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Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î òåïëîâîì êðèïå

c⃝ Â. Â. Ëóêàøåâ, 1Â. Í. Ïîïîâ,2

Àííîòàöèÿ. Â ðàìêàõ êèíåòè÷åñêîãî ïîäõîäà ïîñòðîåíî àíàëèòè÷åñêîå (â âèäå ðÿäà Íåé-
ìàíà) ðåøåíèå çàäà÷è î òåïëîâîì êðèïå � âû÷èñëåíèè ïîòîêà ìàññû ãàçà, îáóñëîâëåííîãî
ïåðåïàäîì òåìïåðàòóðû â êàíàëå. Â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ èñïîëüçóåòñÿ ëèíåàðè-
çîâàííàÿ ÁÃÊ (Áõàòíàãàð, Ãðîññ, Êðóê) ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà, à â
êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ íà ñòåíêàõ êàíàëà � ìîäåëü çåðêàëüíî-äèôôóçíîãî îòðàæåíèÿ.
Äëÿ ðàçëè÷íûõ çíà÷åíèé òîëùèíû êàíàëà è êîýôôèöèåíòà àêêîìîäàöèè òàíãåíöèàëüíîãî
èìïóëüñà ìîëåêóë ãàçà ñòåíêàìè êàíàëà âû÷èñëåíû çíà÷åíèÿ ïîòîêîâ ìàññû ãàçà, ïðèõî-
äÿùèõñÿ íà åäèíèöó øèðèíû êàíàëà. Ïðîâåäåíî ñðàâíåíèå ñ àíàëîãè÷íûìè ðåçóëüòàòàìè,
îïóáëèêîâàííûìè â îòêðûòîé ïå÷àòè.

Êëþ÷åâûå ñëîâà: òå÷åíèå ãàçà â êàíàëå, òåïëîâîé êðèï, êèíåòè÷åñêîå óðàâíåíèå Áîëüö-
ìàíà, ìîäåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ, òî÷íûå àíàëèòè÷åñêèå ðåøåíèÿ

1. Ââåäåíèå

Îäíîé èç âàæíåéøèõ â ïðèêëàäíîì îòíîøåíèè çàäà÷ äèíàìèêè ðàçðåæåííîãî ãàçà ÿâ-
ëÿåòñÿ çàäà÷à î òå÷åíèè ãàçà â êàíàëàõ [1], [2]. Íå ñìîòðÿ íà òî, ÷òî ïåðâûå èññëåäîâàíèÿ,
ïîñâÿùåííûå äàííîé ïðîáëåìå, âïåðâûå áûëè âûïîëíåíû â íà÷àëå�ïåðâîé ïîëîâèíå ïðî-
øëîãî ñòîëåòèÿ â ðàáîòàõ Êíóäñåíà, Ñìîëóõîâñêîãî, Êëàóçèíãà, îíà äî ñèõ ïîð ïðèâëåêàåò
ê ñåáå âíèìàíèå ðàçíûõ àâòîðîâ. Îòëè÷èòåëüíîé îñîáåííîñòüþ òå÷åíèÿ ðàçðåæåííûõ ãà-
çîâ â êàíàëàõ ÿâëÿåòñÿ íàëè÷èå òàê íàçûâàåìûõ ïåðåêðåñòíûõ ýôôåêòîâ: ïîòîêè ìàññû
ãàçà ìîãóò áûòü îáóñëîâëåíû íå òîëüêî ïåðåïàäîì äàâëåíèÿ, òî è ïåðåïàäîì òåìïåðàòó-
ðû, è îáðàòíî, ïîòîêè òåïëà ìîãóò áûòü îáóñëîâëåíû íå òîëüêî ïåðåïàäàìè òåìïåðàòóðû,
íî è ïåðåïàäàìè äàâëåíèÿ. Öåëüþ ïðåäñòàâëåííîé ðàáîòû ÿÿëåòñÿ ðàññìîòðåíèå íà îñ-
íîâå òî÷íûõ àíàëèòè÷åñêèõ ìåòîäîâ, ïðåäñòàâëåííûõ â [3]-[9], îäíîãî èç òàêèõ ýôôåêòîâ
� òåïëîâîãî êðèïà, ò.å. ïðîöåññà ïåðåíîñà ìàññû ãàçà â êàíàëå, îáóñëîâëåííîãî ïåðåïà-
äîì òåìïåðàòóðû. Ñ èñïîëüçîâàíèåì ìåòîäîâ ïðÿìîãî ÷èñëåííîãî ìîäåëèðîâàíèÿ äàííàÿ
çàäà÷à ðàññìàòðèâàëàñü ðàíåå â [10]-[12].

Â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ, îïèñûâàþùåãî êèíåòèêó ïðîöåññà â ðàáîòå èñïîëüçó-
åòñÿ ÁÃÊ (Áõàòíàãàð, Ãðîññ, Êðóê) ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà [3], à â
êà÷åñòâå ìîäåëè âçàèìîäåéñòâèÿ ìîëåêóë ãàçà ñî ñòåíêàìè êàíàëà � çåðêàëüíî-äèôôóçíîå
ãðàíè÷íîå óñëîâèå Ìàêñâåëëà. Ïðè ðåøåíèè çàäà÷è ïîëàãàåòñÿ, ÷òî ñòåíêè êàíàëà îáðà-
çîâàíû äâóìÿ áåñêîíå÷íìè ïàðàëëåëüíûìè ïëîñêîñòÿìè.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì êàíàë, òîëùèíîé D′ , ñòåíêè êîòîðîãî ðàñïîëîæåíû â ïëîñêîñòÿõ x′ =
±d′ ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìû êîîðäèíàò ( d′ = D′/2 ). Ïðåäïîëîæèì, ÷òî â
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êàíàëå ïîääåðæèâàåòñÿ ïîñòîÿííûé ãðàäèåíò òåìïåðàòóðû, ïàðàëëåëüíûé åãî ñòåíêàì.
Íàïðàâèì îñü Oz äåêàðòîâîé ñèñòåìû êîîðäèíàò âäîëü ãðàäèåíòà òåìïåðàòóðû. Áóäåì
ñ÷èòàòü, îòíîñèòåëüíûé ïåðåïàä òåìïåðàòóðû íà äëèíå ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà
ìàëûì. Òîãäà çàäà÷à äîïóñêàåò ëèíåàðèçàöèþ è ôóíêöèþ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî
êîîðäèíàòàì è ñêîðîñòÿì ìîæíî ïðåäñòàâèòü â âèäå

f(r′, v) = β3/2π−3/2 exp(−C2)

[
1 + (C2 − 5

2
)GT z +GT Z(x,C)

]
. (2.1)

Çäåñü C =
√
β v � áåçðàçìåðíàÿ ñêîðîñòü ìîëåêóë ãàçà; β = m/2kBT ; m � ìàññà ìîëå-

êóëû ãàçà; kB � ïîñòîÿííàÿ Áîëüöìàíà; T � òåìïåðàòóðà ãàçà; GT = (1/T )(dT/dz) � áåç-
ðàçìåðíûé ãðàäèåíò òåìïåðàòóðû; Z(x,C) � ëèíåéíàÿ ïîïðàâêà ê ëîêàëüíî-ðàâíîâåñíîé
ôóíêöèè ðàñïðåäåëåíèÿ; x = x′/lg è z = z′/lg � áåçðàçìåðíûå êîîðäèíàòû; lg = ηg β

−1/2/p
� ñðåäíÿÿ äëèíà ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà. Çàïèøåì â âûáðàííîé ñèñòåìå êîîðäè-
íàò ÁÃÊ ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà

vx
∂f

∂x′
+ vz

∂f

∂z′
=

p

ηg
(feq − f). (2.2)

Çäåñü feq(r
′,v) � ëîêàëüíî-ðàâíîâåñíûé ìàêñâåëëèàí. Ïîäñòàâëÿÿ (2.1) â (2.2) è ëè-

íåàðèçóÿ feq(r
′, v) îòíîñèòåëüíî àáñîëþòíîãî ìàêñâåëëèàíà, ïðèõîäèì ê óðàâíåíèþ äëÿ

íàõîæäåíèÿ Z(x,C)

Cx
∂Z

∂x
+ Z(x,C) + Cz(C

2 − 5

2
) = π−3/2

∞∫
−∞

exp(−C ′2)K(C,C ′)Z(x,C ′) dC ′, (2.3)

K(C,C ′) = 1 + 2CC ′ +
2

3
(C2 − 3

2
)(C ′ 2−3

2
).

Ðåøåíèå (2.3) èùåì â âèäå

Z(x,C) = Cz Z1(x,Cx) + Cz(C
2
y + C2

z − 2)Z2(x,Cx). (2.4)

Ïîäñòàâëÿÿ (2.4) â (2.3), äîìíîæàÿ ïîëó÷åííîå óðàâíåíèå ïîñëåäîâàòåëüíî íà Cz è
Cz(C

2
y +C2

z − 2) è èíòåãðèðóÿ ïî Cy è Cz îò −∞ äî +∞ ïðèõîäèì ê ñèñòåìå óðàâíåíèé
(µ = Cx )

µ
∂Z1

∂x
+ Z1(x, µ) +

(
µ2 − 1

2

)
=

1√
π

∞∫
−∞

exp(−τ 2)Z1(x, τ) dτ, (2.5)

µ
∂Z2

∂x
+ Z2(x, µ) + 1 = 0. (2.6)

Ó÷èòûâàÿ çåðêàëüíî-äèôôóçíîå îòðàæåíèå ìîëåêóë ãàçà ñòåíêàìè êàíàëà, ãðàíè÷íûå
óñëîâèÿ äëÿ Zk(x, µ) ( k = 1, 2 ) çàïèñûâàþòñÿ â âèäå

Zk(d, µ) = (1 − q)Zk(d,−µ), µ < 0, (2.7)

Zk(−d, µ) = (1 − q)Zk(−d, µ), µ > 0. (2.8)

Èñõîäÿ èç ñòàòèñòè÷åñêîãî ñìûñëà ôóíêöèè ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíà-
òàì è ñêîðîñòÿì, ìàññîâàÿ ñêîðîñòü ãàçà â íàïðàâëåíèè îñè Oz′ îïðåäåëÿåòñÿ âûðàæåíèåì

Uz(x) = π3/2

+∞∫
−∞

exp(−C2)CzZ(x,C) dC =
1

2
√
π

+∞∫
−∞

exp(−µ2)Z1(x, µ) dµ. (2.9)
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Ñîîòâåòñòâåííî, ïîòîê ìàññû ãàçà, ïðèõîäÿùèéñÿ íà åäèíèöó øèðèíû êàíàëà, ðàâåí

JM = − 1

2d2

d∫
−d

Uz(x) dx. (2.10)

Îòñþäà, òàê êàê Z2(x, µ) íå âõîäèò â âûðàæåíèå (2.9), ðåøåíèå ïîñòàâëåííîé çàäà÷è
ñâîäèòñÿ ê íàõîæäåíèþ Z1(x, µ) èç êðàåâîé çàäà÷è (2.5), (2.7), (2.8).

3. Ïîñòðîåíèå ôóíêöèè ðàñïðåäåëåíèÿ ìîëåêóë ãàçà

Îáùåå ðåøåíèå (2.5) èìååò âèä [3]

Z1(x, µ) = A0 + A1(x− µ) +

+∞∫
−∞

exp(−x
η

)F (η, µ)a(η) dη − (µ2 − 1

2
), (3.1)

F (η, µ) =
1√
π
η P

1

η − µ
+ exp(η2)λ(η) δ(η − µ), (3.2)

λ(z) = 1 +
1√
π
z

∞∫
−∞

exp(−µ2)

µ− z
dµ, (3.3)

P(1/z) - ðàñïðåäåëåíèå â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïðè âû÷èñëåíèè èíòåãðàëà îò 1/z ,
δ(z) � äåëüòà-ôóíêöèÿ Äèðàêà, à A0 , A1 è a(η) � íåèçâåñòíûå ïàðàìåòðû è ôóíêöèÿ,
ïîäëåæàùèå äàëüíåéøåìó îïðåäåëåíèþ.

Ïîäñòàâëÿÿ (3.1) â (2.7) è (2.8), ïðèõîäèì ê èíòåãðàëüíûì óðàâíåíèÿì

A0 + A1(d− µ) +
1√
π

+∞∫
−∞

exp

(
−d
η

)
F (η, µ)a(η) dη − (µ2 − 1

2
) =

= (1 − q)

[
A0 + A1(d+ µ) +

1√
π

+∞∫
−∞

exp

(
−d
η

)
F (η,−µ)a(η)dη − (µ2 − 1

2
)

]
, µ < 0, (3.4)

A0 − A1(d+ µ) +
1√
π

+∞∫
−∞

exp

(
d

η

)
F (η, µ)a(η) dη − (µ2 − 1

2
) =

= (1 − q)

[
A0 − A1(d− µ) +

1√
π

+∞∫
−∞

exp

(
d

η

)
F (η,−µ)a(η)dη − (µ2 − 1

2
)

]
, µ > 0. (3.5)

Îáîçíà÷èì

b(η, x) = exp

(
−x
η

)
a(η).
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Òîãäà, ñ ó÷åòîì (3.2) óðàâíåíèÿ (3.4) è (3.5) çàïèøåì â âèäå

1√
π

+∞∫
−∞

η B(−η, d)

η + µ
dη + exp(µ2)B(µ, d)λ(µ) =

= qµ2 + A1µ(2 − q) − q(A0 + A1d+
1

2
), µ < 0, (3.6)

1√
π

+∞∫
−∞

η B(η,−d)

η − µ
dη + exp(µ2)B(µ,−d)λ(µ) =

= qµ2 + A1µ(2 − q) − q(A0 − A1d+
1

2
), µ > 0. (3.7)

Çäåñü
B(µ, d) = b(µ, d) − (1 − q)b(−µ, d). (3.8)

Çàìåíèâ â (3.6) µ íà −µ è ó÷èòûâàÿ, ÷òî íà äåéñòâèòåëüíîé îñè λ(z) ÿâëÿåòñÿ ÷åòíîé
ôóíêöèåé, ïåðåïèøåì åãî â ñëåäóþùåì âèäå

1√
π

+∞∫
−∞

η B(−η, d)

η − µ
dη + exp(µ2)B(−µ, d)λ(µ) =

= qµ2 − A1µ(2 − q) − q(A0 + A1d+
1

2
), µ > 0. (3.9)

Ïðåäñòàâèì èíòåãðàë, âõîäÿùèé â (3.9) â âèäå ñóììû äâóõ èíòåãðàëîâ: ðåãóëÿðíîãî è
ñèíãóëÿðíîãî, ïîñëå ÷åãî çàìåíèì â ïåðâîì ïåðåìåííóþ èíòåãðèðîâàíèÿ η íà −η

1√
π

+∞∫
−∞

η B(−η, d)

η − µ
dη =

1√
π

0∫
−∞

η B(−η, d)

η − µ
dη+

+
1√
π

+∞∫
0

η B(−η, d)

η − µ
dη =

1√
π

+∞∫
0

η B(η, d)

η + µ
dη +

1√
π

+∞∫
0

η B(−η, d)

η − µ
dη.

Àíàëîãè÷íî ïðåîáðàçîâàâ èíòåãðàë, âõîäÿùèé â (3.7), ïîëó÷èì ñëåäóþùóþ ñèñòåìó
óðàâíåíèé:

1√
π

+∞∫
0

η B(−η, d)

η − µ
dη + exp(µ2)B(−µ, d)λ(µ) =

= qµ2 − A1µ(2 − q) − q(A0 + A1d+
1

2
) − 1√

π

+∞∫
0

η B(η, d)

η + µ
dη, µ > 0, (3.10)

1√
π

+∞∫
0

ηB(η,−d)

η − µ
dη + exp(µ2)B(µ,−d)λ(µ) =

= qµ2 + A1µ(2 − q) − q(A0 − A1d+
1

2
) − 1√

π

+∞∫
0

ηB(−η,−d)

η + µ
dη, µ > 0. (3.11)
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Ïîñëåäîâàòåëüíî ñêëàäûâàÿ è âû÷èòàÿ ïî÷ëåííî (3.10) è (3.11), ïðèõîäèì ê óðàâíåíè-
ÿì

1√
π

+∞∫
0

η [B(−η, d) +B(η,−d)]

η − µ
dη + exp(µ2)[B(−µ, d) +B(µ,−d)]λ(µ) =

= 2qµ2 − 2qA0 − q − 1√
π

+∞∫
0

η [B(η, d) +B(−η,−d)]

η + µ
dη, µ > 0, (3.12)

1√
π

+∞∫
0

η [B(η,−d) −B(−η, d)]

η − µ
dη + exp(µ2)[B(µ,−d) −B(−µ, d)]λ(µ) =

= −2A1(µ(2 − q) + qd) − 1√
π

+∞∫
0

η [B(−η,−d) −B(η, d)]

η + µ
dη, µ > 0. (3.13)

Íåòðóäíî âèäåòü, ÷òî (3.12) îáðàùàåòñÿ â òîæäåñòâî ïðè âûïîëíåíèè óñëîâèé
B(−η, d) = B(η,−d) , A1 = 0 . À ñ ó÷åòîì îïðåäåëåíèÿ ôóíêöèè B(η, d) (3.8) ïîëó÷à-
åì, ÷òî a(−η) = a(η) . Òåïåðü (3.13) ìîæíî ïåðåïèñàòü â âèäå

1√
π

+∞∫
0

η B(−η, d)

η − µ
dη + exp(µ2)B(−µ, d)λ(µ) = f(µ), (3.14)

f(µ) = qµ2 − q

(
A0 +

1

2

)
− 1√

π

+∞∫
0

η B(η, d)

η + µ
dη, µ > 0. (3.15)

Ðåøåíèå (3.14) èùåì ñ èñïîëüçîâàíèåì ìåòîäîâ êðàåâûõ çàäà÷ òåîðèè ôóíêöèé êîì-
ïëåêñíîãî ïåðåìåííîãî. Ñ ýòîé öåëüþ ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ, çàäàííóþ èíòå-
ãðàëîì òèïà Êîøè

N(z) =
1√
π

+∞∫
0

ηB(−η, d)

η − z
dη, (3.16)

äëÿ êîòîðîé íà âåðõíåì è íèæíåì áåðåãàõ ðàçðåçà, ñîâïàäàþùåãî ñ äåéñòâèòåëüíîé ïîëî-
æèòåëüíîé ïîëóïðÿìîé, âûïîëíÿþòñÿ ñîîòíîøåíèÿ

N+(µ) −N−(µ) = 2
√
πiµB(−µ, d), 0 < µ < +∞. (3.17)

N+(µ) +N−(µ) =
2√
π

+∞∫
0

ηB(η, d)

η − µ
dη, 0 < µ < +∞. (3.18)

Àíàëîãè÷íûå ñîîòíîøåíèÿ äëÿ λ(µ) , îïðåäåëÿåìîé ðàâåíñòâîì (3.3), èìåþò âèä

λ+(µ) − λ−(µ) = 2
√
πiµ exp(−µ2), −∞ < µ < +∞ (3.19)

λ+(µ) + λ−(µ) = 2λ(µ), −∞ < µ < +∞. (3.20)
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Çäåñü ðàçðåç ñîâïàäàåò ñî âñåé äåéñòâèòåëüíîé ÷èñëîâîé ïðÿìîé. Ñ ó÷åòîì (3.17) -
(3.20) ñâåäåì èíòåãðàëüíîå óðàâíåíèå (3.14) ê êðàåâîé çàäà÷å Ðèìàíà íà äåéñòâèòåëüíîé
ïîëîæèòåëüíîé ïîëóîñè

N+(µ)λ+(µ) −N−(µ)λ−(µ) = 2
√
πµf(µ) exp(−µ2), µ > 0. (3.21)

Îñîáåííîñòü êðàåâîé çàäà÷è (3.21) ñîñòîèò â òîì, ÷òî ôóíêöèè N(z) è λ(z) èìåþò
ðàçëè÷íûå ðàçðåçû. ×òîáû óñòðàíèòü ýòó îñîáåííîñòü íåîáõîäèìî ðåøèòü çàäà÷ó ôàêòî-
ðèçàöèè, òî åñòü íàéòè òàêóþ íå îáðàùàþùóþñÿ â íîëü íè â îäíîé êîíå÷íîé òî÷êå ôóíê-
öèþ X(z) , äëÿ êîòîðîé íà äåéñòâèòåëüíîé ïîëîæèòåëüíîé ïîëóîñè âûïîëíÿåòñÿ óñëîâèå
(3.22) è êîòîðàÿ àíàëèòè÷íà âî âñåõ îñòàëüíûõ òî÷êàõ êîìïëåêñíîé ïëîñêîñòè

X+(µ)

X−(µ)
=
λ+(µ)

λ−(µ)
. (3.22)

Ðåøåíèå ýòîé çàäà÷è èìååò âèä [3]:

X(z) =
1

z
exp

[
1

π

∞∫
0

(θ(τ) − π)

τ − z
dt

]
, θ(τ) =

π

2
− arcctg

(
λ(τ)√

πτ exp−τ 2

)
.

Ñ ó÷åòîì ðåøåíèÿ îäíîðîäíîé êðàåâîé çàäà÷è (3.22) ïåðåïèøåì (3.21)

N+(µ)X+(µ) −N−(µ)X−(µ) =
X−(µ)

λ−(µ)
2
√
πµf(µ) exp(−µ2), µ > 0. (3.23)

Ëèíèè ñêà÷êîâ ôóíêöèé N(z) è X(z) ñîâïàäàþò ñ êîíòóðîì êðàåâîãî óñëîâèÿ. Ñëåäî-
âàòåëüíî, ïîëó÷èëè êðàåâóþ çàäà÷ó Ðèìàíà - çàäà÷ó îïðåäåëåíèÿ àíàëèòè÷åñêîé ôóíêöèè
ïî çàäàííîìó ñêà÷êó. Ó÷èòûâàÿ ïîâåäåíèå âõîäÿùèõ â (3.23) ôóíêöèé, ïî ôîðìóëàì Ñî-
õîöêîãî ïîëó÷àåì åå îáùåå ðåøåíèå

N(z) =
1

X(z)

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2) dη

η − z
. (3.24)

Ðàññìîòðèì ïîâåäåíèå ðåøåíèÿ, çàäàâàåìîãî âûðàæåíèåì (3.24) â îêðåñòíîñòè áåñêî-
íå÷íî óäàëåííîé òî÷êè. Ó÷èòûâàÿ, ÷òî ïðè |z| → +∞

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2) dη

η − z
=

= −1

z

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2)dη +O

(
1

z2

)
, |z| → +∞,

1

X(z)
= z +Q1 +O

(
1

z

)
, |z| → +∞,

íàõîäèì

N(z) = − 1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2)dη +O

(
1

z

)
, |z| → +∞. (3.25)
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Çäåñü

Qn =
1√
π

+∞∫
0

X−(η)

λ−(η)
ηk+1 exp(−η2) dη (3.26)

� èíòåãðàëû Ëîÿëêè, â ÷àñòíîñòè, Q1 = −1.01619 , Q2 = −1.26632 .
Òàê êàê ôóíêöèÿ N(z) ñîãëàñíî (3.16) çàäàíà èíòåãðàëîì òèïà Êîøè, òî â îêðåñòíîñòè

áåñêîíå÷íî óäàëåííîé òî÷êè äîëæíî âûïîëíÿòüñÿ ñîîòíîøåíèå N(z) = O(1/z) . Îòñþäà,
ñ ó÷åòîì (3.25) ïðèõîäèì ê óñëîâèþ ðàçðåøèìîñòè êðàåâîé çàäà÷è (3.23)

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2)dη = 0. (3.27)

Ïîäñòàâèâ â (3.27) f(η) , îïðåäåëÿåìîå ñîîòíîøåíèåì (3.15), ñ ó÷åòîì (3.26) ïåðåïèøåì
(3.27) â âèäå

q(A0 +
1

2
+Q2) −

1√
π

+∞∫
0

X−(η)

λ−(η)
η exp(−η2) dη 1√

π

+∞∫
0

τ B(τ, d)

τ + η
dη = 0. (3.28)

Èçìåíÿÿ â ïîñëåäíåì èíòåãðàëå ïîðÿäîê èíòåãðèðîâàíèÿ è, ó÷èòûâàÿ èíòåãðàëüíîå
ïðåäñòàâëåíèå ôóíêöèè X(z)

X(z) =
1√
π

+∞∫
0

X−(η)

λ−(η)

η exp(−η2) dη
η + z

, (3.29)

èç (3.28) íàõîäèì

A0 = −Q2 −
1

2
+

1

q
√
π

+∞∫
0

τ B(τ, d)X(−τ) dτ. (3.30)

Êîýôôèöèåíò a(η) â ðàçëîæåíèè (3.1) ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è ïî ñîáñòâåí-
íûì âåêòîðàì íåïðåðûâíîãî ñïåêòðà íàéäåì èç óñëîâèÿ (3.17), ïðåäâàðèòåëüíî ïðåîáðà-
çîâàâ (3.24). Ïðèíèìàÿ âî âíèìàíèå âèä èíòåãðàëîâ Ëîÿëêè (3.26) è èíòåãðàëüíîå ïðåä-
ñòàâëåíèå X(z) (3.29), ïîëó÷àåì

N(z) = −q(A0 +
1

2
− z2) +

1

X(z)

[
q(Q1 − z)−

− 1√
π

+∞∫
0

X−(η)

λ−(η)
η exp(−η2) dη

η − z

1√
π

+∞∫
0

τ B(τ, d)

τ + η
dη

]
.

Çàìåòèì, ÷òî:
1

η − z

1

τ + η
=

1

τ + z

[
1

η − z
+

1

η + τ

]
,

òîãäà, ñ ó÷åòîì (3.29) è (3.26) ïîëó÷èì:

N(z) = −q(A0 +
1

2
− z2) − 1√

π

+∞∫
0

τB(τ, d) dτ

τ + z
+

+
1

X(z)

[
q(Q1 − z) +

1√
π

+∞∫
0

τB(τ, d)X(−τ)
dτ

τ + z

]
.
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Äëÿ ïîñòðîåííîãî ðåøåíèÿ N(z) , èñïîëüçóÿ ôîðìóëû Cîõîöêîãî-Ïëåìåëÿ è (3.17),
ìîæåì çàïèñàòü

2
√
πiµB(−µ, d) = −

√
πiµ exp(−µ2)

|λ+(µ)|2
X(−µ)×

×
[
q(Q1 − µ) +

1√
π

+∞∫
0

τB(τ, d)X(−τ)
dτ

τ + µ

]
, µ > 0. (3.31)

Òåïåðü, ó÷èòûâàÿ ÷åòíîñòü ôóíêöèè a(η) è ïîäñòàâëÿÿ â (3.31) â ÿâíîì âèäå âûðà-
æåíèÿ äëÿ B(η, d) (3.8) è A1 (3.30), äëÿ îïðåäåëåíèÿ a(η) ïðèõîäèì ê èíòåãðàëüíîìó
óðàâíåíèþ óðàâíåíèå Ôðåäãîëüìà âòîðîãî ðîäà

a(µ) = h(µ)[(Q1 − µ)q+

+
1√
π

+∞∫
0

η[exp(−d/η) − (1 − q) exp(d/η)]a(η)X(−η)

η + µ
dη, µ > 0, (3.32)

h(µ) = − X(−µ) exp(−µ2)

2|λ+(µ)|2[exp(d/µ) − (1 − q) exp(−d/µ)]
.

Ðåøåíèå (3.32) èùåì â âèäå ðÿäà

a(µ) =
+∞∑
k=0

λkak(µ), λ =
1√
π
. (3.33)

Ïîäñòàâëÿÿ (3.33) â (3.32) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ λ ,
ïðèõîäèì ê ñèñòåìå ðåêêóðåíòíûõ ñîîòíîøåíèé, èç êîòîðûõ íàõîäèì

a0(µ) = qh(µ)(Q1 − µ), ai(µ) = qh(µ)

∞∫
0

g(η1) dη1
η1 + µ

. . .

∞∫
0

g(ηi) [Q1 − ηi] dηi
ηi + ηi−1

,

g(τ) = −τ X
2(−τ) exp(−τ 2)(exp(−2d/τ) − 1 + q))

2|λ+(τ)|2(1 − (1 − q) exp(−2d/τ))
, τ > 0.

Òåïåðü ìû ìîæåì âûðàçèòü A1 â âèäå ðÿäà, ïîäñòàâèâ (3.33) â (3.30):

A0 = −Q2 −
1

2
+

+∞∑
k=0

λkIk, (3.34)

I0 =
1√
π

+∞∫
0

g(τ)[Q1 − τ ] dτ,

Ii =
1√
π

+∞∫
0

g(τ) dτ

+∞∫
0

g(η1) dη1
η1 + τ

. . .

+∞∫
0

g(ηi) [Q1 − ηi] dηi
ηi + ηi−1

.

Òàêèì îáðàçîì, íåèçâåñòíûå ïàðàìåòðû A0 , A1 è ôóíêöèÿ a(η) , âõîäÿùèå â (3.2)
íàéäåíû è ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì è ñêîðîñòÿì ïîñòðîåíà.
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4. Âû÷èñëåíèå ïîòîêà òåïëà â êàíàëå

Ñ ó÷åòîì ïîëó÷åííûõ ðåçóëüòàòîâ è ñîîòíîøåíèé (2.9), (2.10) íàõîäèì

Uz(x) = −1

2

(
Q2 +

1

2
−

∞∑
k=0

λk
[
Ik + Jk(x)

])
, (4.1)

J0(x) =
q√
π

+∞∫
0

γ(x, τ)[Q1 − τ ] dτ,

Ji(x) =
q√
π

+∞∫
0

γ(x, τ) dτ

+∞∫
0

g(η1)dη1
η1 + τ

· · ·
+∞∫
0

g(ηi)[Q1 − ηi]dηi
ηi + ηi−1

, γ(x, τ) = 2h(τ) ch

(
x

τ

)
.

Ñîîòâåòñòâåííî

JM = − 1

4d2

[
−2

(
Q2 +

1

2
−

∞∑
k=0

λkIk

)
d+ q

∞∑
k=0

λkKk

]
, (4.2)

K0 =
1√
π

+∞∫
0

ζ(τ)[Q1 − τ ] dτ,

Ki =
1√
π

+∞∫
0

ζ(τ) dτ

+∞∫
0

g(η1) dη1
η1 + τ

· · ·
+∞∫
0

g(ηi) [Q1 − ηi] dηi
ηi + ηi−1

,

ζ(τ) = −τX(−τ) exp(−τ 2)(1 − exp(−2d/τ))

|λ+(τ)|2(1 − (1 − q) exp(−2d/τ))
.

Ïðîôèëè ìàññîâîé ñêîðîñòè ãàçà Uz(x) äëÿ êàíàëîâ ðàçíîé òîëùèíû è äëÿ ðàçíûõ
êîýôôèöèåíòîâ àêêîìîäàöèè, ðàññ÷èòàííûå ñîãëàñíî (4.1) ïðèâåäåíû íà Ðèñóíêå 1. Çíà-
÷åíèÿ JM , âû÷èñëåííûå â ïàêåòå ïðèêëàäíûõ ïðîãðàìì Wolfram Mathematica 8 ñîãëàñíî
(4.2) ïðè ðàçëè÷íûõ çíà÷åíèÿõ òîëùèíû êàíàëà è êîýôôèöèåíòà àêêîìîäàöèè òàíãåíöè-
àëüíîãî èìïóëüñà ìîëåêóë ãàçà, à òàêæå àíàëîãè÷íûå ðåçóëüòàòû, ïîëó÷åííûå â [10]-[12],
ïðèâåäåíû â Òàáëèöå 1. Êàê ñëåäóåò èç Òàáëèöû 1 îòëè÷èå ðåçóëüòàòîâ, âû÷èñëåííûõ íà
îñíîâå (4.2), îò àíàëîãè÷íûõ, ïîëó÷åííûõ ÷èñëåííûìè ìåòîäàìè â [10] ðàìêàõ ÁÃÊ ìîäåëè
êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà, íå ïðåâûøàåò 0.04% äëÿ âñåãî äèàïàçîíà çíà÷åíèé
D è q . Ñóùåñòâåííîå îòëè÷èå ðåçóëüòàòîâ, ðàññ÷èòàííûõ ñîãëàñíî (4.2) è ïîëó÷åííûõ â
[12] ñ èñïîëüçîâàíèåì CES è LBE ìîäåëåé êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà, îáúÿñ-
íÿåòñÿ òåì, ÷òî ÁÃÊ ìîäåëü ïðè ïåðåõîäå ê ãèäðîäèíàìè÷åñêîìó ïðåäåëó äàåò çíà÷åíèå
÷èñëà Ïðàíäòëÿ Pr = 1 , â òî âðåìÿ êàê CES è LBE ìîäåëè äàþò çíà÷åíèå Pr = 2/3 . Â
ñèëó ýòîãî, â ñëó÷àå, êîãäà â çàäà÷å ïðåîáëàäàþùèìè ÿâëÿþòñÿ ïðîöåññû, îáóñëîâëåííûå
òåïëîïðîâîäíîñòüþ ãàçà óðàâíåíèå (2.2) çàïèñûâàþò â âèäå

vx
∂f

∂x′
+ vz

∂f

∂z′
=

p

ηg
Pr (feq − f). (4.3)

Â ýòîì ñëó÷àå âî âñåõ ïîëó÷åííûõ âûøå ôîðìóëàõ íåîáõîäèìî ïîëîæèòü x = Pr x′/lg ,
d = Pr d′/lg . Ñîîòâåòñòâóþùèå çíà÷åíèÿ JM ïðèâåäåíû âî âòîðîì ñòîëáöå Òàáëèöû 1.
Êàê âèäíî èç ïðèâåäåííûõ çíà÷åíèé, ïîëó÷åííûå â ýòîì ñëó÷àå ðåçóëüòàòû íàõîäÿòñÿ â
ëó÷øåì ñîãëàñèè ñ àíàëîãè÷íûìè ðåçóëüòàòàìè LBE ìîäåëè
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Ðèñ. 1. Ãðàôèêè çàâèñèìîñòè U(ξ) ( ξ = 2x/D ) äëÿ ðàçëè÷íûõ çíà÷åíèé D è q , ðàññ÷è-
òàííûå ïî ôîðìóëå (4.1): 1) q = 0.1 , 2) q = 0.5 , 3) q = 1.0 .

k D = k (4.2) D = Pr k (4.2) BGK [10] S [11] CES [12] LBE [12]
q = 0.1

0.1 −2.93128 −3.77468 −4.1416 −4.1701
1.0 −0.46498 −0.66942 −0.71489 −0.71258
10.0 −0.05173 −0.07685 −0.079621 −0.07914

q = 0.5
0.1 −1.26627 −1.48686 −1.266442 −1.4012 −1.5426 −1.5680
1.0 −0.36854 −0.47939 −0.3685435 −0.49043 −0.5376 −0.52876
10.0 −0.05836 −0.08388 −0.087524 −0.086266 −0.084299

q = 1.0
0.1 −0.69466 −0.78079 −0.6949272 −0.73268 −0.79087 −0.79928
1.0 −0.29489 −0.35372 −0.2948999 −0.36546 −0.40456 −0.38908
10.0 −0.06607 −0.09196 −0.098147 −0.093046 −0.089950

Òàáëèöà 6: Çàâècèìîñòü JM îò k = D′/lg ïðè ðàçëè÷íûõ çíà÷åíèÿõ q
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5. Çàêëþ÷åíèå

Èòàê, â ðàáîòå ñ èñïîëüçîâàíèåì àíàëèòè÷åñêèõ ìåòîäîâ ïîñòðîåíî ðåøåíèå çàäà÷è î
òåïëîâîì êðèïå â êàíàëå, ðàññòîÿíèå ìåæäó ñòåíêàìè êîòîðîãî ñîèçìåðèìî ñî ñðåäíåé
äëèíîé ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà. Ïîëó÷åíî àíàëèòè÷åñêîå (â âèäå ðÿäà Íåéìàíà)
âûðàæåíèå äëÿ ïîòîêà ìàññû ãàçà, ïðèõîäÿùåãîñÿ íà åäèíèöó øèðèíû êàíàëà. Ïðîâåäåí
÷èñëåííûé àíàëèç ïîëó÷åííîãî âûðàæåíèÿ. Ïîêàçàíî, ÷òî ïîëó÷åííûå â ðàáîòå ðåçóëüòà-
òû ñ âûñîêîé ñòåïåíüþ òî÷íîñòè ñîâïàäàþò ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, ïîëó÷åííûìè
ðàíåå èñïîëüçîâàíèåì ÷èñëåííûõ ìåòîäîâ â ðàìêàõ ÁÃÊ ìîäåëè.
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Analytic solution of the problem of a thermal creep

c⃝ V. V. lukashev 3, V. N. Popov 4

Abstract. Within the kinetic approach limits the analytic solution of the thermal creep �ow
problem in the form of Neumann's series is contracted. As the basic equation it is used the linearize
BGK (Bhatnagar, Gross, Krook) model of Boltzmann kinetic equation, and as a boundary condition
on walls of the channel - the model of mirror-di�usion re�ections. For various values of thickness of
the channel and factor of accommodation of a tangential impulse of molecules of gas by the walls
of the channel values of streams of weight of gas and heat falling unit of width of the channel are
calculated. Comparison with the similar results published in an open press is lead.

Key Words: �ow of gas in the channel, thermal creep, Boltzmann kinetic equation, model kinetic
equations, exact analytical decisions, models of boundary conditions
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