
80 À. Ô. Çóáîâà, Ì. Â. Ñòðåêîïûòîâà

ÓÄÊ 517.929

Íîâûé ìåòîä ïîñòðîåíèÿ ìèíèìàëüíîãî ìíîãî÷ëåíà

c⃝ À. Ô. Çóáîâà1, Ì. Â. Ñòðåêîïûòîâà2

Àííîòàöèÿ. Â ñòàòüå ïðåäñòàâëåí ìåòîä ïîñòðîåíèÿ ìèíèìàëüíîãî ìíîãî÷ëåíà, êîòîðûé
ïîçâîëÿåò íàõîäèòü êîýôôèöèåíòû ýòîãî ìíîãî÷ëåíà â ïðåäåëàõ òî÷íîñòè ïðåäñòàâëåíèÿ
÷èñåë â êîìïüþòåðå è ñâîáîäåí îò îøèáîê îêðóãëåíèÿ.

Êëþ÷åâûå ñëîâà: ìàòðèöà, ñòîëáåö, ìèíèìàëüíûé ìíîãî÷ëåí, âåùåñòâåííîå ÷èñëî, ëèíåé-
íàÿ íåçàâèñèìîñòü, ýêâèâàëåíòíîñòü.

1. Ââåäåíèå

Çíàÿ êîýôôèöèåíòû ìèíèìàëüíîãî ìíîãî÷ëåíà ëåãêî ðåøèòü âîïðîñ îá óñòîé÷èâîñòè
èëè íåóñòîé÷èâîñòè ìàòðèöû ñèñòåìû ïåðâîãî ïðèáëèæåíèÿ ñ ïîìîùüþ ìåòîäà Ðàóñà èëè
ìåòîäà ïîíèæåíèÿ ïîðÿäêà.

Ðàññìîòðèì ïðÿìîóãîëüíóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

AX = B, (1.1)

ãäå ìàòðèöà A ðàçìåðà n×m (m ≤ n) è âåêòîð B ðàçìåðà n× 1 , ÿâëÿþòñÿ âåùåñòâåí-
íûìè è ïîñòîÿííûìè [6].

Íåòðóäíî âèäåòü, ÷òî åñëè ðàíã ìàòðèöû A ðàâåí m , òî ìàòðèöà ATA ÿâëÿåòñÿ
ïîëîæèòåëüíî îïðåäåëåííîé. Ýòî âûòåêàåò èç î÷åâèäíûõ ñîîòíîøåíèé:

∀X ̸= 0 AX = C ̸= 0→ CTC = XTATAX = ∥C∥2 > 0→ ATA > 0.

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè, ãäå ìàòðèöà A ðàçìåðà n × m , n ≥ m èìååò ðàíã ðàâíûé
m ,

Ẋ = −ATAX + ATB. (1.2)

2. Èññëåäîâàíèå óñòîé÷èâîñòè ìàòðèöû ñèñòåìû ïåðâîãî ïðèáëè-

æåíèÿ

Ñïðàâåäëèâà òåîðåìà.

Ò å î ð å ì à 2.1. Ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (1.2) ÿâëÿåòñÿ ðåøåíèåì ñè-
ñòåìû (1.1) èëè åå ïñåâäîðåøåíèåì.
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Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê ìàòðèöà - ATA - îòðèöàòåëüíî îïðåäåëåííàÿ, òî
ëþáîå ðåøåíèå ýòîãî óðàâíåíèÿ àñèìïòîòè÷åñêè ñòðåìèòñÿ ê ïîëîæåíèþ ðàâíîâåñèÿ ýòîé
ñèñòåìû X = C , êîòîðîå óäîâëåòâîðÿåò ñîîòíîøåíèþ:

−ATAC + ATB = 0 èëè C = (ATA)−1ATB. (2.1)

Îòñþäà âûòåêàåò, ÷òî åñëè AC = B , òî ðåøåíèå óðàâíåíèÿ (1.1) ïîëó÷åíî [5].
Äîïóñòèì òåïåðü, ÷òî AC ̸= B . Ïðåäñòàâèì âåêòîð B â âèäå ðàçëîæåíèÿ ïî ïîä-

ïðîñòðàíñòâàì, îäíî èç êîòîðûõ L1 , ÿâëÿåòñÿ ëèíåéíîé îáîëî÷êîé íàòÿíóòîé íà ñòîëáöû
ìàòðèöû A , à âòîðîå L2 , ÿâëÿåòñÿ îðòîãîíàëüíûì äîïîëíåíèåì ïåðâîãî, ò.å. B = B1+B2 ,
B1 ∈ L1 , B2 ∈ L2 , L1 ⊥ L2 . Òîãäà óðàâíåíèå (2.1) ïðèìåò âèä:

−ATAC + AT (B1 +B2) = −ATAC + ATB1 = 0

èëè

C = (ATA)−1ATB1 = (ATA)−1ATB. (2.2)

Ïîêàæåì, ÷òî íàéäåííàÿ âåëè÷èíà C , ÿâëÿåòñÿ ïñåâäîðåøåíèåì óðàâíåíèÿ (1.1), ò.å.
èìååò ìåñòî íåðàâåíñòâî [4]

∥AC −B∥ < ∥AX −B∥, X ̸= C,

ãäå ∥ ∥ - åâêëèäîâà íîðìà. Ýòî áóäåò è îçíà÷àòü, ÷òî êâàäðàòè÷íîå îòêëîíåíèå ∥AX−B∥
ïðè X = C ïðèíèìàåò íàèìåíüøåå çíà÷åíèå [1].

Ââåäåì îáîçíà÷åíèÿ:

U = B − AC, V = AC − AX, U + V = B − AX,

òîãäà,

∥U + V ∥2 = UTV + V TU + ∥U∥2 + ∥V ∥2

V TU = UTV = (C −X)TAT (B − AC) = (C −X)T (ATB − ATAC) = 0.

Îòñþäà âûòåêàåò ðàâåíñòâî:

∥B − AX∥2 = ∥B − AC∥2 + ∥A(X − C)∥2.

Î÷åâèäíî, ÷òî ïðè X = C âåëè÷èíà ∥B−AX∥ èìååò íàèìåíüøåå çíà÷åíèå, ò.å. âåêòîð
C = (ATA)−1ATB ÿâëÿåòñÿ ïñåâäîðåøåíèåì.

Äëÿ òîãî ÷òîáû èçáåæàòü âû÷èñëåíèÿ âåëè÷èíû C = (ATA−1)ATB äîñòàòî÷íî íàé-
òè ñòàöèîíàðíóþ òî÷êó óðàâíåíèÿ (1.1) ïðîèçâîëüíûì ÷èñëåííûì ìåòîäîì, ê ïðèìåðó,
ìåòîäîì Ýéëåðà

Xk+1 = (E − hATA)Xk + hATB, (2.3)

ãäå h < ∥ATA∥ . Ýòîò ìåòîä ïîèñêà ðåøåíèÿ (ïñåâäîðåøåíèÿ) óðàâíåíèÿ (1.1) ñâîáîäåí
îò îøèáîê îêðóãëåíèÿ è èìååò òî÷íîñòü â ïðåäåëàõ òî÷íîñòè ïðåäñòàâëåíèÿ òî÷íîñòè
÷èñåë â êîìïüþòåðå. Äëÿ òîãî, ÷òîáû â ýòîì óáåäèòüñÿ ìîæíî ââåñòè îáîçíà÷åíèå α =
∥E − hATA∥ < 1 , òîãäà ñïðàâåäëèâû ñòàíäàðòíûå îöåíêè [3]

∥Xk − C∥ ≤ α

1− α
∥Xk+1 −Xk∥,
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∥Xk+1 −Xk∥ ≤ αk∥X1 −X0∥, k = 1, 2, . . .

Äëÿ ñèñòåì áîëüøîãî ïîðÿäêà èòåðàöèîííûé ïðîöåññ (2.3) áóäåò çàíèìàòü ìåíüøåå êî-
ëè÷åñòâî îïåðàöèé, ÷åì îáðàùåíèå ìàòðèöû ATA ìåòîäîì Ãàóññà è âû÷èñëåíèå âåëè÷èíû
(ATA)−1ATB .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Îòìåòèì åùå ðàç, ÷òî ìåòîä íàõîæäåíèÿ ðåøåíèÿ (ïñåâäîðåøåíèÿ) óðàâíåíèÿ (1.1) ñ
ïîìîùüþ ÷èñëåííîãî ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (1.2) íå äàåò îøè-
áîê îêðóãëåíèÿ, à ïîëó÷åííûé ðåçóëüòàò ëåæèò â ïðåäåëàõ òî÷íîñòè êîìïüþòåðà. Èñïîëü-
çîâàíèå ÷èñëåííûõ ìåòîäîâ áîëüøåãî ïîðÿäêà (Ðóíãå-Êóòòà è ò.ä.) íå ÿâëÿåòñÿ íåîáõîäè-
ìûì, ò.ê. îíè èñïîëüçóþòñÿ ïðè ïîñòðîåíèè ðåøåíèé (òðàåêòîðèé) äèôôåðåíöèàëüíûõ
óðàâíåíèé, ÷òîáû ìèíèìèçèðîâàòü ñóììàðíûå îøèáêè îêðóãëåíèÿ [2].
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The new method of building minimum polynom

c⃝ A. F. Zubova3, M. V. Strecopitova4

Abstract. In this article is proposes the new method of building minimum polynom with help
solving of systems linear algebraical equations, that is allows to �nd coe�cients minimum polynom
in limits accurate proposition numbers in computing and is frees from mistakes of roundedness.

Key Words: matrix, column, minimum polynom, material number, linear independent,
equivalence.
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