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Êðèòåðèè óñòîé÷èâîñòè ðåøåíèé äèôôåðåíöèàëüíûõ

óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïàðàáîëè÷åñêîãî

òèïà

c⃝ È. Â. Áîéêîâ1, Â. À. Ðÿçàíöåâ2

Àííîòàöèÿ. Â ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ðåøåíèÿ ñèñòåìû ïàðà-
áîëè÷åñêèõ óðàâíåíèé ñ êîýôôèöèåíòàìè, çàâèñÿùèìè îò âðåìåíè.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, óñòîé÷èâîñòü òðèâèàëüíîãî ðåøåíèÿ,
ëîãàðèôìè÷åñêàÿ íîðìà.

1. Ââåäåíèå

Ïðîáëåìà óñòîé÷èâîñòè ðåøåíèé óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ÿâëÿåòñÿ àêòóàëü-
íîé êàê ñ òåîðåòè÷åñêîé òî÷êè çðåíèÿ, òàê è â ñâÿçè ñ áîëüøèì êîëè÷åñòâîì ïðèëîæå-
íèé òàêèõ óðàâíåíèé â åñòåñòâîçíàíèè è òåõíèêå. Ýòèì ïðîáëåìàì ïîñâÿùåíà îáøèðíàÿ
ëèòåðàòóðà, â êîòîðîé íóæíî îòìåòèòü ìîíîãðàôèè [1], [2] è [3], ñîäåðæàùèå áîëüøóþ
áèáëèîãðàôèþ, à òàêæå îáçîð [4].

Îñíîâíûì àïïàðàòîì èññëåäîâàíèÿ óñòîé÷èâîñòè íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ ÿâëÿåòñÿ ïðèìåíåíèå ïðåîáðàçîâàíèÿ Ôóðüå è ïîñòðîåíèå îáîáùåííûõ ôóíê-
öèîíàëîâ Ëÿïóíîâà. Â íàñòîÿùåé ðàáîòå èññëåäîâàíèå óñòîé÷èâîñòè ðåøåíèé ñèñòåì ïà-
ðàáîëè÷åñêèõ óðàâíåíèé ïðîâîäèòñÿ ìåòîäîì, îñíîâàííûì íà îöåíêàõ ðåøåíèé îïåðàòîð-
íûõ óðàâíåíèé ëîãàðèôìè÷åñêèìè íîðìàìè. Ëîãàðèôìè÷åñêàÿ íîðìà Λ(A) îïåðàòîðà A
îïðåäåëÿåòñÿ êàê [8]

lim
h↓0

∥I + hA∥ − 1

h

Åñëè A � âåùåñòâåííàÿ ìàòðèöà ðàçìåðíîñòè n × n , òî â âåêòîðíûõ ïðîñòðàíñòâàõ
ýëåìåíòîâ x = (x1, . . . , xn) ëîãàðèôìè÷åñêàÿ íîðìà Λ(A) âû÷èñëÿåòñÿ ïî ôîðìóëàì [5],
[6]

Λ(A) = sup
j=1,n

(
ajj +

n∑
k=1,k ̸=j

|ajk|

)
(1.1)

ñ íîðìàìè ∥x∥ = max
k=1,n

|xk| , ∥A∥ = max
j=1,n

n∑
k=1

|ajk| , è

Λ(A) = sup
j=1,n

(
ajj +

n∑
k=1,k ̸=j

|akj|

)
(1.2)

ñ íîðìàìè ∥x∥ =
n∑

k=1

|xk| , ∥A∥ = max
j=1,n

n∑
k=1

|akj| .
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Â íàñòîÿùåé ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ðåøåíèé n -ìåðíûõ
ïàðàáîëè÷åñêèõ óðàâíåíèé, à òàêæå ñèñòåì ïàðàáîëè÷åñêèõ óðàâíåíèé íà ïëîñêîñòè, âû-
ðàæåííûå ÷åðåç ëîãàðèôìè÷åñêèå íîðìû ñîîòâåòñòâóþùèõ ìàòðèö.

2. Óñòîé÷èâîñòü ðåøåíèÿ ëèíåéíîãî n -ìåðíîãî ïàðàáîëè÷åñêîãî
óðàâíåíèÿ

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ n -ìåðíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ

∂u

∂t
=

n∑
k=1

(
ak(t)

∂2u

∂x2k
+ an+k(t)

∂u

∂xk

)
+ a2n+1(t)u, (2.1)

u(t0, x1, . . . , xn) = u0(x1, x2, . . . , xn). (2.2)

Èññëåäîâàíèå óñòîé÷èâîñòè ðåøåíèÿ çàäà÷è Êîøè (2.1)-(2.2) áóäåì ïðîâîäèòü â áàíà-
õîâîì ïðîñòðàíñòâå ôóíêöèé f(x) , x = (x1, . . . , xn) , c íîðìîé

∥f∥ =

 ∞∫
−∞

. . .

∞∫
−∞

|f(x)|2 dx1 . . . dxn

1/2

.

Ïðè êàæäîì ôèêñèðîâàííîì çíà÷åíèè t íîðìà ôóíêöèè u(t, x) îïðåäåëÿåòñÿ ôîðìó-
ëîé

∥u(t, x)∥ =

 ∞∫
−∞

. . .

∞∫
−∞

|u(t, x)|2 dx1 . . . dxn

1/2

.

Ââåäåì ìàòðèöó

C(t, ω1, . . . , ωn) =

a2n+1(t)−
n∑

k=1

ak(t)ω
2
k −

n∑
k=1

an+k(t)ωk

n∑
k=1

an+k(t)ωk a2n+1(t)−
n∑

k=1

ak(t)ω
2
k

 ,

ãäå −∞ < ωi <∞ , i = 1, n .

Ò å î ð å ì à 2.1. Ïóñòü âûïîëíåíû óñëîâèÿ:
1) ôóíêöèè ak(t) (k = 1, 2n+ 1) íåïðåðûâíû ïî ïåðåìåííîé t ;
2) ïðè ëþáûõ ôèêñèðîâàííûõ çíà÷åíèÿõ (t, ω) , ãäå ω = (ω1, . . . , ωn) , −∞ < ωi < ∞ ,

i = 1, n , t ≥ t0 , ëîãàðèôìè÷åñêàÿ íîðìà ìàòðèöû C(t, ω) , âû÷èñëÿåìàÿ ïî ôîðìóëå
(1.1), óäîâëåòâîðÿåò íåðàâåíñòâó

Λ
(
C(t, ω)

)
< −α(ω), α(ω) > 0. (2.3)

Òîãäà òðèâèàëüíîå ðåøåíèå óðàâíåíèÿ (2.1) óñòîé÷èâî.

Ä î ê à ç à ò å ë ü ñ ò â î. Áóäåì ñ÷èòàòü, ÷òî ðåøåíèå u(t, x) çàäà÷è Êîøè (2.1)-(2.2)
ñóùåñòâóåò ïðè âñåõ t ≥ t0 è âìåñòå ñî ñâîåé ïðîèçâîäíîé ∂u/∂t ñóììèðóåìî ñ êâàäðàòîì
ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Ïóñòü ôóíêöèÿ u0(x) íåïðåðûâíà è óäîâëåòâîðÿåò
íåðàâåíñòâó ∥u0(x)∥ ≤ ε1.
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Äëÿ ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèé Ôóðüå èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ
[7]:

U(t, ω) = Fu(t, x) =

(
1

2π

)n/2
∞∫

−∞

. . .

∞∫
−∞

u(t, x) exp

(
−i

n∑
k=1

ωkxk

)
dx1 . . . dxn,

u(t, x) = F−1U(t, ω) =

(
1

2π

)n/2
∞∫

−∞

. . .

∞∫
−∞

U(t, ω) exp

(
i

n∑
k=1

ωkxk

)
dω1 . . . dωn.

Ïðèìåíèì ê çàäà÷å (2.1)-(2.2) ïðåîáðàçîâàíèå Ôóðüå ïî ïðîñòðàíñòâåííûì ïåðåìåí-

íûì, èìåÿ â âèäó [7], ÷òî F

(
∂ju(t, x)

∂xjk

)
= (iωk)

j U(t, ω) . Â ðåçóëüòàòå ïîëó÷àåì çàäà÷ó

Êîøè
∂U

∂t
= −

(
n∑

k=1

ak(t)ω
2
k

)
U + i

(
n∑

k=1

an+k(t)ωk

)
U + a2n+1(t)U, (2.4)

U(t0, ω) = U0(ω). (2.5)

Ñïðàâåäëèâî ïðåäñòàâëåíèå U(t, ω) = U1(t, ω) + iU2(t, ω) , ãäå U1(t, ω), U2(t, ω) � âåùå-
ñòâåííûå ôóíêöèè. Ïîäñòàâèâ ýòè ïðåäñòàâëåíèÿ â çàäà÷ó (2.4)-(2.5), ïðèõîäèì ê çàäà÷å

∂U1

∂t
=

(
a2n+1(t)−

n∑
k=1

ak(t)ω
2
k

)
U1 −

(
n∑

k=1

an+k(t)ωk

)
U2,

∂U2

∂t
=

(
n∑

k=1

an+k(t)ωk

)
U1 +

(
a2n+1(t)−

n∑
k=1

ak(t)ω
2
k

)
U2,

(2.6)

U1(t0, ω) = U01(ω), U2(t0, ω) = U02(ω). (2.7)

Ââåäåì îáîçíà÷åíèÿ Ũ(t, ω) =
(
U1(t, ω), U2(t, ω)

)T
è Ũ0(ω) = (U01(ω), U02(ω))

T . Ïðè

êàæäîì ôèêñèðîâàííîì ω ∈ Rn íîðìà âåêòîð-ôóíêöèè Ũ(t, ω) âû÷èñëÿåòñÿ ïî ôîðìóëå

|Ũ(t, ω)∥1 = max
i=1,2

|Ui(t, ω)|. Ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà:

∥Ũ(t, ω)∥1 = max
i=1,2

|Ui(t, ω)| =
√(

max
i=1,2

|Ui(t, ω)|
)2 ≤√U2

1 (t, ω) + U2
2 (t, ω) = |U(t, ω)|,

|U(t, ω)| =
√
U2
1 (t, ω) + U2

2 (t, ω) ≤
√(

max
i=1,2

|Ui(t, ω)|
)2

+
(
max
i=1,2

|Ui(t, ω)|
)2 ≤ √

2∥Ũ(t, ω)∥1.

Òåì ñàìûì, èìååì îöåíêó

∥Ũ(t, ω)∥1 ≤ |U(t, ω)| ≤
√
2∥Ũ(t, ω)∥1. (2.8)

Ââåäåì îáîçíà÷åíèå B[a, r] äëÿ çàìêíóòîãî øàðà â ïðîñòðàíñòâå Rn ðàäèóñà r ñ

öåíòðîì â òî÷êå a . Äîêàæåì, ÷òî ïðè âñÿêîì ôèêñèðîâàííîì ω ∈ Rn òðàåêòîðèÿ Ũ(t, ω)

çàäà÷è Êîøè (2.6)-(2.7) ïðè t0 ≤ t <∞ íå ïîêèäàåò øàðà B[0, δ0] , ãäå δ0 = ∥Ũ0(ω)∥1 . Äëÿ
äîêàçàòåëüñòâà ïðåäïîëîæèì ïðîòèâíîå: ïóñòü ïðè íåêîòîðîì ω = ω̃ â ìîìåíò âðåìåíè
T òðàåêòîðèÿ ðåøåíèÿ ñèñòåìû (2.6) ïîêèäàåò øàð B[0, δ0] . Äëÿ ýòîãî çíà÷åíèÿ ω = ω̃
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ñèñòåìó óðàâíåíèé (2.6) ïðåäñòàâèì ñëåäóþùèì îáðàçîì

∂U1

∂t
=

(
a2n+1(T )−

n∑
k=1

ak(T )ω̃
2
k

)
U1 −

(
n∑

k=1

an+k(T )ω̃k

)
U2+

+

(
a2n+1(t)− a2n+1(T )−

n∑
k=1

(ak(t)− ak(T )) ω̃
2
k

)
U1−

−

(
n∑

k=1

(an+k(t)− an+k(T )) ω̃k

)
U2,

(2.9)

∂U2

∂t
= −

(
n∑

k=1

an+k(T )ω̃k

)
U1 +

(
a2n+1(T )−

n∑
k=1

ak(T )ω̃
2
k

)
U2−

−

(
n∑

k=1

(an+k(t)− an+k(T )) ω̃k

)
U1+

+

(
a2n+1(t)− a2n+1(T )−

n∑
k=1

(ak(t)− ak(T )) ω̃
2
k

)
U2,

(2.10)

Â îïåðàòîðíîé ôîðìå ñèñòåìà (2.9)-(2.10) èìååò âèä:

∂Ũ(t, ω̃)

∂t
= C

(
T, ω̃

)
Ũ(t, ω̃) + Ψ(t, ω̃)Ũ(t, ω̃), (2.11)

ãäå Ψ(t, ω̃) =a2n+1(t)− a2n+1(T )−
n∑

k=1

(ak(t)− ak(T )) ω̃
2
k −

n∑
k=1

(an+k(t)− an+k(T )) ω̃k

−
n∑

k=1

(an+k(t)− an+k(T )) ω̃k a2n+1(t)− a2n+1(T )−
n∑

k=1

(ak(t)− ak(T )) ω̃
2
k

 .

Ðåøåíèå óðàâíåíèÿ (2.8) ïðè t ≥ T ìîæåò áûòü ïðåäñòàâëåíî â âèäå [8]

Ũ(t, ω̃) = eC(T,ω̃)(t−T )Ũ
(
T, ω̃

)
+

t∫
T

eC(T,ω̃)(t−s)Ψ
(
s, ω̃
)
Ũ
(
s, ω̃
)
ds.

Ïåðåõîäÿ ê íîðìàì, èìååì:

∥∥∥Ũ(t, ω̃)∥∥∥
1
≤
∥∥∥eC(T,ω̃)(t−T )Ũ

(
T, ω̃

)∥∥∥
1
+

∥∥∥∥∥∥
t∫

T

eC(T,ω̃)(t−s)Ψ
(
s, ω̃
)
Ũ
(
s, ω̃
)
ds

∥∥∥∥∥∥
1

. (2.12)

Îöåíèì íîðìó ïåðâîãî ñëàãàåìîãî. Òàê êàê ïî óñëîâèÿì òåîðåìû ëîãàðèôìè÷åñêàÿ
íîðìà Λ

(
C(t, ω)

)
îïåðàòîðà C(t, ω) óäîâëåòâîðÿåò ïðè âñåõ ω ∈ Rn íåðàâåíñòâó (2.3), òî

èìååì ñëåäóþùóþ îöåíêó:∥∥∥eC(T,ω̃)(t−T )Ũ
(
T, ω̃

)∥∥∥
1
≤ e−α(ω̃)(t−T )

∥∥∥Ũ(t, ω̃)∥∥∥
1
. (2.13)

Äëÿ îöåíêè âòîðîãî ñëàãàåìîãî îòìåòèì, ÷òî èç ñòðóêòóðû îïåðàòîðà Ψ(t, ω̃) ñëåäóåò,
÷òî äëÿ ëþáîãî êàê óãîäíî ìàëîãî ε2 > 0 íàéäåòñÿ òàêîé ïðîìåæóòîê âðåìåíè ∆T (ε2, ω̃) ,
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÷òî ïðè T ≤ t ≤ T + ∆T (ε2, ω̃) áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî ∥Ψ(t, ω̃)Ũ(t, ω̃)∥1 ≤
ε2∥Ũ(t, ω̃)∥1

Ïîýòîìó∥∥∥∥∥∥
t∫

T

eC(T,ω̃)(t−s)Ψ(s, ω̃)Ũ(s, ω̃) ds

∥∥∥∥∥∥
1

≤
t∫

T

∥∥∥eC(T,ω̃)(t−s)Ψ(s, ω̃)Ũ(s, ω̃)
∥∥∥
1
ds ≤

≤
t∫

T

∥∥eC(T,ω̃)(t−s)
∥∥
1

∥∥∥Ψ(s, ω̃)Ũ(s, ω̃)
∥∥∥
1
ds ≤ ε2

t∫
T

e−α(ω̃)(t−s)∥Ũ(s, ω)∥1 ds. (2.14)

Èç íåðàâåíñòâ (2.12)-(2.14) èìååì

∥∥∥Ũ(t, ω̃)∥∥∥
1
≤ e−α(ω̃)(t−T )

∥∥∥Ũ(T, ω̃)∥∥∥
1
+ ε2

t∫
T

e−α(ω̃)(t−s)
∥∥∥Ũ(s, ω̃)∥∥∥

1
ds.

Ââåäåì ôóíêöèþ φ(s) = e−α(ω̃)(t−s)∥Ũ(s, ω̃)∥1 è ïðåäñòàâèì ïðåäûäóùåå íåðàâåíñòâî â

âèäå φ(t) ≤ φ(T ) + ε2
t∫
T

φ(s) ds . Ïðèìåíÿÿ íåðàâåíñòâî Ãðîíóîëëà-Áåëëìàíà è âîçâðàùà-

ÿñü ê íîðìàì, ïîëó÷àåì íåðàâåíñòâî ∥Ũ(t, ω̃)∥1 ≤ e[−α(ω̃)+ε2](t−T )∥Ũ(T, ω̃)∥1 , îòêóäà â ñèëó
óñëîâèÿ (2.3), âûáîðà ε2 è ïðîèçâîëüíîñòè T ñëåäóåò íåðàâåíñòâî ∥Ũ(t, ω̃)∥1 ≤ ∥Ũ0(ω̃)∥1 .
Òåì ñàìûì, ïðèõîäèì ê ïðîòèâîðå÷èþ, îáîñíîâûâàþùåìó ñïðàâåäëèâîñòü äëÿ ëþáî-
ãî çíà÷åíèÿ ω ∈ Rn íåðàâåíñòâà ∥Ũ(t, ω)∥1 ≤ ∥Ũ0(ω)∥1 , èç êîòîðîãî â ñèëó äâóñòî-
ðîííåé îöåíêè (2.8) ñëåäóåò íåðàâåíñòâî |U(t, ω)|2 ≤ 2|U0(ω)|2 . Ïðîèíòåãðèðîâàâ îáå
åãî ÷àñòè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì è âîñïîëüçîâàâøèñü ôîðìóëîé Ïëàíøåðåëÿ
∥U(t, ω)∥2 = ∥u(t, x)∥2 , ïðèõîäèì ê íåðàâåíñòâó ∥u(t, x)∥2 ≤ 2ε21 , èç êîòîðîãî ñðàçó æå
ñëåäóåò íåðàâåíñòâî ∥u(t, x)∥ ≤

√
2ε1 , îçíà÷àþùåå óñòîé÷èâîñòü ðåøåíèÿ çàäà÷è (2.1)-

(2.2).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Èñïîëüçóÿ òåîðåìó 2.1., ïîëó÷èì îãðàíè÷åíèÿ íà êîýôôèöèåíòû a1(t), . . . , a2n+1(t) ,
äîñòàòî÷íûå äëÿ óñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ çàäà÷è Êîøè (2.1)-(2.2). Äëÿ ýòî-
ãî èññëåäóåì, êàêèì óñëîâèÿì äîëæíû óäîâëåòâîðÿòü êîýôôèöèåíòû a1(t), . . . , a2n+1(t) ,
÷òîáû âûïîëíÿëîñü óñëîâèå (2.3).

Ïîñêîëüêó ëîãàðèôìè÷åñêàÿ íîðìà Λ
(
C(t, ω)

)
âû÷èñëÿåòñÿ ïî ôîðìóëå (1.1), òî óñëî-

âèå (2.3) òåîðåìû 2.1. ýêâèâàëåíòíî ñïðàâåäëèâîñòè ïðè ëþáûõ ω ∈ Rn íåðàâåíñòâà

a2n+1(t)−
n∑

k=1

ak(t)ω
2
k +

∣∣∣∣∣
n∑

k=1

an+k(t)ωk

∣∣∣∣∣ < 0.

Ýòî íåðàâåíñòâî ìîæíî çàìåíèòü íà áîëåå ãðóáîå:

n∑
k=1

[
−ak(t)ω2

k + |an+k(t)||ωk|
]
< −a2n+1(t) (2.15)

Äëÿ òîãî, ÷òîáû íåðàâåíñòâî (2.15) èìåëî ðåøåíèÿ ïðè ëþáûõ ω ∈ Rn , íåîáõîäèìî
ïîòðåáîâàòü, ÷òîáû ïðè êàæäîì ôèêñèðîâàííîì t ≥ t0 âûïîëíÿëèñü íåðàâåíñòâà

a2n+1(t) < 0, ak(t) > 0, k = 1, n. (2.16)
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Ïóñòü íåðàâåíñòâà (2.16) ñïðàâåäëèâû. Òîãäà óñëîâèå (2.15) áóäåò èìåòü ìåñòî ïðè
ëþáûõ ω ∈ Rn , åñëè ýòîìó óñëîâèþ óäîâëåòâîðÿåò ñóììà n ìàêñèìóìîâ ïàðàáîëè÷åñêèõ
ôóíêöèé, ñòîÿùèõ â ëåâîé ÷àñòè (2.15). Ëåãêî óáåäèòüñÿ, ÷òî ïðè êàæäîì ôèêñèðîâàííîì

t ìàêñèìóìû äîñòèãàþòñÿ â òî÷êàõ ωk =
|an+k(t)|
2ak(t)

, k = 1, n , à íåðàâåíñòâî (2.15) èìååò

âèä:
n∑

k=1

a2n+k(t)

4ak(t)
< −a2n+1(t). (2.17)

Ò å î ð å ì à 2.2. Ïóñòü ôóíêöèè ak(t) (k = 1, 2n+ 1) íåïðåðûâíû ïî ïåðåìåííîé
t è ïðè êàæäîì ôèêñèðîâàííîì t ≥ t0 óäîâëåòâîðÿþò óñëîâèÿì (2.16)-(2.17). Òîãäà
òðèâèàëüíîå ðåøåíèå ñèñòåìû óðàâíåíèé (2.1) óñòîé÷èâî.

3. Óñòîé÷èâîñòü ðåøåíèÿ ñèñòåìû ïàðàáîëè÷åñêèõ óðàâíåíèé

Ïðîàíàëèçèðóåì óñòîé÷èâîñòü òðèâèàëüíîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèñòåìû ïà-
ðàáîëè÷åñêèõ óðàâíåíèé.

∂u1
∂t

=a1,1(t)
∂2u1
∂x21

+ a1,2(t)
∂2u1
∂x22

+ a1,3(t)
∂2u2
∂x21

+ a1,4(t)
∂2u2
∂x22

+ a1,5(t)
∂u1
∂x1

+

+a1,6(t)
∂u1
∂x2

+ a1,7(t)
∂u2
∂x1

+ a1,8(t)
∂u2
∂x2

+ a1,9(t)u1 + a1,10(t)u2,

∂u2
∂t

=a2,1(t)
∂2u1
∂x21

+ a2,2(t)
∂2u1
∂x22

+ a2,3(t)
∂2u2
∂x21

+ a2,4(t)
∂2u2
∂x22

+ a2,5(t)
∂u1
∂x1

+

+a2,6(t)
∂u1
∂x2

+ a2,7(t)
∂u2
∂x1

+ a2,8(t)
∂u2
∂x2

+ a2,9(t)u1 + a2,10(t)u2,

(3.1)

u1(t0, x1, x2) = u01(x1, x2), u2(t0, x1, x2) = u02(x1, x2). (3.2)

Èññëåäîâàòü óñòîé÷èâîñòü ðåøåíèÿ çàäà÷è Êîøè (3.1)-(3.2) áóäåì â áàíàõîâîì ïðî-
ñòðàíñòâå âåêòîð-ôóíêöèé f(x1, x2) ñ íîðìîé

∥f∥ = max
i=1,2

 ∞∫
−∞

∞∫
−∞

|fi(x1, x2)|2 dx1dx2

1/2

.

Ïðè êàæäîì ôèêñèðîâàííîì çíà÷åíèè t íîðìà âåêòîð-ôóíêöèè u(t, x) , ãäå x =
(x1, x2) , îïðåäåëÿåòñÿ ôîðìóëîé

∥u(t, x)∥ = max
i=1,2

 ∞∫
−∞

∞∫
−∞

|ui(t, x)|2 dx1dx2

1/2

.

Ïóñòü ðåøåíèå u(t, x) =
(
u1(t, x), u2(t, x)

)T
çàäà÷è Êîøè (3.1)-(3.2) ñóùåñòâóåò è âìå-

ñòå ñ ïðîèçâîäíîé ∂u/∂t =
(
∂u1/∂t, ∂u2/∂t

)T
ñóììèðóåìî ñ êâàäðàòîì ïî ïðîñòðàíñòâåí-

íûì ïåðåìåííûì. Â ýòèõ ïðåäïîëîæåíèÿõ ïðèìåíèì ê çàäà÷å (3.1)-(3.2) ïðåîáðàçîâàíèå
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Ôóðüå è ïîëó÷èì:

∂U1

∂t
= −a1,1(t)ω2

1U1 − a1,2(t)ω
2
2U1 − a1,3(t)ω

2
1U2 − a1,4(t)ω

2
2U2 + ia1,5(t)ω1U1+

+ ia1,6(t)ω2U1 + ia1,7(t)ω1U2 + ia1,8(t)ω2U2 + a1,9(t)U1 + a1,10(t)U2,

∂U2

∂t
= −a2,1(t)ω2

1U1 − a2,2(t)ω
2
2U1 − a2,3(t)ω

2
1U2 − a2,4(t)ω

2
2U2 + ia2,5(t)ω1U1+

+ ia2,6(t)ω2U1 + ia2,7(t)ω1U2 + ia2,8(t)ω2U2 + a2,9(t)U1 + a2,10(t)U2,

(3.3)

U1(t0, ω) = U01(ω), U2(t0, ω) = U02(ω). (3.4)

Ñïðàâåäëèâû ïðåäñòàâëåíèÿ U1(t, ω) = V1(t, ω) + iV2(t, ω), U2(t, ω) = V3(t, ω) + iV4(t, ω),
ãäå V1(t, ω), V2(t, ω), V3(t, ω), V4(t, ω) � âåùåñòâåííûå ôóíêöèè. Ïîäñòàâèâ ýòè ïðåäñòàâëå-
íèÿ â çàäà÷ó (3.3)-(3.4), ïðèõîäèì ê ñëåäóþùåé çàäà÷å:

∂V1
∂t

=
(
a1,9(t)− a1,1(t)ω

2
1 − a1,2(t)ω

2
2

)
V1 −

(
a1,5(t)ω1 + a1,6(t)ω2

)
V2+

+
(
a1,10(t)− a1,3(t)ω

2
1 − a1,4(t)ω

2
2

)
V3 −

(
a1,7(t)ω1 + a1,8(t)ω2

)
V4,

dV2
dt

=
(
a1,5(t)ω1 + a1,6(t)ω2

)
V1 +

(
a1,9(t)− a1,1(t)ω

2
1 − a1,2(t)ω

2
2

)
V2+

+
(
a1,7(t)ω1 + a1,8(t)ω2

)
V3 +

(
a1,10(t)− a1,3(t)ω

2
1 − a1,4(t)ω

2
2

)
V4,

dV3
dt

=
(
a2,9(t)− a2,1(t)ω

2
1 − a2,2(t)ω

2
2

)
V1 −

(
a2,5(t)ω1 + a2,6(t)ω2

)
V2+

+
(
a2,10(t)− a2,3(t)ω

2
1 − a2,4(t)ω

2
2

)
V3 −

(
a2,7(t)ω1 + a2,8(t)ω2

)
V4,

dV4
dt

=
(
a2,5(t)ω1 + a2,6(t)ω2

)
V1 +

(
a2,9(t)− a2,1(t)ω

2
1 − a2,2(t)ω

2
2

)
V2+

+
(
a2,7(t)ω1 + a2,8(t)ω2

)
V3 +

(
a2,10(t)− a2,3(t)ω

2
1 − a2,4(t)ω

2
2

)
V4,

(3.5)

V1(t0, ω) = V01(ω), V2(t0, ω) = V02(ω),

V3(t0, ω) = V03(ω), V4(t0, ω) = V04(ω),

ãäå ôóíêöèè V0j(ω), j = 1, 4 îïðåäåëÿþòñÿ èç ñîîòíîøåíèé

U01(ω) = V01(ω) + iV02(ω), U02(ω) = V03(ω) + iV04(ω).

Â îïåðàòîðíîì âèäå ñèñòåìà (3.5) áóäåò èìåòü âèä:

∂V (t, ω)

∂t
= B(t, ω)V (t, ω),

ãäå V (t, ω) =
(
V1(t, ω), V2(t, ω), V3(t, ω), V4(t, ω)

)T
,

B(t, ω) =

(
B11 B12

B21 B22

)
,

Bi1 =

(
ai9(t)− ai1(t)ω

2
1 − ai2(t)ω

2
2 −ai5(t)ω1 − ai6(t)ω2

ai5(t)ω1 + ai6(t)ω2 ai9(t)− ai1(t)ω
2
1 − ai2(t)ω

2
2

)
,

Bi2 =

(
ai10(t)− ai3(t)ω

2
1 − ai4(t)ω

2
2 −ai7(t)ω1 − ai8(t)ω2

ai7(t)ω1 + ai8(t)ω2 ai10(t)− ai3(t)ω
2
1 − ai4(t)ω

2
2

)
,

è i = 1, 2 .
Äîñòàòî÷íîå óñëîâèå óñòîé÷èâîñòè äàåòñÿ ñëåäóþùåé òåîðåìîé.
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Ò å î ð å ì à 3.1. Ïóñòü âûïîëíåíû óñëîâèÿ:
1) ôóíêöèè aij(t), i = 1, 2, j = 1, 10 íåïðåðûâíû ïî ïåðåìåííîé t ;
2) ïðè ëþáûõ ôèêñèðîâàííûõ çíà÷åíèÿõ (t, ω1, ω2), t ≥ t0,−∞ < ωi < ∞, i = 1, 2 ëîãà-

ðèôìè÷åñêàÿ íîðìà ìàòðèöû B(t, ω1, ω2) , âû÷èñëÿåìàÿ ïî ôîðìóëå (1.1), óäîâëåòâîðÿåò
íåðàâåíñòâó

Λ
(
B(t, ω1, ω2)

)
< −α(ω1, ω2), α(ω1, ω2) > 0. (3.6)

Òîãäà òðèâèàëüíîå ðåøåíèå çàäà÷è Êîøè (3.1)-(3.2) óñòîé÷èâî.

Äîêàçàòåëüñòâî ýòîé òåîðåìû ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 2.1..
Âûâåäåì îãðàíè÷åíèÿ íà êîýôôèöèåíòû aij(t), i = 1, 2, j = 1, 10 , äîñòàòî÷íûå äëÿ

âûïîëíåíèÿ óñëîâèÿ (3.6). Ýòî óñëîâèå ýêâèâàëåíòíî ñèñòåìå èç äâóõ íåðàâåíñòâ:
(
a1,9(t)− a1,1(t)ω

2
1 − a1,2(t)ω

2
2

)
+
∣∣a1,10(t)− a1,3(t)ω

2
1 − a1,4(t)ω

2
2

∣∣+
+ |a1,5(t)ω1 + a1,6(t)ω2|+ |a1,7(t)ω1 + a1,8(t)ω2| < 0,(
a2,10(t)− a2,3(t)ω

2
1 − a2,4(t)ω

2
2

)
+
∣∣a2,9(t)− a2,1(t)ω

2
1 − a2,2(t)ω

2
2

∣∣+
+ |a2,5(t)ω1 + a2,6(t)ω2|+ |a2,7(t)ω1 + a2,8(t)ω2| < 0.

(3.7)

Èìåÿ â âèäó, ÷òî â ýòîé ñèñòåìå äâà íåðàâåíñòâà ëèøü ôîðìàëüíî îòëè÷íû äðóã îò
äðóãà, ïðîàíàëèçèðóåì òîëüêî ïåðâîå íåðàâåíñòâî, à ïîëó÷åííûå ðåçóëüòàòû çàòåì ðàñ-
ïðîñòðàíèì íà âòîðîå íåðàâåíñòâî. Èññëåäóåì, ïðè êàêèõ óñëîâèÿõ ïðè ëþáîì ω ∈ R2

âûïîëíÿåòñÿ íåðàâåíñòâî(
a1,9(t)− a1,1(t)ω

2
1 − a1,2(t)ω

2
2

)
+
∣∣a1,10(t)− a1,3(t)ω

2
1 − a1,4(t)ω

2
2

∣∣+
+ |a1,5(t)ω1 + a1,6(t)ω2|+ |a1,7(t)ω1 + a1,8(t)ω2| < 0.

Ýòî íåðàâåíñòâî ìîæíî çàìåíèòü íà áîëåå ãðóáîå(
a1,9(t)− a1,1(t)ω

2
1 − a1,2(t)ω

2
2

)
+ |a1,10(t)|+ |a1,3(t)|ω2

1 + |a1,4(t)|ω2
2+

+
(
|a1,5(t)|+ |a1,7(t)|

)
|ω1|+

(
|a1,6(t)|+ |a1,8(t)|

)
|ω2| < 0. (3.8)

Ñãðóïïèðîâàâ ñëàãàåìûå, ïåðåïèøåì ïîñëåäíåå íåðàâåíñòâî ñëåäóþùèì îáðàçîì:[(
|a1,3(t)| − a1,1(t)

)
ω2
1 +

(
|a1,5(t)|+ |a1,7(t)|

)
|ω1|
]
+

+
[(
|a1,4(t)| − a1,2(t)

)
ω2
2 +

(
|a1,6(t)|+ |a1,8(t)|

)
|ω2|
]
< − (a1,9(t) + |a1,10(t)|) .

Òàêèì îáðàçîì, ëåâàÿ ÷àñòü íåðàâåíñòâà (3.8) ïðåäñòàâëÿåòñÿ â âèäå ñóììû äâóõ ïà-
ðàáîëè÷åñêèõ ôóíêöèé îò íåçàâèñèìûõ àðãóìåíòîâ. Ïîñêîëüêó íåðàâåíñòâî (3.8) äîëæíî
âûïîëíÿòüñÿ äëÿ ëþáûõ çíà÷åíèé ω , òî íåîáõîäèìî, ÷òîáû îáå ïàðàáîëû èìåëè âåòâè,
íàïðàâëåííûå âíèç. Ñëåäîâàòåëüíî, ïðè êàæäîì ôèêñèðîâàííîì t ≥ t0 äîëæíû âûïîë-
íÿòüñÿ óñëîâèÿ

|a1,3(t)| < a1,1(t), |a1,4(t)| < a1,2(t). (3.9)

Ïðè óñëîâèè (3.9) íåðàâåíñòâî (3.8) áóäåò âûïîëíÿòüñÿ ïðè ëþáûõ −∞ < ωi < ∞ ,
i = 1, 2 , åñëè ýòîìó íåðàâåíñòâó áóäåò óäîâëåòâîðÿòü ñóììà ìàêñèìóìîâ óïîìÿíóòûõ ïà-
ðàáîëè÷åñêèõ ôóíêöèé. Âû÷èñëÿÿ ïðè êàæäîì ôèêñèðîâàííîì t ≥ t0 çíà÷åíèÿ ïàðàáîëè-

÷åñêèõ ôóíêöèé â òî÷êàõ ìàêñèìóìà ω1 =
|a1,5(t)|+ |a1,7(t)|
2
(
a1,1(t)− |a1,3(t)|

) è ω2 =
|a1,6(t)|+ |a1,8(t)|
2
(
a1,2(t)− |a1,4(t)|

)
ñîîòâåòñòâåííî, ïðèõîäèì ê ñëåäóþùåìó óñëîâèþ:(

|a1,5(t)|+ |a1,7(t)|
)2

2
(
a1,1(t)− |a1,3(t)|

) +

(
|a1,6(t)|+ |a1,8(t)|

)2
2
(
a1,2(t)− |a1,4(t)|

) ≤ −
(
a1,9(t) + |a1,10(t)|

)
. (3.10)
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Ðàñïðîñòðàíÿÿ ïîëó÷åííûå ðåçóëüòàòû íà âòîðîå íåðàâåíñòâî ñèñòåìû (3.7), ïîëó÷àåì
ñëåäóþùèå äîïîëíèòåëüíûå óñëîâèÿ:

|a2,1| < a2,3(t), |a2,2(t)| < a2,4(t), (3.11)(
|a2,5(t)|+ |a2,7(t)|

)2
2
(
a2,3(t)− |a2,1(t)|

) +

(
|a2,6(t)|+ |a2,8(t)|

)2
2
(
a2,4(t)− |a2,2(t)|

) ≤ −
(
a2,10(t) + |a2,9(t)|

)
. (3.12)

Ïðèâåäåííûå ðàññóæäåíèÿ ïîçâîëÿþò íàì ñôîðìóëèðîâàòü òåîðåìó.

Ò å î ð å ì à 3.2. Ïóñòü ôóíêöèè aij(t), i = 1, 2, j = 1, 10 ïðè t ≥ t0 íåïðåðûâíû
ïî ïåðåìåííîé t è ïðè êàæäîì ôèêñèðîâàííîì t ≥ t0 óäîâëåòâîðÿþò íåðàâåíñòâàì
(3.9)-(3.12). Òîãäà òðèâèàëüíîå ðåøåíèå çàäà÷è Êîøè (3.1)-(3.2) óñòîé÷èâî.

Ç à ì å ÷ à í è å 3.1. Òåîðåìà 3.1. îñòàåòñÿ ñïðàâåäëèâîé, åñëè ëîãàðèôìè÷å-
ñêóþ íîðìó Λ

(
B(t, ω)

)
â íåé âû÷èñëÿòü ïî ôîðìóëå (1.2). Â ýòîì ñëó÷àå òðåáîâàíèå

Λ
(
B(t, ω)

)
< 0 ïðèâîäèò ê äîñòàòî÷íûì óñëîâèÿì óñòîé÷èâîñòè, îòëè÷íûì îò ñôîð-

ìóëèðîâàííûõ â òåîðåìå 3.2.
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Stability criteria for the solutions of partial di�erential

equations of parabolic type
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Abstract. In the work we obtained some su�cient conditions of solutions stability for systems of
parabolic di�erential equations with time-dependent coe�cients.
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