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ÓÄÊ 517.9

Èññëåäîâàíèå ìàòåìàòè÷åñêèõ ìîäåëåé âçàèìîäåéñòâèÿ
ìíîãîâèäîâûõ ñîîáùåñòâ
c⃝ Ò. Ô. Ìàìåäîâà1, À. À. Ëÿïèíà2

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ýêîñèñòåìû òèïà õèùíèê-æåðòâà.
Â ðàáîòå ïðèâåäåíû ïðèìåðû èññëåäîâàíèÿ íåëèíåéíûõ äèíàìè÷åñêèõ ìîäåëåé ýêîëîãî-
ýêîíîìè÷åñêèõ ñèñòåì íà óñòîé÷èâîñòü è ñòàáèëèçàöèþ ïî ÷àñòè ïåðåìåííûõ.

Êëþ÷åâûå ñëîâà: àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ïî ÷àñòè ïåðåìåííûõ, ñèñòåìà îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ýêîëîãî-ýêîíîìè÷åñêàÿ ñèñòåìà, ìîäåëü ¾õèùíèê-
æåðòâà¿, äèíàìèêà ýêîñèñòåì.

Â íàñòîÿùåå âðåìÿ áîëüøîå âíèìàíèå óäåëÿåòñÿ èçó÷åíèþ ìåòîäîâ èññëåäîâàíèÿ ïðî-
öåññîâ ýâîëþöèè ðàçëè÷íûõ ñîîáùåñòâ, â òîì ÷èñëå îäíîé èç öåíòðàëüíûõ ïðîáëåì ìàòå-
ìàòè÷åñêîé ýêîëîãèè - ïðîáëåìå óñòîé÷èâîñòè, ñòàáèëüíîñòè ýêîñèñòåì. Íà ñåãîäíÿøíèé
äåíü ñóùåñòâóåò ìíîæåñòâî ðàçðàáîòàííûõ ïîäõîäîâ ðåøåíèÿ äàííîé çàäà÷è.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ìåòîäîì ñðàâíåíèÿ Å.Â.Âîñêðåñåíñêîãî [1] ïðî-
öåññîâ èçìåíåíèÿ ñòðóêòóðû âçàèìîäåéñòâóþùèõ ñîîáùåñòâ â ýêîëîãèè, îïèñûâàåìûõ
íåëèíåéíûìè îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè. Ðàññìàòðèâàþòñÿ ñè-
ñòåìû äâóõ è áîëåå íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, èññëåäóåòñÿ îäíà èç îñ-
íîâíûõ çàäà÷ ñèñòåìíîé äèíàìèêè - îöåíêà óñòîé÷èâîñòè ñèñòåìû.

Ðàññìîòðèì âîëüòåðîâñêóþ ìîäåëü âçàèìîäåéñòâèÿ n âèäîâ [6]

dxi
dt

= xi(εi − Σn
i=1γijxj) (1.1)

ãäå xi - ÷èñëåííîñòü ïîïóëÿöèè i-ãî âèäà; γij - ïîêàçàòåëü âíóòðèâèäîâîãî âçàèìîäåéñòâèÿ
i ̸= j ; εi - ñêîðîñòü åñòåñòâåííîãî ïðèðîñòà èëè ñìåðòíîñòè i-ãî âèäà ïðè îòñóòñòâèè
îñòàëüíûõ âèäîâ.

Áèîëîãè÷åñêèé ñìûñë èìåþò ëèøü íåîòðèöàòåëüíûå ðåøåíèÿ ñèñòåìû (1.1) . Îáîá-
ùåííûå êîýôôèöèåíòû ïðèðîñòà â ìîäåëè (1.1) îáîçíà÷èì ÷åðåç ôóíêöèþ:

Gi(x1, ..., xn) = εi − Σn
i=1γijxj

Äëÿ èçîëèðîâàííîé ñèñòåìû ÷èñëåííîñòü ïîïóëÿöèè çàâèñèò îò ñòðóêòóðû âèäîâ, ïîýòîìó
îáîçíà÷èì ÷åðåç Fi(x1, ..., xn)xiG(x1, ..., xn). Òîãäà ñèñòåìà (1.1) ïðèìåò âèä:

dxi
dt

= Fi(x1, ..., xn; t), i = ¯1, n

ãäå ôóíêöèè Fi îïèñûâàþò ñêîðîñòü èçìåíåíèÿ ÷èñëåííîñòè ïîïóëÿöèè â çàâèñèìî-
ñòè îò ñòðóêòóðû âèäîâûõ âçàèìîäåéñòâèé è èõ êîëè÷åñòâåííûõ ïîêàçàòåëåé. Áó-
äåì ðåøàòü çàäà÷ó îá óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ ñèñòåìû ìåòîäîì ñðàâíåíèÿ
Å.Â.Âîñêðåñåíñêîãî [1].

Äëÿ ïðèìåíåíèÿ ìåòîäà ñðàâíåíèÿ Å.Â.Âîñêðåñåíñêîãî çàïèøåì ñèñòåìó (1.1) â ìàò-
ðè÷íîé ôîðìå:

ẋ = A(t)x+ f(t, x) (1.2)

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê, mamedovatf@yandex.ru.

2 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê, lyapina@e-mordovia.ru.
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ãäå X =

 x1
...
xn

 ; A(t) =

 a11 ... a1n
... ... ...
an1 ... ann)

 f(t, x) =

 f1(t, x)
...
fnt, x)


Ðåøåíèå x(t : t0, x0) óðàâíåíèÿ (1.2) ñóùåñòâóåò äëÿ âñåõ íà÷àëüíûõ óñëîâèé (t0, x0) ∈

T ×Rn è t ∈ T ,T = [0,+∞] . Ïðåäïîëàãàåòñÿ òàê æå, ÷òî óðàâíåíèå (1.2) èìååò íóëåâîå
ðåøåíèå, êîòîðîå ÿâëÿåòñÿ åäèíñòâåííûì ñîñòîÿíèåì ðàâíîâåñèÿ ýêîñèñòåìû, îïèñûâàå-
ìîé äèôôåðåíöèàëüíûì óðàâíåíèåì (1.1). Âñå ðåçóëüòàòû ñôîðìóëèðóåì îòíîñèòåëüíî
ýòîãî ðåøåíèÿ ïðè M̄0 = N .

Àëãîðèòì ìåòîäà ñðàâíåíèÿ Âîñêðåñåíêîãî ñîñòîèò â ñëåäóþùåì.
Ðàññìîòðèì óðàâíåíèÿ

ẋ = A(t)x+ f(t, x), (1.3)

ẏ = A(t)y, (1.4)

ãäå A(·) : [T,+∞) → Hom(Rn, Rn) , f ∈ C(0,1)(R1
+ ×Rn, Rn) .

Ðåøåíèå x(t : t0, x0) óðàâíåíèÿ (1.3) ñóùåñòâóåò äëÿ âñåõ íà÷àëüíûõ óñëîâèé (t0, x0) ∈
T ×Rn è t ∈ T , T = [0,+∞) .

Ïðåäïîëîæèì òàê æå, ÷òî óðàâíåíèå (1.3) èìååò ðåøåíèå x(t) ≡ 0 .
Ðàññìîòðèì ìíîæåñòâà N0 ⊆M ⊆M0 ⊆ M̄0 ⊆ N , ãäå N = 1, 2, . . . , n .
Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ:
1. |fj(t, xj, . . . , xn)| ≤ λj(t, |xj1 |, . . . , |xjq |), ∀j ∈ N , {j1, . . . , jq} ∈ M0 ; λj :

[T,+∞) × Rq
+ → R1

+, R1
+ = [0,+∞) , λj ∈ C([T,+∞) × Rq

+), λj(t, r1, . . . , ri, . . . , rq) ≤
λj(t, r1, ..., ri, ..., rq), ri ≤ ri, i = 1, q ïðè âñåõ t ∈ [T,+∞).

2. R0 = {x : x ∈ Rn, x = colon(x1, ..., xn), xj = 0, j /∈M0} .
3. Ôóíäàìåíòàëüíàÿ ìàòðèöà Y (t) = (yij(t)), i, j = 1, n íîðìèðîâàíà â òî÷êå t0 ∈

[T0,+∞) ,T0 ≥ T, Y −1(t) = (yij(t)) , i, j = 1, n.
4.Ýòàëîííûå ôóíêöèè ñðàâíåíèÿ µi : [T,+∞) → R1

+, mi : [T,+∞) → R1
+ ,

óäîâëåòâîðÿþò íåðàâåíñòâàì

µi ≥ max
j∈N0

{|yij(t)|},

T0 ≤ t0 ≤ t < +∞, i ∈M0, åñëè N0 ̸= 0, j ∈ N0 è µi(t) ≥ 0 , åñëè N0 = 0 , i ∈M0 ,

mi(t) ≥ max{max
j∈M̄0

{|yij(t)|}µi(t)},

T0 ≤ t0 ≤ t < +∞ , i ∈M0 .
5. Ïóñòü

Ji(t, φ) =

∫ t

t0

∑
j∈M,k∈B

yik(t)y
jk(s)fj(s, φ(s))ds−

∫ +∞

t

∑
j∈N,k∈B

{yik(t)yjk(s)fj(s, φ(s))ds},

B = N −M , Ji(t, φ) ñóùåñòâóåò ∀i ∈ N , c ∈ R1
+ è Ji(t, φ) = o(µi(t)) ïðè t → +∞ è

âñåõ i ∈M0 .
Íåñîáñòâåííûå èíòåãðàëû ñõîäÿòñÿ ðàâíîìåðíî ïî t íà ëþáîì êîìïàêòå èç [T ; +∞) .
6. Âñå ðåøåíèÿ óðàâíåíèÿ

dz

dt
=
∑
k,j∈N

|yjk(t)|λj(t, zm(t)),
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îïðåäåëåíû íà ëþáîì êîìïàêòå èç [T,+∞) .
Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Ïóñòü óðàâíåíèÿ (1.3) è (1.4) àñèìïòîòè÷åñêè ýêâèâàëåíòíû ïî Áðàóåðó,

óñëîâèå (5) èìååò ìåñòî ðàâíîìåðíî îòíîñèòåëüíî 0 < c < +∞ ïðè t→ +∞ è Ji(t,c)
µi(t)

→ 0

ðàâíîìåðíî ïî t ïðè c → 0, µi(t) → 0,∀t ∈ [T,+∞),∀i ∈ M0. Òîãäà äëÿ òîãî, ÷òîáû òðè-
âèàëüíîå ðåøåíèå óðàâíåíèÿ (1.3) áûëî óñòîé÷èâî (àñèìïòîòè÷åñêè óñòîé÷èâî) ïî ÷àñòè
ïåðåìåííûõ, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû óðàâíåíèå (1.4) áûëî óñòîé÷èâî (àñèìïòî-
òè÷åñêè óñòîé÷èâî) ïî òîé æå ÷àñòè ïåðåìåííûõ.

Äîêàçàòåëüñòâî òåîðåìû âûòåêàåò èç äîêàçàòåëüñòâà òåîðåìû 5 [5].
Èññëåäîâàíèå ìîäåëè âçàèìîäåéñòâèÿ äâóõ ñîîáùåñòâ.
Ðàññìîòðèì ìîäåëü âçàèìîäåéñòâèÿ äâóõ ñîîáùåñòâ ñ ïîñòîÿííîé îáùåé ÷èñëåííîñòüþ

[2]. {
dx
dt

= αx− βxy − γx3,
dy
dt

= kβxy −my.
(1.5)

çäåñü ãäå x, y - ÷èñëåííîñòü ïîïóëÿöèé æåðòâû è õèùíèêà ñîîòâåòñòâåííî. Åñëè ïîïóëÿ-
öèÿ æåðòâ îòñóòñòâóåò, òî ðàçìåð ïîïóëÿöèè õèùíèêîâ ðàñòåò ýêñïîíåíöèàëüíî ñî ñêî-
ðîñòüþ α ; òîãäà êàê â îòñóòñòâèè ïîïóëÿöèè õèùíèêà ñìåðòíîñòü ïîïóëÿöèè æåðòâ -
ýêñïîíåíöèàëüíî. Ñëåäîâàòåëüíî, êîýôôèöèåíòàì α è β ñîîòâåòñòâóåò âíóòðèâèäîâàÿ
ñêîðîñòü ðîñòà ÷èñëåííîñòè æåðòâ è âíóòðèâèäîâàÿ ñêîðîñòü ñìåðòíîñòè õèùíèêîâ, ñî-
îòâåòñòâåííî. γ > 0, γx3 - îïèñûâàåò âíóòðèâèäîâóþ êîíêóðåíöèþ, g(x) - çàâèñèìîñòü
ïëîòíîñòè æåðòâ â îòñóòñòâèè õèùíèêîâ. a , d , e , w - ïîëîæèòåëüíûå ïàðàìåòðû.

Äëÿ ÷èñëåííîé ðåàëèçàöèè âûáåðåì ñëåäóþùèå ïàðàìåòðû:α = −0, 15 , β = 2, 5 , γ =
0, 1 , k = 0, 2 , m = 0, 008.

Òîãäà ñèñòåìà (1.5) ïðèìåò âèä:{
dy1
dt

− 0, 15y1 − 2, 5y1y2 − 0, 1y31
dy2
dt

= 0, 5y1y2 − 0, 008y2
(1.6)

Òî÷êà (0, 016; 0, 0131) - ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (1.6).
Ñäåëàåì çàìåíó ïåðåìåííûõ è ïåðåéäåì ê èññëåäîâàíèþ íóëåâîãî ðåøåíèÿ ñîîòâåò-

ñòâóþùåãî ïåðâîãî ëèíåéíîãî ïðèáëèæåíèÿ, êîòîðîå èìååò âèä:{
dx1
dt

= −0, 1799x1 − 0, 04x2 − 2, 5x1x2 + 0, 0048x21 + 0, 131 − 0, 1
dx2
dt

= 0, 006x1 + 0, 5x1x2.
(1.7)

{
dx1
dt

= −0, 1799x1 − 0, 04x2
dx2
dt

= 0, 006x1
(1.8)

Ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû (1.8) è îáðàòíàÿ ê íåé èìåþò âèä:

Y (t) =

(
−0, 999e0,1777t −0, 219e0,0014t

−0, 0338e0,1777t −0, 975e0,014t

)
;

Y −1(s) =

(
−1, 008e0,1777s −0, 226e0,1777s

−0, 034e0,0014s −1, 032e0,0014s

)
.

Ìíîæåñòâî N = 1, 2 , M̄0 = N , òîãäà ñïðàâåäëèâû îöåíêè [1].
||f1(t, x)|| ≤ | − 2, 5x1x2 + 0, 0048x21 + 0, 1x31 − 0, 1029| ≤ λ1(|x1||x2|),
||f2(t, x)|| ≤ |0, 5x1x2| ≤ |x1||x2| = λ2(|x1||x2|),

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 4



Èññëåäîâàíèå ìàòåìàòè÷åñêèõ ìîäåëåé âçàèìîäåéñòâèÿ ìíîãîâèäîâûõ . . . 65

ïîýòîìó M0 = 1, 2 , M =M0 , b = N −M = 0.
Òîãäà ýòàëîííûå ôóíêöèè ñðàâíåíèÿ µi[T,+∞] → R1

+ , mi : [T,+∞) → R1
+ óäîâëåòâî-

ðÿþò íåðàâåíñòâà µi ≥ maxj∈N0 |yij(t)| ,T0 ≤ t0 ≤ t < +∞ , i ∈ M0 , åñëè N0 ̸= 0 ; åñëè N0

, òî µi ≥ 0 ,mi ≥ maxmaxj∈N0 |yij|, µi(t) , T0 ≤ t < +∞ , i ∈M0 áóäóò èìåòü âèä:

µ1(t) = max
j∈N0

|y11, y12| = 0, 99e−0,177t;

µ2(t) = max
j∈N0

|y21, y22| = 0, 975e−0,0014t;

m1(t) = maxmax
j∈N0

|y11, y12|, µ1(t) = 0, 99e−0,177t;

m2(t) = maxmax
j∈N0

|y21, y22|, µ2(t) = 0, 975e−0,0014t.

Ðàññìîòðèì Ji(t, φ) =
∫ t
t0

∑
j∈N,k∈B yik(t)y

jk(s)fj(s, φ(s))ds −∫ +∞
t

∑
j∈N,k∈M yik(t)y

jk(s)fj(s, φ(s))ds.

Âûðàæåíèå Ji(t, φ) ñóùåñòâóåò ∀i ∈ N , c ∈ R1
+ è Ji(t, φ) = o(µi(t)) ïðè t → +∞ .

Íåñîáñòâåííûå èíòåãðàëû ñõîäÿòñÿ ðàâíîìåðíî ïî t íà ëþáîì êîìïàêòå èç [T ; +∞) .

J1(t, φ) = −
∫ +∂

t
(y11y

11f1+y12y
12f1+y11y

21f2+y12y
22f2)ds = −0, 95e0,177t

∫ +∂

t
e−0,0014sds+

0, 42e−0,0014tds− 0, 21e−0,177t
∫ +∂

t
e0,177sds+ 0, 21e−0,0014t

∫ +∂

t
e−0,177sds

J2(t, φ) = −
∫ +∂

t
(y21y

12f1+y22y
12f1+y21y

21f2+y22y
22f2)ds = −0, 006e0,177t

∫ +∂

t
e−0,0014sds−

0, 2e−0,0014tds− 0, 0009e−0,177t
∫ +∂

t
e0,177sds− 0, 96e−0,0014t

∫ +∂

t
e−0,177sds

Âñå ðåøåíèÿ óðàâíåíèÿ dz
dt

=
∑

k∈N,j∈N |yjk(t)|λj(t, zm(t)) îïðåäåëåíû íà êîìïàêòå
[T0, t0] .

dz
dt

=
∑

k∈N,j∈N |yjk(t)|λj(t, zm(t)) = 0, 749e−0,34t + 0, 88e−0,17t,

z = −2, 2e−0,34t − 5, 134e−0,17t.
Îòñþäà ñëåäóåò, ÷òî êàæäîå ðåøåíèå ñèñòåìû (1.8) îïðåäåëåíî íà òðåáóåìîì ìíîæå-

ñòâå. Òàêèì îáðàçîì, óñëîâèÿ òåîðåìû 1 [1] âûïîëíÿþòñÿ. Òàê êàê ñèñòåìà óðàâíåíèé (1.8)
àñèìïòîòè÷åñêè óñòîé÷èâà ïî ïåðåìåííûì, òî òðèâèàëüíîå ðåøåíèå ñèñòåìû óðàâíåíèé
(1.6) îáëàäàåò ýòèì æå ñâîéñòâîì ïî âñåì ïåðåìåííûì.

Ð è ñ ó í î ê 1.1

Âðåìÿ ýâîëþöèè âñåé ïîïóëÿöèè äëÿ ñèñòåìû (1.5) ìîäåëè ¾õèùíèê-æåðòâà¿

Èññëåäîâàíèå ìîäåëè âçàèìîäåéñòâèÿ òðåõ ñîîáùåñòâ
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Äëÿ ïðîâåäåíèÿ èññëåäîâàíèÿ ìîäåëè âçàèìîäåéñòâèÿ òðåõ ñîîáùåñòâ ðàññìîòðèì [3].
Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà (ìîäåëü Ëîòêè-Âîëüòåððà), îïè-
ñûâàþùàÿ äèíàìèêó ñèñòåìû ¾õèùíèê-æåðòâà¿, èìååò ñëåäóþùèé âèä [4]:

dx
dt

= rx(1− x
K
)− a1xy − ω1xz,

dy
dt

= sy(1− y
L
)− a2xy − ω1yz

m+y
,

dz
dt

= b1ϖ1xz + b2ϖ2
yz
m+y

− cz.

(1.9)

çäåñü ãäå x , y , z - ïëîòíîñòè ïîïóëÿöèé õèùíèêà è äâóõ æåðòâ, ïðåäïîëàãàåòñÿ, ÷òî âñå
ïàðàìåòðû ïîñòîÿííû è íåîòðèöàòåëüíû; r è s - òåìïû ðîñòà äâóõ âèäîâ æåðòâ ñî-
îòâåòñòâåííî; K - åìêîñòü ñðåäû; L - íèæíÿÿ êðèòè÷åñêàÿ ÷èñëåííîñòü; c - ñêîðîñòü
åñòåñòâåííîé ãèáåëè ïîïóëÿöèè õèùíèêîâ â åäèíèöó âðåìåíè â ðàñ÷åòå íà îäíîãî õèù-
íèêà â îòñóòñòâèè æåðòâ; a1 è a2 - ýôôåêòèâíûé êîýôôèöèåíò ïîïóëÿöèîííîãî ðîñòà
÷èñëåííîñòè äâóõ âèäîâ æåðòâ ñîîòâåòñòâåííî (âûðàæàþò âëèÿíèå íà ñêîðîñòè ðîñòà -
ãèáåëè êàæäîé ïîïóëÿöèè ïðè íàëè÷èè äðóãîé ïîïóëÿöèè); ω1 ,ω2 - êîýôôèöèåíòû ðîñòà
÷èñëåííîñòè õèùíèêà çà ñ÷åò ïîòðåáëåíèÿ æåðòâ; b1 , b2 - êîýôôèöèåíòû åñòåñòâåííîé
ñìåðòíîñòè õèùíèêà ñâÿçàííûå ñ òåìïàìè ðîñòà ïîïóëÿöèè æåðòâ (êîýôôèöèåíòû ïðåîá-
ðàçîâàíèÿ, îáîçíà÷àþùèå ÷èñëî (íåäàâíî) ðîäèâøèõñÿ õèùíèêîâ äëÿ êàæäîãî çàõâà÷åí-
íîãî âèäà æåðòâ.

Åìêîñòü ñðåäû îãðàíè÷åíà âåëè÷èíîé K , è áåçãðàíè÷íûé ðîñò æåðòâ â îòñóòñòâèè
õèùíèêà íåâîçìîæåí. Ñóùåñòâóåò íèæíÿÿ êðèòè÷åñêàÿ ÷èñëåííîñòü æåðòâ L , è åñëè ÷èñ-
ëî îñîáåé ïàäàåò ïî êàêèì-ëèáî ïðè÷èíàì íèæå L , ïîïóëÿöèÿ âûìèðàåò. Äëÿ ÷èñëåííîé
ðåàëèçàöèè âûáåðåì ñëåäóþùèå ïàðàìåòðû:

r = 3, 5; K = 150; a1 = 0, 001 ; ϖ1 = 0, 24 ; s = 4, 5 ; L = 150 ; a2 = 0, 1 ; ϖ0, 21 ;
m = 15 ; b1 = 0, 5 ; b2 = 0, 6 ; c = 3, 9.

Òîãäà ñèñòåìà (1.9) ïðèìåò âèä:
dx
dt

= 3, 5x(1− x
150

)− 0, 001xy − 0, 24xz,
dy
dt

= 4, 5y(1− y
150

)− 0, 1xy − 0,21yz
15+y

,
dz
dt

= 0, 5 · 0, 24xz + 0, 6 · 0, 21 yz
15+y

− 3, 9z.

(1.10)

Òî÷êà (31, 72; 42, 89; 11, 32) - ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû. Ñäåëàåì çàìåíó ïåðåìåííûõ
è ïåðåéäåì ê èññëåäîâàíèþ íóëåâîãî ðåøåíèÿ :

dx1
dt

= −0, 702x1 − 0, 03x2 + 7, 61x3 − 0, 023x21 − 0, 01x1x2 − 0, 24x1x3 + 0, 35,
dx2
dt

= −4, 28x1 − 1, 24x2 − 0, 03x22 − 0, 1x1x2 − 0,21x2x3+2,3x2+3x3+101,95
x2+57,89

+ 1, 86,
dx3
dt

= 1, 35x1 − 0, 1x3 + 0, 12x1x3 +
0,126x2+11,12
15x2+643,35

− 1, 14.

(1.11)

Ñîîòâåòñòâóþùåå ïåðâîå ëèíåéíîå ïðèáëèæåíèå èìååò âèä:
dx1
dt

= −0, 702x1 − 0, 03x2 + 7, 61x3,
dx2
dt

= −4, 28x1 − 1, 24x2, (4.7)
dx3
dt

= 1, 35x1 − 0, 1x3.

(1.12)

Ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû (1.12) è îáðàòíàÿ ê íåé èìåþò âèä:

Y (t) =

 0, 65e−2,83t 0, 47e−3,64t 0, 03e−1,22t

−0, 69e−2,83t −0, 86e−3,64t e−1,22t

−0, 3e−2,83t 0, 18e−3,64t −0, 004e−1,22t

 ,
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Y −1(s) =

 0, 65e2,83s −0, 02e0,283s −1, 84e2,83s

1, 12e3,64s −0, 02e3,64s 2, 49e3,64s

1, 42e1,22s 0, 87e1,22s 0

 .

Ìíîæåñòâî N = 1, 2, 3 , M̄0 = N . Òîãäà ñïðàâåäëèâû îöåíêè [1].

||f1(t, x)|| ≤ | − 0, 023x21 − 0, 01x1x2 − 0, 24x1x3 + 0, 35| ≤ |x1|2|x3| = λ1(|x1|, |x3|),

||f2(t, x)|| ≤ | − 0, 023x21 − 0, 01x1x2 − 0, 24x1x3 + 0, 35| ≤ |x1||x2|2 = λ2(|x1|, |x2|),

||f3(t, x)|| ≤ |0, 12x1x3 − 1, 14 +
0, 126x2 + 11, 12

15x2 + 643, 35
| ≤ |x1||x2||x3| = λ3(|x1||x2||x3|).

ïîýòîìó M0 = 1, 2, 3 ,M = M0 , B = N − M = 0 . Òîãäà ýòàëîííûå ôóíêöèè ñðàâ-
íåíèÿ µi : [T,+∞) → R1

+ ,mi : [T,+∞) → R1
+ óäîâëåòâîðÿþò íåðàâåíñòâàì µi ≥

maxj∈N0 |yij(t)| , T ≤ t0 ≤ t < +∞ , i ∈ M0 åñëè N0 ̸= 0 ; åñëè N0 = 0 , òî µi ≥ 0 ,
mi(t) ≥ maxmaxj∈M̄0|yij |,µi(t) , T0 ≤ t < +∞ , i ∈M0 è áóäåò èìåòü âèä:

µ1(t) = max
j∈N0

|y11(t), y12(t), y13(t)| = 0, 03e−1,22t,

µ2(t) = max
j∈N0

|y21(t), y22(t), y23(t)| = e−1,22t,

µ3(t) = max
j∈N0

|y31(t), y32(t), y33(t)| = 0, 004e−1,22t,

m1(t) = maxmax
j∈N0

|y11(t)|, |y12(t)|, |y13(t)|, µ1(t) = 0, 03e−1,22t,

m2(t) = maxmax
j∈N0

|y21(t)|, |y22(t)|, |y23(t)|, µ2(t) = e−1,22t,

m3(t) = maxmax
j∈N0

|y31(t)|, |y32(t)|, |y33(t)|, µ3(t) = 0, 004e−1,22t,

Ðàññìîòðèì Ji(t, φ) =
∫ t
t0

∑
j∈N,k∈B yik(t)y

jk(s)fj(s, φ(s))ds −∫ +∞
t

∑
j∈N,k∈M yik(t)y

jk(s)fj(s, φ(s))ds.

Âûðàæåíèå Ji(t, φ) ñóùåñòâóåò ∀i ∈ N , c ∈ R1
+ è Ji(t, φ) = o(µi(t)) ïðè t → +∞ .

Íåñîáñòâåííûå èíòåãðàëû ñõîäÿòñÿ ðàâíîìåðíî ïî t íà ëþáîì êîìïàêòå èç [T ; +∞) .

J1(t, φ) = −
∫ +∂

t
(y11y

11f1 + y12y
12f1 + y13y

13f1 + y11y
21f2 + y12y

22f2 +
y13y

23f2 + y11y
31f3 + y13y

33f3 + y12y
32f3)ds = −0, 000036(0, 42e2,83t − 0, 009e−3,64t −

0, 05e−1,22t)
∫ +∞
t

e−0,83sds − 0, 009e−3,64t − 0, 05e−1,22t
∫ +∞
t

e−1,22t − 0, 03(0, 56e−2,83t −
0, 0009e−3,64t + 0, 07e−1,22t)

∫ +∞
t

e−2,44sds − 0, 000012(0, 92e−2,83t + 0, 02e−1,22t +

0, 45e−3,64t)
∫ +∞
t

e−2,44sds,

J2(t, φ) = −
∫ +∂

t
(y21y

12f1 + y22y
12f1 + y23y

13f1 + y21y
21f2 + y22y

22f2 + y23y
23f2 + y23y

33f3 +

y21y
31f3 + y22y

32f3)ds = −0, 0000036(0, 44e−2,83t + 0, 01e−3,64t + 1, 84e−1,22t)
∫ +∞
t

e−0,083sds +

0, 03(0, 77e−2,83t − 0, 01e−3,64t − 2, 49e−1,22t)
∫ +∞
t

e−0,02sds− 0, 00012(0, 87e−1,22t − 0, 97e−2,83t −
0, 82e−3,64t)

∫ +∞
t

e−2,44ds,

J3(t, φ) = −
∫ +∂

t
(y31y

11f1 + y32y
12f1 + y33y

13f1 + y31y
21f2 + y32y

22f2 + y33y
23f2 + y31y

31f3 +

y32y
32f3 + y33y

33f3)ds = 0, 0000036(0, 7e−1,22t − 0, 19e−2,83t − 0, 03e−3,64t) +
∫ +∞
t

e−0,83s +

0, 03(0, 03e−2,83t+0, 003e−3,64t+0, 001e−1,22t)
∫ +∞
t

e−0,02sds+0, 000012(0, 42e−2,83t−0, 17e−3,64t+

0, 003e1,22t)
∫ +∞
t

e−2,44sds,
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Âñå ðåøåíèÿ óðàâíåíèÿ dz
dt

=
∑

k∈N,j∈N |yjk(t)|λj(t, zm(t)) îïðåäåëåíû íà êîìïàêòå
[T0, t0] .

dz

dt
=

∑
k∈N,j∈N

|yjk(t)|λj(t, zm(t)) = 0, 000009e−0,83t + 0, 1e−0,02t + 0, 0003e−2,44t,

z = −0, 0001e−2,44t − 0, 000014e−0,83t − 5, 2e−0,02t.
Îòñþäà ñëåäóåò, ÷òî êàæäîå ðåøåíèå ñèñòåìû (1.9) îïðåäåëåíî íà ìíîæåñòâå [T0,+∞) .

Òàêèì îáðàçîì, óñëîâèÿ òåîðåìû 1 [1] âûïîëíÿþòñÿ. Òàê êàê ñèñòåìà óðàâíåíèé (1.12)
àñèìïòîòè÷åñêè óñòîé÷èâà ïî ïåðåìåííûì x1 , x2 , x3 , òî òðèâèàëüíîå ðåøåíèå ñèñòåìû
óðàâíåíèé (1.11) îáëàäàåò ýòèì æå ñâîéñòâîì ïî âñåì ïåðåìåííûì. Ãðàôè÷åñêàÿ èëëþ-
ñòðàöèÿ ðåçóëüòàòà ïðèâåäåíà íà ðèñóíêå (1.2):

Ð è ñ ó í î ê 1.2

Âðåìÿ ýâîëþöèè âñåé ïîïóëÿöèè äëÿ ñèñòåìû (4.5) ìîäåëè ¾õèùíèê-æåðòâà¿. Çîíà íàáëþäåíèé

òî÷êà ïîëîæèòåëüíîãî ðàâíîâåñèÿ (31, 72; 42, 89; 11, 32).

Òàêèì îáðàçîì, óñëîâèÿ òåîðåìû 1 âûïîëíÿþòñÿ.
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