= 0, (4.1)

ãäå 1 ≤ i, j ≤ m− 1 , 1 ≤ k, l ≤ m− 1 ,
çíà÷åíèå èíòåãðàëà ïåðåä êîýôôèöèåíòàìè ũk,l áóäåò ðàâíî íóëþ, òàê êàê, ïî îïðåäåëå-
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íèþ, ôóíêöèè φi,j(x, y) èìåþò ëîêàëüíûé íîñèòåëü.

Ð è ñ ó í î ê 4.1

Ïîýòîìó ðàçíîñòíàÿ ñõåìà áóäåò èìåòü ñëàãàåìûå ũi,j , ũi,j−1 , ũi−1,j , ũi−1,j−1 , ũi+1,j+1 ,
ũi,j+1 , ũi+1,j , ũi+1,j−1 , ũi−1,j+1 ñ íåêîòîðûìè êîýôôèöèåíòàìè, äëÿ íàõîæäåíèÿ êîòîðûõ
ðàññìîòðèì íåñêîëüêî ñëó÷àåâ
a) k = i − 1, l = j − 1 . Íàéäåì êîýôôèöèåíò ïåðåä ñëàãàåìûì ũi−1,j−1 . Â ýòîì ñëó÷àå

Ð è ñ ó í î ê 4.2

∫∫
D

(
∂φk,l(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂φk,l(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy = (4.2)

=

xiyj∫∫
xi−1yj−1

(
∂φi−1,j−1(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂φi−1,j−1(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy = (4.3)

=

xiyj∫∫
xi−1yj−1

(
1

h4
(y − yj−1)(y − yj) + (x− xi−1)(x− xi)

)
dxdy = −1

3
. (4.4)

Àíàëîãè÷íî êîýôôèöèåíòû ïåðåä íåèçâåñòíûìè ũi+1,j+1 , ũi+1,j−1 , ũi−1,j+1 ðàâíû −1

3
.
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á) k = i + 1, l = j . Íàéäåì êîýôôèöèåíò ïåðåä ũi+1,j . Â ýòîì ñëó÷àå

Ð è ñ ó í î ê 4.3

xi+1 yj∫∫
xiyj−1

(
∂φi+1,j(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂φi+1,j(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy+ (4.5)

+

xi+1 yj+1∫∫
xi yj

(
∂φi+1,j(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂φi+1,j(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy = −1

3
. (4.6)

Êîýôôèöèåíòû ïåðåä íåèçâåñòíûìè ũi+1,j , ũi,j−1 , ũi,j+1 ðàâíû −1

3
.

â) k = i, l = j . Íàéäåì êîýôôèöèåíò ïåðåä ũi,j . Â ýòîì ñëó÷àå

Ð è ñ ó í î ê 4.4

xi+1 yj+1∫∫
xi−1yj−1

(
∂φi,j(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂φi,j(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy = (4.7)
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xi yj∫∫
xi−1yj−1

((
∂φi,j(x, y)

∂x

)2

+

(
∂φi,j(x, y)

∂y

))
dxdy+

+

xi yj+1∫∫
xi−1yj

((
∂φi,j(x, y)

∂x

)2

+

(
∂φi,j(x, y)

∂y

))
dxdy+

+

xi+1 yj∫∫
xiyj−1

((
∂φi,j(x, y)

∂x

)2

+

(
∂φi,j(x, y)

∂y

))
dxdy+

+

xi+1 yj+1∫∫
xiyj

((
∂φi,j(x, y)

∂x

)2

+

(
∂φi,j(x, y)

∂y

))
dxdy =

8

3
. (4.8)

Ïîëó÷èì ðàçíîñòíóþ ñõåìó

8

3
ũi,j −

1

3
ũi−1,j−1 −

1

3
ũi−1,j −

1

3
ũi−1,j+1 −

1

3
ũi,j−1−

− 1

3
ũi,j+1 −

1

3
ũi+1,j−1 −

1

3
ũi+1,j −

1

3
ũi+1,j+1 = −

1 1∫∫
0 0

f(xi, yj)φi,j(x, y)dxdy, (4.9)

ũi,0 = ũ0,j = ũi,m = ũm,j = 0, (4.10)

ãäå 1 ≤ i, j ≤ m− 1 .
Ïðåäñòàâèì ðàçíîñòíóþ ñõåìó â âèäå

3ũi,j −
1

3

k=i+1,l=j+1∑
k=i−1,l=j−1

ũk,l = −
1 1∫∫

0 0

f(xi, yj)φi,j(x, y)dxdy (4.11)

, ũi,0 = ũ0,j = ũi,m = ũm,j = 0, (4.12)

ãäå 1 ≤ i, j ≤ m− 1 .

5. Ïðèìåíåíèå ìåòîäà Ìîíòå-Êàðëî äëÿ âû÷èñëåíèÿ êðàòíûõ èí-

òåãðàëîâ

Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ â ïðàâîé ÷àñòè âûðàæåíèÿ âîñïîëüçóåìñÿ ìåòîäîì Ìîíòå-

Êàðëî. Òðåáóåòñÿ âû÷èñëèòü èíòåãðàë

1 1∫∫
0 0

f(xi, yj)φi,j(x, y)dxdy . Ðàññìîòðèì ñëó÷àéíóþ

âåëè÷èíó ξ = (ξ1, ξ2) , ðàâíîìåðíî ðàñïðåäåëåííóþ íà êâàäðàòå [0, 1]× [0, 1] . Òîãäà ôóíê-
öèÿ f(xi, yj)φi,j(ξ1, ξ2) , ãäå 1 ≤ i, j ≤ m − 1 àíàëîãè÷íî ÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé,

ìàòåìàòè÷åñêîå îæèäàíèå êîòîðîé âûðàæàåòñÿ êàê M =

1 1∫∫
0 0

f(xi, yj)φi,j(x, y)p(x, y)dxdy ,
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ãäå p(x, y) � ïëîòíîñòü ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû ξ , êîòîðàÿ âû÷èñëÿåòñÿ íà

óêàçàííîì êâàäðàòå êàê
c− d

b− a
= 1 . Òàêèì îáðàçîì, èñõîäíûé èíòåãðàë âûðàæàåòñÿ êàê

1 1∫∫
0 0

f(xi, yj)φi,j(x, y)dxdy = M .

Ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíîé âåëè÷èíû f(xi, yj)φi,j(ξ1, ξ2) ìîæíî îöåíèòü.
Äëÿ ýòîãî ñìîäåëèðóåì ýòó ñëó÷àéíóþ âåëè÷èíó è ïîñ÷èòàåì âûáîðî÷íîå ñðåäíåå.
Áðîñàåì N òî÷åê, ðàâíîìåðíî ðàñïðåäåëåííûõ íà èñõîäíîì èíòåðâàëå, äëÿ êàæäîé
òî÷êè ξi = (ξ1, ξ2) âû÷èñëèì f(xi, yj)φi,j(ξ1, ξ2) . Âûáîðî÷íîå ñðåäíåå âû÷èñëèì êàê

1

N

N∑
i=1

fi,j(x̃, ỹ)φi,j(x̃, ỹ) , ïîëó÷èì îöåíêó èíòåãðàëà

1 1∫∫
0 0

f(xi, yj)φi,j(x, y)dxdy =
1

N

N∑
i=1

fi,j(x̃, ỹ)φi,j(x̃, ỹ). (5.1)
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Abstract. The Dirichlet problem for the Poisson equation of steady oscillations is considered.
The system of basic functions is constructed, the Galerkin form for the corresponding di�erential
operator is obtained. The system of equations is generated, the di�erence scheme is constructed.
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