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Ïðåäñòàâëåíèå ïîòåíöèàëîâ ÷åðåç ôóíäàìåíòàëüíûå

ðåøåíèÿ äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ âûñøåãî

ïîðÿäêà
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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ ýëëèïòè÷åñêîå óðàâíåíèå âûñøåãî ïîðÿäêà ñ ìëàäøè-
ìè ÷ëåíàìè. Ñôîðìóëèðîâàíà îñíîâíàÿ êðàåâàÿ çàäà÷à. Ïîñòðîåíû ïîòåíöèàëû äëÿ ðåøåíèÿ
ýòîé çàäà÷è.
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Ïóñòü D âåðõíÿÿ ïîëîâèíà îãðàíè÷åííîé îáëàñòè, ñèììåòðè÷íàÿ îòíîñèòåëüíî ïëîñ-
êîñòè Oxy , Γ � âåðõíÿÿ ÷àñòü äîñòàòî÷íî ãëàäêîé ãðàíèöû. Ñíèçó D îãðàíè÷åíà ÷àñòüþ
Γ0 êîîðäèíàòíîé ïëîñêîñòè Oxy . Îáîçíà÷èì: ∆Bu = ∂2u

∂x2
+ ∂2u
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zk
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)
, ãäå k > 0 .

Òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ
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(a > 0, b > 0, c2 > a2 + b2).
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∩
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óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì
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Çäåñü ∆0
Bu ≡ u , n � âíåøíÿÿ íîðìàëü, âîññòàíîâëåííàÿ â ò. P (ξ, η, ζ) ∈ Γ . Àíàëîãè÷íàÿ

çàäà÷à íà ïëîñêîñòè, ïðè m = 2 ðàññìàòðèâàëàñü â ðàáîòå [1].
Ðàíåå áûëî óñòàíîâëåíî, ÷òî âíóòðåííÿÿ êðàåâàÿ çàäà÷à (1.1) � (1.3) íå ìîæåò èìåòü

áîëåå îäíîãî ðåøåíèÿ [2].
Ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâíåíèÿ (1.1) ñ îñîáåííîñòüþ â íà÷àëå êîîðäèíàò èìåþò

âèä
φl = r2l−1−k, l = 0,m− 2, φm−1 = r2m−3−k + ψm−1, (1.4)

ãäå ψm−1 èìååò ìåíüøóþ îñîáåííîñòü ÷åì r2m−3−k .
Ïîëó÷åíû ðåêóððåíòíûå ôîðìóëû äëÿ ïîäñ÷åòà ïðîèçâîäíîé ëþáîãî ïîðÿäêà îò φl

∂jr2l−1−k

∂nj
= r2l−1−j

[ l2 ]∑
i=0

ai cos
j−2i θ; (1.5)
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(ai = a2(l+i−j)−1,2(l−i)−1),

ãäå
a2p−1,2q−1 = (p+ p+ 1− k)a2p+1,2q−1 + (q − p+ 1)a2p−1,2q+1 (1.6)

ïðè p ̸= q ̸= l è
a2p−1,2q−1 = a2p−1,2q+1 (1.7)

ïðè p = q ̸= l . Åñëè q = l òî êîýôôèöèåíò ðàçëîæåíèÿ ïðåäñòàâëÿåòñÿ â âèäå ïðîèçâåäå-
íèÿ

a2p−1,2l−1 =

l−p∏
i=1

(2(l − i) + 1− k), (1.8)

ïðè÷åì, åñëè ê òîìó æå åùå è p = l , òî

a2l−1,2l−1 = 1. (1.9)

×åðåç θ îáîçíà÷åí óãîë ìåæäó âíåøíåé íîðìàëüþ n è ðàäèóñ âåêòîðîì −→r òî÷êè P
îòíîñèòåëüíî òî÷êè M(x, y, z) ∈ D . Î÷åâèäíî r = |−→r | =

√
(x− ξ)2 + (y − η)2 + (z − ζ)2 .

Ìóëüòèïîëüíûå ïîòåíöèàëû

Wi(P ) = Ck

∫
Γ

µi(M)
(
ri−3−k cos2n−i θ + γi

)
ηkdΓ, i = 1,m (1.10)

óäîâëåòâîðÿþò óðàâíåíèþ (1.1) íà Γ0 ò.ê. èõ ÿäðà, â ñèëó ôîðìóë (1.4) è (1.5) ïðåä-
ñòàâëÿþòñÿ â âèäå ëèíåéíîé êîìáèíàöèè ôóíäàìåíòàëüíûõ ðåøåíèé è èõ íîðìàëüíûõ
ïðîèçâîäíûõ. Çàìåòèì òàê æå, ÷òî

∆B(r
−k−l cosm+l θ) = r−k−l−2 cosm+l+2 θ. (1.11)

Ðåøåíèå êðàåâîé çàäà÷è èùåòñÿ â âèäå ñóììû

u =
m∑
i=1

Wi(P ). (1.12)

Â ðåçóëüòàòå ñ èñïîëüçîâàíèåì ãðàíè÷íûõ óñëîâèé (1.3) äëÿ íåïðåðûâíûõ ïëîòíîñòåé µi
ïîëó÷àåòñÿ ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé II ðîäà, êîòîðàÿ ïî àëüòåðíàòèâå Ôðåäãîëü-
ìà ðàçðåøèìà. È â ñèëó òîãî, ÷òî ðåøåíèå óðàâíåíèÿ íå áîëåå îäíîãî, òî îíà îäíîçíà÷íî
ðàçðåøèìà. Ïðè âûâîäå èíòåãðàëüíûõ óðàâíåíèé ïðèõîäèòñÿ ïîëüçîâàòüñÿ ïðåäåëüíû-
ìè ñîîòíîøåíèÿìè. À ïðè äîêàçàòåëüñòâå ïîñëåäíèõ, íà ãðàíèöå Γ0 íóæíî ïîëüçîâàòüñÿ
ïðåäñòàâëåíèÿìè (1.10) è (1.11).

Èç ðåêóððåíòíûõ ôîðìóë (1.5)-(1.9), ïðè k = 0 êàê ÷àñòíûé ñëó÷àé ïîëó÷àþòñÿ ïðåä-
ñòàâëåíèÿ Ëîáîäçèíñêîé È.Ã. [3]. Âûâîä ïðåäåëüíûõ çíà÷åíèé ïðè z > 0 íå âûçûâàåò
çàòðóäíåíèé. Â ýòîì ñëó÷àå ôóíäàìåíòàëüíûå ðåøåíèÿ ñ îñîáåííîñòüþ â ïðîèçâîëüíîé
òî÷êè M0 èìåþò âèä

φl = TM0
M φl (1.13)

ãäå TM0
M � îïåðàòîð îáîáùåííîãî ñäâèãà Áåññåëÿ [4]. Ýòè ôóíäàìåíòàëüíûå ðåøåíèÿ ëèøü

íà ñëàãàåìîå ìåíüøåé îñîáåííîñòè îòëè÷àþòñÿ îò ôóíêöèé r2l−1−k . Âìåñòî ïîòåíöèàëîâ
(1.10) íàäî âîñïîëüçîâàòüñÿ ïîòåíöèàëàìè

Wi(P ) = Ck

∫
Γ

µi(M)
(
(yy0)

− k
2 ri−2 cos2m−i θ + γi

)
ηkdΓ, l = 1,m (1.14)

è ïðàêòè÷åñêè ïîâòîðèòü ðàññóæäåíèÿ Ëîáîäçèíñêîé È.Ã.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ôåäåðàëüíîãî àãåíòñòâà ïî íàóêå è èí-

íîâàöèÿì (ãîñêîíòðàêò � 02.740.11.0193).
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The expression of potentials in fundamental solutions for

higher-order elliptic equation.

c⃝ R. M. Mavlyaviev5, I. B. Garipov6, S. M. Nuranieva7, E. J. Khusainova8

Abstract. In this work higher-order elliptic equation with junior members is considered. The
classic boundary value problems have been formulated. Potentials for solving this problem have
been constructed.
Key Words: potentials, simmetric region, close-to-elliptic equation.
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