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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ñèñòåìà îñöèëëÿòîðîâ, ñâÿçàííûõ ÷åðåç ãèñòåðåçèñíóþ íåëè-
íåéíîñòü. Èññëåäóåòñÿ äèíàìèêà ñèñòåìû è âîïðîñû óñòîé÷èâîñòè äâèæåíèé. Èñïîëüçîâàíû
àíàëèòè÷åñêèé è ÷èñëåííûé ïîäõîäû.

Êëþ÷åâûå ñëîâà: Êîëåáàòåëüíàÿ ñèñòåìà, îñöèëëÿòîðû ñâÿçàííûå ÷åðåç ãèñòåðåçèñíóþ
íåëèíåéíîñòü, ñèíõðîíèçàöèÿ.

1. Ââåäåíèå

Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ ìîäåëü ñèñòåìû ñâÿçàííûõ îñöèëëÿòîðîâ, êî-
òîðàÿ áûëà àëãîðèòìè÷åñêè îïèñàíà â ðàáîòå [7]. Òàêèå ñèñòåìû âñòðå÷àþòñÿ â
ýêîëîãèè, õèìèè è ìåäèöèíå, íàïðèìåð, ïðè ðàçðàáîòêå óñòðîéñòâ ââåäåíèÿ ëå-
êàðñòâ [4, 3, 5]. Ñèñòåìà ñâÿçàííûõ îñöèëëÿòîðîâ ïðåäñòàâëÿåò ñîáîé äèíàìè÷å-
ñêóþ ñèñòåìó. Âîçíèêàåò âîïðîñ, êàêèå èç èçâåñòíûõ íàì òèïîâ äâèæåíèé ìî-
ãóò âîçíèêíóòü â ýòèõ ñèñòåìàõ. Ìîäåëü ñèñòåìû èçîáðàæåíà íà ðèñ. 1.1,1.2:

Ð è ñ ó í î ê 1.1

Ð è ñ ó í î ê 1.2

Êàæäûé îñöèëëÿòîð ïðåäñòàâëÿåò ñîáîé ñèñòåìó ñ îäíèì ïåðåìåííûì âõîäîì uin(t) è
îäíèì ïåðåìåííûì âûõîäîì uout(t) . Çíà÷åíèÿ ôóíêöèé uin(t) è uout(t) ÿâëÿþòñÿ ñêà-
ëÿðàìè. Âíóòðè îñöèëëÿòîð ñîñòîèò èç ñèñòåìû-èíòåãðàòîðà ñ îáðàòíîé ñâÿçüþ, êîòîðàÿ
îñóùåñòâëÿåòñÿ ÷åðåç ðåëå. Îñöèëëÿòîð O1 ðàáîòàåò ñëåäóþùèì îáðàçîì. Íà âõîä èí-
òåãðàòîðà ïîäàåòñÿ ñóììà âíåøíåãî ñèãíàëà uin(t) è ñèãíàëà îáðàòíîé ñâÿçè u(t) . Ýòà
ñóììà èíòåãðèðóåòñÿ ñ êîýôôèöèåíòîì − 2

Ta
, â ðåçóëüòàòå ïîëó÷àåòñÿ ñèãíàë y(t) , êîòî-

ðûé ïîñòóïàåò íà âõîä â ðåëå. Ðåëå ïåðåõîäèò èç âêëþ÷åííîãî ñîñòîÿíèÿ (íà âûõîäå 1 ) â
âûêëþ÷åííîå (íà âûõîäå −1 ), åñëè ñèãíàë íà âõîäå y(t) äîñòèãàåò −1 ñâåðõó è ïåðåõîäèò
èç âûêëþ÷åííîãî ñîñòîÿíèÿ âî âêëþ÷åííîå, åñëè ñèãíàë íà âõîäå äîñòèãàåò 1 ñíèçó [6, 2].

1Àñïèðàíòêà êàôåäðû âûñøåé ìàòåìàòèêè, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
ã. Ñàíêò-Ïåòåðáóðã; an.s.kuznetsova@gmail.com.
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Â ñòàòüå [1] áûëà ïîëó÷åíà ìàòåìàòè÷åñêàÿ ìîäåëü äàííîé ñèñòåìû:{
ẋ(t) = − 2

T1
(−γu2(y(t)) + u1(x(t))),

ẏ(t) = − 2
T2
(γu1(x(t)) + u2(y(t))),

(1.1)

ãäå γ, T1, T2 ∈ R1
+ - ïàðàìåòðû, u10, u20 ∈ {1, 0} - íà÷àëüíûå óñëîâèÿ äëÿ ðåëå, x0, y0 ∈ R1

- íà÷àëüíûå óñëîâèÿ äëÿ ñèñòåìû,

u1(x(t)) =

 −1, if (x(t) < 1 ∧ u(t− 0) = −1) ∨ (x(t) = −1),
1, if (x(t) > −1 ∧ u(t− 0) = 1) ∨ (x(t) = 1),

u10, if x(τ) ∈ (−1, 1) ∀τ ∈ [t0, t],

u2(y(t)) =

 −1, if (y(t) < 1 ∧ u(t− 0) = −1) ∨ (y(t) = −1),
1, if (y(t) > −1 ∧ u(t− 0) = 1) ∨ (y(t) = 1),

u20, if y(τ) ∈ (−1, 1) ∀τ ∈ [t0, t].

Íå óìåíüøàÿ îáùíîñòè áóäåì ïîëàãàòü, ÷òî T2 > T1 . Áûëà óñòàíîâëåíà ñëåäóþùàÿ òåî-
ðåìà [1]:

Ò å î ð å ì à 1.1. Ñèñòåìà äâóõ îñöèëëÿòîðîâ, ïîêàçàííàÿ íà ðèñóíêå 1, ñèí-
õðîíèçèðóåòñÿ, ïðè÷åì îñöèëëÿòîð O2 îïåðåæàåò O1 , òîãäà è òîëüêî òîãäà, êîãäà
γ > T2−T1

T2+T1
. Äàííîå ñèíõðîííîå ñîñòîÿíèå ÿâëÿåòñÿ óñòîé÷èâûì.

Î ï ð å ä å ë å í è å 1.1. Ïðîöåññ óñòàíîâëåíèÿ è ïîääåðæàíèÿ ðåæèìà êîëåáà-
íèé äâóõ è áîëåå ñâÿçàííûõ îñöèëëÿòîðîâ, ïðè êîòîðîì ïåðèîäû ýòèõ îñöèëëÿòîðîâ
ñîâïàäàþò íàçûâàåòñÿ ñèíõðîíèçàöèåé [7].

2. Ïîñòàíîâêà çàäà÷è

Ïîñòàâèì ñâîåé çàäà÷åé èçó÷èòü äèíàìèêó ñèñòåìû (3.1) ïðè γ < T2−T1
T2+T1

. Äëÿ ýòîãî
ðàññìîòðèì ñèñòåìó (3.1) è ïîêàæåì, ÷òî ïðè ïàðàìåòðàõ, óäîâëåòâîðÿþùèõ íåðàâåíñòâó
γ < T2−T1

T2+T1
, ëþáîå ðåøåíèå (3.1) îãðàíè÷åíî. Çàìåòèì, ÷òî ïðè T2 > T1 > 0 âñåãäà γ < 1 .

Ò å î ð å ì à 2.1. Ïðè ëþáûõ íà÷àëüíûõ óñëîâèÿõ ðåøåíèå (x(t), y(t)) ñèñòåìû
(3.1) ïîïàäàåò â ìíîæåñòâî A = [−1, 1] × [−1, 1] ïëîñêîñòè Oxy è îñòàåòñÿ òàì âñå
âðåìÿ ñâîåãî ñóùåñòâîâàíèÿ.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ïðàâóþ ÷àñòü (3.1). Ïðè âñåõ äîïóñòèìûõ
óïðàâëåíèÿõ ôàçîâûå òðàåêòîðèè äàííîé ñèñòåìû ïðåäñòàâëÿþò ñîáîé ëîìàíûå ïðÿìûå.
Ðàññìîòðèì ðåøåíèå äàííîé ñèñòåìû, íà÷èíàþùååñÿ â òî÷êå (x0, y0) ñ íà÷àëüíûì óïðàâ-
ëåíèåì (1, 1)T (äëÿ îñòàëüíûõ çíà÷åíèé óïðàâëåíèé äîêàçàòåëüñòâî àíàëîãè÷íî). Â ýòîì
ñëó÷àå èçîáðàæàþùàÿ òî÷êà (x(t), y(t)) áóäåò èäòè âäîëü ïðÿìîé x(t)

y(t)

 =

 x0

y0

+

 −2+2γ
T1

−2−2γ
T2

 t

Òàê êàê −2+2γ
T1

< 0, −2−2γ
T2

< 0 , ñëåäîâàòåëüíî ñóùåñòâóåò ìîìåíò t1 , ïðè êîòîðîì îäíà
èç êîîðäèíàò (x èëè y ) äîñòèãíåò −1 . Ïóñòü ýòî áóäåò x äëÿ îïðåäåëåííîñòè. Ñëåäîâà-
òåëüíî, â ìîìåíò t1 óïðàâëåíèå ïåðåêëþ÷èòñÿ â ðåæèì (−1, 1)T . Äàííîìó óïðàâëåíèþ
ñîîòâåòñòâóåò äâèæåíèå âäîëü ïðÿìîé ñ íàïðàâëÿþùèì âåêòîðîì 2+2γ

T1
> 0, −2+2γ

T2
< 0 ,

ñëåäîâàòåëüíî, ïðè ëþáîì çíà÷åíèè u1 , ( u1 = 1 èëè u1 = −1 ) çíà÷åíèå y(t) áóäåò
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óáûâàòü. Òàêèì îáðàçîì ñóùåñòâóåò ìîìåíò t̂ , ïðè êîòîðîì y(t̂) = −1 . Òàêèì îáðàçîì
èçîáðàæàþùàÿ òî÷êà (x(t), y(t)) ïîïàäàåò â ìíîæåñòâî A .
Ïîêàæåì, ÷òî îíà îñòàåòñÿ òàì ïðè âîçðàñòàíèè t . Äåéñòâèòåëüíî, ïóñòü â ìî-
ìåíò (t̃) ðåøåíèå ïîïàäàåò â ìíîæåñòâî A , è ïóñòü u(t̃) = (1, 1)T (îñòàëü-
íûå òðè ñîñòîÿíèÿ óïðàâëåíèÿ ðàññìàòðèâàþòñÿ àíàëîãè÷íî). Ïðè òàêîì óïðàâëå-
íèè ðåøåíèå ìîæåò âûéòè çà ãðàíèöû îáëàñòè A òîëüêî, åñëè ïåðåñå÷åò ïðÿìóþ
y = 1 èëè x = 1 . Íî òî÷êà (x(t), y(t)) äâèæåòñÿ âäîëü ïðÿìîé ñ íàïðàâëÿ-
þùèì âåêòîðîì (−2+2γ

T1
< 0, −2−2γ

T2
< 0) . Òàêèì îáðàçîì â ôàçîâîì ïðîñòðàí-

ñòâå âñå âðåìÿ, ïîêà áóäåò ðàáîòàòü óïðàâëåíèå (1, 1)T áóäåò x < 1 è y < 1 .

Ð è ñ ó í î ê 2.1

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

3. Ñèñòåìà òðåõ îñöèëëÿòîðîâ

Ðàññìîòðèì äâèæåíèå ñèñòåìû
ẋ(t) = − 2

T1
(u1(x(t)) + γu3(z(t))),

ẏ(t) = − 2
T2
(u2(y(t)) + γu1(x(t))),

ż(t) = − 2
T3
(u3(z(t)) + γu2(y(t))),

(3.1)

ãäå γ, T1, T2, T3 ∈ R1
+ - ïàðàìåòðû, u10, u20, u30 ∈ {−1, 1} � íà÷àëüíûå óñëîâèÿ äëÿ ðåëå,

x0, y0, z0 ∈ R1 � íà÷àëüíûå óñëîâèÿ äëÿ ñèñòåìû, à

ui(α(t)) =

 −1, if (α(t) < 1 ∧ u(t− 0) = −1) ∨ (α(t) = −1),
1, if (α(t) > −1 ∧ u(t− 0) = 1) ∨ (α(t) = 1),

ui0, if α(τ) ∈ (−1, 1) ∀τ ∈ [t0, t].

Â ðàáîòå [1] áûëà óñòàíîâëåíà òåîðåìà:

Ò å î ð å ì à 3.1. Ïðè 1 < γ < 3 ñóùåñòâóåò åäèíñòâåííîå ñîñòîÿíèå ñèíõðîíè-
çàöèè, êîòîðîå îïèñûâàåòñÿ óðàâíåíèåì (3.2).
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 x
y
z

 =



(−1)k+1

 x0
1
z0

+ (t− (k − 1)(t1 + t2))

 2−2γ
T1

2γ−2
T2−2γ−2
T3


t ∈ [(k − 1)(t1 + t2 + t3), (k − 1)(t1 + t2 + t3) + t1],

(−1)k+1

 x1
y1
−1

+ (t− k(t1 + t2) + t2)

 2+2γ
T1

2γ−2
T2

2−2γ
T3


t ∈ [(k − 1)(t1 + t2 + t3) + t1, (k − 1)(t1 + t2 + t3) + t1 + t2],

(−1)k+1

 1
y2
z2

+ (t− k(t1 + t2) + t2)

 2γ−2
T1−2γ−2
T2−2γ+2
T3


t ∈ [(k − 1)(t1 + t2 + t3) + t1 + t2, k(t1 + t2 + t3)],

(3.2)

Ò å î ð å ì à 3.2. Ïðè 1 < γ < 3 ó ñèñòåìû (3.1) ñóùåñòâóåò åäèíñòâåííîå ñî-
ñòîÿíèå ñèíõðîíèçàöèè, êîòîðîå ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì îòîáðàæåíèå Ïóàíêàðå äëÿ äâèæåíèé äàí-
íîé äèíàìè÷åñêîé ñèñòåìû íà ïëîñêîñòè y = 1 . Äëÿ ýòîãî âûáåðåì íà÷àëüíóþ òî÷êó
(xk, 1, zk) . Â ñòàòüå [4] áûëà óñòàíîâëåíà ïîñëåäîâàòåëüíîñòü ïåðåêëþ÷åíèé äëÿ ëþáîãî
ðåøåíèÿ ñèñòåìû (3.1), êîòîðàÿ ñîáëþäàåòñÿ ïî êðàéíåé ìåðå ñî âòîðîãî ïåðåêëþ÷åíèÿ:
· · · → (−1, 1, 1) → (−1, 1,−1) → (1, 1,−1) → (1,−1,−1) → (1,−1, 1) → (−1,−1, 1) → . . . .
Ïðîõîäÿ âñå øåñòü ïåðåêëþ÷åíèé ôàçîâàÿ êðèâàÿ âíîâü ïîïàäàåò íà ïîâåðõíîñòü y = 1 .
Òàêèì îáðàçîì ìîæíî çàïèñàòü óðàâíåíèÿ äëÿ ïîñëåäîâàòåëüíîñòè ïåðåêëþ÷åíèé: xk

1
zk

+ (t1 − t4)

 −2γ−2
T1

−2−2γ
T2

−2+2γ
T3

+ (t2 − t5)

 −−2γ−2
T1

−2−2γ
T2

−−2+2γ
T3

+ (t3 − t6)

 2γ−2
T1−2−2γ
T2
2−2γ
T3

 =

 xk+1

1
zk+1

 .

(3.3)
Ó÷èòûâàÿ, ÷òî ïåðåêëþ÷åíèÿ ïðîèñõîäÿò, êîãäà îäíà èç êîîðäèíàò äîñòèãàåò çíà÷åíèÿ 1
èëè −1 , ìîæíî çàïèñàòü äîïîëíèòåëüíûå ñîîòíîøåíèÿ:

zk + t1(−
2 + 2γ

T3
) = −1, xk+1 = −1 + t6

(2− 2γ)

T1

−1 + t4(
2− 2γ

T2
) + t5(

2− 2γ

T2
) + t5(

2 + 2γ

T2
) = 1, 1 + t1(

2− 2γ

T2
) + t2(

2− 2γ

T2
) + t3(

2 + 2γ

T2
) = −1

−1 + t2(
2− 2γ

T3
) + t3(

2− 2γ

T3
) + t4(

2 + 2γ

T3
) = 1, 1 + t3(

2− 2γ

T1
) + t4(

2− 2γ

T1
) + t5(

2 + 2γ

T1
) = −1

Òàêèì îáðàçîì, ïîñëå èñêëþ÷åíèÿ ti, i = 1..6 ïîëó÷àåì:( (
1+γ
1−γ

)2
0

0 −1

)
xk+1

zk+1
=

(
1 − 2T3γ

T1(1+γ)

0 γ−1
1+γ

)(
xk
zk

)
+

(
−
[

2T3γ
(1+γ)T1

+ 2(1+γ2)
(1−γ)2 + 2T2(1+γ)

T1(γ−1)

]
2

1+γ
− 2 T1γ

T3(1−γ) + 2T2
T3

)
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Òàê êàê ìàòðèöà ïðè (xk+1, zk+1)
T íåîñîáàÿ, ñëåäîâàòåëüíî, ó íåå ñóùåñòâóåò îáðàòíàÿ, è

óðàâíåíèå ìîæíî ïåðåïèñàòü â âèäå:(
xk+1

zk+1

)
=

( (
1−γ
1+γ

)2
−2T3γ(1−γ)2

T1(1+γ)3

0 −γ+1
1+γ

)(
xk
zk

)
+

( (
1−γ
1+γ

)2
0

0 −1

)(
− 2T3γ

(1+γ)T1
− 2(1+γ2)

(1−γ)2 − 2T2(1+γ)
T1(γ−1)

2
1+γ

− 2 T1γ
T3(1−γ) + 2T2

T3

)

Ñîáñòâåííûå ÷èñëà ìàòðèöû ïðè (xk, zk) ïî ìîäóëþ ìåíüøå 1 , ïîýòîìó ïîñëåäîâàòåëü-
íîñòü ñõîäèòñÿ. Ñëåäîâàòåëüíî ðåøåíèå àñèìïòîòè÷åñêè óñòîé÷èâî.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ð è ñ ó í î ê 3.1

Ï ð è ì å ð 3.1. Ãðàôèê ðåøåíèÿ ñèñòåìû 3.1 ñ íà÷àëüíûìè çíà÷åíèÿìè x0 =
1.5, y0 = 4, z = −4, u1 = 1, u2 = 1, u3 = −1 , çíà÷åíèÿìè ïàðàìåòðîâ γ = 1.5, T1 = 3, T2 =
7, T3 = 9 â ôàçîâîì ïðîñòðàíñòâå Oxy .

4. Ïðîñòðàíñòâî ïàðàìåòðîâ

Èññëåäóåì ïðîñòðàíñòâî ïàðàìåòðîâ γ, T1, T2 ñèñòåìû 1.1. Áûëî ïîêàçàíî [1], ÷òî ïðè
γ > T2−T1

T2+T1
ñèñòåìà èìååò åäèíñòâåííîå àñèìïòîòè÷åñêè óñòîé÷èâîå ïåðèîäè÷åñêîå ðå-

øåíèå, êîòîðîå óñòîé÷èâî ïðè ëþáûõ íà÷àëüíûõ äàííûõ x0, y0, u10, u20 . Â òåîðåìå 2.1.
ïîêàçàíî, ÷òî ïðè 0 < γ < T2−T1

T2+T1
ëþáîå ðåøåíèå ñèñòåìû 1.1 îãðàíè÷åíî â ôàçî-

âîì ïðîñòðàíñòâå îáëàñòüþ A = [−1, 1][−1, 1] . Ìåòîäîì êîìïüþòåðíîãî ìîäåëèðîâàíèÿ
áûëî ïîëó÷åíî, ÷òî ïðè 0 < γ < T2−T1

T2+T1
ìîãóò ñóùåñòâîâàòü ïåðèîäè÷åñêèå ðåøåíèÿ:

Ð è ñ ó í î ê 4.1
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Ï ð è ì å ð 4.1. Ãðàôèê ðåøåíèÿ ñèñòåìû 3.1 ñ íà÷àëüíûìè çíà÷åíèÿìè x0 =
0.8, y0 = 0.5, u1 = 1, u2 = 1 , çíà÷åíèÿìè ïàðàìåòðîâ γ = 0.5, T1 =

√
3 + 1, T2 = 9 .

Ð è ñ ó í î ê 4.2

Ð è ñ ó í î ê 4.3

Ð è ñ ó í î ê 4.4

Ð è ñ ó í î ê 4.5

Ï ð è ì å ð 4.2. Ãðàôèê ðåøåíèÿ ñèñòåìû 3.1 ñ íà÷àëüíûìè çíà÷åíèÿìè x0 =
1, y0 = −1, u1 = 1, u2 = −1 , çíà÷åíèÿìè ïàðàìåòðîâ γ = 11

21
, T1 = 7, T2 = 2 . Âûøå-

ïðèâåäåííûå ðèñóíêè ñîîòâåòñòâóþò 20, 50, 100, 450 .
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×èñëåííî áûëî ïîëó÷åíî, ÷òî âñå ðåøåíèÿ ñèñòåìû 3.1 íå ÿâëÿþòñÿ ãðóáûìè îòíîñèòåëüíî
ïàðàìåòðîâ γ, T1, T2 , äèíàìèêà ñèñòåìû ñóùåñòâåííî çàâèñèò îò íà÷àëüíûõ äàííûõ.

5. Çàêëþ÷åíèå

Ðàññìîòðåíà ñèñòåìà îñöèëëÿòîðîâ, ñâÿçàííûõ ÷åðåç ãèñòåðåçèñíóþ íåëèíåéíîñòü. Ïîêà-
çàíî, ÷òî ìîãóò ñóùåñòâîâàòü óñòîé÷èâûå è íåóñòîé÷èâûå ðåøåíèÿ. Ïîêàçàíî, ÷òî âñå
ðåøåíèÿ ÿâëÿþòñÿ îãðàíè÷åííûìè. Ñ ïîìîùüþ àíàëîãè÷íîãî ïîäõîäà ìîæåò áûòü èññëå-
äîâàíà äèíàìèêà ñèñòåìû, ñîñòîÿùåé èç ëþáîãî êîíå÷íîãî ÷èñëà n ñâÿçàííûõ îñöèëëÿ-
òîðîâ òèïà O1 .
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The dynamics of coupled oscillators with a feedback

c⃝ A. S. Kuznetsova2

Abstract. The dynamics of coupled relay oscillators is considered. The stability of synchrony mode
was established. The boundness of motions was established. The approach is based on state-space
representations.

Key Words: Coupled relay oscillators, synchronization.
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