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Àííîòàöèÿ. Â ðàáîòå èññëåäóåòñÿ ðåãóëÿðèçîâàííûé íåïðåðûâíûé ïðîåêöèîííûé ìåòîä
(ÍÏÌÌ) äëÿ ðåøåíèÿ íåóñòîé÷èâûõ çàäà÷ ìèíèìèçàöèè ñ íåòî÷íûìè èñõîäíûìè äàííû-
ìè â ãèëüáåðòîâîì ïðîñòðàíñòâå, îñíîâàííûé íà íåïðåðûâíîì ïðîåêöèîííîì ìåòîäå âòîðîãî
ïîðÿäêà. Äîêàçûâàåòñÿ ñêîðîñòü ñõîäèìîñòè ìåòîäà.

Êëþ÷åâûå ñëîâà: ðåãóëÿðèçîâàííûé íåïðåðûâíûé ìåòîä ìèíèìèçàöèè, îöåíêè ñêîðîñòè
ñõîäèìîñòè.

1. Ïîñòàíîâêà çàäà÷è

Ðåøàåòñÿ çàäà÷à ìèíèìèçàöèè íà âûïóêëîì çàìêíóòîì ìíîæåñòâå Q ⊂ H

f(x) −→ inf, x ∈ Q ⊂ H, (1.1)

ãäå Q � ïðîñòîå ìíîæåñòâî, íàïðèìåð, îáðàçîâàííîå êîîðäèíàòíûìè îãðàíè÷åíèÿìè, èç
ãèëüáåðòîâà ïðîñòðàíñòâà , íîðìèðîâàííîãî ñêàëÿðíûì ïðîèçâåäåíèåì, ∀ x ∈ H ∥x∥ =
(x,x)1/2 . Ôóíêöèÿ f(x) ñ "îâðàæíûìè"ãèïåðïîâåðõíîñòÿìè óðîâíåé îïðåäåëåíà, âûïóêëà
è íåïðåðûâíî äèôôåðåíöèðóåìà ïî Ôðåøå íà H , å¼ ãðàäèåíòû Ëèïøèöåâû, ∃L = const >
0 :

∥∇f(u) −∇f(x)∥ ≤ L∥u− x∥ u,x ∈ H. (1.2)

Ïðåäïîëàãàåì: ãðàäèåíòû ∇f(x) èìåþò âîçìóùåíèÿ;

inf f(x) = f∗ > −∞, x ∈ Q; Q∗ = {x ∈ Q : f(x) = f∗} ̸= ∅. (1.3)

Ðàññìîòðèì íåïðåðûâíûå ïðîåêöèîííûå ìåòîäû ìèíèìèçàöèè (ÍÏÌÌ) äëÿ ðåøåíèÿ ïî-
ñòàâëåííîé çàäà÷è, ââèäó èõ èçâåñòíûõ äîñòîèíñòâ [1]�[4]. ÍÏÌÌ çàïèñûâàþòñÿ â ôîðìå
çàäà÷è Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Ïîñêîëüêó çàäà÷à (1.1)
â îáùåì ñëó÷àå íåóñòîé÷èâà [5] ê âîçìóùåíèÿì èñõîäíûõ äàííûõ (çäåñü â çàäàíèè ãðàäè-
åíòîâ ôóíêöèè f(x) ), òî ðåøàåòñÿ ñ ïîìîùüþ ðåãóëÿðèçîâàííûõ ìåòîäîâ (ñì. [6]�[13]).
Ðåãóëÿðèçîâàííûå ÍÏÌÌ (â ÷àñòíîñòè, ïðîåêöèè ãðàäèåíòà (ÍÌÏÃ)) äëÿ ýòîé è äðóãèõ
çàäà÷ ìèíèìèçàöèè ïðè ôóíêöèîíàëüíûõ îãðàíè÷åíèÿõ, ïðåäëîæåíû è èññëåäîâàíû âî
ìíîãèõ ðàáîòàõ (ñì., íàïðèìåð, ðàáîòû [10]�[15]). Çäåñü äëÿ ðåøåíèÿ íåêîððåêòíîé çàäà÷è
(1.1)�(1.3) èññëåäóåòñÿ ðåãóëÿðèçîâàííûé ÍÏÌÌ íà ïðîñòîì ìíîæåñòâå.

2. Ìåòîä ðåøåíèÿ çàäà÷è

Ïóñòü ôóíêöèÿ x = x(t) ∈ C2[0,+∞) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

σ(t)x
′′
(t) + x

′
(t) + x(t) = PQ

[
y(t) + β(t)(γ1(t)x

′
(t) − γ2(t)T

′
δ(y(t), t)

]
, t ≥ 0, (2.1)

1 Äîöåíò êàôåäðû ÝÌÌèÈÒ, Óëüÿíîâñêèé ãîñóíèâåðñèòåò, ã. Óëüÿíîâñê; vgmalinov@mail.ru.
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ïðè íà÷àëüíûõ óñëîâèÿõ x(0) = x0, x
′
(0) = x1 , ãäå PQ[v] � ïðîåêöèÿ òî÷êè v íà ìíîæå-

ñòâî Q ; x0 , x1 ∈ H � íà÷àëüíûå òî÷êè; ïðîèçâîäíûå x
′
(t) = dx(t)/dt , x

′′
(t) = d2x(t)/dt2

ôóíêöèè x(t) , t ≥ 0 , ñî çíà÷åíèÿìè â ãèëüáåðòîâîì ïðîñòðàíñòâå H , ïîíèìàþòñÿ (êàê
è â [10]�[13]) â ñìûñëå ãëàâû 4 êíèãè [16]; y(t) = x(t)) + α(t)x

′
(t) ;

∇Tδ(y(t), t) = ∇f(y(t), t) + τ(t)y(t), y(t) ∈ H, t ≥ 0 −−− (2.2)

ïðèáëèæåíèå â òî÷êå y(t) òî÷íîãî ãðàäèåíòà ∇T (x(t), t) = ∇f(x(t)) + τ(t)x(t) , ∀ x(t) ∈
H , t ≥ 0 ôóíêöèè Òèõîíîâà T (x(t), t) = f(x(t)) + τ(t)∥x∥2/2 ; σ(t) , α(t) , β(t) , γ1(t) ,
γ2(t) , τ(t) , δ(t) � ïàðàìåòðû ìåòîäà (2.1), (2.2); ïðèáëèæåííûå ãðàäèåíòû ôóíêöèè
f(x(t)) , ñëåäóÿ ðàáîòàì [8]�[15] è äðóãèì, îáîçíà÷àåì ∇f(x(t), t) ∀x ∈ Q ⊂ H , îòìå-
÷àÿ èõ çàâèñèìîñòü îò ïàðàìåòðà t ≥ 0 . Ïðåäïîëàãàåì, ÷òî ðåøåíèå x(t) çàäà÷è (2.1),
(2.2) ñóùåñòâóåò íà ïîëóîñè [0; +∞) ïðè ëþáûõ íà÷àëüíûõ òî÷êàõ x0 , x1 ∈ H . Â ñèëó
óñëîâèé äëÿ ôóíêöèè f(x(t)) , ôóíêöèÿ T (x(t), t) äèôôåðåíöèðóåìà ïî Ôðåøå íà Q ;
ïîëàãàåì, ÷òî âûïîëíåíî ñâîéñòâî å¼ íåïðåðûâíîé äèôôåðåíöèðóåìîñòè íà Q .

Îòìåòèì, ÷òî: îäíèì èç èòåðàòèâíûõ àíàëîãîâ ìåòîäà (2.1), (2.2) ñëóæèò ðåãóëÿðè-
çîâàííûé äâóõøàãîâûé ÷åòûðåõïàðàìåòðè÷åñêèé ìåòîä, ïðåäëîæåííûé è èññëåäîâàííûé
â ðàáîòå [17]; ìåòîä (2.1) ïîñòðîåí íà îñíîâå ÍÏÌÌ âòîðîãî ïîðÿäêà, èññëåäîâàííîãî â
ðàáîòå [14]; ïðè α(t) = 0 , β(t) = 1 , γ1(t) = 0 , σ(t) = 0 èç (2.1), (2.2) ïîëó÷àåì ðå-
ãóëÿðèçîâàííûé ÍÌÏÃ [10]; ïðè α(t) = 0 , β(t) = 1 , γ1(t) = 0 èç (2.1), (2.2) ïîëó÷èì
ðåãóëÿðèçîâàííûé ÍÌÏÃ âòîðîãî ïîðÿäêà [11]; ñõîäèìîñòü ìåòîäà (2.1), (2.2) äîêàçàíà â
ðàáîòå [15], ïîñòðîåíû ïðàâèëî îñòàíîâà è ðåãóëÿðèçóþùèé îïåðàòîð. Îöåíêè ñêîðîñòè
ñõîäèìîñòè ìåòîäà íå ïîëó÷åíû, ïîýòîìó èõ èçó÷åíèå ÿâëÿåòñÿ öåëüþ íàñòîÿùåé ðàáîòû.

3. Î ñõîäèìîñòè ìåòîäà

Äëÿ âîçìîæíîñòè ññûëîê ïðè îáîñíîâàíèè îöåíîê ñêîðîñòè ñõîäèìîñòè çäåñü ñíà÷àëà
ïðèâåä¼ì ôîðìóëèðîâêó òåîðåìû ñõîäèìîñòè è ñõåìó å¼ äîêàçàòåëüñòâà. (Àðãóìåíò t ó
ôóíêöèè x(t) , å¼ ïðîèçâîäíûõ, à òàêæå ó ââîäèìûõ êîýôôèöèåíòîâ, ïàðàìåòðîâ ìåòîäà
è èõ ïðîèçâîäíûõ, äëÿ êðàòêîñòè ÷àñòî îïóñêàåì; ãðàäèåíòû ÷àñòî îáîçíà÷àåì øòðèõîì.)

Òåîðåìà 1. Ïóñòü âûïîëíåíû òàêèå óñëîâèÿ: ìíîæåñòâî Q ⊂ H âûïóêëî è çà-
ìêíóòî; âûïóêëàÿ ôóíêöèÿ f(x(t)) íåïðåðûâíî äèôôåðåíöèðóåìà ïî Ôðåøå íà H , å¼
ãðàäèåíòû óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà (1.2); ïðèáëèæåíèÿ ∇f(x(t), t) òî÷íûõ
ãðàäèåíòîâ ∇f(x) íåïðåðûâíû ïî x ïðè âñåõ t ≥ 0 , èçìåðèìû ïî t ïðè âñåõ x ∈ H , è

max ∥∇f(x(t), t) −∇f(x)∥ ≤ δ(t)(1 + ∥x∥) ∀ x ∈ H, t ≥ 0; (3.1)

σ(t) , α(t) , β(t) , γ1(t) , γ2(t) , τ(t) , δ(t) � ïàðàìåòðû ìåòîäà (2.1), (2.2), òàêîâû,
÷òî: α(t) , β(t) , γ2(t) , τ(t) ∈ C2[0,∞) ; δ(t) ∈ C[0,∞) ; γ1(t) , σ(t) ∈ C1[0,∞) ; ôóíêöèÿ
τ(t) âûïóêëàÿ; σ(t) , α(t) , β(t) , γ1(t) , γ2(t) îãðàíè÷åíû;

σ(t) > 0, α(t) > 0, β(t) > 0, γ1(t) > 0,
γ2(t) > 0, τ(t) > 0, δ(t) ≥ 0, t ≥ 0;

τ
′
(t) ≤ 0, α

′
(t) ≤ 0, β

′
(t) ≤ 0, γ

′
1(t) ≤ 0, γ

′
2(t) < 0, σ

′
(t) ≤ 0, t ≥ 0;

α
′′
(t) ≥ 0, β

′′
(t) ≥ 0; γ

′′
2 (t) ≥ 0; τ

′′
(t) ≥ 0, t ≥ 0;

τ + γ2 + δ → 0, τ−1(δ + δγ−1
2 + |τ ′|γ−1

2 ) → 0; t→ ∞;
τ−2(δγ−2

2 + δγ−1
2 + |τ ′|γ−2

2 ) → 0, t→ ∞;
σ(t) → σ0 > 0, β(t) → β0 > 0, α(t) → α0 > 0, γ1(t) → γ01 > 0, t→ ∞;

τ
′
(t) → 0, α

′
(t) → 0, β

′
(t) → 0, γ

′
2(t) → 0, t→ ∞.

(3.2)
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Òîãäà äëÿ ìåòîäà (2.1), (2.2), (3.2)(
∥x(t) − x∗∥ + ∥x′

(t)∥ + ∥x′′
(t)∥

)
−→ 0, t→ ∞, (3.3)

ãäå x∗ ∈ Q∗, ∥x∗∥ = inf ∥x∥ , x ∈ Q∗ � íîðìàëüíîå ðåøåíèå çàäà÷è (1.1). Ñõîäèìîñòü â
(3.3) ðàâíîìåðíàÿ îòíîñèòåëüíî âûáîðà ïðèáëèæåííûõ ãðàäèåíòîâ ∇f(x(t), t) èç óñëî-
âèÿ (3.1).

Ñõåìà äîêàçàòåëüñòâà, äàííîãî â ðàáîòå [15]. Ñíà÷àëà çàìåòèì, ÷òî â ñèëó ïðåä-
ïîëîæåíèé òåîðåìû 1 óñëîâèÿ (1.3) âûïîëíåíû, ìíîæåñòâî ìèíèìóìîâ Q∗ âûïóêëî è
çàìêíóòî, íîðìàëüíîå ðåøåíèå çàäà÷è (2.1), (2.2) è ìèíèìóì ôóíêöèè f(x(t)) ñóùåñòâó-
þò. ∃ vr = v(r) = argminT (x, r) x ∈ Q , r ≥ 0 , ââèäó ñèëüíîé âûïóêëîñòè ôóíêöèè
Òèõîíîâà íà H åäèíñòâåííàÿ è

sup
r≥0

∥vr∥ ≤ ∥x∗∥, lim
r→∞

∥vr − x∗∥ = 0, (T
′
(vr, r),u− vr) ≥ 0, u ∈ Q, r ≥ 0. (3.4)

Èç õàðàêòåðèñòè÷åñêîãî ñâîéñòâà îïåðàòîðà ïðîåêòèðîâàíèÿ ([8], c. 72) è èç (2.1), ïîëü-
çóÿñü èäååé èç ðàáîòû [2], ïîëó÷àåì âàðèàöèîííîå íåðàâåíñòâî(

σx
′′

+ (1 − α− βγ1)x
′
+ βγ2T

′
δ(y, t),u−w

)
≥ 0 ∀ u ∈ Q, t ≥ 0, (3.5)

ãäå w = w(t) = σx
′′

+ x
′
+ x ∈ Q .

Ïîëîæèì â (3.5) u = v(r) è ñëîæèì åãî ñ òðåòüèì ñîîòíîøåíèåì èç (3.4), ïðèíÿâ â
í¼ì u = w ∈ Q è óìíîæèâ íà βγ2 > 0 (äàëåå ïîëàãàåì v(r) = v ):(

σx
′′

+ (1 − α− βγ1)x
′
+ βγ2[T

′
δ(y, t) −T

′
(v, r)],v −w

)
≥ 0 t, r ≥ 0.

Ïðåîáðàçóåì ýòî íåðàâåíñòâî, ïîëüçóÿñü (2.1), (2.2) è ôîðìóëîé äëÿ òî÷íîãî ãðàäèåíòà
ôóíêöèè Òèõîíîâà, ê âèäó(

σx
′′

+ (1 − α− βγ1)x
′
+ βγ2(f

′
(y, t) − f

′
(y,v −w

)
+

+βγ2
(
f
′
(y) − f

′
(v) + ατx

′
+ v[τ(t) − τ(r)],v −w

)
+

+βγ2τ(t)(x(t) − v(r),v −w) ≥ 0, t, r ≥ 0.
(3.6)

Âîñïîëüçîâàâøèñü íåðàâåíñòâîì Êîøè-Áóíÿêîâñêîãî, íåðàâåíñòâîì (ñì. [1], ñ. 175),
(∇f(v)−∇f(u),u−z) ≤ L∥v−z∥2/4, u,v, z ∈ Q, ñïðàâåäëèâûì äëÿ âûïóêëîé ôóíêöèè
f(x) ∈ C1,1(Q) , èç (3.6) ïîëó÷èì (÷àñòî äî (3.12) ïîëàãàåì v(r) = v ),(

σx
′′

+ a(t)x
′
,w − v

)
+ βγ2τ∥x− v∥2+

+βγ2τ(x(t) − v, σx
′′

+ x
′
) ≤

≤ βγ2∥f
′
(y, t) − f

′
(y)∥∥w − v∥ + L∥w − y∥2/4+

+βγ2|τ(t) − τ(r)|∥v∥∥v −w∥, t, r ≥ 0,

(3.7)

ãäå a(t) = 1 − α− βγ1 + αβγ2τ . Ïðåîáðàçóåì (3.7), ïîëüçóÿñü îöåíêîé

max

{
sup
r≥0

∥v(r)∥; sup
r≥0

∥∇f(v(r))∥
}

≤ C0 = const. (3.8)

ñëåäóþùåé èç ïåðâîãî ñîîòíîøåíèÿ (3.4), íåðàâåíñòâàìè (3.1),

2|ab| ≤ εa2 + ε−1b2, (a + b)2 ≤ (1 + ε)a2 + (1 + ε−1)b2, ∀ a, b, ε > 0, (3.9)
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âûáèðàÿ ïîäõîäÿùèå ε , îöåíêàìè èç [15]

∥w − v∥2 ≤ (1 + γ2)∥x− v∥2 + (1 + γ−1
2 )∥σx′′

+ x
′∥2,

βγ2δ(C0 + 1 + ∥y − v∥)∥w − v∥ ≤ a1∥x− v∥2 + a2∥x
′′∥2 + a3∥x

′∥2 + a14,

ãäå a1 = βγ2δ(2 + 3γ2)/2 ; a2 = σ2βδ(γ22 + γ2 + 1) ; a3 = 0.5βδ[2γ22 + (α2 + 2)(γ2 + 1)] ;
a14 = (C0 + 1)2βδ .

Ïîëó÷åííîå íåðàâåíñòâî ñ ïîìîùüþ ðàâåíñòâ ([2], [4])

2(x
′′
,x

′
) = d

dt
∥x′∥2, 2(x− v,x

′
) = d

dt
∥x− v∥2,

2(x− v(r)),x
′′
) = d2

dt2
∥x− v(r)∥2 − 2∥x′∥2, (3.10)

ïðåîáðàçóåì ê âèäó

b11(t)
d2

dt2
∥x− v∥2 + b12(t)

d
dt
∥x− v∥2 + b13(t)∥x− v∥2+

+b14(t)∥x
′′∥2 + b15(t)

d
dt
∥x′∥2 + b16(t)∥x

′∥2 ≤ Cg(t, r), t, r ≥ 0,
(3.11)

ãäå b11(t) = 0.5σ(1 + βγ2τ) ; b12(t) = 0.5(α + βγ2τ) ; b13(t) = βγ2τ − a1 − 0.5βγ22(γ2 + 1) ;
b14(t) = σ2[1 − βδ(γ22 + γ2 + 1) − 0.5βγ2(1 + γ2 + 2L)] ; C = max[(C0 + 1)2; 0.5C2

0 ] ; b15(t) =
0.5σ[1 + a(t)−βγ2(0.5L(1−α) + γ2 + 1)] ; g(t, r) = β(δ+ |τ(t)− τ(r)|2) ; b16(t) = a +σ− a3−
βγ2[(L(1 − α)2 − 2γ2 − 2)/4 − στ ] .

Ïîêàæåì, ÷òî êàæäîå ñëàãàåìîå â ëåâîé ÷àñòè (3.3) ñòðåìèòñÿ ê íóëþ. Óìíîæèâ (3.11)

íà ôóíêöèþ e(t) = exp
(∫ t

0
τ(s)γ2(s) ds

)
, ïðîèíòåãðèðóåì ïîëó÷åííîå íåðàâåíñòâî ïî t ∈

[q, t] , t > q ≥ t0 , à çàòåì ïðåîáðàçóåì åãî ê âèäó

b1(t)e
d
dt
∥x− v∥2 + [b2e− (b1e)

′
]∥x− v∥2 + b4e∥x

′∥2 ≤
≤ C

∫ t

q
g(s, r)e(s) ds+ C2(q), t > q ≥ t1, r ≥ 0.

(3.12)

Ïðîèíòåãðèðóåì (3.12) íà îòðåçêå [q, t] è çàìåíèì ïîëîæèòåëüíûé èíòåãðàë íóëåì; ïðè
r = t è âñåõ t > q ≥ t2 ïðèä¼ì ê íåðàâåíñòâó:

∥x− v(t)∥2 ≤ 2

σ0e(t)

C
t∫

q

z∫
q

g(s, t)e(s) ds dz + C2(q)(t− q) + C3(q)

 .

Çäåñü ïîä èíòåãðàëîì, ïîñêîëüêó ôóíêöèÿ τ(t) âûïóêëàÿ, ìîíîòîííàÿ, ãëàäêàÿ, èìååò
ìåñòî îöåíêà 0 ≤ τ(s) − τ(t) ≤ −τ ′

(s)(t− s) ïðè t ≥ s , òî

g(s, t) ≤ β[δ + |τ ′
(s)|2(t− s)2], t ≥ s ≥ 0, (3.13)

òî ïðèä¼ì ê íåðàâåíñòâó

∥x(t) − v(t)∥2 ≤ 2
σ0e(t)

(
C

t∫
q

z∫
q

β[δ + |τ ′
(s)|2(t− s)2]e(s) ds dz

)
+ 2

σ0e(t)
(C2(q)(t− q) + C3(q)), t > q ≥ t2.

(3.14)

Ó÷èòûâàÿ (3.2) è ñîîòíîøåíèÿ

βδe(t) → ∞, b1e→ ∞, e(t) → ∞, [τγ2]
ne(t) → ∞, t→ ∞, (3.15)

ïðèìåíÿÿ ê ïðàâîé ÷àñòè (3.14) ïðàâèëî Ëîïèòàëÿ íåñêîëüêî ðàç, ïîëó÷èì:

∥x− v∥ → 0, t→ ∞, (3.16)
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è, ñ ó÷åòîì íåðàâåíñòâà ∥v − x∗∥ ≥ ∥x− x∗∥ − ∥x− v∥ , à òàêæå âòîðîãî ñîîòíîøåíèÿ èç
(3.4) ïðè r = t , èìååì:

∥x(t) − x∗∥ → 0, t→ ∞. (3.17)

Äîêàæåì, ÷òî ∥x′
(t)∥ → 0, ∥x′′∥ → 0, t → ∞ . Ïåðâîå ñîîòíîøåíèå ïîëó÷èì, èñõîäÿ

èç (3.12) ïðè t = r , ñ ó÷åòîì (3.9) è îöåíêè ïðè ïðåîáðàçîâàíèè (3.12), ñ ó÷åòîì (3.13) è
(3.16),

∥x′∥2 ≤ 8C

3σ0e(t)

(∫ t

q

β[δ + |τ ′
(s)|2(t− s)2]e(s) ds+ C2(q)

)
, t > q ≥ t2. (3.18)

Ó÷èòûâàÿ (3.15), (3.2), ïðèìåíÿÿ ê ïðàâîé ÷àñòè (3.18) ïðàâèëî Ëîïèòàëÿ, ïîëó÷èì:

∥x′
(t)∥ → 0, t→ ∞. (3.19)

Èñïîëüçóÿ (2.1), (3.1), (1.2), (3.2), (3.8), ðàâåíñòâî PQ(v(t)) = v(t) , v ∈ Q , t ≥ 0 ,
íåðàñòÿãèâàþùåå ñâîéñòâî îïåðàòîðà ïðîåêòèðîâàíèÿ, âû÷èñëÿåì:

σ∥x′′∥ ≤ PQ[y + β(γ1x
′ − γ2(f

′
(y(t), t) + τy))] − PQ[v(t)]∥+

+∥x′∥ + ∥x− v∥ ≤ a4∥x
′∥ + (2 + βγ2τ)∥x− v∥ + βγ2δ(1 + ∥y(t)∥)+

+Lβγ2∥y − v∥ + C0βγ2(1 + τ) ≤ a5∥x
′∥ + a6∥x− v∥ + a7,

ãäå a4 = 1 + α + β(γ1 − αγ2τ) ; a5 = a4 + αβγ2(δ +  L) ; a6 = 2 + βγ2(δ + L + τ) ; a7 =
βγ2[C0(δ + τ + 1) + δ] . È, ñ ó÷åòîì îöåíêè äëÿ σ(t) ïðè ïðåîáðàçîâàíèè (3.12):

∥x′′∥ ≤ (σ0)
−1[a5(t)∥x

′∥ + a6(t)∥x− v∥ + a7(t)], t > q ≥ t2. (3.20)

Îòñþäà, ó÷èòûâàÿ (3.2), (3.15), (3.16) è (3.19), ïîëó÷àåì:

∥x′′∥ → 0, t→ ∞. (3.21)

Èç (3.17), (3.19) è (3.21) ñëåäóåò (3.3). Ïðàâûå ÷àñòè îöåíîê â (3.14), (3.18) è (3.20)
íå çàâèñÿò îò âûáîðà ïðèáëèæåíèé ∇f(x, t) ãðàäèåíòà ôóíêöèè f(x) , óäîâëåòâîðÿþùèõ
óñëîâèþ (3.1), ïðåäåëüíîå ñîîòíîøåíèå (3.3) âûïîëíÿåòñÿ ðàâíîìåðíî îòíîñèòåëüíî âû-
áîðà ïðèáëèæåíèé ∇f(x, t) , óäîâëåòâîðÿþùèõ óñëîâèþ (3.1).

Òåîðåìà 1 äîêàçàíà.
Ïðèìå÷àíèå 1. Â êà÷åñòâå ïàðàìåòðîâ ìåòîäà (2.1), (2.2), óäîâëåòâîðÿþùèõ óñëîâèÿì

òåîðåìû 1, ìîãóò áûòü âûáðàíû, íàïðèìåð, ñëåäóþùèå:

α(t) = c1(1 + t)−1, β = c2(1 + t)−1, γ1 = c3(1 + t)−1, γ2 = c4(2 + t)−1,
σ(t) = c5(1 + t)−σ, τ(t) = c6(1 + t)−τ , δ(t) = c7(1 + t)−δ,

(3.22)

ãäå ÷èñëà ci > 0, i ∈ [1 : 7] ; c5 < 1 ; σ , τ , δ > 0 ; 2τ + 2σ < δ ; ïàðàìåòðû ìåòîäà
1 − σ(t) > α(t) ; σ(t) < 1 ; δ(t) < τ(t) < L/4 .

4. Îöåíêà ñêîðîñòè ñõîäèìîñòè ìåòîäà

Îöåíêó ñêîðîñòè ñõîäèìîñòè ìåòîäà ïîëó÷èì ïðè áîëåå ñòðîãîì óñëîâèè ñèëüíîé âû-
ïóêëîñòè ôóíêöèè f(x) .
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Òåîðåìà 2. Ïóñòü âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1 è, êðîìå òîãî: ôóíêöèÿ f(x)
ñèëüíî âûïóêëàÿ ñ êîíñòàíòîé ñèëüíîé âûïóêëîñòè κ > 0 ; ôóíêöèè σ(t) , α(t) , β(t) ,
γ1(t) , γ2(t) , τ(t) , δ(t) óäîâëåòâîðÿþò óñëîâèÿì (3.2) è

max[supt≥0(β(t)δ(t)τ(t)), supt≥0 β(τ
′
)2, supt≥0 τ(t)γ−1

2 ,
supt≥0[(b1(t)h(t))

′ − b2(t)h(t)]] ≤ C24 < 1/2;
∃t0, ∀t > t0 : 0 < α(t) ≤ (4b− τ(t))/(4b+ 2τ(t)) < 1,

0 < β(t) < (1 − α)/(γ1 + (1 − α)γ2τ), 0 < γ2 < γ1/[2(1 − α)δ(t) + ατ ],
0 < τ(t) < 2δ(t), 0 < γ1(t) < γ01 .

(4.1)

Òîãäà ïðè ëþáûõ íà÷àëüíûõ ïðèáëèæåíèÿõ x0 , x1 ∈ H òðàåêòîðèÿ ìåòîäà (2.1),
(2.2) ñõîäèòñÿ ê òî÷êå x∗ ∈ Q∗ ñ îöåíêàìè:

∥x(t) − x∗∥ ≤
≤ ([C21(C

3
24 + 2C5

24)h(t) + C22(0)t+ C23(0)][b1(t)h(t)]−1)
1/2

= b7(t),
(4.2)

∥x′
(t)∥ ≤

{
[(C24 − b1(t)h)b7 + b71][(b5 − b1)h(t)]−1

}1/2
= b8(t), (4.3)

∥x′′
(t)∥ ≤ σ−1

0 [a5(t)b8(t) + a6(t)b7(t) + a7(t)], t ≥ 0, (4.4)

ãäå ai(t), i = 5, 6, 7 , èç òåîðåìû 1; b = Lµ/(L+µ) ; h(t) = exp
∫ s=t

s=0
[γ2(s)/τ(s)] ds , b71(t) =

C21(C24 + 2C3
23)h(t) .

Ä î ê à ç à ò å ë ü ñ ò â î. Çàìåòèì, ÷òî ïðè óñëîâèÿõ òåîðåìû 3: 1) ìíîæå-
ñòâî ìèíèìóìîâ Q∗ = {x∗} ââèäó ñèëüíîé âûïóêëîñòè ôóíêöèé f(x) , T (x(t), t) ; 2)
ðåçóëüòàòû òåîðåìû 1 î ñõîäèìîñòè ìåòîäà (2.1), (2.2), (3.2) ñïðàâåäëèâû. Â (3.6) âîñ-
ïîëüçóåìñÿ íåðàâåíñòâîì äëÿ ñèëüíî âûïóêëîé ôóíêöèè f(x) ∈ C1,1(Q) ([18], ãë. 1)
(∇f(v) − ∇f(u),u − z) ≤ (L + µ)∥v − z∥2/4 − Lµ∥v − u∥2/(L + µ), u,v, z ∈ Q, µ = 2κ ,
óñëîâèåì (3.1), íåðàâåíñòâîì Êîøè-Áóíÿêîâñêîãî. Òîãäà ïîëó÷èì(

σx
′′

+ a(t)x
′
,v −w

)
+ bβγ2∥y − v∥2 + βγ2τ(x− v,w − v) ≤

≤ βγ2[δ(1 + ∥y∥)∥v −w∥ + ∥v∥|τ(t) − τ(r)|∥v −w∥], t, r ≥ 0,
(4.5)

ãäå a(t) = 1 − α− βγ1 + αβγ2τ , b = Lµ/(L+ µ) , d = (L+ µ)/4 . Äàëåå, ââèäó (2.1), (2.2),
îöåíêè (3.8), íåðàâåíñòâ (3.9) ïðè ïîäõîäÿùèõ ε , äëÿ ñëàãàåìûõ â (4.5) èìååì:(

σx
′′

+ a(t)x
′
,v −w

)
= σ2∥x′′∥2 + (1 + a)σ(x

′′
,x

′
) + σ(x

′′
,x− v)+

+a(x
′
,x− v) + a∥x′∥2; ∥v −w∥2 = ∥(v − x) − (σx

′′
+ x

′
)∥2 =

= ∥v − x∥2 − 2(v − x, σx
′′
) − 2(v − x,x

′
) + σ2∥x′′∥2 + 2(x

′′
,x

′
) + ∥x′∥2;

∥y − v∥2 = ∥x + αx
′ − v∥2 = ∥x− v∥2 + 2(x− v, αx

′
) + α2∥x′∥2;

∥y −w∥2 = ∥(1 − α)x
′
+ σx

′′∥2 = (1 − α)2∥x′∥2 + 2(1 − α)σ(x
′′
,x

′
) + σ2∥x′′∥2;

∥v∥|τ(t) − τ(r)| ∥v −w∥ ≤ C2
0 |τ(t) − τ(r)|2/(2τ) + (τ/2)∥v −w∥2 =

= C2
0 |τ(t) − τ(r)|2/(2τ(t)) + (τ/2)

(
∥v − x∥2 + σ2∥x′′∥2 + ∥x′∥2

)
+

+τ(t)[σ(x
′′
,x

′
) + σ(x

′′
,x− v) + (x

′
,x− v)].

Ïîëüçóÿñü ýòèìè âûðàæåíèÿìè è (3.8), (3.9) â (4.5), ïîëó÷èì

b21(t)∥x
′′∥2 + b22(t)(x

′′
,x

′
) + b23(t)(x

′′
,x− v) + b24(t)(x

′
,x− v)+

+b25(t)∥x
′′∥2 + b26(t)∥v − x∥2 ≤ Cg(t, r), t, r ≥ 0,

(4.6)

ãäå b21(t) = σ2(t)[1−β(t)γ2(t)(δ(t) + τ(t)/2)] ; b22(t) = σ(t)[1 + a(t)−β(t)γ2(t)(2δ(t) + τ(t))] ;
b23(t) = σ(t)[1 − 2β(t)γ2(t)δ(t) ; b24(t) = a(t) + β(t)γ2(t)[2bα(t) − (2 + α)δ(t)] ; b25(t) = a(t) +
β(t)γ2(t)[2bα(t) − (1 + α2/2)δ(t) − τ(t)/2] ; b26(t) = β(t)γ2(t)(b + τ(t) − 3δ(t)/2 − τ(t)/2) ;
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C = max[(C0 + 1)2;C2
0/2] ; g(t, r) = Cβγ2(δ + τ−1|τ(t) − τ(r)|2) ; b2i(t) > 0 ïðè óñëîâèÿõ

(4.1). Ïîëüçóÿñü ðàâåíñòâàìè (3.10), ïðåîáðàçóåì (4.6) ê âèäó

b1(t)
d2

dt2
∥x− v∥2 + b2(t)

d
dt
∥x− v∥2 + b3(t)∥x− v∥2+

+b4(t)∥x
′′∥2 + b5(t)

d
dt
∥x′∥2 + b6(t)∥x

′∥2 ≤ C21g(t, r), t, r ≥ 0,
(4.7)

ãäå b1(t) = 0.5b23(t) ; b2(t) = 0.5b24(t) ; b3(t) = b26(t) ; b4(t) = b21(t) ; b5(t) = 0.5b22(t) ;
b6(t) = b25(t) − b23(t) ; bi(t) ≥ 0 , i ∈ [1 : 6] ïðè óñëîâèÿõ (4.1).

Óìíîæèâ (4.7) íà ôóíêöèþ h(t) = exp
(∫ t

0
[γ2(s)/τ(s)] ds

)
, è, ïðîèíòåãðèðîâàâ ïîëó-

÷åííîå íåðàâåíñòâî ïî t ∈ [q, t] , t > q ≥ t1 , ïîëó÷èì:∫ t

q
[(b1(s)h(s))

′′ − (b2(s)h(s))
′
+ b3(s)h(s)]∥x− v∥2 ds+∫ t

q
[b4(s)h(s)∥x′′∥2 + (b2(s)h(s) − (b5(s)h(s))

′
)∥x′∥2] ds+

+b1(t)h(t) d
dt
∥x− v∥2 + [b2(t)h(t) − (b1h)

′
]∥x− v∥2 + b5h∥x

′∥2 ≤
≤ C21

∫ t

q
g(s, r)h(s) ds+ C22(q), t > q ≥ t1, r ≥ 0.

(4.8)

ãäå C22(q) = [(b1(q)h(q))′ − b2(q)h(q)](C0 + ∥x(q)∥)2 − b5(q)h(q)∥x′
(q)∥2 îò r íå çàâèñèò.

Ñóùåñòâóåò t2 òàêîå, ÷òî êîýôôèöèåíòû ïîä èíòåãðàëàìè â (4.8) íåîòðèöàòåëüíû ∀q ≥
t2 ≥ t1 ≥ t0 , ïîýòîìó òàêîâû è èíòåãðàëû; çàìåíèì èõ íóë¼ì:

b1(t)h(t) d
dt
∥x− v∥2 + [b2h− (b1h)

′
]∥x− v∥2 + b5(t)h(t)∥x′∥2 ≤

≤ C21

∫ t

q
g(s, r)h(s) ds+ C22(q), t > q ≥ t1, r ≥ 0.

(4.9)

Ïðîèíòåãðèðóåì (4.9) íà îòðåçêå [q, t] , òîãäà èìååì:∫ t

q
[(b2(s)h(s) − 2(b1(s)h(s))

′
)∥x− v∥2 + b5(s)h(s)∥x′∥2] ds+

+b1(t)h(t)∥x− v∥2 ≤ C21

∫ t

q

∫ z

q
g(s, r)h(s) ds dz+

+C22(q)(t− q) + C23(q), t > q ≥ t2, r ≥ 0,

(4.10)

ãäå ñ ó÷¼òîì (3.8) C23(q) = h(q)b1(q) (C0 + ∥x(q)∥)2 íå çàâèñèò îò r. Ïðè óñëîâèÿõ òåîðåìû
èíòåãðàë â ëåâîé ÷àñòè (4.10) íåîòðèöàòåëåí, åãî çàìåíèì íóë¼ì, çàòåì ïîëîæèì r = t .

∥x(t) − v(t)∥2 ≤ [C21

∫ t

q

∫ z

q
g(s, t)h(s) ds dz+

+C22(q)(t− q) + C23(q)]/[b1(t)h(t)].

Ïðåîáðàçóåì ïîäûíòåãðàëüíóþ ôóíêöèþ g(s, t) ïî (3.13); ââèäó ñèëüíîé âûïóêëîñòè
ôóíêöèè f(x) , Q∗ = {x∗} , ïðè v = x∗ èìååì:

∥x− x∗∥2 ≤
≤ [b1(t)h(t)]−1[C21

∫ t

q

∫ z

q
β(s)γ2(s)h(s)(δ(s) + (τ

′
)2(t− s)2) ds dz+

+C22(q)(t− q) + C23(q)], t > q ≥ t2.

(4.11)

Ïîëîæèì äàëåå q = 0 è ÷òî ïðè t0 = t1 = t2 = 0 âûïîëíÿëèñü íåðàâåíñòâà äëÿ
ïàðàìåòðîâ ìåòîäà, èñïîëüçîâàííûå ïðè äîêàçàòåëüñòâå òåîðåìû 1. Òàêèå çíà÷åíèÿ ïàðà-
ìåòðîâ ñîäåðæàòñÿ è â (3.22). Âû÷èñëèì êîýôôèöèåíòû ïðè q = 0 è ïðåîáðàçóåì (4.11);

C22(0) = [(b1(0)h(0))
′ − b2(0)h(0)] (C0 + ∥x0∥)

2 − b5(0)h(0)∥x1∥2,
C23(0) = b1(0)h(0) (C0 + ∥x0∥)

2
, ∥x− x∗∥2 ≤

≤ [b1(t)h(t)]−1[C21

∫ t

0

∫ z

0
β(s)γ2(s)h(s)(δ(s) + (τ

′
)2(t− s)2) ds dz+

+C22(0)t+ C23(0)], t ≥ t2.

(4.12)
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Âû÷èñëèì äâîéíîé èíòåãðàë â ïðàâîé ÷àñòè íåðàâåíñòâà (4.12). Îáîçíà÷èâ I21 =∫ z

0
g(s, t)h(s) ds , ïîëó÷èì: ∥x − x∗∥2 ≤ [b1(t)h(t)]−1[C21

∫ t

0
I21 dz + C22(0)t + C23(0)] , t ≥ 0 .

Èíòåãðèðóÿ ïî ÷àñòÿì, ñíà÷àëà îöåíèì âíóòðåííèé èíòåãðàë,

I21 =
∫ z

0
β(s)δ(s)τ(s)dh(s) +

∫ z

0
τ(t)
γ2(t)

β(s)γ2(s)τ
−1(τ

′
)2(t− s)2 dh(s) ≤

≤ C24[h(z) +
∫ z

0
(t− s)2dh(s)].

Îáîçíà÷èâ èíòåãðàë â ïðàâîé ÷àñòè I22 , èíòåãðèðóåì ïî ÷àñòÿì:

I21 =
∫ z

0
(t− s)2 dh(s) = (t− s)2h(s)|s=z

s=0 + 2
∫ z

0
(t− s)h(s) ds ≤ 2C2

24h(z);

I21 ≤ (C24 + 2C3
24)h(z);

∫ t

0
I21 dz = (C24 + 2C3

24)C
2
24h(t);

è èç (4.12) ñëåäóåò (4.2)

∥x− x∗∥2 ≤
≤ {[b1(t)h(t)]−1[C21(C

3
24 + 2C5

24)h(t) + C22(0)t+ C23(0)]}1/2 = b7(t).

Ïîëó÷èì îöåíêó (4.3). Èç (4.9) ïðè v = x∗ , q = 0 , r = t ñëåäóåò:

b5(t)h(t)∥x′∥2 ≤ [(b1h)
′ − b2h]∥x− x∗∥2 − b1(t)h(t) d

dt
∥x− x∗∥2+

+C21

∫ t

0
g(s, t)h(s) ds+ C22(0), t ≥ t2.

(4.13)

Â ïðàâîé ÷àñòè (4.13) ïðåîáðàçóåì: ïåðâîå ñëàãàåìîå � c ïîìîùüþ (4.1) è (4.2); âòîðîå
ñëàãàåìîå � ñ ïîìîùüþ (3.10) è (3.9) ïðè ε = 1 ; èíòåãðàë âû÷èñëèì òàê æå, êàê I21 .
Òîãäà èç (4.13), ïîëüçóÿñü (4.2), ïîëó÷èì

(b5 − b1)h(t)∥x′
(t)∥2 ≤ (C24 − b1(t)h(t))b7(t) + b71(t), (4.14)

ãäå b71(t) = C21(C
3
24 + 2C5

24)h(t) , b5(t) − b1(t) = σ(t)[1 − α − β(γ1 + (1 − α)γ2τ)] > 0 ïðè
0 < β < (1 − α)/(γ1 + (1 − α)γ2τ) , h(t) < C24/b1(t) . Ðàçäåëèâ íà êîýôôèöèåíò â ëåâîé
÷àñòè (4.14), ïîëó÷èì îöåíêó (4.3):

∥x′
(t)∥ ≤

{
[(C24 − b1h)b7(t) + b71(t)][(b5 − b1)h(t)]−1

}1/2
= b8(t).

Ïîëó÷èì îöåíêó (4.4). Â óñëîâèÿõ òåîðåìû 2 ðåçóëüòàòû òåîðåìû 1 âåðíû. Ïîëîæèì
â (3.20) v = x∗ , q = 0 , r = t è ïîäñòàâèì â ïðåîáðàçîâàííîå íåðàâåíñòâî îöåíêè (4.2) è
(4.3). Ïðèä¼ì ê íåðàâåíñòâó

∥x′′
(t)∥ ≤ σ−1

0 [a5(t)b8(t) + a6(t)b7(t) + a7(t)], t ≥ 0,

ãäå ai(t) > 0 , i ∈ [5 : 7] èç (3.20), b7(t) > 0 , b8(t) > 0 .
Òåîðåìà 2 äîêàçàíà.
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On the rate of convergence regularized CPMM of the

second order

c⃝ V. G. Malinov 2

Abstract. In the work a regularization method in Hilbert space is investigated for problems of
minimization with inaccurate initial date, based on the continuous projection second order method
in conjunction with the Tikhonov function method. Estimates rate of convergence are proved.

Key Words: regularized projection continuous minimization method, estimates rate of
convergence.
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